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Frequently Asked & Important Questions

UNIT - |
1. Let H be the set of all vectors of the from (a- 3b, b-a, a, b) where a and b are arbitrary
scalars let H = {(a-3b, b-a, a, b)}; a, b in R. Show that H is a subspace of R*.
Sol : (Nov./Dec.-2018)
Refer Unit-l, Q.No. 10
6a-b
2. IfW=4 a+b | /a,beR; then find a matrix A such that w = Col A.
-7a
Sol : (Nov./Dec.-19)
Refer Unit-l, Q.No. 27
3
2 4 21 5 3
3. LetA=|2 -5 7 3/, u=|_j|land v= -1
- 3
3 7 -8 6 0
(@) Determine if uis null A? Could u be in Col A?
(b) Determineifvisin Col A. Could v be in Null A?
(OR)
3 2 4 -2 1
Determine if v=|-1| isin Col AwhereA= |72 = 7 3|
3 3 7 -86
Sol : (July-21)
Refer Unit-l, Q.No. 29
4. Find a spanning set for the null space of the matrix,
-3 6 -1 1-7
A=|1l 2 2 3-1
2 -4 5 8-4
Sol : (July-21)

Refer Unit-l, Q.No. 31
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5.  AnlIndexed set {v, Vv, ... vp} of two or more vectors with v, # 0 is linearly dependent if
and only if 3 some v, (with j>1) is a linear combination of its preceding vectorsv,, v,, ....
V-
Sol : (Nov./Dec.-2018)
Refer Unit-l, Q.No. 37
6. State and prove the spanning set theorem.
Statement:
LetS={v,v,.... vp} beasetinvand H=span{v,v,, ... vp}.
(i) Ifone of the vectors in Si.e., v,_is a linear combination of the remaining vectors in
S then the set formed from S by reaming v, still spans H.
(ii) If H= {0} then some subset of S is a basis for H.
Sol : (June/July-19, Nov./Dec.-18)
Refer Unit-l, Q.No. 38
2 2 -8
7.  Verify whether the vectors |-1|, |-3| and | 5| are linearly Indepenent.
1 2 4
Sol : (June/July-19)
Refer Unit-l, Q.No. 40
3 -4 -2
8. Letv, = 0 Vv, = 1 V= then determine if {v , v,, v} is a basis for R®.
-6 7
Sol : (July-21, Nov./Dec-18)
Refer Unit-l, Q.No. 44
1 0 s
9. Supposev, = 0 Vv, = LlandH=1{S| /seR}thenis (v,, v,) a basis for H?
0 0 0
Sol : (June/July-19)
Refer Unit-l, Q.No. 45
10. IfavectorspaceV hasabasisB={b,,b,.... b }, then anyset in V containing more than
n vectors must be linearly dependent.
Sol : (July-21)

Refer Unit-l, Q.No. 57

Rahul Publications
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UNIT - 1l
1. State and prove the Rank theorem?
Sol : (July-2021, June-July-2019, Nov.-Dec.-2018)
Refer Unit-1l, Q.No. 1
1 -4 9 -7
2. IfA=|"1 2 -4 1 | then find rank A and dim null A ?
5 -6 10 7
Sol : (July-2021)
Refer Unit-1l, Q.No. 5
2 -1 1 -6 8 |
1 -2 -4 3 -2
3. Given a Matrix A = - 8 10 3 10 then find Rank of A and dim
| 4 -5 -7 0] 4 |
Null A
Sol : (Nov.-2018, Dec.-2018)
Refer Unit-1l, Q.No. 6
1 -2 -7 -5 . .
4. Let blz{_s}, bzz{‘J, clz{g} c, = {7} and consider the bases of R? given by
p={b,,b,}and c={c,, c,}. Find the change of coordinates matrix from B to e.
Sol : (Nov.-2018, Dec.-2018)
Refer Unit-1l, Q.No. 9
5.  Show that the eigen values of a Triangular Matrix are the entries of its Main diagonal.
Sol : (June-2019/July-2019, Nov/Dec.-2018)
Refer Unit-1l, Q.No. 19
6. Find the characteristic polynomial and the real eigen values of the matrix A = {2 11}
Sol : (June / July-2019)

Refer Unit-1l, Q.No. 23

§
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4 -1 6
7. Find the eigen values and eigen vectors of A= | 2 1 6
2 -1 8
Sol : (Nov./Dec.-2018)
Refer Unit-Il, Q.No. 24
8. Find the eigen values of A = {2 3} and compare this result with eigenvalue of AT
3 -6
Sol : (Nov./ Dec.-2019, Nov./ Dec.-2018)
Refer Unit-1l, Q.No. 28
5 -2 6 -1
. L . . 0O 3 80
9. Find the characteristic equation of the matrix A =
O 0 5 4
O 0 0 1
Sol : (June /July-2019, Nov./Dec.-2019)
Refer Unit-1l, Q.No. 31
UNIT - 1l
1. Show that an nxn matrix with n distinct eigen values is diagonalizable.
Sol : (June/July-19, Nov./Dec.-18)
Refer Unit-1ll, Q.No. 3
311
2. Diagonalize A= |1 3 1] if possible
1 1 3
Sol : (July-21)
Refer Unit-1ll, Q.No. 5
3. Determine whether the following matrix is diagonalizable or not,
2 4 3
A—|4 6 -3|
3 3 1
Sol : (June/July-19)

Refer Unit-1ll, Q.No. 9

Rahul Publications
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1 3 3
4. Diagonalize the matrix A= |-3 -5 -3] if possible.
3 3 1
Sol : (Nov./Dec.-19)
Refer Unit-1ll, Q.No. 12
7 2| ‘o ) 1 1 50
5 IfA= 41 find a formula for A© given that A= PDP* whereP=| _;, ,|,D= o 3|
Sol : (Nov./Dec.-19)
Refer Unit-1ll, Q.No. 13
) ) ) 3 -3
6. Find the complex eigen values of the matrix A = 3 3
Sol : (July-2021)
Refer Unit-1ll, Q.No. 26
UNIT - IV
1. Show that {u,, u,, u_} is an orthogonal set where
3 -1 ~1/2
u, = 1 U, = 2 |; u, = _2
1 1 712
Sol : (Dec.-18)
Refer Unit-1V, Q.No. 28
2.  Verify the set of vectors are orthogonal.
-1(/5|[ 3 1([0][-5
- =2(|11|]|-2
@4 [|2]]4 (b)
=3|(1||-7 12|12
Sol : (July-21, July-19)

Refer Unit-1V, Q.No. 29
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7 4
3. Find the projection ofy = { } ontou = { } Also write y as the sum of two orthogonal
6 2
vectors are in Span {u} and one orthogonal to u.
Sol : (Dec.-19)
Refer Unit-1V, Q.No. 42
1 -4
4.  Compute the orthogonal projection of onto the line through and the origin.
7 2
Sol : (July-21)

Refer Unit-1V, Q.No. 43
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1.1 VECTOR SPACE

Q1. Define vector space.

Sol :

A vector space is a non empty set V of objects called vectors on which are defined two operations
called addition and multiplication by scalars subject to ten axioms.

(I) (v, +)is abelian vector addition.

1
2
3.
4
5

u+vev

u+v=v+u

U+Vv)+w=u+ (Vv+w)

There is zero vector 0 in v such that u'+ 0 = u.

For each u in v there is a vector =u in.v such that u + (-u) = 0.

(1) Scalar Multiplication

6. The scalar multiple of u-by c that is cue v.
7. c(u=+v) =cu +cv

8. (c+dyu=cu+du

9. c¢(du) = (cd) u

10. lu=u

The space R"; where n=1 is a vector space.

Q2. For n>0 the set p_of polynomials of degree atmost n consists of all polynomials of the
form.

P =a,+at+at?+ .. +at

Where coefficient a, a, .... a and variable t are real numbers Here degree is n.

Sol :

Given p_set of polynomials
Let p(t). a(t) ep,

p) =a,+at+at+..at

n

qt) =b,+bt+bt*+ ... bt

]
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Vector addition
1. p®) +gqh)=a,+at+at+. ..at"+b +bt+bt*+ .. bt
=@, +b)+ (@ +b)t+@+b)t?+.. .+ (@ +b)tep, [closure]
2. p) + [a(t) + r@®] = [p® + a®] + r(®) [Associative]
letr(t) =c, +ct+ct?+ ... ct
3. Let O(t) = 0 + Ot + Ot + ....+ Ot" be the zero polynomial.
p(t) + 0(t) = p(t) [Additive Identity]
4. Since (-1) p(t) acts as negative of p(t)
~vpMep,3 (1) pHep,>
p(t) + (-1) p(t) = O(t) [Additive Inverse]
5. p(t) + q(t) = q(t) + p(t) [Cumulative law]
Scalar Multiplications
6. Scalar multiple c, is a polynomial defined by
cp®)=cla, +at+..+at]
=ca,+cat+..+catep,.
7. (c+d)p(t) = cp(t) + dp(t)
8. c(p® + q(t)) = cp() + cq(t)
9. cld(p(t))] = cdlp(t]
10.  1.p(t) = p(t) [Mul. Identity]

. Thus p_is a vector space.

Q3. Define vector subspace and give examples.
Sol : (Nov./Dec.-2019)

Let H be a non empty subset of a vector space V that it is said to be a vector subspace of V if it satisfy
the following conditions.

1. The zero vector of visin H
=0eH

2. H is closed under vector addition YU,V e H

=U+VeH

3. H is closed under scalar multiplication for eachU e H 3 scalar C>CUe€ H.
Example

1.  The set containing of only the zero vector in a vector space V is a subspace of V called the zero
subspace of written as {0}.

2. The vector space R? is not a subspace of R® because R? is not even a subset of R3. Since vectors in
R? all have three entries where vectors in R? have only two entries.

{ 2 |
Rahul Publications =



UNIT - | LINEAR ALGEBRA

Q4. Define Linear Combination

Sol :

Sum of scalar multiples of vectors and span {v,, v, ....vp} densest the set of all vectors that can be
written as linear combination of v, v,,..... v,

LC=av +ayv,+..av va,a,..a arescalars.

Q5. Givenv, andyv, inavector spaceV, let H = span {v , v} show that H in a subspace of V.
Sol : (June/July-19)
Given H = span {v,, v,}
The zero vector is in H since 0 = ov, + ov,
To show let is closed under vector addition
Letu =a u, +a,u, w=byv + by,
u+w=(,v,+a,v,)+ (b v +bv)
=@ +b)v,+(@ +Dhb)y,
Sou+weH.
To show H is closed under scalar multiplication let c.be any scalarandu =a v, +a, v,
cu=ca,v,+a,v,)
= (ca) v, + (ca)v,
.. cu eH.
. His closed under vector addition and scalar multiplication.

.. Thus H-is a subspace of v.

Q6. Ifv,v, ... v, are in a vector space v then span{v,,v,, .... vp} is a subspace of v.

Sol :

(i)  The zero vector isin H
~O=ov,+ov,+ .. 0v
p
(i)  Letu, v any two arbitrary vectors in H
u=a v, +av,+ ... av, , v=b1v1+b2v2+....bpvp

Wherea a,..a,b

, b, b, ... b arescalars.
p 1 2 p

Now
u+v =(a1v1+a2v2+...+apvp)+(blvl+b2v2+ ..... +bpv)
=(a,+b)v,+ (@, +b)v,+ ..+ (a+b)v
u+veH

H is closed under vector addition.

{ 3 }
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for any scalar ¢
cu=c(,v, +a,v,+..+av)
= (ca)v, + (ca,v,+ ..... + (ca v
..cueH
.. His closed under scalar multiplication

. His a subspace of V.

Q7. Letw, isasubspace of V(F) and w, is a subspace of V(F) then w, nw, is also subspace of

V(F).
(OR)
Inter section of two subspaces is again a subspace.
Sol :a (July-21)

Let given w, and w, are two subspaces of a vectors space V(F).
= Oew,andoew, [zero vector]
= 0eWwnNnw,
w, nw, = {0} [non empty]
(i) Letuvew andw,
= U+ vew, (vector addition)
u + vew, (vector addition)
LU+ Vew, NW,
(i) Letuew, andw,
3 any scalar.c>
Cuew,, Cuew,
cuew, nw, (Scalar)

W, "W, is a subspace of V(F).

Q8. If Hand K are subspaces of a vector space then H + K is also subspace of vector space
V(F).

Sol :
Given V(F) is a vector space
H and k are subspaces of V
Define H + K = {w; U + v = w; for some u in H and v in k}

Given H is a subspace of V(F)

O<H . (@)
k is a subspace of v(F)
Oek .. (2
{ 4 !
Rahul Publications =
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from (1) and (2) 0 eH + k
s H+k = {3} (non empty)
Letw,w, e H+K
w, =u, +Vv, whereu eH, v eK
w, =u, +Vv,where u,eH, v,eK
w, +w,=(u +v)+ (u,+v,)
=, +u)+ (v, +Vv,)
eH + K[since u, +u, eH, v, +v,eK]
.. H + Kis closed under vector addition.
Let cueH , cueK
cu +cv, e H+K
c(u,+v,)e H+K
cw, e H+K
H+K is closed under scalar multiplication.
H + K is a subspace of V(F).

Q9. The union of two subspaces is again a subspace if and only if one is contained in another.
(OR)
The union of two subspaces is.again subspaces < H <H, (or) H,<H..
Sol :
Let H, and H, be two subspaces of V(F).
Case (1)

If H, U H, is a subspace of a vector space V(F).
Then we have to show that H. cH, or H, < H..

If possible assume that H, « H, or H, H..
SinceH, g H,s0o 3aeH, andagH,

SinceH,z H,so 3beH, andbgH,
ButaeH uH, andbeH UH,

= a+beH UH,

= a+beHanda+beH,
Sincea+beH andaeH,, as
As H_ in a subspace of V(F)
(-1)a+a+b=DbeH, [Closure] . (@)

g
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Similarly a+beH,,beH,
As H, is a subspace of V(F)
= a+b+ (-1)beH, [closure]
= a+b-beH,
= aeH, .. (2
Which is a contradiction to our assumption that a¢H, and b¢ H,
So our assumption is using
- eitherH cH, orH cH,
Case (ii)
If H, < H, (or) H,< H, then we have to show H, U H, is a subspace of V(F).
SinceH,=H, > H UH,=H,
We know that H, is a subspace of V(F)
So H, < H, is also subspace of V(F).
Case (iii)
IfH,SH, = H UH,=H,
We know that H, is a subspace of V(F)
So H,U H, is also subspace of V(F)

-. H,U H_ is subspace of vector space V(F).

Q10. Let H be the set of all vectors of the from (a - 3b, b - a, a, b) where a and b are arbitrary
scalars let H = {(a-3b, b-a, a, b)}; a, b in R. Show that H is a subspace of R*.

Sol : (Nov./Dec.-2018)
GivenH = {(a-3b,b-a, a, b)}

Write vectors in H as column vectors, then an arbitrary vector in H has the form.

a-3b 1 -3

b-a -1 1

a |=a|l 1|/ +Db| 0| =av, +av,
b 0 1

. H=Span {v,, v} where v, v, are the vectors. Thus H is a subspace of R*.

{ 6 }
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s
Q11. Show that, H= || t |;s,t IR} is a subspace of R3.
0
Sol :
s
Given H=<| t |;stelR

0

H can be written as a linear combination of vectors.

1] [0
H=<:S|0|+|1|/SteR
0| |O

1/]0
H=span <(0 |,/ 1
0|0

= span {u, v} where u = p V=
0

.. His a subspace of R®

a bj.
Q12. Determine if the set H of all matrices of the form L } is a subspace of M, _,.

d
Sol :

a
Given, H is a set of all matrices of the form {0 d} ,

00 1 2 21
Let0 = OEH’U: 0 1eH,V: 0 2€H

o

Then

_ 12 2 1
0 wrv=lo o +lo 2

-3

u+veH

§
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(i) Letc=1
1 2 1 2
Thencu=1 0 11510 1 €eH
. His a subspace of M,_,
1 2 4 8
Q13.LetV, = 0 V,= 1 V,= 2l andw =] Isw in the subspace spanned by {v,, v,, v,}?
-1 3 6 7
Why ?
Sol :
1 2 4 8
Givenvectorsare V, = | 0 |, v, = 1 .V, = 2 LW = 4
-1 3 6 7
Leta,a, a,€R
W= Linear combination of vectors
:alvl+a2V2+a3V3
8 1 2 4
4 =a 0 +a, ! +a,
7 -1 6
12 4 8
The augmented matrix | 0 1 2 4
-1 3 6 7
Apply Row Operation:
2 4 8
R, R,+R ~ 1 2 4
0 5 10 15
2 4 8
R
R, o2~ 12 4
> 012 3
1 2 4 8
012 4
R.-R,-R —
%7 looo0 -1
{ 8 }
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1000
R,>R-2R —|0 1 24
000 1
100 0
R
R R0 12 4
-1 looo -1
¢, ¢, C C,
100 0
R,>R,-4R ~[0 1 2 4
000 -1

Two columns ¢, and c, are indentical and has no solution.

. W is not a subspace spanned by {v,, v,, v_}.

Q14. Given v, and v, in a vector space v and let H = span {v,, v_} then H is a subspace of V.

Sol :

i) The zero vector is in H.
i) Let u, v be any two arbitrary vectors in H.
u=s v, +syv, andv=t v +tyv,
Wheres , s, t, t, are scalars
consideru+v = (s,v, +s,v,) +(t, v, +t,v,)=(s, +t)v, + (s, + t)v,
=U+VcH
= His classed under vector addition.
iii)  For any scalar c,
cu=c(s, v, +s,u,) = (cs)) v, + (cs,)v, = cueH
H is classed under scalar multiplication

H is a subspace of v.

s
Q15. Let H be the set of all vectors of the form | 3s|. Find a vector v in R® such that H =

2s
span{v}. Why does this show that H is a subspace of R3.
Sol :

The given vector space is R®

The givensetisH = ¢|3s| /SeR

g
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Letv = eR3
2

Consider |3s| ¢H
2s

S

Then 3s =S 3 where SeR
2

2s

Thus every vector in H can be written as the linear combination of the vector v in R3.
-. H =span {v}

H is a subspace of V = R,

5b+2c
b
c

Q16. Let w be the set of all vectors of the form where b and c are arbitrary real

numbers. Find the vectors u and v such that w = span {u, v}, why does this show that w is
a subspace of R3.

Sol :
The given vector space is R®.
5b+2c
The given setisw = b b,ceR

c

5b + 2c

Here w is a non-empty subset of R® consisting of zero vector consider the vector of w.

5b + 2c 5 2
b =b1 +c0 for b, ceR.
c 0 1

=bu+cvwhereu=(5,10),v=(20,1)
Thus every element in w can be written as the linear combination of u, v.
w = span {u.v}

w is a subspace of R®.

{ 10 }
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1 2 4 3
Q17.Letv, = |0 |;v,= 1;v= 2| andw =
-1 3 6
@ Iswin{v, v, v,}? How many vectors are in {v,, v,, v_}?
(b) How many vectors are in span {v,, v,, v} why ?

(c) Isw issubspace spanned by {v,, v,, v} why ?

Sol :
1 2 4 3
The given vectors are v, = 0|: v, = 1. v, = 2landw=|1].
-1 3 6 2

(@  There are only three vectors in {v,, v,, v.}. wis notin {v,, v,, v.}.
(b)  As there are many linear combinations that are possible with the vectors v, v,, v..
= There will be an infinite number of elements in span {v, v,, v.}
(c)  Consider the given vectors, w = (3, 1, 2), v, = (1, 0, -1), v, = (2, 1, 3), v, = (4, 2, 6)
(3,1,2) =1(, 0, -1) + 1(2, 1, 3) + 0(4, 2, 6)

s wespan{v,, v, Vv, }

4a+3b

0
Q18. Let w be the set of all vectors of the form a+b4c where, a, b, c are real numbers.

c-2a

Find a set S of vectors that spans w or give an example to show that w is not a vector

space.
Sol :
4a+3b 4a+3b
0
The given setisw = a,b,c € Ry consider the general vector of w say . This
a+b+c a+b+c
c-2a c-2a

vector can be expressed in the form of a linear combination of vectors is,

4a+3b 4 3 0

0 0 0 0
a+b+c|=al 1| +b|l|+c|l
c-2a -2 0 1

Thus the set S = {(4, 0, 1, -2), (3, 0, 1, 0), (O, O, 1, 1)} spans the set w.

{ 11 ' T .
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Sol :

-4 -9
5 4
v,=|-1|,v,=|-4
-7 -7

Letc

1’ 2’

Suppose that w can be written as the linear combinations of v , v, v

¢, be any three scalars.

Thenwzclv1+czv2+cgv3

(-9,7,8,4) =c(7, -4, -2, 9) + c,(-4, 5, -1, =7) + c,(-9, 4, 4, -7)

7c,—4c,-9,=-9
-4c,-5¢c, +4c, =7
-2c,-¢c,+4c, =8
9c,-7c,-7c, =4

Consider the augment matrix

7

4

-2
9

—4 -9
5 4
-1 4
-7 -7

R,— 7R, + 4R ;R,— 7R, + 2R ; R, 7R, - 9R,

o O O N

3

. (1)
. @)
. 3)
. (4)
. (5)

Rahul Publications

4 -9 -9

19 -8 13

~15 10 10

~13 32 137

4 -9

19 -8 13

-3

~13 32 137
()
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R,—»19R +3R, ; R,—19R, + 13R,

7 -4 -9 -9
0 19 -8 13

= |0 0 14 77
0 0 504 2772

R,>R,+9R;R, > R, +8R,;R,»>R,~R,

R2—>&; . Ry
14 504

(7 -4 -9 -9]

0 19 -8 13

=lo o 1 i

2

o o 1 i

L 2 ]

Rl
R1—> =
1 00 1
2
010 3
- 11
0 01 =
2
|10 0 0 0]

The general solutions are,

w is subspace of R* spanned by v, v,, v,

if w= c,v,+cC,v,+cC v,

. _ 15 11
|.e.,w—7 v, + 3v, + > v,

7 a0 8
0 19 0 57 .. W is in a subspace of R*.
=10 o 1 11 Q20. Determine weather the following vectors
2 form a sub space or not.
0 0 0 0 i
3a+b
R, 0] 4 ; &, b are scalars
R,—> ) |a-5b
r 817 fa-b
7 -4 0 > b_c
0 1 0 3 (ii) |c-a| ;a, b, care scalars
=
0o o 1 L b
2
0 0 0 0] Sol :
R,» R, + 4R, 3a+b
_ } . 4
i W=
700 1 ® a-5b
2
010 3 .
= 11 Here w cannot be expressed as linear
0 01 > combination of vectors and w does not
contain zero vector.
000 0|
. W is not a vector space.
{ 13 |
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a-b
b-c
(i) =|c-a
b
1 -1 0
0 1 -1
W=a 1 + b 0l*¢l1
0 1 0

W cani.e.,, written as a linear considera-
tion of vectors.

W forms a subspace.
Q21. Define Null Space

Sol :

(Nov./Dec.-19)

The null space of an m > n matrix A, written
as Null A is the set of all solutions of the
homogeneous equation Ax = 0.

Q23. Define Column Space
Sol :

The column space of an m > n matrix A,
written as Col. A is the set of all linear combination
of the columns of A. IfA={a , a, ... a } thenCol A
=span{a,a,, ... a_}.

Q24. The column space of an m>n matrix A
is a subspace of R™.

Sol :

Col A can be written as Ax for some %< Since
the notation Ax stands for linear combination of the
columns of A.

Thatis Col A = {b: b = Ax for some x in R"}

_|-6 12 12
Q25. Let A = 3 6 and w = 5 |- Deter-

mine whether ‘W is in col A. Is w in
null A?

Null A = {X: Xis in R" and AX = 0} Sol :
Q22. The null space of m>n matrix A is a The given matrix A is of order 2x 2.
subspace of R". ) )
The given vector w is of order 2x1.
Sol - Consider
Certainly Null A is a subset of R" (since A has
n columns). -6 12]||2 -12+12
. AW=13 6||2|=| 6+6
Since O Null A
= NullA = {} 0
Letu,v eNull A - {0} =0
AU=0and AV =0 . W is a solution of Ax = 0
(i)  ToshowthatU + Visin Null A ~ Wisin Null A.
A(U+V)= AU + AV Consider
=0+0
—0 -6 12 : 2
- AWI=] 3 6 11
S U+ VeNuUl A
(i)  Letc be any scalar _ {—6 12 2}
Acu) = C(Au) = ¢(0) = 0 0 00
s cueNull A This system is consistent
Null A is a subspace of R". s wisin Col A.
{ 14 )
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Q26. Let H b the set of all vectors in R4 whose co-ordinates a, b, ¢, d satisfy the equations
a-2b + 5c =dandc-a=Db. Show that H is a subspace of R*.

Sol :
The given vector space is R*
The given equationsarea—2b +5c=d,c-a=0Db
Rewriting these equations we get,a—2b +5¢c-d =0
—a-b+c=0
These equations can be written as AX =0
a
1 -15 -1 b
Where A=1|_¢1 1 1 0J,., PX = c
d 4x1
Let H be the set of all solutions < of AX = 0.
Then H is a subspace of R*.
6a-b
Q27. IfW= 4| a+b | /a,beR? then find a matrix A such that w = Col A.
-7a
Sol : (Nov./Dec.-19)
6a-b
Consider any general vector of w say &t b for a, beR. This can be written as the linear
—7a
6 -1
combination of the vectors | + | and | T | as below.
-7 0
6a-Db 6 -1
a+b =a|l|+b|L|where a,beR.
—7a -7 0
6 ||-1
Thusw=span 4| 1 || 1
7110

With these vectors as columns form a matrix say A.

6 -1
A=|1 1
7 0

Then w = col A.

g
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Q28. Find a non-zero vector in Null A and a
non-zero vector in Col A. If,

2 4 -2 1
A=|-2 -5 7 3],
3 7 -86
Sol :
2 4 -2 1
The given matrixisA=|-2 -5 7 3
3 7 -86

i) Finding a non-zero vector in Null A :
Consider the matrix,

2 4 -2 1
A=|-2 5 7 3
3 7 -8 6

R,— R, -17R,;

3

The general Solution is,

R, >R, + 4R,

x1+9x3=0 =X, =-9x3

x2—5x3=0:x2=5x3

X, =0

and X, is a free variable.

Let x, = 1 (non -zero value)

Letus reduce it to echelon form by using Row X, —ox, -9
operation. X, 5x, 5
R,>R,+R ; R, »>2R,-3R, L X={x | =] 1 |=x,1
X, 0 0
2 4 2 1
=|0 -1 5 4 The non-zero vector in Null A is
0 2 -10 -9 X = (_9, 5, l, 0)
(if) To find a non-zero vector in Col A
2 4 -2 1
Any column in the matrix A will be a non-
R R, + 2R -
277 s 2= |0 -1 5 4 zero vector in Col A.
0O 0 0 17
2 4 -2 1
24 -2 1 ie., -2 (or) - (or) ! (or) 3,
R,>-R,= |0 1 -5 -4 7 -8
0 0 0 17
2 4 2 1 3
2 0 18 17 - -2
ROR-4R — |0 1 -5 -4 Q29.LetA=|-2 5 7 3|, u=|_4|and
1 1 2 —
00 0 1 8 7 86 0
2 0 18 17 3
R3—>&3 01 -5 4 V= -1
000 1 3
{ 16 }
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(@) Determine if u is null A? Could u

be in Col A? 24-21 3
(b) Determine if vis in Col A. Could v |01 542
be in Null A? 01 .5 2 3
(OR) - 2 2
3 _ -
Determine if v=|-1| is in Col A wh 242 s
etermine if v= isin Col A where 0 1 -5 4 5
8 - 17
0 0 0 — 2
2 4 -2 1 L 2 J
A=|2 -5 7 3|
3 7 -86 (2 4 2 1 : 3]
Sol : (July-21) |01 5 -4 :
5 4 -2 1 0 0 0 17 : 1]
. o 5 7 3 . .
The given matrix is A = 7 8 6 From this enchelon form the system is
. B 3x4 | consistent hence the vector:is in Null A.
withm =3,n=4.
Q30. Let A be the matrix of order 2x3 that is
3
2 4 21 5
-2
. _|-2 -5 7 3 1 -3 -2
(@) Consider Au = _ @ _ |3
3 7 -8 6| * A=ls g 1| and U=/ 171
6-8+2+0 0 0 Determine if U belongs to the null space
Au=|-6-10-7+0|=|-3| |0 Of A.
9-14+8+0 3 0 Sol :
.. u does not satisfy the equation AX =0
s uis notin Null'A To test if U satisfies AU =10
As Col A is a Subspace of R™ = R?,
As us is of order 4 < 1 u can be in Col A. 1 -3 -2 5_94+4
au=| IRE
3 -5 9 1 -25+27-2
(b) Herev=|-1
3x1 0
As Null A'is a subspace of R" = R* and as the — |0
order vis 3 < 1v can not be in Null A.
Thus U is in Null A.
2 4 -2 1 3
Consider [A:V]=|-2 5 7 3 -1 Q31. Find asp_anning set for the null space of
3 7 8 6 3 the matrix,
2.4 -2 13 3 6 -1 1-7
~O—15+42 A:1_223_1
01 5 2 3 2 -4 5 8-4
2 2
{ 17 |
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Sol : July-21 S _
(uly-21) X, 2X, + X, — 3X,
Working Rule X, X,
Step 1 Xg | = | —2X, +2X4
Find the general solution of AX = 0. Xy 4
Step 2 [ Xs L 5 J
Reduce the augmented matrix [AO] to
Echelon form using Row operations. o M1 .3
Step 3 1 0 0
Write basic variables in forms of the free _ |0 -2 2
variables. =Xlo|TX 1] X0
0 0 1
-3 6 -1 1-7 O - B B
A=|1 -2 2 3-10 =x, U+x,V+x W
2 -4 5 8-4 0

—2713 -11 0
R,:R, +4R, ~

Every linear combination of U, Vand W is an
element of Null A This {U,v, w} is a spanning set for
Null A.

-2 2 3 -1 0
! 5 45 8 -4 0 Q32. Find an explict description of Null A by
listing vectors that span the Null space.

R 1 -2 7 13 =110 1 35 0
R3 5 =10 10 0 A=lo 1 4 2|

2 -9 -18 18 O

Sol :

R2
Rz;_5 1 -2 7 13 -11 O 1 35 0

n 0012 20 A={014_2}
Ry:—g 0001 2 20

Null A'is given by AX =10
1 -2 7 13 -11 0 The augmented matrix for Null A is
R,R,-R, ~ 0 01 2 -2 0
0000 0 O A_13500
AO1=10 1 4 2 0
= X, —2X,+ 7x,+13x, - 11x, =0

X, + 2%, -2x, =0 R R 3R {1 0 -7 6 0
_ 1PN T0 1 4 200
X, = =2 X, + 2X,
X, = 2%, = 7(=2x, + 2%)) =13 x, + 11x, The general solution is
X, = 2X, + X, — 3X,

Decompose the vector giving general solution X, =X, +6x, = O} = X, =7X; —6X,
into a linear combination of vectors. X, +4X; = 2X, = 0] = X, = —4X; + 2X,
{ 18
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X,, X, are free variable Sol :
GivenT. p,—» R?
X, 7X, — 6X, 7 -6 0
X —4X, +2X -4 2 — {p }
X= x: - 3)(3 TEX T X0 and T(P) = | pay
X, X, 0 1 letp,ge =p,
_ (p+0)(0)
X = span (u, v) — {
TC+D= | o1 g
j ‘26 B {p(0)+ q(oq B {p(oq J{qm)}
The spanning set for Null A= 1| | P()+a) PM) ] Lol
01 =T(P) + T(a)
“ T(p+a) = T(p) + T(a)
Note : Let c be any scalar.
If ‘A’ is a matrix of order m > n, then
» Nul Ais a subspace of R T(cp) = {cp(O)}_ {p(o)} = CT(p)
©P)= | ep@y | = €| pay | = €T
» Col Ais a subspace of R™
T(cp) = CT(p)
1.2 LINEAR TRANSFORMATIONS Tisa linear Transformation
Q33. Define linear transformation Kernel, | Q35.Let M, ; be the vector space of all 2x2
Range. matrices and define T:M, , - M, _, by
. a b
Sol : T(A)= A+ ATwhere A= L d]
T from a vector space v into a vector space W
is a rule that assigns to each vector x is V a unique (i) Show that T is a linear
vector T(x) in W, such that, transformation.
(i) T+ v)=T(u)+ T(v) forallu, vinV (i) Let B be any element of M,_, such
. that,
(i)  T(cu) =cT(u) forall uinV and all scalars c.
, B™= B Find an A in M,_, such that
Kernel (or Nullspace) Kernel T is a set of all T(A) = B. X
uin V such that T(u) = 0. )
(iii) Show that the range of T is the set
Range of B in M,_, with the properly that
Range of T is the set of all vectors in W of the B'=B.
form T(x) for some x in V. (iv) Describe the kernel of T.
p(0) Sol : (Nov./Dec.-2019)
Q34. Define T: p,—» R? by T(p) = |- For . )
P Given M,_, is a vector space
i i — 2
instance if p(t) = 3 + 5t + 7t Then TM,_, —M,_, defined by T(A) = A+ AT;
3
T(p) = {15} show that T is a linear {a b}
A=
Transformation. c d
{ 19 }
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(i) LetA,BeM,

T(A+B) = (A+B) + (A+B)"
=A+B+A"+RB"
=(A+A")+ (B+ B
=T(A) + T(B)

Let 3¢ a scalar such that
T(CA) = (CA) + (CA)T
= CA+ CAT
=CA+A)
T(CA) = CT(A)

.. Tis alinear transformation.

(i) GivenB=M,_, suchthatB" =B
LetA = 1 B
2
T(A) =A+ AT
1 1Y
= 38 (58]
1 1
=B+2B [B"=8]
=B
(iii) LetB be in the range of T
Then B =T(A)
=A+AT
B'=(A+ AN
— AT + (AT)T
=AT+A=B
.. B"=B
a b
(iv) LetA= L d} be in kernel of T

TA)=A+AT=0
. a
A+AT= |

2a b+c 00
“|b+c 2d | T |0 O

Il oo

|

|

Rahul Publications
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Comparing on both sides.
2a=0 ;
2d =0

0 b
i ,VbeR?},
kernel of T is {Lb 0} € }

1.3 LINEARLY INDEPENDENT SETS

b+c=0

Q36. Define linearly independent and linearly
dependent.

Sol :

An indexed set of vectors {v,, ... v } in v is
said to be linearly independent if the vector
equation.

cv,*C Vv, +..Cv = 0
has only the trivialsolution¢, = 0,¢c, =0 .... c,=0.

An indexed set of vectors {v, ... v } invis said
to_be linearly dependent if the vector equation

c,v,+c v, + ..c v =0 has anon trivial

0 . pp
solution that is not all ¢, = 0.

37. An Indexed set {v,, v,, ... vp} of two or
more vectors with v, #0 is linearly
dependent if and only if 3 some v, (with
j=1) is a linear combination of its
preceding vectors v, v,, .... Vi,

Sol : (Nov./Dec.-2018)

Let v be any vector space {v,, v,,
any indexed set in v with v_ = 0.

vp} be

Necessary Condition

Let{v,,Vv,, ....v } be alinearly dependent set
in v. Consider the linear combination of these vectors
equated to a zero vector.

c,v, +C,v,+ ...+ C,V,= 0

. (1)

where ¢, ¢,

Here atleast one of the scalars say ;=0 for
j>1 and suppose that ¢=0 for n>j.

... G are scalars and v, = 0.

Then the above liner combination can be
written as

cVv,+cv,+ ...+ CVv,= 0
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CV, = (-c)v, +(Cc)v,+ .. + (—cj_l) Vi,

—C, —C, €4
= v+ | T |v+..+
v, ¢ Vi c, Vo ¢, Vi

Thus the vector v, can be written as the linear combination of its proceeding vectors.

Sufficient Condition

In the indexed set {v,, v,, .... v } let the vector v, (j > 1) can be written as the linear combination of
its proceeding vectors.
= 3 scalarsc, C,....c_ suchthaty,=c v +cv,+..+c, Vv,

Thus in this linear combination there exists a non-zero scalar coefficient —1 of v, S0 the vectors v, v,,
..V, are linearly independent.

- Thesetis {v, v, ... vj} is L.D.
The index set{v,, v, .... v_} being the super set of this L.D is also L.D.

Q38. State and prove the spanning set theorem.
Statement:
LetS={v,v,.... vp} beasetinvand H=span{v,V,, ... vp}.

(i) Ifone of the vectorsin Si.e., v, is a linear combination of the remaining vectors in
S then the set formed from'S by reaming v, still spans H.

(if) If H= {0} then some subset of S is a basis for H.
Sol : (June/July-19, Nov./Dec.-18)
Let, S=A{v,,v, ....vp} be setinv
H=span{v,Vv,, ... vp}
If v, is the linear combination of v, AN then
v, =ayv, tay,+..a_ v, . (@)
where,
a,a, .. a_, scalars.
Consider an arbitrary element X in H such that
X=cv, +cv,+..c v +cv .. 2
where,
c, scalars
from (1) and (2)

X=c v, +cCV,+..cC +cp(a1v1+a2v2+....a V)

p-1 Vp—l p-1 "p-1

=(cl+acp)vl+(cz+acp)v2+....(c +a _ c)v

p-1 p-1 “p/ "p-1

g
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(ii)

Thus v, v

g Vor e Vg still spans H.

Consider the original spanning set S as linearly
independent then it consists of basis.

Two or more vectors in the spanning set can
repeat the process until it is linearly
independent. Thus the basis of S gets
reduced to one-zero vector this is due to
existence of span vectors in H.

i.e., H= {0}
Q39. Define Basis
Sol :
Let v be a vector space any linearly
independent subset of v that spans v is called
as a “Basis of v”.
(or)
If 3 anindexedsetB ={b,b,, .... b } which
is a subset of v such that
(i) Bis linearly independent
(i) v=span{b,h b, ..b}.
2 2
Q40. Verify whether the vectors |-1|, | -3
1 2
-8
and | 5| are linearly Indepenent.
4
Sol : (June/July-19)

Given vectors are,

-2 2 -8
1 -3 5
2 4
2 2 -8
Letv, = |-1|,v,=|-3 V= 5
1 2 4

Rahul Publications

Consider the matrix,
A=]v,v, v3]

2 2 -8
(-1 3 5
1 2 4
R, > 2R, +R, ; R, » 2R,-R,
(2 2 -8]
_ |0 4 2
|10 2 16
R, » 2R, +R,
(2 2 -8]
=10 -4 2
10 0 34]
R, R, R,
R, — > R, > - TR, —> 34
11 4
—lo 1 -1
0 0 1
Rl_) Rl_RZ
10 L
2
=10 1 —-=
0 0 1

Since the matrix, A contains pivot element in
each column.

.. The set is linearly independent.

g

Q41.

Determine whether the set S =

1 1|1
O0|,|1],|1|; isabasisof R®ornot? If
o||0||1

not determine whether SisL -1 or not?
Whether S spans R® or not ?
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Sol :

Given vector space is R®

1111
The givensetisS= 4|0,/ 1|,|1
0|0
Here SCR?
111
A=|0 11
0 01

|IAl] =1(1-0)-1(0-0)+1(0-0)
=1=0
. Sis linearly independent.

Here A is an inversible matrix of 3 < 3 then the columns of the matrix A forms a basis of R3.

Q42.If P_is a vector space of all polynomials of degree < nintthenthe S={1,t, t*, ... t"}is
a standard basis of P .

Sol :

Given that P_is a vector space of all polynomials in t of degree <n.
The given setis S = {1, t, 3, .... t"}
Here SSP_
Clearly any polynomial in P_is a linear combination of elements of S and hence P, = span S.

Letc,c,,C, ..., C, beany n+1 number of scalarsand 1, t, t?, .... t"e s consider the linear combination
of these vectors and equate to zero vector.

Cpl+c.t+c,t+ ... +c.t"=0()
ie,c.l+ct+c b+ .. +ct"=01+0t+0+ .. +ot
This is only possible if

¢, =0,¢c,=0,¢c,=0, ..... c.=0

. S'is linear independent

. S'is basis of p_consisting of unit vectors

. Sis a standard basis of P,.

{ 23 }
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1 -2
Q43. Letv, = _32 andv, = _79 Determine if {v , v,} is a basis of R®is {v,, v,} a basis of R®?
Sol
1 -2
. |2 |7
The given vectors are v, = Vv, =
3 -9

The givensetis S ={v,, v,}

Here SSR3

As v, isnota scalar multiple of v, and v, is not a scalar multiple of v, sov, v, are linearly independent.

. Sis linearly independent

Any basis of R® should contain exactly 3 elements.
S cannot be basis of R® but can be extended to form a basis.

Here as S is not a subset of R?.

.. S cannot be a basis of R?.

Q44.

Sol :

3 -4 -2
Letv, = 0 Vv, = 1 V= 1 then determine if {v , v,, v} is a basis for R®.
-6 7 5

The given vector space is R®.

3 -4 -2
The given vectors are v, = 0 LV, = 1 Vv, = 1
-6 7 5

The given setis S={v,,Vv,, v,
Construct a matrix A with these vectors as columns then,

3 -4 -2
A= |0 1 1
6 7 5

Consider |JA] =3(5-7)+40+6)-2(0+6)=-6+24-12 #0

- Alis invertible.

(July-21, Nov./Dec-18)

Thus the set S is linearly independent subset of R® consisting of exactly 3 vectors.

-. S is a basis of R®.

Rahul Publications
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1 0 S

Q45. Suppose v, = 8 VRES é and H=4|S| /SeR thenis (v, v,) a basis for H?

0
Sol :

Given vectors are,

2

1 0
VIO,V:]-
0 0

S
H= S SeR
0
S
H=|S
0
1 0
= H=S|0|+S |1
0 0
H=3Sv, + Sy,

.. His a linear combination of v, andv,.

(June/July-19)

The set of vectors v = {v,, v, } forms a basis for H if the following conditions are satisfied.

(@) They are linearly independent set.
(b) H=span{v,Vv,}

1 0
0 1
c +cC =0
Yo 1o
Cl
= =0

g
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The vectors are linearly independent and form a span for Hi.e., H = span {v,, v_}.

c, S
The vectors v, v, form the basis for plane of form C lputH=|S , SER represents a line.
0
Hence, {v,, v,} does not form the basis for H.
1 0 2
_ _ 12 |12 12
Q46. Let H = span{u,, u,, u,} and k = span {v,, v,, v.} where u,= N 1l u; =\ - |
-1 1 -3
1 2 -1
0 -2 4
v,=|8],v,=|9|,v,=| g | Find bases for H, Kand H + K.
-4 -5 )

Sol :

Given H =span{u,u,, u}
K =span {v, v, v,}

Consider matrix,

1 0 2
2 2 2

[u uul]=
172 783 3 _1 7
-1 1 -3

Converting the above matrix in reduced echelon form,

1 0 2
0O 2 -2
R,»>R,-2R;R,>R,-3R (R, >R, +R = 0 -1 1
0O 1 -1
1 0 2
0O 1 -1
RZ
R2—>? -0 -1 1
0O 1 -1
1 0 2
) 01 -1
R3—>R3+R2,R4—>R4—R2= 00 0
0O 0 O
{ 26 }
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The matrix has 2 pivot columns.
. {u,, u} forms a basis for H.

110

. 21 2 ) .
ie., is a basis for H.
3 1

-1 1
1 2 -1
0 -2 4
consider [v,v,v,]=| g ¢ g
-4 -5 -2

Converting the above matrix into reduced echelon form,

1 2 -1
0 -2 4
R3—>R3—8R1 y R,>R,+4R = 0 -7 14
0 3 -6
1 2 -
RZ. Rg. R4 — O 1 _2
R4—>_—2, R3—>7,R4—>?— 0 -1 2
0 1--2
1.2 -1
0 1 -2
R3,—>F23+R2 ;R4—>R4—R2= 00 0
0 0 O
1 0 3
0 1 -2
R,->R -2R, = 00 0
0 0 O

The first and second column of matrix are pivot column,
- {v,, v,} is a basis for k.

1 2

. =2 . .

ie., sl o is a basis for k.
-4 ||-5

Consider,

1 0 2 1 2 -1
2 2 2 0 -2 4
3 -1 7 8 9 6
-1 1 -3 -4 -5 -2

[ul’ Uy Uy Vi Vs V3] =

27 J
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Converting the above matrix into reduced echelon from

10 2 1 2 -1
0 2 2 2 6 6
R,>R,-2R R, >R, -3R ;R >R, +R=|, , | £ 3 q
01 -1 -3 -3 -3
10 2 1 2 -1
R R _[01 -1-1-33
272 lo -1 1 5 3 9
01 -1 -3 -3 -3
102 1 2 4
01 -1 -1 -3 3
R,»R,+R,;R,->R,-R, — 000 4 0 2
00 0 -2 0 -6
10 2 1 2 -1
R Rep R 01 -1-1-33
7447 2 oo 0 1 0.3
00 0 1 0 3
10 2 1 2 -1
01 -1 0 -3 6
Rl_)Rl_R'&;Rz_)R2+R3;R4_)R4_R3~ 00 0O 1 0o 3
00 0 0 0 O
Here first, second and fourth columns are pivot columns.
- {u, u,, v }is a basis for H + K.
1 0 1
. 2 2 . .
ie., , ,O is a basis for H + K.
3||-1|| 8
-1{|1]||-4
1.4 Co-ORDINATE SYSTEM I
Q47. The Unique Representation theorem:-
LetB={b,,b,, ...., b } be a basis for a vector space V. Then for each x in V, there exists
aunique setof scalarsc,, c,, ...., ¢_such that
X=c b +...+c b .. (1)
{ 28 }
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Sol :

GivenB={b,, b, .....b }is a basis for a vector space V. Since B spans V, there exist scalars such that
(1) holds. Suppose x also has the representation.

x=db +d, b, +..+db . (2)
forscalarsd,, d,, .....,d .
Then, subtracting (2) from (1), we have

O =x-x=(c,-d)b, +(c,-d)b, + ... +(c -d)b .. (3

Since B is linearly independent, the weights in (3) must all be zero. That is, ¢, = d, for 1<j<n.

Q48. Define B-coordinates of x, co-ordinate mapping, change of co-ordinates matrix.

AnS :

Co-ordinates of ‘x’ relative to the basis B (or) B-Co-ordinates of x

Suppose B={b,, b, .... b } is a basis for V and x is in V. The co-ordinates of x relative to the basis
B (or the B-co-ordinate of x ) are the weightsc , c, ..... ¢, such that

x=c b +c,b,+...+cb
The Co-ordinate Mapping

Ifc,, c,, ..., c_are the B-co-ordinates of x, then the vector in R"

Cy

c
[Xly = ;2 is the co-ordinate vector X relative to B (or the B - co-ordinate vector of x). The

c

mapping x — [X], is the co-ordinate mapping (determined by B).
Change-of-Co-ordinates- Matrix
The vector equation
Xx=c¢b, +cb,+ ... +c b isequivalent to
x = P,[X],
Where P, =1[b, b, ..... b, ] is the change-of-co-ordinates matrix from B to the standard basis in IR".

Note: P;* exists

Q49.LetB={b,, b,, ...., b } be a basis for a vector space V. Then the co-ordinate mapping
X — [X], is a one-to-one linear transformation from V onto R".

Sol :
Take two typical vectors in V, say
u=cb +cb,+..+cb
W=d b +db,+...+db
Then, using vector operations,
u+w=(,+d)b +(,+d)b,+ ..+ (c +d)b

{ 29 }
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Q50.

Sol :

The B-coordinates of u + w is

c,+d,; C, d,
d c d

[U —+ W]B = Cz_{_ e — :2 —+ :2 = [U]B -+ [W]B
c,+d, C, d,

So, the co-ordinate mapping preserves addition.
If ’r' is any scalar, then
ra=r(, b, +c b, + ... +c b)
= (rc)b, + (rc,)b, + ... + (rc )bn
rce, c,
rc, c,

= [rul,=| : | =] | =rlulg
rc c

n n

Thus the co-ordinate mapping also preserves scalar multiplication.

. (1)

.(2)

Hence, from (1) and (2) co-ordinate mapping is a linear transformation.

Since co-ordiante mapping is invertible.

.. The co-ordinate mapping is a one-to-one mapping and maps V onto IR".

ProBLEMS
3 -1 3
Letv, =6|,v,= 0 and x = 12
> 1

.LetB=[v,v,] and H=span{v,Vv,}. Bis abasis

for H. If x is in H, then find the co-ordinate vector of x relative to B.

If xe H then xe span [v,, v,] then 3 two scalars ¢, and c, such that,

X=CVv, + C,V,

3 3 -1
L 12 ¢ |6 4|0
7 2 1

By solving (1), we getc, =2,¢c,=3

3

c 2
Then [X], = { 1} = { } is the co-ordinate vector of x relative to B.

C,

Rahul Publications
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Q51.1f B ={1-t* t-t* 2-t + t?} is a basis for P, then find the co-ordinate vector of
P(t) = 1 + 3t - 6t2 relative to B.

Sol :

GivenB = {1 -t t-1t?, 2 -t + t°} is a basis for P, where P, is the vector space consisting of all
polynomials of degree < 2.

The given polynomial is P(t) = 1 + 3t - 6t?
Since degree of p(t) =2 = P()eP,.
As P(t)e P, and B is a basis of P,, So P(t) can be written as the linear combination of elements of B.
Then 3¢, c,, ¢, scalars such that P(t) =c (1 -t’) +c,(t-t) +c,2-t+ )
= 1+3t-62=c(1-t) +c,(t-t) +c,2-t+1)
= 1+3t-6tt=(c,+ 2c,) + (c,—c)t—(c, +¢c,+c)
By equating the coefficient of similar powers of t, we get,
c,+2c,=1
c,-¢c,=3
—~(c,+c,+c)=-6=rc +c,+c, =6
Solving above equations, we get
¢c,=3,c,=5/2,¢c,=-1/2
The co-ordinate vector of P(t) relative to B is

c 3
1
POl = [c.| = | %2
c 3
AT
Q52. IfthesetB = {1 +t*, t + t*, 1 + 2t + t*} is a basis for P, then find the co-ordinate vector
of p(t) = 1 + 4t + 7t2 relative to B.
Sol :

Given B = {1+ t*, t + t?, 1 + 2t + t°} is the basis of P, where P, is the vector space of consisting of
all polynomials of degree <2.

The given polynomial is p(t) = 1 + 4 + 7t
spM)eP,
The degree of p(t) is 2.

Since, B is a basis of P, and p(t) € P,, then p(t) can be written as the linear combination of elements
of B.
= 3 scalarsc,, c,, ¢, such that
pt) =c,1+ ) +c(t+ ) +c,(1+2t+ 1)
= l+4t+7P=c +ct+ct+ctP+c +2ct+ct
= 1+4t+7=(c +c,)+ (c,+y 2c)t+ (c, +c¢,+ )t

Equating the coefficients of similar powers of t, we have

{ 31 }
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c,+c =1
c,+2c,=4
c,+c,+c, =7
Solving above equations, we get
c,=2,¢c,=6,¢c,=-1L
.. The co-ordinate vector of p(t) relative to the basis B is,

2
6

¢

[p)], = || =

Cs

Q53. ThesetB={1 +t, 1+ t? t+ t°}is abasis for P,. Find the co-ordinate vector of p(t) =
6 + 3t - t? relative to B.

Sol : (June/July-2019)
Given B = {1 +t, 1 + 3 t + t°} is the basis of P, where P, is the vector space consisting of all
polynomials of degree <2.
The given polynomial is p(t) = 6+ 3t — t?, the degree of p(t) = 2.
p(t)e P,

Since B is a basis of P, and p(t) P, then p(t) can be written as the linear combination of elements
of B.

= 3 scalarsc;, ¢, ¢, such that
p(t) = c (1+1) + ¢ (1+1%) + c (t+17)
= 6+3t-=c +ct+ec, +ct+ct+ct
6+3t-t?=(c,+c,)+(c,+ct+ (c, +c )t
Equating the coefficients of similar powers of t, we have ¢, + ¢, =6,c, + ¢, =3,¢c, + ¢, = -1.
Solving above equations, we getc, =5, ¢, =1, ¢, = -2.

c, 5
Then [p(t)], = (.| = | 1 | is the co-ordiante vector of p(t) relative to B.
C, -2

2 -1 4
Q54. Letb, = L} , b, = { 1 } , X = {5} and B = [b,, b_] then find the co-ordinate vector [x]p of
x relative to B.

Sol : (Nov./Dec.-19)
Given basis B = [b,, b,]

2 -1 4
blzL}, b, = 1 and vector x = 5

'l 32 ',
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The B-co-ordinates ¢, ¢, of xisc, b, + ¢, b, = x

SHEHEN
e

|2 -1 4
The augmented matrix is 1 1 5

2 -1 4
R, > 2R,-R ~ |y 3 ¢

R 2 -1 4
R 1
1773 0O 1 2

2 0 6
01 2

R 10 3
R 1 -
17 01 2

- The solutions are ¢, = 3, c,=2.

Rl—>R1+R2~{

.. The co-ordinate vector X relative to {3 is [x]B = {2}

1.5 THe DIMENSION OF A VECTOR SPACE

Q55. Finite - Dimensional and Infinite dimensional.

Sol :

If v is spanned by a finite set, then V is said to be finite - dimensional, and the dimension of V,

written as dim V, is the number of vectors in a basis for V.
If v is not spanned by a finite set then v is said to be infinite dimensional.

Q56. Find the dimension of a vector space V = R3.

Sol :

Consider the vector space V = IR?

1110||0

Since B=4|0{,|1],] 0|} is the standard basis for V = IR3.

ol (0]]1
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. Dim IR® = Dim V = number of elements (or vectors) in a basis B for V = IR3.

= Dim IR® = 3.

10
Similarly Dim IR? = 2, Since B for IR? = {{OHJ} .

Note :
1. The standard basis for IR" contains ‘n’ vectors so dim IR" = n.

2. The standard basis for vector space P_ contains (n+1) vectors.

Q57. If avector space V has abasisB={b,, b, .... b }, then any set in V containing more than

n vectors must be linearly dependent.

Sol : (July-21)

Given V is a vector space and B = {b, b, .... b } is a basis of V. . dimV = n.
Suppose

{u,u, ..., up} is a set in V with more than ‘n’ vectors.

= [ul, [uwl ... [u,], are the co-ordinate vectors of V relative to B, since there are more vectors (p)

than entries (n) in each vector, then they form a linearly dependent set in IR".

So, there exists scalares ¢, c,, ... ¢, not all zeros, such that,

0
cul, +cful, + ... + cplup], =
0
Since the co-ordinate mapping is a linear transformation.

o O O ©o

1) =[cu+cu,+..+cul, =

The zero vector on the R.H.S of (2) displays the n-weights needed to build the vector.
c,u +cou, + ... + ¢ u, (which is linear combination) from the basis vectors in B.

Thatisc, u, +c,u, + ... +cu = 0b +0b,+..+0b =0

Since the ¢ ’s are not all zero.

= {u, u,, ....up} are linearly independent.

. (1)

. (2

{ 34 }
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Q58. If a vector space has a basis of n-vectors, then every basis of V must consist of exactly n-
vectors.

Sol : (Nov./Dec.-18)
Given V is a vector space
Let B, be a basis of V consisting of n vectors.
Let B, be another basis of V consisting of m vectors.
We have to showm =n
Case (i)
Since B, is a basis of V consisting of n-elements and B, is a linealry independent set.
So, by above theorem
B, cannot have more than n-vectors i.e., m<n . (@)
Case (ii)
Since B, is a basis of V consisting of m-elements (or vectors) and B, is a linealry independent set.
So, by above theorem
B, cannot have more than m-vectors i.e., nsm .. (2
Therefore from (1) and (2) m = n.
Thus B, also consists of exactly n-vectors.
=  Every basis of V must consist of exactly n-vectors.
Note
If a non-zero vector space V is spanned by a finite set S, i.e., S = span V.

Then a subset of S is a basis for V.

1.5.1 Subspaces of a Finite - Dimensional Space

Q59. Let H be a subspace of a finite-dimensional vector space V. Any linearly independent
set in H can be expanded, if necessary, to a basis for H. Also, H is finite-dimensional

and dim H<dim V.

Sol :

Given V is a finite dimensional vector space and H is a subspace of ‘V'.
Case (i)

If H= {0}, thendimH =0 = dimH =0 < dim V.
Case (ii)

If H= {0}, LetdimV = n

Then any subset of ‘V’ consisting of more than n—vectors is always linearly dependent.

{ 35 }
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As every subset of H is also a subset of V.
= Every subset of H is, linearly independent.

= Any linearly independent set of vectors in H can contain at most n-vectors.

LetS={u,u,.... u,} be largest linearly independent subset of H. (k<n)

LetpeH
Then the set {u, u,, ..... , U, B} is a linearly dependent subset of H.

— The vector B can be written as the linear combination of its preceding vectors u,, u,, ...., U,.
= Pel(s)

Thus every element of H can be written as the linear combination of elements of S.
L(s) = H = His a finite dimensional vector space also S is a basis of H.
dim (H) = k<n =dimv = dim H= dim V Hence proved.
PRrROBLEMS
3 -1

= _ |6 0 . .
Q60. Let H = span{v,, v,} where v, = ) and v, \ Find the dimension of H.

Sol :
3 -1
Given H =span {v,, v} where v, = 6] and Vv, 0 | since v, and v, are not multiples and hence
2 1
they are linearly independent. .. dim H = 2.
Q61. Find the dimension of the subspace.
a-3b+6c¢c
5a+4d
H= a 1a,b,c,dinR
b-2c-d
5d
Sol : (Nov./Dec.-19)
a—-3b+6¢
5a + 4d
i = ra,b,c,dinR .
Given H b—2c—d
5d

4
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Let ‘W’ be the subspace of H, which is general vector,

a—3b+6¢c
5a+4d
b-2c-d
5d

This vector can be written as the linear combination of four vectors v, v,, v, v, where,

1 -3 6 0

Clearly v, =0, v, is not multiple of v, but v, is a multiple of v, i.e., v, = 2v,.

=  Thevectorsv,, v, v, v, are linearly dependent.
By the spanning set theorem, we can discard v,, we get, the set S = {v,, v,, v } still spans H.
= L(s) =HandV,is nota linear combination of v, and v,.
So, {v,, v,, v, } is linearly independent.
=  Sisabasis of H.
.. His a finite dimensional vector space and dim H = 3.
s-2t
Q62.If H = 4| s+t |:s,teR; then find a basis of H and state the dimension of H.
3t
Sol :
s—2t
The given vector space inH = §| s+t |is,te R} consider any general vector of H, say w.
3t
s—2t 1 -2
W= s+t =s 1 +t 1 fors,teR
3t 0 3

Thus every element in H can be written as the linear combination of elements if the set,

-2
S=41| 1 |;=A{v,Vv,}
0 3
Also the vectors v, and v, are linearly independent.
. Sis a basis of H, dim (H) = 2.
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Q63. Define The Dimensions of Nul A and
Col A.

AnS :

The dimension of Nul A is the number of free
variables in the equation A < = 0 and the dimension
of Col A is the number of pivot columns in A.

Q64. Find the dimensions of the null space
and column space of,

3 6 -1 1 -7
A=Jl1 2 2 3 -1
2 4 5 8 -4

Sol:
Echelon form of A is,
1 -2 2 3 -1
0O 0 1 2 -2
0O 0 00 O

There are three free variables x,, x, and X,.
Hence the dimension of Nul A is 3(number of free
variables) the dimension Col A = 2, because a has
two pivot column.

(They are 1st and 3rd columns).

Q65. Determine the dimensions of Null A and
Col A for the matrices.

1 6 9 0 -2
) o1 2 -4 5
M A=l 0 0 5 1
0O 0 0O O O
3 4
(i) A= -6 10
Sol:
i) Given matrix is,
1 6 9 O 2
_ 0 1 2 -4 5
A= 0O 0 0 5 1
0O 0 0 0 O

Rahul Publications
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Itis in echelon form
Since, there are 3 pivot columns
dimension of Col A = 3
Also there are two columns without pivots.
=  Equation Ax = 0 contains 2 free variables
.. Dimension of Null A = 2.

(i)  Given matrix is,

3 4
A=16 10

Row reducing the above matrix
R, 3 4
Re=>= — {—3 5}

3.4
R,»R,+R ~ 0 9

R, 3 4
R=7% ~lo 1

30
R,~R, 4R, ~

01
R, _ 10
Rl""?ﬁA— 0 1

The matrix has two pivot columns.
.. Dimensions of Col A = 2.

Since the matrix has no columns without
pivots.

=  The equation Ax = 0 has only the trivial
solution.

Dimension of Null A = 0.

Q66. Let H be a non-zero subspace of v and
let T(H) be the set of images of vectors
in H. Then T(H) is a subspace of w. Prove

that dim T(H) <dim H.
AnS :

Given H is a Non-zero subspace of a finite
dimensional vector space V.
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And T: V— W is a linear transformation
Let {u,, u,, .... u } be the basis for H.

— dimH=P -~ (1)
Letye T(H)
Then there exist x € H such that,

TX) =y .. (2)

x can be written as linear combinations of the basis vectors x =c, u, + ¢, u, + ... +¢_u.
Since T is linear transformation

= TX=T(c,u +cu,+..+ c, up)

= y=c¢T(u,) +c,T(u) + .. +¢T(u) (.. from (2))

y is a liner combination of T(u,), T(u,), .... T(up) and {T(u,), T(u,), .... T(up)} spans T(H).
From spanning set theorem,

{T(u), T(u), .... T(up)} is a basis for T(H), containing not more than P vectors.
— dimT(H)<P
< dim H ( from equation (1))
dim T(H)<dim H.

Q67. (a) Let H be an n-dimensional subspace of an n-dimensional vector space v. Show that
H=V.

(b) Explain why the space p of all polynomials is an polynomials is an infinite
dimensionals space.

Ans :
(@ Given

V is an n-dimensional vector space and H is an n-dimensional subspace of V.

Case (i)
If dimV = dim H = 0 then v = {0}
and H = {0}
i.e., V and H has no basis.
L H=WV
Case (ii)

Ifdimv=dimH=0
Then H contains a basis S = {v,, v,, ....v. }
Then by basis theorem,
S is also a basis for V
= H and V both span S.
LH=V

g
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(b)

Let dim P is finite
i.e., dmP =k(< «) . Q)
p, is a subspace of p wn
dimp_, =K
= dimp,_, =dim p (.. from (1))
= P, =P
This is not true.
The dimension of P cannot be finite.
Hence, P is an infinite dimensional space.

Q68.

Sol :

Show that the s = {(1, 0, 0,-1) (0, 1, 0,-1), (0,0, 1,-1) and (0, 0, O, 1)} in R*is linearly
independent.

(Nov./Dec.-18)
Given set vectors in R* are,

1 0 0 0
0
Let Vi= 0 Vo = ! WV = Vo = 0
0 1 0
-1 -1 -1 1
1 00
. o _ 1 00
Consider the matrix A =[v, v, v, v ] = ) Y
1 -1 -1 1
(1 0 0 ©
0O 1 0 O
R>R+Ri~1g 0 1 o
0o -1 -1 1
1 0 0 O
0O 1 0 O
R >R +R. —
7 1o 0 10
0 0 -1 1
1 0 0 O
0 1 0 O
R, >R,+R,~|0 0 1 0
0 0 0 1

Since the matrix A contains pivot in each column
The given set of vectors are linearly independent.
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‘ Choose the Correct Answers I

1.  The union of two subspaces is subspace of vector space iff [a]
(2) One is contained in another (b) One is not contained in another
(c) Both (a) and (b) (d) None

2. IfA=T[a,a,...a]thenCol A= [c]
(@ [a,a,...a] (b) {x/xisinR"}
(c) Span{a,a, ...a} (d) None

3. If T is a linear transformation from a vector space V into a vector space w then [c]
@ Tu+v)=TUu) +TV)+uveV (b TUu=CTu) vYueV
(c) Both (a) and (b) (d) None

4. LetB={b,, b, ... b }isa basis for a vector space V. For each x € V, then exist a unique set of scales
C,, C, ... C suchthatx =cb, +c,b, + c b . This is called [d]
(a) Spanning set theorem (b) Rank theorem
(c) Basistheorem (d) Unique representation theorem.

5. Col A = R™ if the equation [a]
(@) Ax=bhasasolution ¥ b € R™ (b) Ax =0 has only the trivial solution
(c) Nul A= {0} (d) All the above

6. H is a subspace of Vand B = {b,, b,, ... b } € V is a basis for H if [c]
(&) Bislinearly independent (b) H=span{b, b, ... b}
(c) Both (a) and (b) (d) None

7. The Set S = {(1, -2, 1), (2, 1, -1), (7, -4, 1)} forms [c]
() Linearly dependent (b) Linearly span
(c) Linearly independent (d) None

8. If a vector space V is not spanned by the finite set Sthen Vissaid . [b]
(a) Finite dimensional (b) Infinite dim
(c) Finite and Infinite dim (d) None

9. ThesetS =4{(1,0,0,-1),(,1,0,-1),(,0,1,-1),(0,0,0, )}inR*is — . [b]
() Linearly dependent (b) Linearly independent
(c) Both (a) and (b) (d) None

10. LetB={b,b, ... b } be a basis for a vector space V. Then the co-ordinate mapping x — [x], is a

theory transformation form v onto R". [b]
(@) Onto (b) One-one
(c) Both (a) and (b) (d) None
(41 )

41
|y Rahul Publications



B.Sc. Il YEAR V SEMESTER

‘ Fill in the Blanks I

1.  The intersection of the two subspaces of V(F) is again a

2. ThesetV = {0} is a vector space and it is said to be a

3. Let V be any vector space if it is any non-empty subset of V and H is also a vector space then H is

calledasa_—_______of V.
4, ifv,v,, .., v, are in a vector space v then
span{v,, V,, ....., vp} isa—_ofw

5. The null space of an m > n matrix A is a subspace of

6. The______ of an m > n matrix A B a subspace of R™.
7. If T is a matrix transformation that T(x) = Ax for any matrix A then Rangeof Tis —______ and
kernal of T is

8. Let V be a vector space. Any linearly independent subset of v that spams V. is called as a

9. If P_is a vector space of all polynomials of degree < nin ‘t"then theset S = {1, t, t*, ... t"} is a
of P .

10. The no. of elements in the basis of a vector space is called as

ANSWERS
Subspace
Zero space
Subspace
subspace
R"
Colum space
Col A, Null of A
Basis of V

© ® N o a0 &~ 0 N PR

Standard basis

[EEY
©

Dimension of the vector space v

4
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Rank-Change of Basis - Eigenvalues and Eigenvectors - The Characteristic
Equation

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

2.1 RANK - CHANGE OF Basis I

Q1. State and prove the Rank theorem?
Sol :

Statement

(July-2021, June-July-2019, Nov.-Dec.-2018)

The dimension of the column space and the Row Space of an m < n matrix A are equal. This

common dimension is said to be the rank of Matrix A.

Rank of A is also equal to the number of pivot positions in A and satisfies the equation.

Rank A + dim Null A = n ; where n is the dimension of a vector space.

Proof :

Let [A] _ be a matrix of order m =< n

mxn

Rank of A = the-number of pivot elements in A

Rank of A = the number of pivot positions in an echelon form B of A.

For each pivot position there is non zero row in B

These number of non zero rows will form a basis of the row space of A.

Rank of A = The dimension of the row space of A

= The no. of pivot columns ... 1)

Dimension of Null A = The number of free variables in the equation Ax = 0

= The no. of columns of A that are not pivot elements of A

= number of non-pivot columns ... (2)

The total no. of columnsin A

= The no. of pivot elements + The no. of non pivot columns ... 3)

from equation (1), (2) and (3) we get

Rank of A + dimnull A =n

{ 43 }
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Q2. State Invertible Matrix Theorem : From Rank Theorem :
Sol : Rank of A + dim null A =n
Statement 2+dmnullA=5
. . . . dimnullA=3
If A is an invertiable matrix of order n < n
then 1 4 9 7
Here A is a square matrix 1 5 4 .
5. If A = |~ } then
If Ais Invertiable then Q
. ] 5 -6 10 7
(i) The columns of A forms a basis of R"
B find rank A and dim null A ?
(i) ColA=R" Sol
. ol : July-2021
(iii) dimcolA=n (July )
. Given Matrix is
(iv) Rank =n
(v) NullA={0} 1 -4 9 -7
(vi) dimNullA=0 A= -1 2 -4 1
Q3. If Alis a 7 x 9 Matrix with a two 5 -6 10 7
dimensional Null space, what is the rank
of A? Order of Matrix A =4 x 5
Sol : Converting matrix A to Echelon form :

The given Matrix A is of order 7 < 9

n = no. of columns = 2 [given two

dimensional Null Space]

dim Null A=2
From Rank theorem
rank of A + dim Null A=n
rank of A+2=9
rank A=9-2
=7

Q4.

Sol :

If a7 x5 matrix A has rank 2, then find
dim null A, dim row A and rank AT.

The given matrix is of order 7 < 5
n = no. of columns of A =5
rank of A =2

dimrow A =rank of A =2

rank of AT =rank of A =2

Rahul Publications
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R,:R,+R,
R,:R,-5R,
1 -4 9 -7
~|0 -2 5 -6
0 14 35 42
1 4 9 -7
R,:R,+7R,~ |0 -2 5 -6

Since there are two pivot columns.
Rank A =2

From Rank nullity theorem

Rank A + dim Null A =n
2+dimnullA =4
dimnulA=4-2

S dimNulA=2




UNIT - 1l

LINEAR ALGEBRA

2 -1 1 -6 8
1 -2 -4 3 -2
Q6. Given a Matrix A = - 8 10 3 10 then find Rank of A and dim
|4 -5 -7 0] 4
Null A
Sol : (Nov.-2018, Dec.-2018)
-1 1 -6 8 |
-2 —4 3 -2
Given Matrix A = 8 10 3 10
-5 -7 0 4 |
Converting Matrix to Echelon form :
Step (1)
(1 1 5 -9 10
1 -2 -4 3 =2
RoRmR 0 g 10 3 -10
4 -5 -7 0 4
Step (2) :
R,:R,-R,
R,:R,+ 7R,
R,:R,-4R,
(1 1 5 -9 10
0 -3 -9 12 =12
|0 15 45 -60  +60
10 -9 27 +36 -36
Step (3) :
R, R, +5R,
R,:R,- 3R,
(45 )
) Rahul Publications



BSc.

Il YEAR V SEMESTER

1 1 5 -9
0 3 9 12
~ 10 0 0 0
0 0 0 0

There are two pivot columns in Matrix A

Rank A =2

From Rank theorem : Rank A + dim Null A =n
2+dimNullA=5
dmNullA=3

10
-12

Q7.

Sol :

Let the matrix A is Row Equivalent to B. Without calculation List rank A and dim Nul A.

Then find bases for col A, Row A and Null A.

1 -4 9 -7 1 0
A=|-1 2 a4 1 |B=|° 2
5 -6 10 7 0 0
Given Matrices are
1 -4 9 -7 1
0
A=1-1 2 -4 1 B=
5 -6 10 7 0

And Matrix A is Row equivalent to Matrix B.
Here Matrix B is in echelon form.
Also it has two pivot columns
dimcol A =2
Since rank A = dim col A

=2
Also there are two non-pivot columns in Matrix B
= The Equation Ax = 0 has two free variaties
S dimNulA=2
The basis for col A is pivot columns of A

1((-4
e, q|-11,12
51||-6
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LINEAR ALGEBRA

The basis for row A is the non-zero rows of
matrix B.

ie., {1, 0, -1, 5), (0,-2,5,-6)}
Basis for Nul A :

Row reducing the matrix B

R, _
RZ—)_—Z"-B—
1 0 -1 5
0 1 _—5 3
2
0 0 0 0

The general solution is
X, =X, +95X,=0
= X, =X,=5X,

5
X, =5 X

2 23+3X4:0

[ ] 1
X3 —5X,
X, 5
—X3—3X, 2
XZ
X = = =X
3
X, X, 1
_X4_ 0
X, h

1
e
5
21]-3
The basis for Null A'is , ,
1 0
— l .
0

Q8. Find the base for the row space of the

matrix

-2 -5 8 o -17

1 3 -5 1 5

3 11 -19 7 1

1 7 -13 5 -3

(June / July-2019)
Sol :

Given matrix is
-2 -5 8 o -17

A= 1 3 -5 1 5

11 -19 7 1

1 7 -13 5 -3

Converting the above matrix into echelon
form,R,—»>2R, + R ; R,—>2R, + 3R, ;

R,—>2R, + R,

=17

-14 14
0 9 -18 10

—49
-23

S
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R,—»R,+ 7R,;R, >R, -9R, 1 > u
Q9. Let blz{ } bzz{ } clz{ }
2 -5 8 0 -17 3 4 9
o 1 2 2 -7 5
A= O 0O O o0 o0 ¢, = | 7 | and consider the bases of R?
6 o 0 -8 40 given by p={b,,b,}and c={c,, c,}. Find
the change of coordinates matrix from
R4
R, > > B toe.
Sol : (Nov.-2018, Dec.-2018)
-2 -5 8 0 -17 .
Given B={b,, b}, c ={c c,} are the bases
o 1 2 2 7 ,
A= for R

0 0 0O -4 20

=17

-10

A=l o 00 0 -4 20
O 0 0 0 o0
1
Rl—)_—z
1 3 5 1 5
0 1 -2 2 -7
A=|0 0 0 -4 20
0O 0 0 0 O

The basis for row space of A is the non- zero
rows of reduced matrix A.

ie., {(1,3,-5,1,5), (0, 1,-2 2 -7),
(0,0,0, -4, 20)}

Rahul Publications
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The change of coordinate matrix from f to
e is given by,

-7 -5 1 -2
|9 7 -3 4
converting the matrix into reduced echelon
form

R, - 7R, + 9R,
7 5 1 -2
0 4 -12 10

-7 5 1 -2
R, > R, _
2 0 2 -6 5

-14 0 -28 21

R, >2R +5R,~| o 5 5 5
Rl R2
Rl_)ﬂ’Rz_)Z
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Q10. If 3 x 8 matrix A has Rank 3. Find dim
Null A, dim Row A and rank AT

Sol :

Given,

Rank of 3 < 8 matrix A = 3

From Rank theoren,

Rank A + dim Null A =n

= 3+dimNullA=38

dimNullA=8-3

SodimNullA=5

dim Row A = Rank A
=3

- dim RowA =3

Rank AT =dim Row A

. Rank A"=3

Q11.Colud a 6 x 9 matrix have a two -
dimensional Null space?

Sol :

Given matrix is 6 < 9

Let the matrix be A

(June /July-2019)

Herem=6,n=29
From Rank theorem,
Rank A + dim Null A =n

The rank A is the number of pivot positions
in matrix A.

since the number of pivot positions cannot
exceed the numbers of rows or columns.

Rank A =9

Substituting the corresponding values in
eq (1)
9+ dimNullA=9
dimNullA=0

For the matrix A to have two dimensional Null
space, it should have rank = 7

.. The matrix A cannot have a two -
dimensional Null space.

1

Q12. Let u = { } Find v in R® such that

2

1 3 4
— T
2 6 8| W

Sol ;
F]
Givenu =
2

1
h th
Such that 5

Letvi = (xy2)

1 -3 4 1
Then { 2 6 8}: L} xy 2
1 -3 4 X y z
L 6 8}:{& 2y 22}
Comparing, x=1,y=-3, z=4
=Vi=Kxyz)=(1-3 4)

49 J
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Q13. Consider two bases B = {b_, b,} and C = {c, c,} be bases for a vector space v such that

Sol :

as the

3
b, =4c, +c, and b,=-6¢c, + c, suppose x = 3b, + b, i.e., suppose [X], :{ } . Find [X]
1

Given, b, =4c, +c, andb,=-6¢ +cC, ....... )
andx=3b, +b, ... (2
apply the co-ordinate mapping determined by C to x in (2)
Since the coordinate mapping is a linear tranformation
[x]. = [3b, + b,].
= 3[b,]. + [b,].
we can write this vector equation as a matrix equation, using the vectors in the linear combination

columns of a matrix.
3
[x]. = [[b,]. [b,]] L} ...... (3)
4

b, =

-6
1 &[bz]c:|:l}

4 -6 3
e[S

.

Q14.

Sol :

O]

-5 1 3
1] b, :{_J, c, = {4] cC, 2{ 5} and consider the bases for R*given by B

={b, ,b,} and c = {c, c,}. Find the change of coordinates matrix from B to C.

(June July - 2019)

Let b, 2{

The matrix _P_ involves the coordinates vectors of b, and b, .

B

Xl yl
Let [b,]. :[x } and [b,] .= [y }

Then, by defination

Rahul Publications
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Xl yl
[c, c,] [xj =b, and[c, c] [yj =b,

To solve both systems simultaneously , augment the co-efficient matrix with b, & b, and row reduce,

1 -3 : -9 -5
[, c:b, bZJ{ }

—4 -5 : 1 -1

1 0 : 6 4
1o 1 : 5 -3

6 4
Thus [b,]. = L} and [b,]. 2{ 3}

The desired change of coordinates matrix is,

CEB = [[bl]c [bz]c]

6 4
-5 -3
Q15. In P,, find the change of coordinates matrix from the basis B ={1 - 2t + t?, 3-5t+4¢?,

2t+3t?} to the standard basis C = {1, t, t?}. Then find the B - coordinate vector for
-1+2t.

Sol :
Given basisis,
B={1-2t+t> 3-5t+ 4¢3 2t + 3t°}
ie,B={b,b, b}
and standard basis,
c={11t ¢}

ie, C=A{c,c,c}

The coordinate vectors of b, b, and b, are,

1 3 0
[bl]C = |2 J [bz]c =|-5], [b3]c =2
1 4 3

The change of coordinates matrix from B to C is,

{ 51 '
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s =[] b [b]]

1 3 0
=|-2 -5 2
1 4 3
letx = -1 + 2t

Since P, [X], = X,

-1
|12
0
1 3 0,; -1
The augmented matrix is, | 2 -5 2, 2
1 4 3+ 0

Converting the matrix into reduced echelon form,

R, > R,+ 2R,
R, >R,-R,
1 3 0,; -1
P 0 1 2, O
0 1 3 ;1
R, >R,-R,
1 3 0,; -1
_ 0 1 2; O
0 0 1; 1
R, >R, -3R,
1 0 56 ; -1
_ 0 1 2; 0
0 0 1;1

R,—>R, +6R, ;R, »R,-2R,
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1 0 0;5
~ 0 1 0; -2
0 0 1; 1
5
X =12
1

Ql6.Let B = {b,, b} _and C ={c,,c,} be
bases for R2. Find the change of
coordinates matrix from B to C and the
change of coordinates matrix from C
to B.

Sol :
Given bases for R? are B ={b,, b,},
C={c,.c}

7
Where b, = 5| b,
5 =
2

The change of coordinates matrix from B to
C is given by,

I
| {
B W
[
o
=
I
|
o ol
[

1 -2 7 -3
|5 2 5 -1

convert the matrix into reduced echelon form

Bis,

Q17. LetB={b,, b,} and C={c,,c,}be bases
for a vector space v and suppose b, =
6c, — 2c,and b, = 9c, - 4c, . Then find
change of coordinate matrix B to C.

R R +5R, Sol : (July - 2021)
Given bases of a vector space v are,
1 -2 7 -3 — —
— { } B={b,b},C={c,c}
0 -8 40 -16 Where b, = 6¢, - 2c, ; b, = 9c, - 4c,
{ 53 }
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9
ie., [bl]c={_62} [0,]. ={_4}

The change of coordinate matrix from B to C is given by,

LSRR

2.2 EIGEN VALUES AND EIGEN VECTORS I

Q18. Define Eigen values and Eigen vectors.
Sol : (Nov/ Dec.-2018)
Definition

Let A be any n > n matrix, A be any scalar. If x is any n < 1 matrix such that Ax = Ax then the
scalar x is called as an eigen value of the matrix A and the non zero vector x is.called as an eigen value of
A corresponding to A.

Note :
(1) Eigen values are also called as Latentroots, characteristic values.

(2) Eigen vectors are also called Latent vectors, characteristic vectors

Q19. Show that the eigen values of a Triangular Matrix are the entries of its Main diagonal.

Sol : (June-2019/July-2019, Nov/Dec.-2018)

Let us consider.3 < 3 triangular matrix

a a . :
Let A= 2 2 | be the triangular Matrix of order 3 x 3.
0 0 ag |
X,
X . . .
Let A be any scalar and X = | "? | be the eigen vector corresponding to the eigen value A
X

all a12 al3 0 0

. 1 0
Consider (A-2l)=| 0 8p Ay

0 1
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all }\‘ a12 a13
Aol = 0 a,, —A A,y
0 0 ag, — A
Consider the equation (A-Al)x =0  ...... 1)
all }\‘ a12 a13 Xl 0
0 a,, —A A,y X,| |0
0 0 Qg — A || X, 0
(@, —A)X, +a,X, +a,,X; =0
0%, +(8z ~M)X; +aX, =0¢ )

0X, +0X, + (a5 —A)x; =0

A is an eigen value of the matrix A
< The system (1) has non trivial solution
< The homogenous system in (2) has a non trivial soltuioni.e., x, #0, X,# 0, X, # 0.

o A= a;py 8y, 8y

Thus the eigen values of the matrix A are main diagonal elements of the matrix A.

Q20. Show that. Ifv , v, ...... v_ are eigen vectors that correspond to distinct eigen values A, A,
....A_of an nxn matrix A, then the set [v,,v, ...... v ]is linearly Independent.

Sol : (Nov. /Dec.-2019)
Let A be an-nxn Matrix

Let 2 ,A,....A be the eigen values of the matrix A. Letv,, v, ....... v_ be the corresponding eigen
vectors of the matrix A.

To show that [v, v, ....v] is linearly independent.
If possible suppose that the set [v, v, .....v] is linearly dependent.
Then 3a vector which can be written as the linear combination of its preceeding vectors.

Let P be the least index such that the vector V,__, can be written as the linear combinations of its

preceeding linearly independent vectorsV,,V, ...V,  ,V,.
= 3 Scalars C,,C,, .....C,__,,C_ such that
Vo,,=CV,+CV, +...+C_V,  +C V, .......... 1)

Multiplying both sides with A, we get
CAV, +CAV,+ ...+ CAV,=AV, ... ()

By the defination of eigen value and eigen vector

VKAV, = AV, s 3)

g
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= from equations (2) & (3) we get
CAV, +C AV, + ... +CAV, =h, Vo, e 4)
Multiplying Equation (1) with &,,, we get
Cho V., +CoA, V, + et oA Vo= A Vo e, (5)
Now sub Equation (1) and Equation (5)
C,(A, -2 )V, +C (A, — A, )V, +...Co(A, -2, )V, =0 ... (6)
Eqgn (6) is a linear combination of the vectors V,, V, ..... V, which are linearly independent and so
A=A, =04, -4, =0;% -2, =0
AL T A Ay = A e Ay = A
This the eigen vectors are equal ; But the eigen values are given to be distinct.
This is a contraction
our supposition is wrong
Sy, e v]is a linearly independent set.
Q21. Ika is the eigen value of the matrix A then show that A is the eigen value of the matrix
AKX
Sol :

Let A be the given Matrix
Let A be the eigen value of the matrix A.
Let x be the corresponding eigen vector of the Matrix A
Then AX =AX ‘........ (1)
Consider A x = A(AXx)
= A(AX)= A(AX)
= AAX)=A(AX)
AZX =DA2X e, 2
- A% isthe eigen value of the matrix A?
Consider A®x = A(A? x)

=A(A%X)
= A% (AX)
=A% (AX)
= A%
A3 X = A3 e 3)
. A% is the eigen value of the matrix A% suppose that A* is the eigen value of A«
= A=A 4)
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Consider Af x = A(A<! x)
= A(A<x)
=\%1 (Ax) from (4)
= M) from (1)
Ak X = Ak

. A¥is the eigen value of the matrix A*

Q22. If A is the eigen value of a matrix A then show that A is also the eigen value of the matrix
Al

Sol :

Proof

Given that A is the eigen value of the matrix A let x be the corresponding eigen vector of the
matrix A.

= AX=AX e @
= AX-Ax=0
= A-A)x=0 ...... (2)
Consider (A—=Al)"™=AT— (A" [I" =1, A is a scaler]
A-AT=A"-Al ... (3)

From (2) & (3) is the eigen value of the matrix

< A is the eigen value of the Matrix AT.

Q23. Find the characteristic polynomial and the real eigen values of the matrix A = {2 11}

Sol : (June / July-2019)

Given matrix is,

a=le 1

The characteristic polynomial is given by,

det (A—M):{_: _ﬂ{g ﬂ|
4-n -1
=| 5 1 |=C4nN@A-1)+6

=—4+4A-A+ A2+ 6
=AM+ 3L+2

o7
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.. The characteristic polynomial is A2 + 3\ + 2

The characteristic equation is ,

det (A - A1)=0
M+3L+2=0

A+ +2)=0

LA=-1, -2

.. The real eigen values are -1 and -2

4

Q24. Find the eigen values and eigen vectors of A= | 2

Sol :

Given matrix A =

Eigen values

2

4 -1 6
2 1 6
2 -1 8

The characteristic equation is.given by det. (A -Al) =0

4
—~ | 2
2

4-x
= 2
2

6 1 0 0
6 |-Al0 1 0l=0
8 0 0 1

(Nov./Dec.-2018)

— (4 -M[(A-2) B -1) + 6] + 1[2 (8 = 1) - 2(6)] + 6[-2 - 2(1 = )] = O

— (4-N[B-A -8\ + A2+ 6]+ [16 - 21 —12] + [-2-2 + 2A] =0
= (4-1) [N -9\ + 14] +[-20 + 4] +[-24 + 12A] = O
= 4\ -36 L +56-A°+9N2-140L-20 +4-24 + 120. =0

= - A+ 1302 -40L +36 =0
= A-13A?+40L-36=0
By trial and error method A = 2 satisfies the equation f(2) = 23 - 13(2)> + 40(2) - 36 = 0

Rahul Publications

'l 58 ',



UNIT - 1l LINEAR ALGEBRA

Then 2 1 -13 40 -36
0 2 -22 36
1 -11 18 0

= A-11A+18=0
= M- -2L+18=0
= MA-9)-2L-9)=0
= A-99r-2)=0
=>A1=2,9

.. The eigen values are 2, 2 and 9.

To find Eigen vectors :

If A=2
[A-Alx=0
T4 -1 6] [1 0o 0]|[x] [0]

| 2 -1 8] [0 0 1%, |O]

2 -1 8] [0 0 1]fx,] [0]
(2 -1 6]x 0
2 -1 6|x,|_|o
= =
2 -1 6| x 0

Apply Row operations

g
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R,:R,-R,
~lo 0o 0o o
R,:R,-R,

.. The Eugtions are
2%, =X, +6x, =0

2x1 =+X, - 6x3

1 .
X, =+ SX,=3X;; X, X, are free variables

1 272
1
—X,—3X, = 3
Xy 2 a
X= 1%, |= X3 =X 1 TX 0
X3 X3 0 1

1
> -3
V1: l,sz 0
0 1
fA=9
4 -1 6][900] [5 1 6
ConsiderA-91=|2 1 6|-/10 9 0/=|2 -8 6
2 -1 8| |00 9 5o 1 1

The Argmented matrix [A -9 1 0] is

5 -1 6 0
2 8 6 0
2 -1 -1 0
5 -1 6 0
2 8 6 0
R,:R,~ R, ~
P o7 7 o0

g
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R LR 5 -1 6 o0 2.3 THe CHARACTERISTIC EQUATION I
7 |1 43 o0 i isti i
R - Q25. Find the characteristic equation of
R, »>—2 0 1 -1 0
2 5 2 6 -1
A= 0 3 8 Also find algebraic
S 0 50 |0 0 5 4 J
R, _)R1+R3~ 1 430 0O 0 0 1
0O 1 -1 0
multiplicity of the eigen values.
-1 0 1 O Sol : (Nov./Dec.-2018)
Rl_>—1 ~|11 -4 3 0
- 0 1 -1 0 5 2 6 -1
. . 0 3 -8 0
10 1 0 Given Matrix is A = 0 0 5 4
_ 0.0 0 1
R, >R,-R, — 0 4 4 0
0O 1 -1 0
The characteristic equation of A is given as
|A - Al|=0
. -1 0 1 O
R,> —,—[0 1 10 5 2 6 -1] [1 00 0
0 1 10 0 3 -8 0| |0100[_,
0 0 5 4 00 10[|
10 L\ o o o 1] 0001
R,>R,-R,~ |0, 1 °-1.0
0O 0 O O
5-1 -2 6 -1
The Equationsare —x, + X, =0 0 3-) -8 0
= X, = X, 0o o0 5-a 4|70
X,=X,=0 0 0 0O 1-A
X2:X3

Here x, is a free variable

.. The general solution is

Xy

X:XZI 3

X3 1

X3 =x |1
X3 X3 1
. The eigen vector corresponding to the

1
1

eigenvalue L =9isv, =
1

=0G-1IB -G -1)1-1]=0
=G-22@B-1)1-2) =0

= (25+22-100) 3-3AL-A+ 212 =0
—(2-10% + 25) (W24 +3) =0

= A* — 4A3 + 312 — 1003 + 40A% — 30M
+ 250 - 1000 +75 =0

= A% —14)°% + 6802 1301 + 75 =0
Since the given matrix is upper triangular,

The given values are A = 1, A = 3 with
multiplicity 1 and A = 5 with multiplicity 2.

{ 61 }
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BSc.
1 1 -1
Q26.1Is | 5| an eigenvector of 6 -4l? If so,
find the corresponding eigenvalue
Ans :
Given matrix is, (b)
1 -1
A=le -4
and x = F}
3
. 1 11
Consider, Ax = 6 -4ll3
1 -3
| 6 -12
-2
= |-6 Q28.
1
=(-2) 3
= AX=—-2x
= AXis a-multiple of x
1
“ 3 is an eigenvector of A and the
corresponding eigenvalue isA = -2 Sol :
Q27.(a) Let A be an eigenvalue of an
invertible matrix A. Show that A
is an eigenvalue of A
(b) Show that if Ais the zero matrix,
then the only eigenvalue of Ais 0.
Ans :
(@) Given,
A is an eigenvalue of invertible matrix A.
If A is eigenvalue of A, then there exists a non
- zero vector x such that Ax = Ax [+ Alisinvertible]
{ 62 }
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SATAX=ATX) [ ATA=IIx=X]
= X =i (A7)
= AT x =AM
- A7tis an eigenvalue of A
Let, A% be zero motion.
If AXx =X, Xx£0
Then, A%x = A(AX)
= A(MX)
= MAX)
=A(AX)
= A%X
= AXX = A% X
Since, x#=0
—A%0

.. The matrix A has only eigen value ‘0’

Find the eigen values of A = {2 3}
3 -6

and compare this result with eigenvalue
of AT

OR

Find the eigenvalues of the matrix

A=|2 3
3 -6
(Nov./ Dec.-2019,

Nov./ Dec.-2018)

Given matrix is,

i

The characteristic equation is given by,
det(A-Al)=0

= |{§ —36}% ﬂ

=0




UNIT - 1l

LINEAR ALGEBRA

2 3 A0
=[5 3 3l

2-A 3
3‘ 3 —6—x‘:0
= (2-21)(-6-21)-(3)(3)=0
= —-12-2A+6A+A2-9=0
= A +4)1-21=0

M+ T7A-31-21=0

= MA+)-3 A +7)=0
—=MA-3)A+7)=0
=>A-3=0A+7=0
= A=3 A=
.. The eigen values of A are 3, -7

The tranpose of A is given by

=[s 35 7] -

1-» 6
2{5 2—@20
— (1-2)(2-1)-30=0
2 A-2.+A2-30=0
—72-3).-28=0
A =T) + 4 —T) = O
—~ O -T)0.+4) =0
= ArA=7,-4

.. The eigen values are 7, — 4

Q30.

-4 2
Find the eigenvector for A = {3 1}

corresponding to eigenvalue A = -5

. Sol :
2 3
T —
Given matrix is, A = 3 1
2 3 Ei luex =-5
=3 _g igenvalue A = -
AT =A Xl . .
= Let, x = |, be the required eigenvector
.. The eigen value of A" are same as the given ’
values of A. Then, A-21)x=0
Q29. Find eigenvalues for matrix A = 16 —4 2 —(-5) 10x _ 0
52 =13 1 0 1]{[x,|~ |0
Sol - -4 27 [5 0]x,| 0
+ =
1 6 =13 1 0 S5]|x;] 0
Given matrix is A = {5 2} ] ) ]
1 2(x|_10
The characteristic equation is given by, = 3 6] x,] - 0]
det(A-Al)=0
[ %, +2x, | 0
16 10 = =
_a _ | 3X, +6X, | {0}
ie, X +2x,=0
{ 63 }
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BSc.
= X, =-2X,
Let, x, =k
= x, =-2K
-2k -2
= X= { K }— k{ 1}
.. The eigen vector corresponding to A = -5
-2
is{ } Q32.
1
Q31. Find the characteristic equation of the
5 2 6 -1 Sol :
L a_|0 3 80 '
matrix A = 0 0 5 4
0O 0 0 1
Sol : (June /July-2019, Nov./Dec.-2019)
5 -2 6 -1
0O 3 -8 0
Given matrixisA=| 0 0 5 4
0O 0 0 1
The characteristic-equation of A is given as,
|[A-21] =0
5 -2 6 -1 1 000
0 3 -8 0 0100
= A =0
0O 0 5 4 0010
0O 0 0 1 0 001
5 A-2 6 -1
0 KRS -8 0
=N 0 5-1 4 |=0
0 0 0 1-A
= 6BG-2)@B-A)B-AMN@A-1)=0
= B6-1)*@-A)A-A)=0
=25+ 22-100)(B-4L+ A1) =0
{ 64 }
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— 25(3 — 4L + A2) + A2 (3 — 4h + )2
-10A(3-4L+2%) =0

= AM-142°+6822-130A+75=0

.. The characteristic equation is,

A =140+ 6812 -130AL +75=0

1 2 2

Is . = 3 an eigenvalue of 3 -2 1]|jf
0O 1 1

so find the one corresponding eigen
vector.

(Nov./ Dec.-2019)

Given motion is,

1 2 2
A= 3.2 1
0 1
andA =3
Consider,
1 2 2 1 00
A-3l=|3 -2 1|-3/0 1 O
0o 1 1 0 01
1 2 2 300
_|/3 -2 1]_|0 30
0 1 1 0 0 3
2 2 2
A-3i=|3 S 1
o 1 -2

The augmented matrix [(A — 3 1)0] is,

2 2 2 0
_|3 5 1 o0
0 1 -2 0

R, 2R, + 3R,




UNIT - Il LINEAR ALGEBRA
-2 2 2 0 3
=0 4 8 0 x=|2 is eigenvector corresponding to the
O 1 -2 0
eigenvalue 3.
R, — 4R, +R, 9
4 0 1
= 22 20 Q33. Find the eigenvalueof A={-2 1 O
0O 4 8 O 2 0 1
0O 0 O O
: une /July-
Sol : June /July-2019
Ry R,
Ri> R, Ry 4 0 1
Given matrixisA=|-2 1 0
1 -1 -1 0 2 0 1
/0 1 -2 0
“1lo 0 0 o The characteristic equation is given by
det(A-Al)=0
Rl - Rl + RZ
4 0 1 1 00
1 0 -3 0 =2 1 0|-A/0 1 0|=0
-0 1 20 2 0 1 001
0O 0 0 O
The equation (A -3 1) x = 0 has a not trivial 4 0 1 A 00
soltuion. =|-2 1 0|-|0 » 0|=0
.. 3is an eigen value -2 0 1 0 0 2
The General solutions are
X, —3%,=0 4-» O 1
= X, = 3X =|-2 1-» 0 |[=0
P 2 0 1-a
X,—2X, =0
=X, = 2X, =(4-MA-2)2-2)-01-0+1
And x, is a free variable [-2(0) - (-2) 1-») =0
Letx = 1+0 —S@-N[L-A-A+2+10+2-20)=0
’ S @G-N)[l-20+ A +[2-20]=0
X || 3%, A BA AN AN H+2-20.=0
x= %z |= | s — - +6M2-11A+6=0
X X
: : =AM -6A2+ 110 -6=0
3(2) ,=—q1|1 -6 11 -6
= | 2AD| [x =1 0 1 -5 6
3
1 1 -5 610
{ 65 )
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— (- 1)(A> =51 +6) =0

—(A-1) (M-2L-3L+6)=0

= (L -1) AMr-2)-3(L-2) =0

S A-1)(A-2)(L-3)=0
—(A-1)=0,(A-2=0(1A-3)=0
- A1=123

. The eigen values are 1, 2 and 3.

4 -1 6
Q34. If 2 is the eigen value of the matrix A=|2 1 6| then find a basis for the eigen.
2 -1 8
Sol :
4 -1 6
The given matrix is A = 2 1.6 JA=2
2 -1 8
Xl
Letx = | X2 | be the eigen vector of the-matrix A corresponding to the root A = 2
X3
Then (A-Al)x =0
4 -1 6 2 00
Here A-Al=A-2I=]2 1 6|-|0 2 0| ... )
2 -1 8 0 0 2
[2 -1 6]
A-2l=]12 -1 6
|2 -1 6|
[2 -1 6]
A-2l= 0 0 0 (After row operations) ........ (2
0 0 O

Here the rank of the matrix A — 2| isr = 1 and the no. of variables n = 3
So, we need to choose n—r=3-1=2

No. of variables say x, = k , X, =k,

Then from (1) & (2), we get

g
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LINEAR ALGEBRA

2x1—x2+6x3=0
2x, -k +6k,=0
2x2=k1—6k2

Xl
k
3 k2
%l s
1
=k, +k | O
0 1

The eigen vector corresponding to the root A
= 2 for the matrix A.

The eigen space is a two - dimensional sub
space of R,

%—3 1]-3

Theset 4| 1 || O |} or<| 2| O |;isabasis

an=lo /=1

Consider (A-Al)x =10

ShHIMEH

X, +2x,=0
Choosing x, = k (keR)
X, =-2k

1

o)==

Thus (A — AI)x = 0 has non trivial solutions

-. A = 21is an eigen value of the matrix

=l

Q36.

Prove A = 4 is an eigen value of A =

3 0 -1
2 3 1 |And find the corresponding
-3 4 5

0 1 oll 1 Eigen vector and characteristic
equation of A.
Sol : July-2021
| 3 2 (July )
Q35.1Is A = 2 an eigen value of 3 gl or 3 0 1
not? Given matrixisA=| 2 3 1
Sol : -3 4 5
3 2 Leth =4 =A-Al=A-4l
The given matrix is A = 3 gl A=2
3 0 1 1 00
X, _12 3 1 _4 010
Consider the equation Ax = Ax for x = L } -3 4 5 0 0 1
2
i.e., AX-Xx=0=A-A)x=0 1 0 -1
3 2 10 12 -1 1
Here A - Al = 3 8 -2 0 1 3 4 +1
f6_7\
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-1 0
The Augmented matrix [(A — 41)0] is 2 -1
3 4

R, > R, + 2R,

R, »>R,-3R,
-1 0 -1 0O
0 -1 -1 0
0 4 4 0
-1 0 -1 O
R,»>R,+4r, ~ 0 1 -1 0
0 0 O
-1 0 -1 O
R, >R,~]10 1 1 o
0 0 0 O

The general solutions are
=X =X%=0= X ==X,
X, + X, =0 =X, ==X,

Here x, is a free variable

1 —X3 -1
=% |=|X]| = X, -1
X X 1

For eigen value 4 corresponding eigen vector

The characteristic of A is given as det (A—Al) =0

3 0 -1 1 00
= 2 3 1|-A0 1 0(|=0
-3 4 5 0 01

Rahul Publications
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=@-AM[EB-MNB-A)-4-0[26-1)+3]-18+3(83-1)]=0
=B-A)[15-8L +A?-4]-8-9+31L=0
—~B-MR-8L+11]+31L-17=0

=3A2-24A +33-A*+8A2-11A+ 31 -17=0
=-A-11A2+32.-16 =0

-.Characteristic equation of Ais A® + 11A2-32A + 16 =0

Q37. The characteristic polynomial ofa 6 x 6 matrixis A°—4A%—- 12A% Find the eigenvalues
and their multiplicties

Sol :

Given , charactristic polynomial of 6 > 6 matrix is A% — 4.5 — 122

— det (A - Al) = A° — 425 — 12)°,

Since characteristic equation is given by

det(A-Al)=0

A =405 -120* =0

= MM -41-12)=0

= M=0;22-41L-12=0
;A2 —6L+20-12=0
A(L-6)+2(L-6)=0
(L -6)Ar+2)=0

A=0,000;1r=86,-2

.. Eigen valuesare A =0,0,0,0,-2, 6

A = 0 with multiplicity 4

A = 6 with multiplicity 1

A = — 2 with multiplicity 1

Q38. If A and B are two similar matrices then show that they have the same charactistic
polynomial & hence has the same eigen value.

Sol :

Given that A and B are two similar matrices of order n < n .

Let A be any scalar

{ 69 }
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Let | be an Identify Matrix
Then Jan invertible matrix P such that B = P AP

To show that A and B have same characteristic polynomial and has same eigen values.
Consider B - Al = P*AP —Al

= P*AP-AP'P

= P'[AP-2P]

= P*[A-AI]P

B = |P’1[A—M]P|

= [P?{|A-n|[P|
= [A-n[PP|
= [A=|||
= |A-|

The characteristic polynomials of B-and A are Equal.
The Characteristic equations of B and A are equal

B and A have same eigen values

4 0 O
Q39. Find the characteristic polynomial of matrix 5 3 2 using either a co-factor
-2 0 2
expansion or the special formula for 3 < 3 determinants.
Sol :
4 0 O
Given matrix is A = 5 3 2
-2 0 2
consider,
det (A — Al)= det
4 0 O A 00
5 3 2|-|0 » O
-2 0 2 0 0 A

g
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= det

Let the co-factor expansion be along the first row

3-» 2
det(A-Al) = (4-1) det{ 0 Z—J
=(4-M[B-M2-1)-0]
=(4-2)(A*-51 + 6)
det (A —Al) = - A%+ 902 - 26\ + 24
.. The characteristic polynomial of matrix A is, — A% + 942 — 261 + 24.

Q40.

Sol :

- it - : 2
Find the characteristic equation and eigen values of A = {3 ::5}

Gi trix is A 2 3
iven matrix is A =
3 -6

The characteristic equation is given by, det (A -Al) =0

e

2
A 3 —0
3 —6-A

2-1)(-6-)-9=0
A2+ 41L-21=0
A+7)(L-3)=0

A=3,A==-7

.. The eigen values are 3 and -7

g
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‘ Choose the Correct Answers I

1. If A is any matrix then the number of pivot columns in Ais called as —______ of the matrix A.
[a]

(a) Rank (b) Dimensions
(c) (a) and (b) (d) None

2. The dimensions of the column space and the row space of an m =< n matrix A are, [a]
(@) Equal (b) Unequal
(c) Can'tbe aid (d) None

3. Let A be an n x n square matrix. If A is invertible then [c]
(@) ColA=R" (b) Rank =n
(c) Both (a) and (b) (d) None

4. If Alisa 7 > 9 matrix with a two dimensional null space then the rank of A'is _______. [c]
@ 9 (b) 6
€ 7 (d) 5

5. The rank of A is the dimensionof _____ of A. [b]
(2) Row space of A (b) Column space of A
(c) Basis (d) None

6. If X is the eigen value of then matrix Athen _____is the eigen value of the matrix Ax. [a]
(@ Ax (b) Akt
(c) Both (d) None

1 20
7. I1fA=1]0 2 6| The eigen values of a are [b]
0 0 3

@ 1,2,0 (b) 1,2,3
(c) 1,0,0 (d) 0,6,3

8. If A'is an invertible matrix of order 8 < 8. Then din Col A = [d]
(@) 6 (b) 7
¢ O (d) 8

72
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0 3 1
9.  The characteristic equation of the matrixis |3 0 2 [c]
1 2 0
@ A2 +140+12=0 (b) 22—14x+12=0
€) A*-14r-12=0 (d) —A*-14)+12=0
] |12 7
10. The eigen values of the matrix {7 2} . [b]
@@ A=57xr=09 (b) A=-51=09
€) A=-57%=-9 (d) A=+51=-9
f?\
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‘ Fill in the Blanks I

1. If Ais any m =< n matrix then rank of A + dim (Null A) =
2. Ifv,v, .. v are eigen vectors that correspond to district eigen values A, ,, ..., A, of ann x n

matrix A then the set {v,, v, ... v} is
3. If two matrices A and B are ________ then their row spaces are the same.
4. Therankof Aisthe ______of a.
5. Let A be any n > n matrix, then det AT =
6. If A and B are two n < n matrices then |AB| =
7. If n < n matrices A and B are similar than they have same
8.  The eigen values of triangular matrix are the entries on its
9. If A 'is not invertible then

100
10. Therank of the matrix A= |0 1 O}js
0 01
ANSWERS

1. n

2. linearly independent

3. row equivalent

4. dimension of the column space

5. detA

6. |Al. IB]

7. Eigenvalues

8. Main diagonal

9. JA|=0

10. 3

g
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Diagonalization - Eigen vectors and Linear Transformations - Complex
Eigenvalues - Applications to Differential Equations

0 A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

\ A
P e R R
3.1 DIAGONALIZATION - EIGEN VECTORS AND Consider
LINEAR TRANSFORMATIONS AP=A[V, V,, .... V]
Q1. Define Diagonalization. =[Av,, Av,, ... Av ] (1)
Sol : A, O 0
o . , 0 2, .0
A square matrix A is said to be diagonalizable PD=P|
if 3a non-singular matrix (Invertible) P such that :
A = PDP* where D is a Diagonal matrix. 0 0 kg
We say that P diagonalizes A. =V, AV, .. Av] ..(2)
Part |

A= PDP-! < AP = PD.

Q2. State and prove the diagonalization
theorem.

Statement: An'n < n matrix A is dia-
gonalizable if and only if A has n linearly
independent eigen vectors.

Proof :

Let A be any nxn square matrix.
Let P be any nxn matrix with columns
b Vo e Vo
p=1[v,V, .V ]

Let D by any diagonal matrix of order nx<n
with diagonal elements, 1., A, ... A

n'

L, 0 0 0

A, O 0

Then, D = 0 0 A 0
0 0 A

Suppose that the matrix A is diagonalizable.

= A can be written as A = PDP-1,

= AP=PD
= [Av,Av, . AV]=[AV, LV,...A V] ..(3)
=  Equating the corresponding columns on both
sides we get,
Av, =AV, AV, =2V, AV =L V. ..(4)

Each of the expression in (4) is of the form
AX = AX which indicates that A is the eigen value of
A and X is the corresponding eigen vector of A.

Thus &,, A,, .... A_are the eigen values of A
andv,,v,, ....v_are the corresponding eigen vectors
of A.

Since P is invertible the columns of P are
linearly independent and these columns are non-
zero.

— The vectors v,, v,, .... v_are linearly
independent. Thus the matrix A has n linearly
independent eigen vectors.

(75
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Part 11

Let us suppose that the matrix A has ‘n’ linearly
independent eigen vectors.

Letv,Vv,, ....v_bethe n linearly independent
eigen vectors of A corresponding to the eigen value
Ap Ay oA letP=[v,v,, ...V ]. Since the columns

of P and linearly independent.

Ipl= 0

= plexists

Consider,
AP=A[v,V, ...v]=[Av Ay, ... Av ]
=[NV, AV, ... A V]
A O 0
X, 0
=[v,V, ...V]
0 O Py

Letv,Vv,, ... v_be the corresponding eigen
vectors of the matrix A.

Then{v,,V,, ... v }is alinearly independent
set of A .

= Aisdiagonalizable.

Q4. Determine whether the following matrix
5 -8 1
isdiagonalizableornotA=|0 0 7
0O 0 -2
Sol :
5 -8 1
The given matrix is A = 0 0 7
0 0 -2

This is a 3>x3 matrix. It is a triangular matrix
the eigen values of A are 5, 0, -2.

Thus there-are ‘3’ distinct eigen values of the
matrix A and hence the matrix A is diagonalizable.

PR ow
P oW R
W R PR

Q5. Diagonalize A = if possible
A, 0 0
|0, 0
D= Sol : (July-21)
0 0 A,
3 1 1
— PAP =P-PD Given matrixis, A= |1 3 1
1 1 3
= P'AP=D
A'is Diagonalizable The characteristic equation of A is
Q3. Show that an nxn matrix with n distinct 3 1 1 1 0 O
eigen values is diagonalizable. 1 3 1|-20 1 O0f=o0
1 1 3 0O 0 1
Sol : (June/July-19, Nov./Dec.-18)
Let A be any square matrix of order nxn. 3-% 1 1
Letd,, &, .... _be the n distinct eigen values = 1 32 1|=0
of the matrix A. 1 13-
(?
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= B-A)[B-1)-1]1-183-1-1]+1[1-B3-A)]=0
= B-A)O-3r-3r+22-1]-1[3-A-1]+1[1-B-A)] =0
= 3A?-18 A+ 24 — 3A% + 6A*+8L +2A — 4=0
= -A3-0A2-2402+20=0
= A3-0A2-240-20=0
= (A-2)((*-7L+10)=0
= (A-2)(A-5(r-10)=0
= (A-22R-5)=0
= A-2, A=5
- The eigen values are A = 2 with multiplicity 2 and A = 2 with multiplicity 1.
If rx=2

311 1 00
consider A-2l=|1 3 1|-2/0 1 0

113 0 01

111

=|111
111

The augmented matrix [(A — 2I) 0].is,

1110
={1-1 10
1110
R, > R,-R,R, > R,-R,
11 10
10 00O
0 00O
The quation is,
X, +X,+x,=0
= X, ==X, =X,
and X,, X, are free variables
The general solution is,
X1 —Xy — X3 -1 -1
X=|xy| =| Xg |=%|1[+x|0
X3 X3 0 1

The basis vector for eigen space is,

{ 77 ' T .
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-111-1 X1 X3 1
{fv,v,y=910 X=|X2| =|X3|=x,
0 1 X3 X3 1
If A=5 . The basic vector for eigen space is,
Consider 1
311 100 Vs =11
A-5=(1 3 1|-5|{0 1 O 1
113 0 01
-1 -1 1
2 1 1 let P=[v, v,v]=|1 0 1
_|1 2 1 0 01
1 1 -2
. . Mo 000 2 00
The augmented matrix [(A — 5I) 0] is, 0 1. 0
and D= 2 =(0-2 0
2 1 1 0 0 0 &3 0 0 5
|1 210 The matrix D has the eigen values
11 -20 correspondingv-to eigen vectors v, v, and v,
R 2R +R. R R 4+ R respectively.
+ +
27T Ry Be > AT Consider,
R
=0_330 AP=11 3 1/]1 0 1
\ 1 1 3 0O 1 1
R,—»R,+R, i
-2 -2 5
2 1 10 _l2 o s
-0 -3 30 0 2 5
0O 0 0O B
Consider,
Theh equation are,
—2x, + X, +x,=0 -1 -1 1]({2 0 O
= —2X ==X, =X, (1) PD=|1 0 1|0 2 O
-3x,+3x,=0 |0 1 1J[0 0 5
= -3x,=-3x°
-2 -2 5
= X, =X, ..(2) » 0 s
Sub (2) in (1) = 0 2 5
—2X ==X Xy = X =X, -
X, is a free variable = AP=PD
The general solution is . The matrix A is diagonalizable
(?
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2 3 0]

5 7 2 0 .
Q6. Ifp= { } D= { J then compute A?, A*if A =PDP.

Sol :

Here D is a diagonal matrix
2 0 2 0 2 0
D= Dk :|: :| =
{o 1}3 0 1 {0 J vk>1

5 7
=|, 3| > IPI=15-14 =120

3 -7
.. P is Invertiable and Pt = {2 5 }

i) Consider A = PDP?*
A?=PD?P

L[5 7)[4 0][3 7 46 -105
A=12 3|0 1||-2 5|~ |18 -41
i) Consider A* = PD*P
puz|B 7][16 O][3 -7
2 3/|o0 1||-2 5

. 226 -525
.90 —209

(July-21)

Q7. |If the eigen vales of a matrix A are 2 and 1. The corresponding eigen vectors of A are

3 1 o
> and 1 then find A8.

Sol :

Let A be any square matrix of order 2x2. The eigen values of Aare 2and 1say A, =2and A, = 1.

3 1
Letv, = {2} andv, = { }are the corresponding eigen vectors of the matrix A.

1

Here the vectors v, and v, are linearly independent.

The matrix A is diagonalizable.

= 3 anon-singular matrix p and a diagonal matrix D such that A = PDP-* where,

31 20
P=21andD=01

(79
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!
PP=1., 3

Consider A = PDP?

. 8131280 1 -1
AP=PDPE=15 4110 18||2 3

766 -765
A=
{510 —509}
Q8. Verify whether A is invertible if A is
diagonalizable.
Sol :

Suppose that A is diagonalizable.

= 3 anInvertible matrix p and diagonal matrix
D such that A = PDP.

A= (PDP)?
A—l — (P—l)—l D—l P—l
At=PD1P

A= PEP"where E = D isalso a diagonal
matrix.

Step |
The characterize equation is JA-Al| =0

-~ @-W[6-2)@-n) + 9
— 4[4 (1-)) +6]
+ 3[-12 -2(-6 -1)] = 0
— -3 +4=0
-1 (L +27=0

U

= A =1, A = -2 are the eigen values of the
matrix A.

Step 11

X

Letx = | *2|bethe eigen vector of the matrix

X3

A then consider (A — Al)x = 0.

=0 ..(1)
. Aisinvertible. 3 3 1-A][xs
Q9. Determine whether the following matrix
is diagonalizable or not, 1 4 3|ix
-4 -7 -3||x
when A = 1; 21 =0
2 43 3 3 0]|x,
A |4 -6 3|
3 3 1
R,» R, +4R,R,—> R, - 3R,
Sol : (June/July-19)
1 4 37([x
2 4 3 =10 9 9||x,|=0
The given matrixisa= | * © 3 0 -9 9] 1x
3 3 1
RB_)R3+R2
1 00
1 4 3 )
Let A beanyscalarand =0 1 0] bethe _lo 9 o _
001 = 2| =0
0 0 0 ,
unit vector.
{ 80 }
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R, = 44X, +4x,+3x,=0
R,» &
9 X, +x,=0
1 4 3] [x, = X =X, =k(say)
=10 1 11 x,|=0 4k -4k + 3k, =0 =k, =0
00 3 The eigen vector corresponding the root A =
R,—»R,-4R, k 1
—2is| k| =kl -1
10 -1][x 25T
=|{0 1 1||x,|=0
0 0 O ||x; Step-l1I
The equations are X, - x, = 0 Thus the eigen vectors of the matrix A are
X, =X, 1 1
X, +X,=0 ~11 | 1| which are linearly independent.
1 0
X, = =X,

Choosing x, = k, we get x, = -k, X, = Kk
Here k is any scalar.

The eigen vector of the matrix a
corresponding tot he eigen value A = 1 is,

k 1
&l =k|1 (where keR)
k
When A =-2
4 4 30[x
-4 -4 3%, | — g
13 3 3]|x
(4 4 3][x,]
0 0 0f|%|=g
_333__3_
(4 4 3][x,]
3 3 0/[%| =g
_OOO__3_
4 4 3%
11 0[|x| g
i OO__3_

Here the square -matrix A‘is of order 3 but A
has only two independent eigen values.

... The matrix A is not diagonalizable.

51
Q10.Diagonalize the matrix {O 5} if

possible.

Sol :

51
The given matrix is A = {0 5} .

10
Let A be any scalar and | = {0 J be the

unit matrix. The characteristic equation is.

[A-Al] =0
5.0 1

0 5-2|=0
G-2)2=0
A=55

Thus the matrix A of order 2 < 2 has only
one distinct eigen value.

The matrix A is not diagonalizable.

| 81 I|
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3 -1
Q11. Diagonalize the matrix A = L 5} if possible.

Sol :
The gi xisA= >
e given matrixis A =| | 5
1 0 . . - - - -
Let A be any scalar and | = 01 be a unit matrix. The characteristic equation is |JA - Al] = 0.
3-2 -1
1 520
B-A)GB-A)+1=0 = A+22+16=0
There are no two distinct real roots of the matrix A. The matrix Ais not diagonalizable.
1 3 3
Q12. Diagonalize the matrix A = | -3 -5 -3]| if possible.
3 3 1
Sol : (Nov./Dec.-19)
1 3 3
Given matrix is, A=|_3 5 _3
3 3 1

The characteristic equation of A is,

det (A—Al) = 0
1 3 3] [1 00
- ||-3 -5 -3|-al0 1 of =0
'3 3 1] (001
1 3 3] [r 00
- ||-3 -5 -3|-|0 A 0| =0
'3 3 1] |00 2
1-% 3 3
—~ |-3 -5-1 -3|=0
3 3 1-4

Rahul Publications
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= (1-MIE5-MA-2)-(3)3]-3[-3) 1-21) - @) (-3)] + 3[(-3) (3) -3(-5-2) =0
- (@A-N[-5+5r-A+R2+9)-3[-3+3L+9]+3-9+15+3x] =0
= (L-A)A+40L+4]-3BLr+6)+3BL+6)=0
= A1-MN)M+4+4)=0
- (A=-1)2+4+4)=0
= A-1)A+2)(r+2)=0
= rA=-2,-2,1
Ifa=-2
Consider,

A-(2I=A+ 2l

1 3 3 100
=|(-3 5 3| 42|01 0
3 3 1 001
1 3 3] 2 00
=|-3 5 3| +|0 2 0
13 3 1] 0 0 2
(3 3 3]
_|-3 -3 -3
|3 3 3

The augmented matrix [(A + 2I) 0] is,

3 3 30
3 -3 30
3 3 30
3 3 30

R, >R,+R,=[-3 -3 -3 0
0 0 0 O
3330
0 00O

R >R +R, =

272 Y loooo0

The equation is,
3x, + 3%, +3x, =0
3x, = —-3x, — 3X,

Xp=X,=X%

g
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and x,, X, are free variables 0 330
The general solution is, R,>R,+R =(-3 0 3 0
0O 00O
X1 X2 7% 01 1 0
X = X2 - X2 Rl_> &’RZA& = 1 O —1 0
X3 X3 3 = o0 0 o0
The equations are,
-1 -1 X, +X,=0
— 1 0 —
=X, Xl = X, =X,
X, =X, =0
.. The eigen vector corresponding to eigen = X=X
value A = -2 s, and x, is a free variable.
.. The general solution is,
-1 -1
Vl — 1 y V2 = 0 1 X3 1
0 1 X=|Xp| =f=X3 =% -1
X X 1
Ifa =1, \ :
Consider, The.eigen vector corresponding to eigen
value A =1 s,
(1 3 3] 1 00 M1
A_jj=|"3 -5 3 ./010 v |t
'3 3 1] |00 1 1
) \ letP =[v, v, v,]
0 3 3 '_1 -1 1
=|-3.-6 -3
3 3 o0 p=|1 0 —1ang
i 1 0 1 1
The augmented matrix [(A-I) 0] is _
A, 0 0 2 0 0
[0 3 3 0 p=|0 % 0] -0 20
3 6 -3 0 10 0 A, 0 0 1
13 3 3 0 The matrix D has the eigen values correspon-
ding to eigen vectors, v,, v, and v, respectively.
[0 3 3 0] Consider,
R,-R,+R =|-3 -3 00 (1 3 3|[-1 -1 1
3 3 00 -3 -5 _ -
L ] Ap= |3 5 -3[|1 0 -1
'3 3 1][0 1 1
[0 3 3 0] ]
R,>R,+R,=|-3 -3 0 0 2 2 1
0 0 00 =[-2 0 -1
10 -2 1

g
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Consider, T oxseoa 5k _ g
-1 -1 1][-2 0 0 |5 x2+2x3° —5<4+2x3 |
pD=|1 0 -1, |0 -2 0
101 1 0O 0 1 A= 2% 5K _ 3k 5k _ 3k
(2 2 1 | -2x5+2x3“ -5 4+2x3"
_|2 0 -1
0 2 1 Q14. Define Linear Transformation, Kernal of
— AP=PD Linear Transformation, Range of a Linear

The matrix A is diagonalizable.

3.1.1 Linear Transformations

7 2
— H K
Q13.If A = { J find a formula for A

1 1
given that A= PDP-* where P 2{ } ,

-1 -2
50
D_OS'

Sol :

Given

a=ls ek de=ls S

- 1 {—2 —1}
To2+111 1

Pt — +2 +1
B |

(Nov./Dec.-19)

Since given A = PDP*

a=[3 2R I

= A<=PD®P

=[5 305 o)a

Y 2 1
—|-5¢ —2x3<][-1 -1

Transformation.

Sol :

Linear Transformation

Letv and w be two vector spaces defined over
afield E

T.V — W be any mapping such that
T(u+v) =T(u) + T(v)

T(cu) =CT(u) vu,v eV and for any scalar c

then T is called as a linear transformation from v
to w.

Kernal of a Linear Transformation

Let T.V— W be any linear transformation.
Then the set consisting of all these elements of v
whose images are equal to the zero vector of w is
called as the kernal of T.

The Kernal of T is also called as Null space of T
Kernal T or K. = {U/UeV
and T(U) = 0; 0e W}
Range of a Linear Transformation

Let T: V — W be any linear transformation.
The set of all images of elements of v under the
transformation T is called as Range of T.

Q15.If TV W is a linear transformation
then,

(i) Kernal of T is a subspace of v

(i) Range of T is a subspace of W.

'| 85 I|
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Sol :

Let V and w be two vector spaces.
T :V— W be alinear transformation.
(i) By definition of Kernal
Kernal of T = {aev/ T(a) = 0 ; 0 W}
ASOeV, T(0)=0
Oe kernal of T
Kernal T is non empty subset of V.
letv, v, € Kernal T
= T(v)=0, T(v,)=0
Asv v,eV= v +v, eV
T(v, +v,) =T(v,) + T(v,)
=0+0
=0
v, +v, € kernal T . (@)
For any scalar k, for any V ekenal T
= TWv)=0
= T(kv)= KT(v)
=0 € kernal T
Kernal T is a subspace of w.
(if) To Prove Range of T
Range of T={T(v)/ve V}

Range of T contains zero vector, closed under
vector addition and scalar multiplication.
Range of T is a subspace of W.

Q16. Suppose B = {b, b_} is a basis for v and

c ={c,, c,, c,} is a basis flow W let T:
V - W be a linear Transformation with
the property that,

T(b,) = 3c, - 2c, + 5¢,
T(b,) =4c, + 7c,-c,
Find the matrix M for T relative to B

and C.
Sol :
The c-coordinate vectors of the images of b,
3 4
-2 7

and b, are [T(b)]. = and [T(b,)]. =

3 4
Hence M = |-2 7.
5 -1

Q17. The mapping T:p, - p, defined by
T(a, +at+at’)=a + 2atisalinear
transformation.

(&) Findthe B-matrix for T, when Bis a
basis {1, t, t2}.

(b) \Verify that [T(p)], = [T],[P], for each

As V is a vector space pinp,.
— OeV Sol :
T(O)e Range of T (.- T is a linear | (a) GivenT(a, +at+ a,t?) =a + 2a,t
Transformation) T@) =0
Consider any a, perange set of T T =1
aeR(T) = o = T(v,) where v,.eV T(t?) = 2t
BeR(T) = B =T(v,) where v,eV o 1 0
Consider oo + B = T(v,) + T(v,) = T(v,+V,) 0 0 2
: ’ b [TWl=| | [TOl, = [T®)],=
o+ B € Range of T 10
For any scalar k ; for a.e Range of T
ka = k.T (x,) = T(kx,) 010
ko e Range set of T (- T is a linear Transfor- B 00 0
mation L
{ 86 |
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(b) Givenp(t)=a,+at+at
",
[T)], = [a, + 23,1, = | 23
| O
0 1 0lfa,]
= O O 2 al = [T]B [P]B
0 0 0]|a,]

Q18. LetT:p, —» p, besuch that T(p(t)) = (t +
3) p(D)

(i) Find T(3 -2t + 1)

(if) Show that T is a linear transfor-
mation.

(iii) Find the matrix for T relation to the
bases {1, t, t?} and {1, t, t?, t3}.

Sol :
Given T: p, — p, is defined by
T(p) = (t+ 3) p(t) - (1)
Q) pt) =3 -2t + t*
Tp)=({t+ 3)(3-2t+t?)
= 3t— 2 + 13 + 9 - 6t + 3t?
=9-3t+t?+ 1
TP)=9-3t+t2+ 1+

(i)  Letp, q be two polynomials in p, and ¢ be
any scalar.

Consider

(@) TI(p(t) + q®] = (t + 3)[p(t) + q()]
= (t+3)p(t) + (t+3) q(t)
= Tlp@®] + Tla(®)]

(b) Tle.p()] = (t+ 3) [c.p(t)]

(i) Let B ={1,t, t*} be basis for p,
and ¢ = {1, t, t?, t*} be basis for p,
Since T(b,) = T(1) = (t+ 3) (1)

=t+3=3+t

[T(b)). =

O O b W

Q19. Suppose A = PDP* where D is a diagonal
n %< n matrix. If B is a basis for R" formed
from the columns of p then D is the B-
matrix for the Transformation X —» AX.

Sol :

Denote the columns of P by b, b, ... b_
So thatB = {b,, b,, ... b } and
p=1[b,b,..b]
P is the change of coordinate matrix P_.
Where p[X], = x and [x], = p™ X
If T(X) = AX, for X in R" then
[T, = [(Tb)], ... [T,
= [(Ab], .... [Ab 1.]
=[P Ab, .... P™ Abn]
=P*A[b,...b]
=P*AP

Since A = PDP* we hve [T]. = p* AP =D.

4 -9 3 2
Q20. Let A = L _8} b, = M; b, = M;

= ot + 3) p(t) Find B-Matrix.
= CT(p() Sol:
. T is linear transformation. Ifp = [b, b,] then the B-Matrix is p AP
(1)
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(4 -9][3 2
4 8| |2 1
[12-18 8-9
12-16 8-8

Compute AP

P AP

Hence Eigen value of A is on the diagonal.

Th,) =T =@+ 3) O
=t + 3t
=3t +t?
=0+ 3t+ 12+ 03
0
3
o= |}
0

Th)=TE) =@+t =1+ 3t
=0+0t+3°+ 1t

[T(by)].=

R W O O

The matrix for T relative to B and C is

[[T(o,)]; [T(b,)], [T(b)L] =

o O - W
O = W O
W O O

Rahul Publications

X X+Yy
Q21.T: R®5 R? is defined by T|Y |=| Y
z X-2
check whether T is a linear
transformation or not.
Sol :
Given T:R® - R® defined by
X X+y
T=|Y|=| Y . (1)
z X — 2
Xl X2
leto = | Y1 , p= Ya
Zl ZZ
Consider,
i Xl X2
T(ea+B)=T||y, |+|V,
L Z Zy
%, +X,
=T Yi+Y;
12, +2,
(X, +X, +y, +Y,
— Yi+Y,
| X, +X, =2, -2,
[ +Y)+ (Y, +Y,)
= Yi+Y,
_(Xl - Zl)+(x2 - Zz)
X, Y, X, +Y,
= yl -+ y2
_X1 -7 X, =1,
= T(a) + T(B)
'l 88 ',
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T+ B) = T(a) + T(B) .. (2)

For any scalar C,

Xy Cx,
Consider T[Ca]=T|C|Y, ||= T|Cy,
Z Cz,
CX; +Cy, X;+Y;
=] Y |j=c| 1 |=cCT()
X, —CZ, X, =2,
T[Co]= CT(x) .. (3

From (2) and (3)

T: R® - R® is linear transformation.

3.2 CompPLEX EIGEN VALUE - APPLICATIONS TO DIFFERENTIAL EQUATIONS I

3.2.1 Complex Eigen Values

0 -1
Q22. IfA= { } . Find the Eigen values of A and find a basis for each eigen space.

1 0

Sol :

- - - O _1
Given matrixis A = 1 0

The characteristic equation is det [A-Al] =0

o7 5105 2] =

]
[g=aL
AM+1=0

r=-1

A= 1 =%

A=,

g
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fa=i
Consider [A-Al] X =0is

12 ol7lo 3] [ =L

—|x1—x2=0} _
. X, = iX
X, —iXx, =0 L 2

Thus i and —i are eigen values with
fA=-i
Consider [A-Al] X =0is

2 ofifn S =

13 )=[d)

X, —x,=0
X, +ix,=0
X, =X,

Thus and - i are eigen values with L} and

=l
{ J are corresponding eigen vectors.

05 -0.6| )
Q23.Let A= |575 11 Find the eigen

values of A and find a basis for each
eigen space.

Sol :
The characteristics equation of A is
det[A-AlIl=0

05 -06 N 10
075 11 01

05-1 -0.6
0.75 1-2A

=0

o
— (05-2)(1.1-2) - (-0.6) (0.75) = 0
— A2-16A+1=0

A= %[1.614(-1.6)2 -4]}

A =10.8 * 0.6i
Construct
[A - (0.8 - 0.6i)I]X

05 -06] [0.8-06i 0 X,
~ 075 11 0  08-06i|[]x,

[-0.3+0.6i -0.6 } {xl}
~| 075 0.3+0.6i || X,
(-0.3+0.6)) X, - 0.6 X, =0
0.75 X, + (0.3 + 0.6i) X, =0
0.75 X, = —(0.3 + 0.6i) X,

X, =(0.4-08i) X,

Choose X, = 5 to eliminate the decimals and
obtain X, = -2 - 4i corresponding to . = 0.8 - 0.6i

. —2—4i
|sV1= 5 .

For A = 0.8 + 0.6 i corresponding eigen

-2+ 4i
vector V, = 5

Rahul Publications
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Q24. Solve the initial value problem X(t) =

AX(t) for t=0 with X(0) = (3, 2). Classify
the nature of the origin as an attractor,
repeller, or saddle point of the dyna-
mical system described by X' =AX. Find
the direction of greatest attraction and /
or regulation.

_ 2 3
0 A=14
.. 1 -2
i) A=
(i) {3 _4}
Sol :
- - - 2 3
Given matrixisA=|_, _,
The characteristic equation is given by det
(A-21l)=0.
2
3 B A0 0
-1 -2 0 A
2-) 3
= |1 2.3 70
= (2-A)(2-A)+3=0
= AM-2L+2x-4+3=0
= A-1=0
= (A-1)(r+1)=0
= i=1-1
fra=1
Consider

=2 4[]

-5 3

Argumented Matrix [(A — A1)0] is,

1 30
-1 -3 0

130
R,»> R, +R ~— 00 0

The equation is X, + 3X, =0
= X, =-3X,

X, is a free variable

.. The general solution is,

bl =B

2 3 10
A+M=1_4 o] *l0 1

=133

The Augmented Matrix [(A + A1)0] is

3 30
-1 10
330
R,:3R,+R .~ |4 o o
R 110
R : L1~
103 0 00
The equationsis X, + X, =0
X, ==X,

X, is a free variable
The general solution is,

<= [el= [ =x 3
«=[1]

3
Initial condition X(0) = { 2}

Let the constant C,, C, satisfy X(0) Such that

c,v, +c,v, = X(0).

| 91 |I
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= o1 -eli] -
11

[vlvzx(o>]={ L1

-3 -1 3
R,—»3R,+R — 0 2 9
1
1 = -1
R, | R, 3
Rl—>—3,R2—>—~ 9
h 0o 1 =
2
1 0 __5
2
Rl—> Rl——R2 ~ 9
01 -—
2
5 9
Clz—E,CZZE

The general solution of X! = AX is

X(t) =c,v.e" +c, v e
1v1 22

5 |3 9|1
- xo=-3 [Fes g

Since the matrix A has both positive and
negative eigen values.

The origin is a saddle point of the dynamical
system described by X' = AX.

The direction of greatest attraction is the line
through V, and origin corresponding to negative
eigen value. The direction of greatest repulsion is
the line through V, and the origin corresponding to
the positive eigen value.

4 3
Q25. Find eigen vector for A = {_3 4}

corresponding to eigen value A = 4 + 3i

Sol :

. . . 4 3
GivenmatrixisA=| 5 ,

Rahul Publications

Eigen value A = 4 + 3i
Consider
A-Ll=A-=(4+ 3

4 3] [@4+3) 0 -3i 3
:{-3 4}:{ 0 4+3i] ~ [-3 -3i

The equation [A — (4 + 3i)I] x = 0 gives

-3 37[x, 0
e
= =3 +(3Bi)x,=0
- 3x, = 3ix,
X, ==X,
And x, is free variable.

The general solution is

LI AOE

—i
.. The eigen vector v = L} .

g

Q26. Find the complex eigen values of the

) 3 -3
matrix A = 3 3|

Sol : (July-2021)

- - - 3 _3
Given matrix is, A = 3 3

The characteristics equation is given by,
[A-Al] =0

= s 3l
- B

3-4 -3
3 3-aAl

=0

0
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-~ (3-172+9=0
—~ A2-6L+18=0

_ (6)(-6)° —41)18)

* 201)
_ 6£+/36-72 _ 6+6i
B 2 -2
_ 2(3+3i)
o 2

A =3+ 3i

The complex eigen values are 3 =+ 3i.

3.3 APPLICATIONS TO DIFFERENTIAL
EQUATIONS

Q27. Find formulas for the voltages v, and v,

(as functions of time t) for the circuit
. 1
shown below, assuming that R, =z

1
Ohm, R, = 3 ohm, C, =4 farads, C, =

3 farads and the Initial charge on each
capacitor is 4 volts.

A

Ry

O
=

T

Sol :

ohm, C, =

. 1
Given R, = 5 ohm, R, = .

1
3
4
farads, C, = 3 farads and x(0) = 4l

11
- =+
R, R, 1

Since A = C, R, C)
1 -1
(R,C,) (R,C, |
1.1
111
5 3 1
= 4 1
5]
-1 -1
1 1
(z0) _[30)
6+3) 3] |2 3 2 0.75
> 1 1 -1

The characteristic equation is given by , det
(A-21l)=0.

-2 0751 [» O
= 1 -1 o r|=9

[-2-% 0.75
1 -1-2

= (2-A)(-1-1)-075=0
= 2+ 22+ A1+ A2-075=0
= M+ 30+125=0

It is in the quadratic from ax> + bx + ¢ =0

—3+4/3% —4(1.25)
A=
2(2)
_ —3%2
T2
A=-05,-25

. Eigen values are A, = -0.5; 1, = -2.5

g
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If2,=-05

) -2 0.75 05 O -1.5 0.75
Consider A+ (0.5) | = 1 21% 1o o5/=] 1 -o05

The equations (A + (0.5) I) x = 0 gives
X, —05%x,=0

= X, =05Xx,

And x, is free variable,

.. The general solution is

2

X 1X
X:|:1:|: 21 =X
X
X2

P NP

-

1
The eigen vector corresponding to eigen value A = -0.5isv, = {2}

IfA, =-25
-2 0.75 25 0 0.5 0.75
Consider, A+ (25)1=|, " , |+ o 25/ =11 15
The equation (A + (2.5)I)>x = 0 gives
X, + (1.5 x =0

= X = -1.5 X,

And x, is free variable.

The general solution is,

-3
The eigen vector corresponding to eigen value A = -2.5isv, = { 5 } .

24 )
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The general solution is,

X(t) =c,v, et +c, v,e 2"

1 -3
X)) =c || e +c,| o e

where ¢, ¢, are complex numbers

4
The constants ¢, ¢, satisfy the initial condition x(0) = {4} is,

olaf+e[Z]=[1 - 2 2Jle)=Li]

Consider augmented matrix,

1 -3 4
[v, v, X(O)]:{z 2 4}

1 -3 4
R, >R, -2R = 0 8 -4
R 1 -3 4
R2—>—23 1
o 1 -=
2
1o S
R, >R, +3R, = ¥
0o 1 —
2
_5- — 1
6=516=3

v, (1) 5 [1 1 [-37 e
{vz(t)} =x(t) = 5 {E} e 05t _ > {7}3

Q28. Construct the general solution of X' = AX involving complex eigen functions and then
obtain the general real solution. Describe the shape of typical trajectories.

-3 -9
(i) A:{Z 3}

4 -3
(ii) A:L.) _2}

g
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Sol :
- - - _3 _9
Given matrix is, A = 2 3
The characteristic equation is given by, det (A-Al) =0
3 9] [» o0
e, |l o 3 o rI= 0
-3-L -9
=1 2 3.y =0
= ((3-A)(-3-A)+18=0
= NM+9=0
= A==3i
Eigen value is 1 = 3i, -3i
Consider

A-(3i) 1= {—3 —9} B {SI 0} _ {—S—SI -9 }
2 3 0 3i 2 3-3i
The equation (A — (3i)I) x = 0 gives,
2x, + (3-3i)x,=0

_ (-3,

1 2 2
And x, is free variable

The general solution is,

i -3(3-3i
X, _(3-=3i)x, % ~(3-3i)
X = X, = 2 =X, 1 =X, 2
X2
. -3+ 3i
The eigen vector v = { 5 }

The complex functions are ve* and ve™

The general complex solution of X' = Ax is,

X(t) = c,ve* +c,ve

-3+3i] . -3-3i|
- X(t) — C1|: ;‘ |:| e3|t + Cz|: 2 :|e(—3l)t

where ¢, ¢, are complex numbers

'l 96 ',
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let

[-3+3i
vett = 5 } (cos 3t + i sin 3t)

[—3cos3t — 3isin3t + 3icos3t —3sin3t
2cos 3t + 2isin 3t

. [—3 cos 3t —3sin 3t -3 sin 3t—3cos 3t
it — i
ve 2 cos 3t + 2 sin 3t

The general real solution is,

-3 cos 3t —3sin3t -3 sin 3t—3cos 3t
X(t) =c¢ + .
1 2 cos 3t 2 2 sin 3t

where ¢, c, are real numbers.

Since real parts of the eigen values are zero. The trajectories are ellipses about the origin.

.. - - - 4 _3
(i)  Given matrix is, A = 6 2

The characteristic equation is given by, det (A-Al) =0

4 -3] [n 0

{6 —2}{0 J =0

4-) -3

{6 —2—%}‘ = (4=2) (2-1)+18=0

ie.,

=

= -8-4L+2L+A*+18=0
= A-2L+10=0

= A V(=2)° - 4(1)(10)

2(1)
2++4-40 2++-36 .
= = =1=+3i
2 2
.. Eigen value is, A =1 + 3i

Consider,

. 4 -3] [@+3) o0 3-3i -3
A—(1+3|)I={6 _2}‘{ 0 1+3i}:{ 6 —3—3&

The equation (A - (1 + 3i) I) x = 0 gives,
6x, + (-3 -3i)x,=0
= 6x,-(38+3ix,=0
_ e
= X =5 X,
Ans x, is free variable.

§
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The general solution is,

. 1+i
.. Eigen vector v = >

The complex functions are ve* and ve™

The general complex solution of X' = Ax is,

X(t)=c, ver + c,ve"

1+i _ 1-i _
x(t)= C, 5 e@+3it 4 5 (L3t

where ¢, ¢, are complex numbers,

[1+i . 1+i .
Iet Ve(1+3i)t — 2 :|el+3|l — |: 2 :|el.e3ll

[1+i o
=15 e' (cos 3t + isin 3t)

[ cos 3t +isin 3t +i(sin 3t +sin 3t) t
2cos 3t +i(2sin 3t) €

[ cos 3t + sin 3t +i(sin 3t + cos 3t) t
2cos3t +i(2sin 3t) €

[cos 3t +sin 3t sin3t+cos3t]
e+ i . e
2cos 3t 2sin 3t

.. The general real solution is,
cos3t-sin3t| , sin3t +cos 3t o
X =c, 2cos 3t TG 2sin 3t

Where ¢, c, are real numbers.
Since real parts of the eigen values are positive.

The trajectories spiral out away from the origin.

{ 98 }
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Q29. Make a change of variable that decouples the equation X' = AX write the equation X(t) =

Sol :

Py(t) and show the calculate that leads tot he uncoupled system Y' = DY, specifying P

1 -2
and Dwhere A= |, _,|.

. o 1 -2
Given matrixis, A= | 5 _4

The characteristic equation is given by, det (A — A1) = 0.

o fr 2] [x oo 1-% -2
e, 3 4|70 a) =0 =3 4. =0
>1-2)(4-1N)+6=0 = MP+3A+2=0 = Ar=-1-2
.. The eigen values are -1, -2.
IfA=-2

. 1 -2 2 0 3 -2
Consider, A+ 2I= 5 _,|+ |5 o| = |3 _o

2 0
3 20
R, >R,-R,=1|y o o
i
R » —= 3
.3 o 0o

.. The equation is,

2 —
xl—§x2—0
2
XI—EX2

and x, is a free variable
The general solution is,

2X )
Xl AN

_ — 13 _
X= L‘j N X, =% {3}

g
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IfA=-1,
Consider,

wer=ls 23 3= 7

.12 -2 0
The augmented matrix [(A + 1) 0] is L 3 0}

2

1 -1 0
R—>%,R—>&={_ }

27 3 1 10
1 -10
R,>R,+R = 0 0 0
.. The equation is,
X, —X,=0
X, =X,

and x, is a free variable
The general solution is,

3
Initial condition x(0) = L}
Let the constants ¢, ¢, satisfy x(0) such that c v, + c,v, = x(0)

=elsf el

Consider the augmented matrix,

RO R

2 1 3
R,— 2R,-3R, = { }

0 -1 -5
1 3
R R 1 - =
R»>—,R »—2= 2 2
b2 1 Jo 15
1 10 1
R—> 2R --R, =g 1 5
c,=-1;¢c,=5

B
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The general solution of x* = Ax is

X(t) = c,v,e™" +c,v,e’

2 1
x(t) = —1{3} ex+5 L} e

Since both eigen values of matrix A are negative.
The origin is an attractor of the dynamical system described by x* = Ax.
The direction of greatest attraction is the line through v, and the origin.

To decouple the equation x* = Ax
Let P=1v,v,]

-
o o-[2 )

0 -1
Given x'=AX
Since A =PDP?*
= D=PAP?,
Substituting, x(t) = py(t) in equation (1)

€., %(py) = A(py)

= PDP-'(Py) = PD(P-'P)y= PDy
.. P has constant entries.

d
a(py) = PDy
d
= P[a(y)j = PDy

d
= P-lp[a(y)j = P-1PDy

= y' =Dy

0] -2 0w
e ly,0] T Lo -] [y,

. (1)

Q30.

Sol :

Suppose that a particle is moving in a planar force held and its position vector x satisfies

4
Xt = AX and X(0) = X, where A 2{

) ) 4 -5
The given matrixisA=| , 4

-2 1
for t > 0 and sketch the trajectory of the particle.

} solve this initial value problem

g
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Let A be any scalar, | is a unit matrix.
The characteristic equation |JA-Al] =0

4-) -5
2 13| =0

4-2)(1-2)-10 =0

AM-5L-6=0
L =6A,=-1
Xl
LetV = |, | be the corresponding eigen vectors of A.
2

Then (A-Al)V =0

2 SE=G

When}»=6=7»1

(-2 57 | x, 0
-2 5] | X, |0
—2X, —=5X,=0

2x, +5x, =0
Choosing x, = k; 2x, = -5k

5 .
X, = _Ek (k is a scalar)
5 5
X, -=k -
X = = 2 |=k| 2
L‘j k 1

Q31.

Sol :

A particle moving in a planar force field has a position vector X that satisfies X* = AX.

-3
The 2 x 2 matrix A has eigen value 4 and 2 with corresponding eigen vectors v, = { 1 }

-1

1

-6
} . Find the position of the particle at time t, assuming that X(0) = { 1 } .

and v, = {

Given, Ais a 2 %< 2 matrix
Eigen values are 4 and 2

) -3 -1
Eigen vectors v, = 1 V2= 1

-6
The initial condition x(0) = { }

Rahul Publications
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The eigen functions for the differential equation X! = Ax are v,e+'and v,e*

1 4t 2t
e, ve*, v,e
The general solution of X' = Ax has the form

X(t) = c,v,e' + c,v,e”
_3 4 _1 2
— t
X)) =c,| , [e"+¢c,| 4 |€ . (@)

-6
Let the constants c,, ¢, satisfy the initial condition x(0) = { }

1
. -3 -1 -6
e, Cl 1| +Cl 1[5
= -3¢c,-¢c,=-6

Cz+02:1

The augmented matrix is [v,, v,, X(0)]

-3 -1 -6
11 1 1
-1

2

\\

-3
RZ—>3RZ+Rl = { 0

1
1> 2
R R
R,» 5 andR, - =% = 3 3
0 1 —
2
L oS
R~ R,-3R,= 2
0 1 —
2
_5| __3
“T2:%T %

Substituting the corresponding values in equation (1)

LX) = g {ﬂe‘” - % {ﬂ e

g
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‘ Choose the Correct Answers I

1.  The matrix A to be diagonalizable is [a]
(a) A=PDP?! (b) AP =PD
(c) A=PD%? (d) None
2 ata=|" | thenno=
. =1, _q|thenA®= [c]
[2° 0 [256 0
(a) 1 18 (b) | 0 1
[766 -765 28 4®
© |510 -509 @ |z
- 5 l -
3. The matrix A= 0 5|8 [b]
(a) diagonalizable (b) notdiagonalizable
(c) linear independent (d) none
4 3
4.  The eigen vector for A = 3 4 corresponding to eigen value A = 4 + 3. [a]
[—i —i
(a) 1 ®) |
K
(©) i (d) None
3 -3
5. The complex eigen values of then matrix A = 3 3 is [c]
(@) 3+ 3i (b) 3-3i
(c) 3+3i (d) None
6. If A'is both diagonalizable and invertible then A= is [a]
(a) diagonalizable (b) invertible
(c) both (d) none

104
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7. Iftheeigenvalue L = a + bithen A = [c]
(@ bi (b) b-ai
(c) 0-bhi (d) -a
. . 0-1 0-1
8. The eigen values for the matrix A= | _§_1 g_q]|- [b]
(@) a-+bi (b) a £ bi
(c) a-bi (d) None
9. If T(b,) = 3c, —2c, + 5¢, and T(b,) = 4c, + 7c, - c, then the matrix M for T relative to B and C is
[b]
3 -2 '3 4
(@ |7 5 by |-2 7
5 4 | 5 -1
(3 4 55
() |2 7 (d) 4 7
| 5 -1 |2 3
10. If T, +at+at)=a +2atthenT(l) = [a]
(@ o (b) 1
(c) 2t (d) -1
k10_5) Rahul Publications
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‘ Fill in the Blanks I

1.  Ann > n matrix with A district eigen values is

2. If the matrix A is diagonalizable then A is

3. Ab n < n matrix is diagonalizable if and only if Ahas —___ eigen vectors.

4.  Ais diagonalizable if and only if there are enough eigen vectors to forma _—________if R".

5. Asquare matrix a is diagonalizable if A is similar to —___ matrix.

6.  Asquare matrix A of order n > n is diagonalizable if there are A district ________ of A.

7.  visafinite dimensional vector space of dimension ‘n’.and T : v — v is a linear transformation. B is
an ordered basis for v. Then [T(X)|, = — VvV X € V.

8. If the origin is an attractor then the solution of the system is

9.  The parametric equations of the solution of given system represents a curve known as

10. A________ arise when the matrix A has both positive and negative eigen values.

ANSWERS
diagonalizable
invertible
n linearly independent
basis
diagonal
eigen values
7], X,

stable

© ® N o a0 &~ 0 N PR

trajectory

[EEY
©

saddle point

g
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Orthogonality and Least Squares :
Orthogonality - Orthogonal Sets - Orthogonal Projections - The Gram -

Inner Product, Length, and

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

4.1 ORTHOGONALITY AND LEAST SQUARES I

4.1.1 Inner product length and Orthogo-
nality

Q1. Define inner product.

Sol : (Dec.-18)

Let R" be the vector space of all ordered n-
tuples of real numbers. Let u and v any two vectors
in R" then the product u'v is called as the inner
product of u and v.

Inner product of u and v is denoted by u.v
also called as “dot product”.

The Inner product space of u and v is given

by
Vi
uv =1[u u, ... ul,.. | Ve
Vi nx1
=[uyv, +uy, +... uv.l

Q2. Write the properties of Inner product.
Sol :

Properties of Inner Product

(Dec.-18)

If u, v and w are vectors in R"and ‘C’ be any
scalar then,

i) uv=wvu

i)  (u+v)w=uw+vw

i) (cu).v = c(u.v) = u.(cv)

iv) u.u > 0 andu.u=0ifandonlyifu=
0

Q3.
Sol :

Let R" be the vector space of all ordered n-
tuples of real numbers.

Define Norm (or) length of a vector.

U

letu= }12 be any vector in R"

u,

Then the positive square root of the inner
product u.u is called as the length of the vector u
and is denoted by | |u] ]

Hull = Juu = Jul +u3 +..+ 2

[lull? =u.u

The norm of a vector is also defined as the
length of the point from the origin.

Q4. Find the norm of the vector (1, -2, 2, 0).
Sol :

Given vector is,

(July-19)

1

2
0

u=(1,-2 2,0 =

The Norm (length) of vector is given by,

'| 107 I|
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[ull = \/12+(—2)2+22+0
=3
[ull =3
Q5. Define Normalizing a vector.

Sol :

Let v be any non-zero vector in a vector space
If |Ivl] = 1 then v is a unit vector.

If v is not a unit vector then by dividing v
with its norm

. \%
C.ounit vector u = ——
IV 1|

This processing of converting a non-zero
vector into a unit vector is called as normalization.

Q6. Ifv=][1,-2,2,0]then find aunit vector
u in the same direction as v.

Sol :

The given vector space is R*

The given non-zero vector is
v =11, -2, 2,0]
Consider,

-2
[IVIIZ =vv =11 -2, 2,0]

— 12 + (_2)2 + 22 + 02
[IvII?=9

IIvl] =3 =1

V is not a unit vector

Dividing v with |]v]] we get a unit vector
say,

v [1,-2,2,0]
u = = —
v II 3

1/3
-2/3
2/3
0

Rahul Publications
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Consideration,

Hull? =uu= @Z (—_3'2}2@2

u is a unit vector

Q7. Letw be the subspace of R? spanned by
X = (%1] . Find a unit vector z that is a
basis is for w.

Sol :

The Given vector space is R?

W = span x-= span [%1} is a subspace of
RZ

w can forms all scalar multiples of x

2/3
Here x = 1

. 2
considery =

consider ||y]|?= 22+ 32 =13

Iyl = V13

Normalizing ‘y’ we get another vector

i.e., say

=1 = 75

3/413

Here z is a unit vector in R?

0

Which is linearly independent and is a scalar
multiple of x.

w = span [X] ; w = span[z]

As z is a basis for w.
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Q8. Define unit Vector and Normalization.

Sol :

(1)  Unit Vector : A vector whose length or norm is 1 is called as “unit vector”.

If | Jul|] = 1 then u s called as a unit vector.

(i) Normalization : If u is a non-zero vector then by dividing the vector ‘u’ with its norm (or) length
then we can get the unit vector travelling in the same direction. This process of getting a unit vector
is called as normalization.

m is the unit vector
-1 4 . .
Q9. Ifu= 5 V=g | areany two vectors in R2? then find
b V.U g u £
: V. — —
(a) uu (b) v.u © Ol ©-Hull
® 1vll
Sol :
The given vector space is R?
-1 .
letu= { } V= {4} be the given vectors
2 6
-1

(@) Consider u.u. =u'u = [-1, 2] >

uu=1+4=5

(b) Consider v.u = v'u = [4 G]EI} = -4+12=8
Consider Y4 = 8

(©) onsider = ¢

d) Consider —— = L|7t = |7H/5

(d) onsider "~ =l | = /5

(e) Consider |Ju]l = Ju?+u2 = (-2 +22 =5

(f)  Consider [|v] = \/vZ +v3 = /42 = 52

109
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Q10. Find a unit vector in the direction of v=

Sol :

-6
Given vector is, v = | 4
-3
The unit vector u in the direction v is given as,
1

u=——\V

v II

VI = v = (-6 + (@) + (-3) =./61

-6 —6/+/61
1
= —— = 1| 4/+61
u \/a 4 \/_
-3 —3/+/61
—6/+/61
unit vector u = 4161
~31/+/61

(July-21)

Q11. Define distance between two points.

Sol :

Consider the vector space R"

let u and v be any two vectors in R"

Then the distance between u and v is defined as the norm (or) length of the vector u — v and is

denoted by distance (u, v)

Distance (u, v) = | Ju - v] |

when u = (u, u, u,) ; v=(v, Vv, V,) are any two vectors in R®

Then distance (u, v) = [Ju-Vv]] = Ju-v)(u-v)

= J(U; = V1, Uy —Vj,Ug —Vg).(Uy — Vg, Uy — Vyp,Ug — V3)

distance (u,v) = \/(U1 —V)? + Uy =V, )%+ (Ug —V3)?

110
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Q12. Find a unit vector in the direction of the vector y = (1, -2, 2, 0).

Sol :

1
-2

2

0

Given vectoris, vy = (1,-2, 2,0) =

The unit vector g in the direction of V s,

1
v
1
_ L -2
T JO% (2242240 2
0
1
1]
= 5|7
0
1/3
213
=1 2/3
0
1/3
_ |23
unit vector u = 2/3
0

. 10
Q13. Find the distance between the vectors u = [ 3} ,V

Sol :
The given vector space is R?
The distance between two vectors u and v is,

distance (u, v) = | Ju - V]|

'| 111 I|
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distance (u, v) = || (20 + 18, (-3 + 5)] |

= 1111, 2)[ |
= J112 122 = V121+4
= V125
0 -4
Q14. Find the distance between the vectoru = |-5| andv = | -3 |in R3.
2 8
Sol :
The given vector space is R®
The distance between the vectors u and v is given by dis (u, v) = |Ju-Vv]]|
dis (u,v) = |10 +4,-5+3,2-8)]|

=114, -2 -6)l1

= 4% +(-2 +(-6)> = J16+4+36 = /56
Q15. Find [dist_(u, -V)]?

Sol : (Dec.-19)
[dis t(u, -V)] = []u - (-W)]]?
= [utv] ]2 = (u+Vv).(u+v)
= U +v)+vu+v)
=UuU-+ UV +Uuv—+Vvu+ vy
=11ull? + |IV]l]? + 2.uv

[dis t(u, —=V)? = [Jul|*> + [IVII* + 2.uv

Q16. Define orthogonality.
Sol :

Let R" be the vector space consisting of all ordered n-tuples. let u, v be any two vectors in R".

(i)  The two vectors u and v are said to be orthogonal if the distance between u, v and u, —v are same
i.e., distance (u, v) = distance (u, -v).

(i)  The two vectors u and v are said to be orthogonal if u.v =0

Q17. State and prove Pythagorean theorem.

Sol :
Statement : Two vectors u and v are orthogonal if and only if | Ju + v]|?> = [|ul]? + |IVII?
{112 }
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Proof :
Part (i) : Let u and v be two orthogonal vectors
i.e.,, uv=0
[Hu+v]]?= U+ V).(u+v)
=u(u +vVv) +v(u+vVv)=uu+ uv+vu+ vy

= |lull?+ uv +vu +||v]|?

[u+vi?=1lull?>+ [Ivl]? [ uv=0]
Part (ii) : Let JJu+Vv]]I?=|lull>+ IIV]I?

Full? + [IVI? + 2.uv = [Jul | + [IV]]?

2uv) =0

uv=20

= uand v are orthogonal.

Q18. State and prove parallelogram law.
Sol :
Statement: If u and v are any two vectors in R" then
[u+ VI + [u=v]?=2[ul]* + 2] |v][?
Proof :
Let R" be the given vector space
letu,veR" = u+v,u-v eR"
By the definition of norm of a vector we have
Hull? =uu; [IviE? = vy
[lu+V]]Z =(u+v).Wu+V)
= u(u +v) +v(u +v)
= uu-+uv-+vu-+w
[Hu+v]|]? = v+ 2uv)+v 1)
Iy
[lJu-v]]?=u-2(uv)+v . (2)
Add equations (1) & (2)
Hlu+VviEZ+ Hu-vi?=2]Jull® + 2] |v]I?
Q19. Define orthogonal complements.

Sol :

Let R" be the vector space of all ordered n-tuples

let w be a subspace of R"
The vector z is orthogonal to every vector in w then z is said to be orthogonal to w.

{ 113 I
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The set consisting of all the vectors in z which
are orthogonal to w is called as “orthogonal
complement of w” and is denoted by w.

Q20. In the vector space R? verify whether the

vectors a 2[8 } b= [_ﬂ are ortho-

gonal (or) not?
Sol : (©)

The given vectors in R? are

[oJo=[3

abz[ﬂWr:B—ﬂ{j}

=-16 +15=-1#0
a & b are not orthogonal

Q21. In a vector space R* verify whether the

vectors
3 -4
2 +1

u= , V= are-orthogonal or
-5 -2
0 6

not?

Sol : (ii)

4

) +1
Consider uv =u"v =[32 -5 0] 5
6

uv=-12+2+10+0=0

u and v are orthogonal

Q22. Determine which pairs of vectors are

orthogonal
12 2
(i) u=|3|,v=|-3
-5 3

Sol :

-3 1
. 7 -8
(i) u= V= 15
0 -7

Given vectors are,

12 2
u=|3|,v=1]-3
-5 3
Consider,

uv =u'v

2

=[12 3 -5]| -3

3

= 12(2) + 3(-3) - 5(3)
=24-9-15
=24-24

uv=20

u and v are orthogonal

Given vectors are,

-3
1
7
4 | and v -
u = =
15
0
-7
Consider,
uv =u'v
1
=[-3740] s
B 15
-7

g
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= -3(1) + 7(-8) + 4(15) + 0(-7)
=-3-56+60+0
uv =1#0

u and v are not orthogonal

2 -7
Q23.Letu=|-5|,v=|—4| compute
-1 6

wy, [lullz HvEE Hu+ vl P& u+ v

Sol : (July-21)
Given vectors are,
2 -7
u=|-5|,v=|-4
-1 6
Consider,
-7
uv=u'v=[2-5-1]| 4
6

= 2(-7)-5(-4) - 1(6)
= -14+20-6
= uv =0
[ull® = 2%+ (-5)* + (-1)°

u+v=|"9

Then,  [Ju+ V|| =y(-5) +(-9)? +52 =131

[u+v]|* = (=5 + (-9)* + 5
=25+ 81 + 25

|Ju+v]]? =131 =30+ 101

[Hu+vl* = [ull® + []v]]?

. 2 2 2
L usv P=lulP +lvIE

Q24. Suppose that a vector y is orthogonal to
the vectors u and v. Show that y is
orthogonal to u + v.

Sol :

In_a vector space v let us consider three
vectors u, v.&y.

Then u + vis also a vector in the same vector
space.

Given that y is orthogonal to u
= yu=20

y is orthogonal to v

= yv=0
=4+25+1 considery(u+v)=yu+yv=0+0=0
[lull? = 30 .
y is orthogonal to u + v.
HIVIF® = 30 Q25.S h i h I d
_ . Suppose thaty is orthogonal to u and v.
[IVIIP = (77 + (-4)° + 6° Show that y orthogonal to every w in
[Ivi]? =0 span[u, v].
Consider, Sol :
Mo [_7 Given that y is orthogonal to u and v.
U+v=|-5|+|-4 = yu=0andyv=0
-1 | 6 To show that y is orthogonal to every w in
) span[u, v]
f2_77 let w e span [u, v]
u+v=|-5-4 = 3 scalars c,, ¢, such that
|-1+6 | W=Ccu-+cCyV
{115 |
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Consider,
yw=y.[cu+cV]
=y.(c,u) + y(c,v)
= c,(y.u) + c,(y.v)
=c,.0+¢c,0
yw =0
y is orthogonal to w

Since w is orbitary, y is orthogonal to every
We spanfu,v]

=)=l
Q26. Letu = 5 , V= W= 1|-1]1,

6
-2 | Compute

3

X =

. AR U
(i) u.u,v.uan 0u (i) "

X.W
(iii) (H]X

Sol :

Given vectors are,

1 4 3 6
Uu=|,[v= 6 ,w=|-1|,x=|-2

-5 3

(iv) Hiwlli

() uu=]uIP=(ClP+22=1+4=5

-1
vu=viu=[4 6]{ 2}

= 4(-1) + 6(2)
=-4+ 12
=8
v.u
and — = 8
u.u 5

Rahul Publications
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.. 1 1[-1
(i) uu u= E{ )
_[-1/5]
| 2/5]|
3
(iii) xw=xw=[6-23] -1
-5
= 6(3) -2(-1) + 3(-5)
= 18+ 2-15=5
xX =[Ix]|? = (6 + (-2 + 3*
=36+4+9
X.X = 49
Then;
6
XwWle= 21,
XX T 49
3
30/49
_ |-10/49
15/49
) Wl = (3% +(-1? + (-5
=4J9+1+25
[wll = V35
I 4.2 ORTHOGONAL SETS

Q27. Define orthogonal sets.

Sol : (Dec.-19)

A set of vectors {u,, u,,.....u } in R is said to
be an orthogonal set if each pair of distinct vectors

from the set is orthogonal i.e., if u, u =0, Vi# |
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Q28. Show that {u,, u,, u_} is an orthogonal set where

3 -1 ~1/2
u=(1u=2}u=| 2
1 1 712

Sol : (Dec.-18)

The given vector space is R®
The given setis {u,, u,, u,}
Consider the three possible pairs of distinct vectors,

namely {u,, u}, {u, u,} & {u,, u}

-1
Consider u,.u,=u",u,=[8311]] 2 (=-3+2+1=0
1
u, is orthogonal to u,
-1/2 .
consideru,u, = u/,u,=[8311]| -2 | = 3(_—1J +1(-2) + l[EJ
712
_3 .1
T2 2
_ 3-4+7
=— =
u, is orthogonal to u,
-1/2 1 7
consider u,.u, = uju,==-121]| 2 | =(-1) [7J +2(-2) + 1[5}
712
- E— 4 + E
_1-8+7
= S, =
u, is orthogonal to u,
each pair of vector is orthogonal
{u,, u,, u} is an orthogonal set.
(117 )
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Q29. Verify the set of vectors are orthogonal.

-1115 3 1 0
@] 4|24 o |72t
=3(|1||=7

Sol :

(@) The given vector space is R®
let the given setis {u,, u,, u,}
consider three possible pairs of distinct vectors,

namely {u,, u}, {u,, u,} and {u,, u_}

-1 5 3

where u, = |4 [;u,=|2|, u,= |4

-3 1 -7

5

consider u.u, = ul,u,=(-14-3)|2
1"72 172

1

I
N Ol

(July-21, July-19)

= (-1)5 +4(2) + (-3)1

=-5+8-3
=-8+38
=0
u, is orthogonal to u,
3
consider u,.u, = u/,u, = (-14-3)| 4
-7

= (13 + 4(-4) + (-3) (-7)

=-3-16+21
=2%0

3
consider u,.u, = u),u, =5 2 1)| 4
-7

= 5(3) + 2(-4) + 1(-7)

=15-8-7
=0

Rahul Publications
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Since u,.u, = U,.U, = U,.U,

The set {u,, u,, u_} is not an orthogonal set.

(b) Given set of vectors are,
1 0 5
u= —2 V= 1 cw=| -2
1 2 1
0
consider uv= uTv=[1 -2 1]|*
2
= 1(0) + (-2)1 + (1)2
=0-2+2
uv =20
-5
consideruw= u'w=[1 -2 1]|-2
1
= 1(-5) + (-2) (2 + (1)
=-5+4+1
uw =20
-5
consider vw=/Vviw=1[0 1 2]| -2
1
= 0(-5) + 1(-2) + 2(1)
=0-2+2
vw =0
each pair of distinct vectors is orthogonal
The given set is orthogonal.
Q30. Show that {u,, u,, u_} is an orthogonal set where
2 -6 3
u, = -7 U, = -3 Ju,=| 1
-1 9 1
Sol :

The given vector space is R®
The given setis {u,, u,, u,}

g
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consider the three possible pairs of distinct vectors,

namely {u,, u}, {u,, u,} and {u,, u_}

—6

consider u.u, = uu,=[2 -7 -1]| -3
9

= 2(-6) + (-7)(=3) + (-1)9

=-12+21-9
u.u, = 21+21=0
3
consider u.u, = uju,=[2 -7 -1]| 1
-1
=2Q3) + (=71 + (-1) (-1)
=6-7+1
u.u,=7-7=0
3
consider u,u, = uju,=[-6 -3 9]| 1
-1
= -6(3) + (-3) 1 + 9(-1)
=-=18-3-9
u,u, = = 30#0
Since u,.Uy =U.U, 2 U.U,

The set {u,, u,, u_} is not an orthogonal set.

Q31.1f s ={u, u,.....
independent.

u_} is an orthogonal set of non-zero vectors in R" then s is linearly

Sol : (July-19, Dec.-18)
The given vector space is R"

s = {u,, u,....u } is an orthogonal set consulting of non-zero vectors in R" (u, = 0)
ie, u=0 Yi=ton
u,u=0 Viz]j
To prove that s = {u,, u,,.....u } is linearly independent
consider c,, c,,....c_ be collection of any ‘n" of scalars

consider the linear combination of these vectors and equate it zero.

cu+cu +..+cu=0 ... (1)
. { 120 |
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(cu, + cu+...+cuju =0.u,
(cu).u, + (cu)u+...+Ccuju =0

c,.(u,.u) +c.(u.u)+..+c(u.u)=0

L A Y

c,(u.u)=0 (- u, isnon zero)

= ¢ =0

lly, we can prove thatc, = ¢, =c,.....c, =

from (1), The vectors u,, u,,....... u_are linearly independent

- S is linearly independent.
Thus, every orthogonal set consisting of non-zero vectors is always orthogonal.

Q32. Define orthogonal basis.
Sol :

Let w be a subspace of a vector space R". If s is an orthogonal set that spans w then s is called as an
orthogonal basis for w.

Q33. Let{u,, u,.....u } be an orthogonal basis for a subspace w of R". Foreach y in w weight on

the linear combinationy =c,u, + c,u, +.....c u_is givenbyc =

Sol :
The given vector space is R"

let s=1[u,u u,]is an orthogonal basis of w.

-
s<W
letc, C,,.....c_be nscalarsandy = c,u, + c,u,+....+C U

consider  y.u, = (c,u, + c,u,+...+C U ).U,

=c¢,.(u,.u) + c(u,.u)+....+c (u_.u)

=c,(u,.u,)
U
¢ =20
Uy.Uy
yu
Iy c=7—_Vvi=1lton
PouL;

3. _[-2
Q34. Letulz[l}uz—[6

express x as a linear combination of the u’s.

} DX = [_36} . Show that {u_, u,} is an orthogonal basis for R2. Then

{ 121 ' T .
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Sol :

Given vectors are,

Consider, u,.u, = ufu,=[3 l]{_;} =6+6=0

{u,, u} is an orthogonal set

Since u,, u, are non-zero vectors.

= U, u, are linearly independent and form a basis for R
{u,, u} is an orthogonal basis for R

let x be linear combination of vectors u,, u,

. X.uy X.U,
e, Xx= UpU, u, + U,.U, U, e 1)
Consider,
X.u, =X,
3
=[-6 3]{1} =-6(3)+3(1)=-18+ 3
X.u, =-15
X.u,=X"u,
-2
=[-6 3]{ 6 } = -6(-2) + 3(6) = 12 + 18
x.u, = 30

2

u.u = ulu, =3 1]m =3@3)+ 11)=9+1=10

u,.u, = uj U,

= [-2 6]{_62} = -2(-2) + 6(6) = 4 + 36

u,.u, = 40

Sub, corresponding values in equation (1)
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x=_—153+£_2
10 [1] 40| 6

=35

Q35. Assume {u,, u,, u,, u,} is an orthogonal basis for R* and write x as the sum of two vectors,

one inspan {u,, u,, u,} and the other in span {u,)

0 3 1 5 10
s, o, _|-38.._]|8
Ul— _4 y u2_ 1 ] u3_ 1 1u4_ _1 1X_ 2
-1 1 -4 1 0
Sol :
Given vectors are,
0 3 1 5 10
o=t u= 3 u=| 0 = B andx= |0
-4 1 1 -1 2
-1 1 -4 1 0

Let {u,, u,, u,, u,} is an orthogonal basis for R* then

X=cu +cu +cu+cu . (1)

The vector x can be represented as sum of two vectors (ie., in span {u,, u,, u_} and span {u,)). as,

X=z,+z, . 2
where,
z, =cu, +cu,+cu, isinspan {u, u, u}and
c,u, isinspan {u,}
Consider,
z, =cCu, +Ccu,+Ccu,

X.Ug X.Uy

X.u
= 7= u + u, + S U, . 3)
PToUply b Ul 2

x.u, =xu, =[10 -8 2 Q] 14 = 10(0) - 8(1) + 2(-4) + 0(-1) = -16

-1

'| 123 I|
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0
u.u, = u u =[01-4-1] _14 = 0(0) + 1(1) + (-4) (4) + (-1) (-1) = 18

-1

3
XU, =X, =[10 -8 2 0] i = 10(3) -8(5) + 2(1) + 0(1) = -8

1

3
u,.u,= uju,=[35 1 1] i =3(3) + 5(5) + 1(1) + 1(1) = 36

1

1

x.u, =xu, =[10 -8 2 0] 2 = 10(1) - 8(0) + 2(1) + 0(-4) = 12
4

1
0

upu, = ufu;=1[10 1 4], | =1(1) + 0(0) + 1(1) + (-4) (-4) = 18
4

Substituting corresponding values in equation (3)

-16 -8 12
Z = —u+ —u+ —=u
18 ' 36 °* 18 °

-8 2 2
= 7= ?ul—§u2+ U e 4)
Consider,
z,=cu,
X.u
Z,= : u - . (5)
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5
xu, = xu,=[10 -8 2 0] j = 10(5) -8(-3) + 2(-1) + 0(1) = 72

4

1

5

uu,=uiu =[5 -3 -1 1] _i = 5(5) -3(-3) -1(-1) + 1(1) = 36

1

Sub the corresponding values in equation (5)

72
ZZ %u4
Z,=2U, ... (6)

0 3 1 5
_ 8t 28,20, 3
XT 9|4l 791|731 1
-1 1 4 1
0 -2/3 2/3 10
-81/9 -10/9 0 -6
= + + +
32/9 —2/9 2/3 —2
8/9 219 -8/3 2
0_24_3
3 3 10
_—8—E+0 6
19 9 Ll
3222 =2
9 9 3 2
8.2 8
L9 9 3|
'12 '
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0 10

-2 -6

= 4 + 5
-2 2

0 10
-2 and -6
4 -2
-2 2

Q36. Define orthonormal sets.

Sol :

Let v be any vector space of R"
lets = [u, u,..... up] be any subset of v.

If every vector of s is a unit vector and if each pair of distinct vectors of s are mutually orthogonal
then s is said to be an orthonormal set.

. (1 Vi=]
e, u.u= o
: {0 Vi # |

If wis any subspace of v and if the orthogonal sets = {u., u u_} spans w then s is an orthonormal

. b Uppene
basis for w.
3//11 ~1:/6 ~1//66
Q37.1fv,=|1/J11 |, V,= | 2/+/6| V.= | -4 /.66 |thensuchthat[v,,V,, V] isan orthonormal
1/V11 1/6 7166
basis of R3.
Sol :
The given vector space is R®
The givensetiss = {v,,v,, v,
(i)  Consider,
—3 3+l‘l+l l—i+i+i—E—l
ViiT i Vit TV vt T A a1 Tu T T T

126
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Thus each vector is a unit vector

(i)  Consider,
-3 2 1
AN NN
V.V, = = 4 + L— 0
v 726 (726 V726
1 8 7
V2Vs = 7396 ~ V396 396 °
Thus each pair of distinct vectors of S are mutually orthogonal
- S ={u, u,, u}is an orthonormal set in R® .
Since each vector of S is a unit vector S is linearly Independent.
- Sisa basis of R®
38. Show that i th | basis of R®wh (1 2 1}
. Show that {v_,v_, v .} isan = : , ,
Q {v,,v,, v,} is an orthonormal basis of R® where v, NN
_ (Lot 21-2
V2 —_— &1 1\/5 ’ V3 —_ 3 131 3
Sol :
L1/ ] (1]
-2
s VG %
Given vectors are v, //E TV, 0 |v, %
-1 -2
1 / A
Vs LR
(i)  Consider

S ESFERFEN
A \/[%j:(o)z{%f =1

= 3] 3] =

. Thus each vector is a unit vector

{ 127 ' T .
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(i)  Consider,

_ L[—_ZJ i[lj L[—_ZJ
= Jisl3) " y18l3)" V18l 3
1 3_0
2 3:v2TV3

7

(503 ]% HFHZ) o

7
3
=0
- {v,v,, v} is an orthogonal set

= {v,,v,, v} is an orthonormal set

Since v,, v,, v, are linearly independent and forms a basis for R®

1 2!

. {v,.V,, V,} is an orthonormal basis for R®

Q39. If U is an m % n matrix then U has orthonormal columns if and only if UTV = |

Sol :

Let us consider the case in the vector space R®

Let U = {u,, u,, u} has only three columns each vector in R™

Rahul Publications

'l 128 '|



LINEAR ALGEBRA

UNIT - IV
uy
U'=|uj
u;

.
u3
T T T
ul ul ul u2 ul u3
T T T
uru= Uy Uy U, U Us | L @
T T T
u3 ul u3 u2 u3 u3
Here the columns of U are orthogonal.
u'u,=0=u,"u;
T T
u u,=0=u,u
v S ()
u,’u, =0=u,'u,
1 1 1 T [— . T [— . T [—
The columns of U are have unit length if and only ifuu, = 1; u,"u, = L, uTu, =1 ... 3)

From (1), (2) & (3) U'U=1

Thus, U has orthogonal polynomials < U™U = |

Q40.

Sol :

VAL

3

¥ |

verify ||Ux]||= [|x]|

Ve

The given matrices are U = %/E

IfU= }/\/E _2/3 andx=[\/E
0

]then show that U has orthonormal columns also
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ur=

A
%n

Consider U'U = }/\/E }/\/E ’ y\/i _%
% %

1 0
= =

0 1
.. U has orthonormal columns
_ e
y V2 é 3

/ V2

C d U = - = —l
onsider Ux }/\/5 3 3

0 FA 1
IUX|| = /32 +(-1)" +1* = 11

lIx]I= (@)232 = Ju1

U] =IxII
Q41. Determine which sets of vectors are orthogonal. If a set is only orthogonal, normalize
the vectors to produce on orthonormal set.

1
3| |'Y% 0] fo
ONEANE (ii) 1],]-1

Sol :

Y| | 72

Given set of vectors are, % |0

Ve

g
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% 7
Letu= % andv=|0

Ve e

-1
2
1 1 1 1(-1 1 1(1
i = == = =10 =—| — |+=(0)+=| =
Con5|deru.v—uTv—[3 3 3} —3[2J 3() 3(2J
e
=0

=uv=0

= {u, v} is an orthogonal set

lulf = @{%}{%};%

Since [[ul*=IVI®#1

-.{u, v} is not an orthonormal set.

The vectors u & v are normalized to form the orthonormal set.
1 -1
NIARNY
] u % % , 0
vl T | V¥l 1
B V2

Bl
= V3| 14 (V2|0

ANV

'| 131 I|
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(i)  Given set of vectors are

0/]0
=3<1]]|-1
0]]0
0 0
Letu=|1|and v=|-1
0 0
Consider

0
uv=uv=[010] |1
0

= 0(0) + 1(-1) + 0(0) = -1#0

{u,v} is not an orthogonal set.

4.3 ORTHOGONAL PROJECTION

7 4
Q42. Find the projection of y = { } ontou = { } Also write y as the sum of two orthogonal
6 2
vectors are in Span {u} and one orthogonal to u.
Sol : (Dec.-19)

7 4
The given vectors arey = LJ andu = L}

7114
consider y.u :{6} L} =7(4) +6(2) =28+ 12 =40

{ 132 |
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4114
and u.u 51l 16 + 0

If § is the orthogonal projection of u then

yu _40|4| 4] [8
9 = —U="7--7 =2 =
u.u 20| 2 2 4
Let Z be the orthogonal complement if y orthogonal to u.
|7 8 -1
7 = y-y= — =
6 4 2

> YyY=y+z

Thus y can be written as the sum of two orthogonal vectors y and z.

[..y.z:L}.[— ]——8+8—0]

Here § isin span {u} and z is orthogonal to u.

Q43.

Sol :

1

-4
} onto the line through { ] and the origin.
7 2

Compute the orthogonal -projection of {

(July-21)

1 —4
The given vectors are y = L} andu = L }

11|14
Consider y.u = . =-4+14=10
7112

(-4 [-4
uu= . =16+ 4= 20
|2 2

If y is the orthogonal projection of u then

4
e _w[*]_ |72 [
Y= wu'T 202 _% 1

{ 133 }
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—4
Let L be any line passing through u = & the origin then the orthogonal projection of y =
1 4]
- on to the vector u = 5 is given by
by Yy, 107 |72
Y=Y =uu" T 202 1 [2
3 -1 '}/2
Q44. show that the sets ={u, u,,u}whereu, = |1 |u,=|2 [and u,=|-2 | isan orthogonal
1 1 7/2
6
basis for R® and express the vectory = |1 | as a linear combination of vectorsin S.
-8
Sol :
The given vector space is R®
The given setis s = {u,, u,, uyc R®
-1
(i)  Consider u,.u, = [311]=-3+2+1=0

1

/2
1"73 [ ]

7
7

uu,=[-12 1] |2

!

Thus each pair of vectors of s are mutually orthogonal

Rahul Publications
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~. S is an orthogonal set. The weights in the linear combination of y is
Since S is an orthogonal set of non-zero Up Uy Ug Ar€ €y, €y Cg v (1)
vectors S is a linearly independent subset of R?
consisting of 3 vectors. Here G y.u, 11 L
- Sis a basis of R® eret, = u.u 11
Thus S is an orthogonal basis of R®
_ Yt 12
6 C=uwu, - 5 -2
(i)  The given vectorisy = |1
u _
_8 C — y 3 33 2
3 Us.Ug E
2
3
~ly=1u,-2u,-2u,|
Considery.u, =[6 1-8] =11
1 Q45. Compute orthogonal projection of (1,-
1) onto the line through (-4,2) and (0,0)
-1
Sol :
— 2 —
yu,=[6 1-8] . =-12 Let the vectors be,
1 —4
[_ = du=
% y 4| andu 5
yu,=[6 1-8]|-2 |=-33 o o
The orthogonal projection of y onto u is given
% as,
o = _U 1
3 Y= Lu U T, @
1
u.u =[31 1] =9+1+1=11 4
1
u=1J1 -1 =-6
yu=[1-1] L }
-1
X —4
u,.u, =[1 2 1] =6 uu=1[-42] 5 =20
1
Sub, the corresponding values in equation
1 (1)
2
ug_ugz{_?l—Zg} -2 :E ,\_—_6 ___3—4
A 2 Y= 2047 10|>
{ 135 }
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_ %o
910

o

The orthogonal projection is § = /
/10

-3 1
Q46. Let y = { ] andu = L} .Compute the distance from y to the line through u and the
9

origin.

Sol :

-3 1
Given vectors are y = L’ } and u = L}

The distance from y to the line through u and the origin is ||y -y ||

The orthogonal projection of y on to L is given as,

y =gy @
1
yu=[-39] L} = (=3) (1) + 9(2)
=-3+18
=15
1
uu=1[1 2] L} =11) + 2(2)
=1+4
=5

substituting the corresponding values in equation (1)

. _15/1
y—32

&
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37 [3
Consider y-y = {?} -

-3-3
9-6
—6
+3

Then |ly—§||= (-6)° +32 = 3619 = 45 = 3.5

. The distance fromy to the line through u and origin is 3./5

Q47. State and prove the orthogonal decomposition.theorem.
Sol :

Statement:

If wis a subspace of R™then each y in R" can be written uniquely in the formy = § +z where y is
inwand zisinw.

Additionally, if{u,, u,, .... u } is an orthogonal basis of w, then the orthogonal projection of y onto

W is,
~_ . _ y-U; y.u, y'up u dz= ~
y=Proj, y= u,.u, u, + u,.u, u, + . + u.u, pandz=y-y
Proof :
Let the orthogonal basis for a subspace w be {u,, u,, ...... up}

For any vector y, the orthogonal projection of y onto w is given as,

oy, y.u, LY,
= + o
Y Zuu, T u,u, Y

fromeqn (1), yis a linear combination of u. i.e., u, u, ..... u, such thaty is in w.

Letz=y-§y
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Then,
zu, =(y-y)u,
=yu-yu
u u y.u
=yu - ylu1+y2u2+ ....... +—2u, |y
1 u,.u, u,.u, u,.u, 1
U
u YUy u
= ZU, =yu - Y- u.u, - VTV S _ Y u.u,
u..u u,.u, u_.u p
1 P op

Since u, is orthogonal to u,, u,, ..... u, then
zu, =y.u -yu,

zu,=0

i.e., z is orthogonal to u,

Similarly, z is orthogonal to u,, u, .... u,

Hence, z is orthogonal to each u. in w

i.e.,zisin wt

Uniqueness.

Let y can be written as sum of two vectors (in w & W*) in two different ways i.e.,

&y=9,+z, ... 3)
from (2) & (3)
y+z=y, +z
>V-y,=2-7 ... 4
Letv=y -y, isinwthenv.v=0 = v=0
If v=0then y-y,=0=9y=9,

Sub,y =y, iseq" (4)

~

y-y=2-1
z,-2=0
. =1

g
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Thus, y=§+z

Hence, y can be written uniquely in the formy = § + z

When gisinwandzisin w*

Q48. Find the orthogonal projection of y onto span {u,, u,} =w

Sol :

Given vectors are,

yu =12 |71 = (1) @) +2(-1) +6(2) =7

-1((1

yu,= |2 ||-1| = (-1)1 + 2(-1) + 6(-2) = - 15

16 |2
3 1|3
-1((-1
u.u, = =3@3)-1(-1) + 2(2) = 14
2 2
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1|1

u,u, = [1||-1|=1(1) -1(-1) - 2(-2) = 6
-2 -2

Sub, the corresponding values in eq".(1)

~_ 15
y — 14 ul_Fuz
3 1
:l—l_i_l
14 2
2 -2

3/2 '52
=17~ | %

1 -5
_E_E_
2 2 -1
2 2
6
1+5

-. The orthogonal projection of y on to span {u,, u,} = w is the closest point in w to y.

Q49. Let w be the subspace spanned by the u's & write y as the sum of a vector in w and a
vector orthogonal to w.

1 1 5

y = 3 yu, = 3 yu, = 1
5 -2 4

Sol :

Given vectors are,
1 1 5
3

y=|"];u =13 |andu, =1
5 _2 4

g
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. 3|1
consider u,.u, = = 1(5) + 3(1) - 2(4)
2|14
=0
. {u,, u,} is an orthogonal set.

By orthogonal decomposition theorem, y can be written a sum of vector in w and a vector orthogonal
tow (i.e., w")

1M1
y.u, = 3113 | = 1(1) + 3(3) + 5(-2) = 0
5| -2

171
u.u, = |3 |3 |=1(1) +3(3) - 2(-2) = 14
—2||-2

1|15

yu,=|3||1|=1(5)+ 3(1) + 5(4)= 28
5]|4
5[5

u,.u, = ! =55)+ 1(1) + 4(4) = 42
4114

Substituting corresponding values in eq" (2)

1 5

R 1)

Y = 14 42
2 4

g
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From eq" (1)
1=y-y

Substituting the corresponding values in above equation

17 [10

3
= |°|-|%
5] 1%

:|__103 _/3
= 3—23 =7 = %

5-8/ %

Substituting the corresponding values in eq” (1),

10/ 7
cv=12% |+ 74
8 | |7

Q50. State and Prove the best approximation theorem.
Sol :

Statement

Let w be a subspace of R", y any vector in R", y any vector inR", and § is the orthogonal projection

of y ontow. Then § is the closest pointin w to y, in the sense that ||y —§ || < ||y — V|| v V in w distinct from

~

y

Proof : For any vector y in w, the orthogonal projection of y onto w is §

Let v be the distinct vector in subspace w.

{ 142 |
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As both the vectors § and v are in w, the vector § -v will also be in w.

By orthogonal decomposition theorem, y — y is orthogonal to w such thaty — § and y —v are
orthogonal.

Hence, the three vectors § —v, and y — § from a right angle triangle.

By pythagarous theorem, ||[§—v |?+ |[y-F|? = |ly - V||?
y

ly -Vl

W

Since the vector v and y are distinct,
VY =9y -v=0= §-v=>0
Then, |ly = § |I” <[ly=VI|®

= y-ylI<Illy-vi
Q51. Find the closest point to y in the subspace w panned by v, and v,

3] 3 1
1 1 -1
Y=lglivi=| 12T |1
11| 11| -1
Sol :
_3_ _3 | _l -
1 1 -1
Given vectors are, y = N A Y
_l_ —l - __l_
{143}
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Consider,
ST
1 -1

Vi, =1 4111 |5 3(1) +1(-1)-1(1) + 1(-1) =0
_l - __l_

. {v,,v,} is an orthogonal set.

From the best approximation theorem, the closest point to y in w is the orthogonal projection of y
onto w.

The orthogonal projection of y onto w is given as,
R AL Y.V,

Y=y, v, + v, v, V, e @

3|3
1111
yv, = s || 1 =3@) +1(1) +5(1) + 1(1) =6
_l_ _l u
3173 ]
1 441
ViV S| g e |F 3(3) + 1(1) -1 (-1) + 1(1) = 12
_l i —l -
311
1(]-1
yv,=15| |1 | =3(1)+ 1(-1) +5(1) + 1(-1) =6
_l_ __l_
SRITEE
-1]]-1
V,.V, = 1y =1(1) + (-1)(-1) + 1(2) + (-1)(-1) = 4
__l_ __l_

— 'l 144 ',
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Substituting the corresponding values in (1)

_6(1] 6|1
Y=2| 4] T4

_l | __l—
. .
1|1 3| -1
= + —
2 _l 2 l
11 ] 1

.. the closest pointto y is

5 -3 -3
Q52.Lety=|-9|;u = |-5|;u,=|2 | Find the distance from y to the plane in R? spanned by

5 1 1
u, and u,
Sol :
5 -3 -3
Given vectors are,y =| -9 |,u, = [-5|,u, = 2
5 1 1
(145}
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By the best approximation theorem, the distance from y to subspace win R®is [lY =Y |l
The orthogonal projection of y on to w is given as,

~_ Yyu u
y=y1u1+y2u2 ............ (1)
u,.u, u,.u,

5 -3
yu, = -9 -5| = 5(-3)-9 (-5) + 5(1) = 35

u.u, =l-5||-5|=-3(-3) - 5(-5) + 1(1) = 35

yu,=|-9||2 |=5@3)-9(2) +5(1) = - 28

-3|[-3
u.u, =2 |2 |=-3(3)+2(2) + 1(1) =14
1 |1

Sub, the corresponding value in (1)

~_ 35 28
y = 35U1—HU2
-3 -3
=1-5|-2|2
1 1
-3 —6 -3+6
=|-5|-4 |=|-5-4
1 2 1-2
3
y=1|-9
-1

g
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Then,
S 3
Considery -y = 9 _|-9 2 1 2
. 1 UT = 3 3 3
2 2 1
5 1 ) 3 3 3
— | 9+9]=|0 Consider,
5+1 6 _g __2_
Then 2 1 2 3 3
’ ] 3 3 3|1 2
Iy-¥ll= {22 +0%+6° vu= 2 2 1|3 3
= /a0 3 3 3ll2 1
3 3
. The distance from y to the plane in R® R B
spanned by u, and u, is /40
4 1 -4 2 2
99" 979’9
2 -2 £
4 % % X
2 j_}rg_j’_g i+i+1
Q53.Lety=|8|,u, = % U, = /3 and 9 9 9 9 9 9
2
: /3 % 1 0
w = Span {u,,u_} Uy = { ]
0 1
(i) LetU={u,u,}, compute U'U and
uuT Consider,
(if) Compute proj yand (UUT)y -~ _
2 -2
Sol : 3 3|r> 1 o
The given vectors are, wello2 3 3 3
3 3 |]2 2 1
2 _ -~z £ =
4 % % 2 1 |lL2 3 3
— — — 12 3 3
y_8’u1_ %’uz_ A —3 3—
2 1
1 % Ve _ _
4 4 2 4 4 2
(i)  Given matrix is, 979 9 9 9 9
2/ - 2.4 1.4 22
A é ~19 9 9 9 99
2
U=[u, ul]= % A 4 2 2 2 4 1
1 Y ——= - o+
% % 19 9 9 9 9 9|

g
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R
9 9 9
2 5 4
UWi=l"9 9 9
2 4 5
19 9 9|
(if)  Since U'U=, U has an orthonormal columns. Then UU"y =proj y
R
9 9 9|4
. -2 5 4118
Projy=UUy=|— — -
d 9 9 9
1
2 4 5
19 9 9|
(32 16 2]
___+_
9 9 9
-8 40 4
= |—+—+—=
9 9 9
8 32 5
19 -9 9
2
_ |4
5
2
\ Proj y =UUTy =
5

4.4 THe GRAM -ScHMIDT PrROCESS I

Q54. State & prove Gram-Schmidt process
Sol :

Statement:
Given a basis {x,, X,, ..... xp} for a subspace w of R", define

'l 148 ',
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vV, =X,
X,V
v, = 2 1V1
V..V,
X5V X5V
v, =X, - —2—tv,- =2y,
A V,.V,
X V
v=x - oty o %Va, = XoVer
s =X, L R o1
V..V, V,.V, Vo1V
then{v,,v,, ..... vp} is an orthogonal basis for w. In addition span {v,, v,, ...... v} = span {x,, X,,

x}yfor1<k<p

Proof :

Let w, = Span {X, X,, ........ X} for I<k<P

Assign v, = x, then Span {v } = Span {x }
Let{v,,v,,

v, } is an orthogonal basis for w, then

vV, . =X

k+1 k+1 PrOJWk Xk+1 for k<P

By orthogonal decomparition theorem,

V,,, isorthogonal to w,

since Proj, x . isinw, Proj, x willalsobeinw,  andalso v, isinw, sincex isinw,_

1
Butv,,, =0asx_, isnotinw,

Thus, for (k+1)~ dimensional space {v,, v,, } is an orthogonal set.

....... V.,

By basis theorem, the set {v,,v, .....v,  } is an orthogonal basis for w,,

Hence, w,,, = Span {v,, v,, ...... V,.,} and the process is terminated when k+1 = p

Q55.

Sol :

2 4
Given set is a basis for a subspaces w =Span {|-5|,| -1
1 2

(@) Use Gram- schmidt process to produce an orthogonal basis for w.
(b) Find an orthonormal basis of the subspace spanned by vectors.

2 4
Given basis is, w = Span {| -5 |,| -1

1 2

g
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(@)

=5 =4(2) - 1(-5) + 2(1) = 15

-3 =2(2) - 5(-5) +1(1) = 30

Rahul Publications
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2 |3
_ . N 1
. orthogonal basis for wis J| -5 |, /2
3
1%
(b) Letu, u,be the orthonormal basis for the vectors v, v, respectively,

1 V.
1
A

u=

g
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2

-

sel1)

li)

@ |

.. Orthonormal basis for w is

I

@H a('ﬂ am
S S S

L

G

Q56. Write the steps-to finding QR factorication of matrix.

Sol :

Step - 1 : Assign the columns of the matrix as basis i.e., A _={x, X,, - X }

Step - 2 : Obtain the orthogonal basis {v,,v,,
Step - 3 : Normalize the orthogonal basis {v,,v,,

..U}

Step - 4 : Assign the orthonormal vectors as columns of Q i.e, Q_  ={u,,u,,

----v_} by using the Gram - Schmidt process.
v } to obtain the orthonormal basis {u,, u,,

Step - 5 : Obtain the upper triangular matrix R by using the transformation, R = QTA]

Q57. Find the orthogonal basis for the column space of matrix

QR factorization.

Rahul Publications
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Sol :

Given matrix is,

1 -4 7
1 2 1
(1 ] [2 ] (5 ]
-1 1 —4
Let the basis be x, = | -1{;x,=|4 | and x, = 3
1 4 7
11 | 12 ] 11 |

v, =X,
e
-1
v, =|"1
1
_l -
=V, =X, - i A
V.V,
o1
1 -1
x,v, = [ 4 | |~1] =2(1) +1(-1) + 4(-1)-4(1) + 2(1) = -5
4 1
2| 1L1]

{ 153 }
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ST
-1||-1
vy, = | 1|71 =1(1) - 1(-1) -1(-1) + 1(1) + 1(1) =5
- l L l -
Then,
R 1] [2+41] [3]
1 - -1 1-1 0
V2 =\lal|- (?j -1| = 4-1| =13
4 1 -4 +1 -3
2| L] | 2+1] | 3]
X3.Vq X3V,
= V3 Vl'Vl V2.V2 2
57 r11
4| |1
XV, = | 3 |. |-1| =5(1) 4(=1)-3(-1) + 7(1) + 1(1) = 20
7 1
L l . L l .
PSS
4|0
XV, = 1|3 [.]| 3| =5(3)-4(0)-3@3) +7(-3) +13) =-12
71]1-3
- l - - 3 -
371
O1lo
v,v,=| 3|.| 3| =3(@3)+ 0(0) + 3(3) -3(-3) + 3(3) = 36
3| |3
1313
Then,
20 ~12
V,=X,— = 12)

3 3 5 v, - 36 v,

g
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57 qn 3
-4 1 1 0
v,=| 3 -4 1 +§ 3
1 -3
1] |1 L3
57 [4] [1] [5-4+417 [2]
—4 —4 0 -4+4+0 0
V;= |3 |- |4 F |1 |=|3+441|7 |2
7 4 -1 7-4-1 2
1] 4] 1] |1-4+41] L[=2

The orthogonal basis for the column space is

(17737 2]
-1/| 0|0
-11, 3 || 2
1]|-3]]2
L1038 ]L=2]

Letu,, u, and u, be the orthonormal basis for the vectors v , v, and v, respectively.
Then, the matrix Q is [u, u, u,]

1
u = Vv
Loolve ]l ?
e e
1 -1 1 |1
N R I EIER b BN R
1 1
(1745 ]
~1/5
- u,=|-1/45
1/5
| 1/+5 |
1
2 v, ?
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1
= J3)? +(0)% +3% +(=3)* + 3

|
[ R
w

[1/2 ]

u,=|1/2
~1/2
| 1/2 |

u, ||V3

INE

1
J22 102 422 4 22 4 (-2

NS

g
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UNIT - IV

I 1
AN O «H|N [N 1___2

N o HlN TN

=g Tl g s e

Then, the matrix Q

= QTA

The upper triangular matrix (R)

1
J5

7

4

3
+£+£+£+

2 5
V5 5

4
+

NG

1

2. 1 4 4
J5

5

NG

2

1 1 1
___+_
2 2 2

0-—

1

—+
2

4.4 2
2 2 2

1-0+

Qe o ~

_H_v_ﬁﬁ o
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Q58. Find the least squares solution of Ax = b for
4 0 2

a=|0 2 , b=|0

11 11

Sol :

Given matrices are,

4 0 2
a=1|0 2|andb=10
1 1 11

The least square solution of Ax = b satisfies the normal equations

X
ATAx = A™b normal x = Ll} ....... )
2
Consider,
4 0
ATA = 4 0 1 0 2:16+0+1 0+0+1 _ 17 1
0O 2 1 11 0+0+1 O0+4+1 1 5

And

2
wo=[09 1] o <[00 = )
11 +U+ 11
Sub, the corresponding values in equation (1)

7kl

Consider,

o

e L[5 4
WA= 176)-10) L 17}

_1/5 -1
84| _1 17

g
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The general least square solution for Ax = b is given as

% = (ATA)* ATb

_ 1[5 -1][19
-1 17||11

x)
|
0]
s

_ 184
84 | 168

The least square solution is,

=L

g
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‘ Choose the Correct Answers I

1. Asetofvectors{u,u, ... up} in R" is said to be an orthogonal set if [a]
(@) u.u=0fori=] (b) u;.u = Ofori = |
() u.u=fori=j (d) None

2. R" be any vector space and u, v, w be any three vectors in R" then [d]
@ u.u=0<u=0 (b) u.v=v.u
) u.vwy=@Uu.v).w (d) All the above

3. Avector whose length (or norm) is 1 is called as [a]
(@) Unit vector (b) Normalizing a vector
(c) Both (d) None

4.  Two vectors u and v are orthogonal if and only if [c]
@ fuvf + ul - M (b) Ju—vjf= o= M
© fuv = o+ v (@ Ju=v[® = ul” + M

5. If uand v are any two vectors in R" then [b]

@ Ju+vf’ + Ju-v=2ful -2 ©) Juevf + Ju-vi -2 + 2

2
© [l = o - P (d) None

6. Ifx e w' thenxis ________to every vector in a sdet that spans w. [b]
(2) Orthogonal complement (b) Orthogonal
(c) Both (d) None

7.  Anm x n matrix A has orthonormal columns if and only if [d]
@ A-AT=| (b) A=AT
() A+AT=] (d) AT.A=I

8. If Aisan m < n matrix. Then (Row A") = ________ [a]
(@) NulAT (b) NulA
(c) NulA? (d) None

160
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9.

10.

Aset{u,u, ..,u}isan

set if it is'an orthogonal set of unit vectors.

up} then.

[c]

[c]

() Orthogonal (b) Linearly dependent
(c) Orthonormal (d) None
If {u,, u,, ..., u} is an orthonormal basis and U = {u,, u,,
(@) Projy = Ipx (b) Proj y = UU™X
(c) Proj y=UUy (d) None
(161)
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‘ Fill in the Blanks I

o g M w0 N PR

~

10.

If u is any vector then length of u is

dist (u, v) =

The two vectors u and v are sAid to be orthogonal if ____foru, v € R".
vector is orthogonal to every vector.

If S={u,, u,, .... u } is an orthogonal set of non-zero vectors in R" then S is

Let w be a subspace of a vector space R". If S is an orthogonal set that spans w then S is called as an
for w.

A square matrix U is orthogonal U= =
A is an m > n matrix then (Col A)" =
By orthogonal decomposition theorem, y can be written uniquely in the form

IN QR factorization of matrix A, the upper triangular matrix R.is obtained by the transformation

ANSWERS

Loyl

2. Ju-yv|

3. u.v=20

4. Zero

5. Linearly independent

6. Orthogonal basis

7. U

8. NulAT

9. y=V§ +z

10. Q'A

{ 162 }

Rahul Publications =)



FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination

MODEL PAPER - |

LINEAR ALGEBRA
(MATHEMATICS)

Time : 3 Hours]

[Max. Marks : 80

PART - A (5 x 4 = 20 Marks)

Note : Answer any FIVE of the following questions.

10.
11.

12.

Given v, and v, in a vector space V, let H = span {v,, v,} show that H in a

subspace of V.

3 -4 -2

Letv, = 0], v, = 1 V= 1 | then determine if {v,, Vv, v3} is a
-6 7 5

basis for R®,

2 3
Find the eigen values of A = {3 —6} and compare this result with
eigenvalue of AT
If a 7 < 5 matrix A has rank 2, then find dim null A, dim row A and rank AT.

Show that an n>xn matrix with n distinct eigen values is diagonalizable.

3 -3
Find the complex eigen values of the matrix A = {3 3 }

Define inner product. Write the properties of Inner product.
Find [dist (u, —v)]?

Define vector space.

State Invertible Matrix Theorem

Determine whether the following matrix is diagonalizable or not

5 8 1
A=|0 0 7
0 0 -2

Find [dist (u, —v)]?

ANSWERS

(Unit-l, Q.No.5)

(Unit-1, Q.No.44)

(Unit-1l, Q.No.28)
(Unit-Il, Q.No.4)

(Unit-1ll, Q.No.3)

(Unit-1v, Q.No.26)

(Unit-IV, Q.No.1,2)
(Unit-1IV, Q.No.15)
(Unit-l, Q.No.1)

(Unit-IV, Q.No.2)

(Unit-1ll, Q.No.3)

(Unit-IV, Q.No.15)

g
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PART - B (4 x 15 = 60 Marks)
Note : Answer all the questions.

13. (a) Anindexedset{v,V, ... vp} of two or more vectors with v, # 0 is linearly
dependent if and only if 3 some v, (with j>1) is a linear combination of its

preceding vectors v,, v, .... V- (Unit-1, Q.No.20)
OR
(b) Show that the s = {(1, 0, 0, -1) (0, 1, O, -1), (0, 0, 1, -1) and (0, O, O, 1)}
in R* is linearly independent. (Unit-l, Q.N0.68)
14. (a) State and prove the Rank theorem? (Unit-Il, Q.No.1)
OR
3 0 -1
(b) Prove A =4isaneigenvalueofA=| 2 3 1 |Andfind the
-3 4 5
corresponding Eigen vector and characteristic equation of A. (Unit-Il, Q.N0.36)

15. (a) Determine whether the following matrix is diagonalizable or not,

2 4 3
A=|-4 -6 -3|. (Unit-1ll, Q.No.9)
3 3 1

OR

7 2
(b)y () IfA= {_4 J find a formula for A¥ given that A= PDP-* where

11 50
PZ{_l _2]D= {0 3] (Unit-lll, Q.No.13)

3 -3
(i)  Find the complex eigen values of the matrix A = {3 3 } . (Unit-1ll, Q.No.26)

7 4
16. (a) Find the projection of y = LJ ontou = L} Also write y as the sum of

two orthogonal vectors are in Span {u} and one orthogonal to u. (Unit-1V, Q.No.42)
OR
(b) \Verify the set of vectors are orthogonal.

11513 1{[o]|=®
@|4l|2]]-4 (b) |=2||1]|2 (Unit-IV, Q.No0.29)
3| 1] |-7 1il2yt1
(164 )
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SOLVED MODEL PAPERS

LINEAR ALGEBRA

FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination
MODEL PAPER - 1I
LINEAR ALGEBRA
(MATHEMATICS)

Time : 3 Hours]

[Max. Marks : 80

PART - A (5 x 4 = 20 Marks)

Note : Answer any FIVE of the following questions.

ANSWERS
1. Define vector subspace and give examples. (Unit-l, Q.No.3)
6a-b
2. Ifw =1 @a+b | /a blR¢ then find a matrix A such that w = Col A. (Unit-l, Q.No.27)
—7a
3. If Aisa 7 >< 9 Matrix with a two dimensional Null space,what is the rank of A?  (Unit-ll, Q.No.3)
4. Define Eigen values and Eigen vectors. (Unit-1l, Q.No.18)
5 7 20 )
5. Ifp= s 3'D=1g 1 then compute A%, A*if A = PDP. (Unit-1ll, Q.No.6)
. 4 3 . . -
6. Find eigen vector for A = 3 4 corresponding to eigen value A = 4 + 3i (Unit-1ll, Q.No.25)
7. If V=11, -2, 2, 0] then find a unit vector u in the same direction as v. (Unit-1IV, Q.No.6)
8. If s = {u,, u......u } is an orthogonal set of non-zero vectors in R" then s is
linearly independent. (Unit-1V, Q.No.31)
1 2 4 3
0. Letv, =0 |;v,=|1];v,=|2|andw=|1].
-1 3 6 2
(@) Iswin{v,v,, v,}? How many vectors are in {v,, v,, V.}?
(b) How many vectors are in span {v,, v,, v.} why ?
(c) Iswissubspace spanned by {v,, v,, v.} why ? (Unit-1, Q.No.17)
10. Ifa 7 < 5 matrix A has rank 2, then find dim null A, dim row A and rank AT. (Unit-1l, Q.No.4)
. . . 3 -1} .

11. Diagonalize the matrix A = L 5} if possible. (Unit-1ll, Q.No.11)
12.  Define inner product. (Unit-Iv, Q.No.1)
[ 165 }
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PART - B (4 x 15 = 60 Marks)

Note : Answer all the questions.

13. (a)

(b)

14. (a)

(b)

15. (a)

(b)

16. (a)

(b)

State and prove the spanning set theorem.
Statement:
LetS={v,v,... vp} beasetinvand H=span{v,V,, .. vp}.

(i)  If one of the vectors in Sii.e., v, is a linear combination of the remaining

vectors in S then the set formed from S by reaming v, still spans H.

(i) If H= {0} then some subset of S is a basis for H.

OR
IfthesetB = {1+ t*, t + >, 1 + 2t + t°} is a basis for P, then find the
co-ordinate vector of p(t) = 1 + 4t + 7t relative to B.

5 -2 6 -1
- - - - O 3 _8 -
Find the characteristic equation of A=| , , 5 , |Alsofind
0O 0 0 1
algebraic multiplicity of the eigen values.
OR
1 —4 9 -7
fA=|"1 2 -4 1 |thenfind rank A and dim null'A?
5 —6 10 7

Determine whether the following matrix is diagonalizable or not,

2 4 3
A= |4 -6 3|
3 3 1

OR
If V> Wiis a linear transformation then,
(i) Kernal of T is a subspace of v
(i) Range of T is a subspace of W.
(i) Ifs={u, u,...u }isan orthogonal set of non-zero vectors in
R" then s is linearly independent.

1
(i) Compute the orthogonal projection of {7} onto the line through

-4
{ 5 } and the origin.

OR
21 4
Given set is a basis for a subspaces w =Span - _21

()  Use Gram- schmidt process to produce an orthogonal basis for w.
(i)  Find an orthonormal basis of the subspace spanned by vectors.
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(Unit-1, Q.No.38)

(Unit-l, Q.No.52)

(Unit-1l, Q.No.25)

(Unit-Il, Q.No.5)
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SOLVED MODEL PAPERS

LINEAR ALGEBRA

FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination
MODEL PAPER - 1lI
LINEAR ALGEBRA
(MATHEMATICS)

Time : 3 Hours]

[Max. Marks : 80

PART - A (5 x 4 = 20 Marks)

Note : Answer any FIVE of the following questions.

ANSWERS

1. Let w, is a subspace of V(F) and w, is a subspace of V(F) then w, nw, is also
subspace of V(F). (Unit-1, Q.No.7)
-2 2 -8
2. Verify whether the vectors 1 , -3 and are linearly Indepenent. (Unit-l, Q.No.40)
1 2
16
3. Find eigenvalues for matrix A = 5 2 (Unit-Il, Q.No.29)
4, Colud a 6 x 9 matrix have a two - dimensional Null space? (Unit-Il, Q.No.11)
5. Show that an n>n matrix with n distinct eigen values is diagonalizable. (Unit-lll, Q.No.3)
. g . 3 -1}, .
6. Diagonalize the matrix A = L 5 } if possible. (Unit-Nll, Q.No.11)
7. Define orthogonal sets. (Unit-1v, Q.No.27)
7 4
8. Find the projection of y = 5 ontou = 5 Also write y as the sum of two
orthogonal vectors are in Span {u} and one orthogonal to u. (Unit-1V, Q.No.42)
9. Define Basis (Unit-l, Q.N0.39)
10. If Ais the eigen value of a matrix A then show that X is also the eigen value
of the matrix A. (Unit-1l, Q.No.22)
11. Define Diagonalization. (Unit-1ll, Q.No.1)
0 -4
12. Find the distance between the vectoru= |-5| andv = -3 in R, (Unit-1Iv, Q.No.14)
2 8
{ 167 )
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B.Sc.

I YEAR V SEMESTER

PART - B (4 x 15 = 60 Marks)

Note : Answer all the questions.

13. (a)

(b)

14. (a)

(b)

15. (a)

(b)

16. (a)

(b)

1 2 4 8
—10 — |1 _|2 _ |4 :
LetV, = vV, = , V= , W= Is w in the subspace
-1 3 6 7

spanned by {v,, v,, v.}? Why ?

OR
Find a spanning set for the null space of the matrix,
-3 6 -1 1-7
A=|1 -2 2 3-1
2 -4 5 8-4
4 -1 6
Find the eigen values and eigen vectorsof A= | 2 1 6
2 -1 8

OR

(Unit-1, Q.No0.13)

(Unit-1, Q.No.31)

(Unit-1l, Q.No.24)

(i) Showthat. If v, v, ....v_are eigen vectors that correspond to distinct

eigen values 1., A, ....A_of an n>xn matrix A, then the set
[V,.V, ....v] is linearly Independent.

. 1 . 1 -1 : .
@ s L} an eigenvector of { 6 _4} ? If so, find the corresponding

eigenvalue
1 3 3
Diagonalize the matrix A= | 3 _5 _3| if possible.
3 3 1
OR

Solve the initial value problem X*(t) = AX(t) for t=0 with X(0) = (3, 2).

Classify the nature of the origin as an attractor, repeller, or saddle point
of the dyna-mical system described by X' =AX. Find the direction of
greatest attraction and /or regulation.

Show that {u,, u,, u,} is an orthogonal set where

3 -1 -1/2
u=1[1u={2}u=| -2
1 1 712

OR

State and prove the orthogonal decomposition theorem.

(Unit-1l, Q.No.20)

(Unit-1l, Q.No.26)

(Unit-lll, Q.No.12)

(Unit-lll, Q.No.24)

(Unit-1v, Q.No.28)

(Unit-1V, Q.No.47)
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FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination

July - 2021

LINEAR ALGEBRA
(MATHEMATICS)

Time : 2 Hours] [Max. Marks : 60

PART - A - (4 x 5 = 20 Marks)

ANSWERS
Note : Answer any Four questions.
1. Prove that intersection of a subspace is again a subspace. (Unit-1, Q.No.7)
3 2 4 -2 1
2. Determineifv=| 1|isincol A, whereA= |2 5 7 3| (Unit-l, Q.N0.29)
3 3 7 -8 6
3 -4 -2
3. Determine if {v , v,, v.} is basis for R®, where v, = 0 v, = 1 V= 1 (Unit-l, Q.No.44)
6 7
4. Let B={b,,b,} and C = {c , c,} be bases for a vector space V and
suppose b, = 6¢,= 2c, and-b, = 9¢c, - 4c,. Then find change of coordinate
matrix B to C. (Unit-Il, Q.No.17)
. . : 3 3
5. Find the complex Eigen values of the matrix A = 3 3| (Unit-lll, Q.No.26)
5 7 20
6. Compute A* where P= 2 3 D= 0 1 and A = PDP. (Unit-lll, Q.No.6)
2 -7
7. Compute llu+vllwhereu= | 5|, v=|—4|. (Unit-1v, Q.No.23)
-1 6
—6
8.  Find a unit vector in the direction of v =| 4 (Unit-IV, Q.No.10)
-3
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B.Sc. I YEAR V SEMESTER

PART - B - (5 %< 8 = 40 Marks)
Note : Answer any Two Questions.
9. Define Null space and find spanning set for the Null space of given matrix.

3 6 -1 1 -7
A=|1 -2 2 3 -1 (Unit-l, Q.No.31)
2 -4 5 8 -4
10. If a vector space V has a basis B={b,, b,, ...b_} then show that any
setin V containing more than n vectors must be linear dependent. (Unit-1, Q.No.57)

11. State and prove that Rank theorem. Also find rank A, where

1 4 9 -7
A=|-1 2 -4 1 (Unit-Il, Q.No.5)
5 -6 10 7
3 0 -1
12. Prove A =4isanEigenvalueof A=| 2 3 1 | and find
-3 4 5
the corresponding Eigen vector and characteristic equation of A. (Unit-Il, Q.No.36)
311
13. Diagonalize A= |1 3 1| if possible. (Unit-lll, Q.No.5)
11 3

1
14. (i) Find the orthogonal projection of {7} onto the line through

-4
{ 2} and the origin. (Unit-1v, Q.No.43)

(i) Determine if the set {u, v, w} is orthogonal set.

-1 5 3
Given u= 4 , V= 2 , W= —4 (Unit-1V, Q.No.29)
-3 1 -7
{ 170 }
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SOLVED PREVIOUS QUESTION PAPERS LINEAR ALGEBRA

FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination

November / December - 2019

LINEAR ALGEBRA
(MATHEMATICS)

Time : 3 Hours] [Max. Marks : 60

PART - A (5 x 3 = 15 Marks)

(Short Answer Type)

Note : Answer any FIVE of the following questions.

ANSWERS
1. Define null space of a matrix. (Unit-l, Q.N0.26)
6a—b
2. Find a matrix A such that W = Col A. Where W = §| a+b; a,b € R (Unit-1, Q.No.27)
—T7a
. . . 2 3

3. Find the eigen values of the matrix A= 3 6 (Unit-1l, Q.No.28)
5 2 6 -1
o . . 0 3 -8 0

4, Find the characteristics equation of the matrix A = 0 0 5 (Unit-1l, Q.No.31)
0O 0 0 1

7 2
5. IfA= { } , find a formula for A* given that A = PDP-!

-4 1
11 50

where P = ) ,D= 0 3 (Unit-1ll, Q.No.13)

6. Define orthogonal set. (Unit-IV, Q.No0.27)

7. Define vector subspace with an example. (Unit-1, Q.No.3)

8. Find [dist(u, -v)]* (Unit-1V, Q.No.15)
{171 )
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B.Sc. I YEAR V SEMESTER

PART - B (3 x 15 = 45 Marks)
[Essay Answer Type]

Note : Answer all from the following questions.

9. (@) LetM,, be the vector space of all 2 < 2 matrices and define

a b
by T(A) = A+ ATwhere A = L d]

T M_,->M,_,
Show that T is a linear transformation. (Unit-1, Q.No.35)
OR
a—3b+6¢c
6a+4d |
b) Find the dimension of the subspace H = ra,b,c,d e Ry (Unit, Q.N0.61)
b-2c-d
5d

10. (a) Showthatifv,v,, ..... v_are eigen vectors that correspond to distinct

eigeni, A, ..... A, of an n < nmatrix A then the set (vl, s B 0 v)is

linearly independent. (Unit-Il, Q.No.20)
OR
1 2 2
(b) Is A = 3 an eigenvalue of 3 -2 1| |fsofind the one corresponding
0O 11
eigen vector. (Unit-Il, Q.No.32)
1 3 3
11. (a) Diagonalize the matrix A= |-3 -5 -3 if possible. (Unit-lll, Q.No.12)
3 3 1
OR

7 4
(b) Lety= {6} andu = L} Find the orthogonal projection of y onto u.

Then write y as the sum of two orthogonal vectors, one in span {u} and

other one orthogonal to u. (Unit-IV, Q.No0.42)

§
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SOLVED PREVIOUS QUESTION PAPERS LINEAR ALGEBRA

FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination

June / July - 2019

LINEAR ALGEBRA
(MATHEMATICS)

Time : 3 Hours] [Max. Marks : 60

PART - A (5 x 3 = 15 Marks)
(Short Answer Type)

Note : Answer any FIVE of the following questions.

ANSWERS
1. Give V, and V, in a vector space V and let H = span {V, V_}. Show that
H is a subspace of V. (Unit-I, Q.No.35)
272 -8
2. Verify whether the vector -1 , -3 and 5 are linearly independent. (Unit-1, Q.No.40)
1 2
-9 -5 1 3
3. Letb,=| 4 |.b,=|_1]:¢,=|_4| ¢ = |_g| and consider the bases
for R? given by B.= [b,, b,] and {{c,, c,}. Find the change of coordinates
matrix from 3 to . (Unit-l, Q.No.14)
4. Find the characteristics polynomial and the real eigen values of the matrix.
-4 -1
A= 6 1 (Unit-Il, Q.No.23)
5. Prove that an n > n matrix with n distinct eigen values in diagonalizable. (Unit-1ll, Q.No.3)
6. Write the properties of inner products of vectors in R". Also find the norm
of the vector (1, -2, 2, 0). (Unit-IV, Q.No.2,4)
7. Justify that can be 6> 9 matrix have a two dimensional null space. (Unit-1V, Q.No.11)
8. Thesetb = {1+ t, 1+ t?, 1 + t°} is a basis for P,. Find the coordinate
vector of P(t) = 6 + 3t — t? relative to p. (Unit-I, Q.No.53)
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B.Sc.

I YEAR V SEMESTER

PART - B (3 x 15 = 45 Marks)
[Essay Answer Type]

Note : Answer all from the following questions.

9. (@

(b)

10. (a)

(b)

11. (a)

(b)

(i) State and prove the spanning set theorem.

1 0 S
(i) Suppose V, = 0 Vv, = 1 and H = S| /R where SeR
0 0 0

Thenis {V,, V_} a basis for H?

(i) State and prove the Rank theorem.
(i)  Find the base for the row space of the matrix.

-2 -5 8 0 -17

1 3 51 5

3 11 -19 7 1

1 7 -13 5 -3
4 01
(i)  Findthe eigen valuesof A=|-2 1 0
-2 0 1

(i)  Prove that the eigen values of a triangular matrix are its
diagonal elements.

OR
Find the characteristics.equation of
5 -2 6 -1
A= 0 3 -8 O
|0 0 5 4
0 0 0 1

also find algebraic multiplicity of the eigen values.

2 4 3
Diagonalize the matrix, if possible. | -4 -6 -3

3 3 1

OR

(i) 1¥S={u,u, ... u}isanorthogonal set of non zero vectors in
R", then prove that S is linearly independent.
(i)  Verify whether the set of vectors.

1 0 -5

2| 11| and| 2| are orthogonal.

1 2 1
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(Unit-I, Q.No.38)

(Unit-1, Q.No.45)

(Unit-Il, Q.No.1)

(Unit-Il, Q.No.8)

(Unit-1l, Q.No.33)

(Unit-1l, Q.No.19)

(Unit-1l, Q.No.25)

(Unit-1ll, Q.No.9)

(Unit-1v, Q.No.31)

(Unit-1v, Q.No.29)
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SOLVED PREVIOUS QUESTION PAPERS LINEAR ALGEBRA

FACULTY OF SCIENCE
B.Sc. lll Year V-Semester(CBCS) Examination

November / December - 2018
LINEAR ALGEBRA

(MATHEMATICS)

Time : 3 Hours] [Max. Marks : 60
PART - A (5 x 3 = 15 Marks)
(Short Answer Type)
Note : Answer any FIVE of the following questions.
ANSWERS
1. Let H be the set of all vectors of the form (a - 3b, b — a, a, b), where aand b
are arbitrary scalars. Show that H is a subspace of R*. (Unit-I, Q.No.10)
3 —4 -2
_10 _ |1 _ |1 s
2. Suppose V, = VvV, = and V, = are three vectors in R3.
— 7 5
Then that {V,, V,, V,} is a basis for R®. (Unit-l, Q.No.44)
1 -2 -7 =5
3. Letb, =| 3].0b,=| 4 |.¢,=| g+:C = 7 | and consider the bases
for R? given by B = [b,, b,] and {{c,, c,}. Find the change of coordinates
matrix from B to . (Unit-Il, Q.No.9)
2 3
4. Find the eigne value of A = 3 6 and compare this result with eigen
value of AT (Unit-Il, Q.No.28)
Prove that an n > n matrix with n distinct eigen values in diagnalizable. (Unit-lll, Q.No.3)
6. Define an inner product between two vectors and write the properties of
inner product. (Unit-IV, Q.No.1,2)
2 -1 1 -6 8
. . 1 -2 -4 3 =2 . .
7. Given a matrix A = then rank of A and dir. Null A. (Unit-Il, Q.No.6)
-7 8 10 3 -10
4 5 -7 0 4
2 -1 4
8. Letb, = 1l b, = 1 [ X= |5 and = [b,, b,] then find the coordinate
vector [x], of x relative to . (Unit-l, Q.No.54)
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B.Sc. I YEAR V SEMESTER

PART - B (3 x 15 = 45 Marks)
[Essay Answer Type]
Note : Answer all from the following questions.
9. (@ () Provethataset{v,v,, ..., vp} of two or more vectors with v, = o,

is linearly dependent if and only if some \Z (with j > 1) is a linear

combination of the preceding vectors v,, v, ..., v,. (Unit-l, Q.No.37)
(i) Show that the set S = {(1, 0, 0, -1) (0, 1, 0, -1) (0, O, 1, -1) and
(0, 0,0, 1)} in R, is linearly independent. (Unit-l, Q.N0.68)
OR
(b) (i) State and prove the spanning set theorem. (Unit-I, Q.No.38)
(i) If a vector space V has a basis of n vectors then prove that every
basis of V must consist of exactly n vectors. (Unit-1, Q.No.58)
4 -1 6
10. (a) (i) Find the eigen values and eigen vectorsof A= |2 1 6}, (Unit-Il, Q.No.24)
2 -1 8

(i) Prove that the eigen values of a triangular matrix and its diagonal
elements. (Unit-Il, Q.No.19)
(b) Define the term
(i) Rank of matrix

(i)  Eigen values and Eigen vectors of matrix (Unit-Il, Q.No.18)
5 2 6 -1
= - N 0 3-8 0
(iii) ©_Find the characteristic equation if A= |, o £ , (Unit-1l, Q.No.31)
0O 0 0 1
1 3 3
11. (a) Diagonalize the matrix, if possible A= |—-3 -5 -3 (Unit-Ill, Q.No.12)
3 3 1

OR
(b) (i) Show thatthe set {u,, u,, u,} is an orthogonal set, where

_1
3 -1 /2
2 2 .
u= ,u = and u, = (Unit-1IV, Q.No.28)

S A | 7

(i) 1¥S={u, u, .. u}isanorthogonal set of non-zero vectors

is R", then prove that S is linearly independent. (Unit-IV, Q.No.31)
{ 176 }
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