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Important Questions

UNIT - |

f — 2 —1y 2 —15. O h azu — X2-y2
1. If u=x*tan <Y - tan y,xy;e . prove that Xy x2+y?
Ans :

Refer Unit-1, Page No. 3, Q.No. 6.

1 82u 2 2
2. fu=——=:x2+y2+2%0 showthat—2+a—u+a—u=0.
X% +y? + 72 2 oy a?

Ans :

Refer Unit-1, Page No. 4, Q.No. 7.

h h 0% | 1
XyY 7z = = = = - -

3. If x*yYz2=C Show thatx =y Zaxay (X log, x)
Ans ;

Refer Unit-1, Page No. 6, Q.No. 9.
4.  State and prove Euler’s theorem on homogeneous functions.
Ans :

Refer Unit-1, Page No. 9, Q.No. 13.

x3+Y?3

5. Ifu=tan? xy | X # y, then show that,

i Xa—u + ya_u =sin2

0] o oy =sin 2u

2 2 2
i) x4y 8 y20U (1 4 ginzu) sin2u.
ox oxoy oy

Ans :

Refer Unit-l, Page No. 11, Q.No. 14.
6. Verify Euler’s theorem for

(i) z = ax?+ 2hxy + by?

. X y

(if) z=sin-1 y + tan-1 <)
Ans :

Refer Unit-1, Page No. 14, Q.No. 16.

J
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UNIT -1l

1. State and prove Theorem on Total Differentials.State and prove Theorem on Total
Differentials.

Ans :
Refer Unit-1l, Page No. 23, Q.No. 1.

Xy o°u 1

2. Ifu=tan™® { > 5 ] Then Show that = :
’ ax 3
V1+X°+y oy (1+x2+y2)/2

Ans :
Refer Unit-1l, Page No. 31, Q.No. 10.

3. Write Working Rule to find the maximum or minimum value of f(x,y).

Ans :
Refer Unit-1l, Page No. 34, Q.No. 14.

4. Discuss the maximum or minimum value of u, when u = x® + y3 — 3axy.

Ans :
Refer Unit-1l, Page No. 35, Q.No. 16.

5. Explain Lagrange’s method of undermined multipliers.

AnS :
Refer Unit-1l, Page No. 42, Q.No. 22.

6. Discuss the maxima and minima of the function u = sin x sin y sin z, where x, y, z are the
angles of a triangle

AnS :
Refer Unit-1l, Page No. 46, Q.No. 25.

UNIT - 1l

1. Explain the concept of Linear Equations in Linear Algebra.

Ans :
Refer Unit-1ll, Page No. 57, Q.No. 1.

2. What is system of linear equation and explain briefly ?

Ans :
Refer Unit-1ll, Page No. 58, Q.No. 3.

— 'l vV ',
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3.  What is homogeneous system of linear equations and explain it cases ?
Ans :
Refer Unit-1ll, Page No. 59, Q.No. 4.
4. Find the system of Linear equation,
2X+4y-3z=4
3y+4x+5z2=2
4z +4x+ 3y =1
Ans :
Refer Unit-1ll, Page No. 65, Q.No. 12.
5.  Find the system of line or equation
2X+y+z=2
4 +y+ =6
OX+2y+z2=2
Ans :
Refer Unit-1ll, Page No. 68, Q.No. 13.
6. What is linear independent and explain with example?
Ans :
Refer Unit-1ll, Page No. 78, Q.No. 25.
7. What is linear dependent and explain with example
Ans :
Refer Unit-1ll, Page No. 80, Q.No. 26.
8. What are the Characteristics of Linearly Dependent ?
Ans :
Refer Unit-1ll, Page No. 81, Q.No. 27.
9. Determining Linear Dependence Using the Determinant Method
2x+y-z=5 .. (1)
A4x-3y+2z2=1 ...(2
X+2y-z=3 .. (3)
Ans :

Refer Unit-1ll, Page No. 81, Q.No. 28.

§
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UNIT - IV
1.  The union of two subspaces is again subspaces < H, S H, (or) H,<H..
Ans :
Refer Unit-1V, Page No. 92, Q.No. 7.
2. Let H be the set of all vectors of the from (a- 3b, b-a, a, b) where a and b are arbitrary
scalars let H = {(a-3b, b-a, a, b)}; a, b in R. Show that H is a subspace of R*.
Ans :
Refer Unit-1V, Page No. 93, Q.No. 8.
3. Show that wis in the subspace of R* spanned by v1, v2, v3 where,
-9 [ 7]
7 -4
W= v, =
4 | 21!
8 | 9 ]
-4 -9
5 4
V2=l V2T 4
-7 =7 |
Ans :
Refer Unit-1V, Page No. 95, Q.No. 11.
4. Find the characteristic polynomial and the real eigen values of the matrix
a4 L
6 1
Ans :
Refer Unit-1V, Page No. 101, Q.No. 21.
5. Find the characteristic polynomial and the eigen values of the matrices
27 |3 =2
(1) 7 2 (i) 1 -1
|5 3 7 -2
(iii) | _4 4 (iv) | o 3
Ans :

Refer Unit-1V, Page No. 105, Q.No. 23.

Rahul Publications
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5 2 6 -1
. L . . 0O 3 80
6. Find the characteristic equation of the matrix A =
O 0 5 4
0O 0 0 1
Ans :
Refer Unit-1V, Page No. 109, Q.No. 30.
1 2 2
7. Is1=3an eigenvalue of | 3 -2 1 |ifso find the one corresponding eigen vector.
0O 1 1
Ans :
Refer Unit-1V, Page No. 110, Q.No. 31.
UNIT -V
1. State and prove the diagonalization theorem.
Ans :
Refer Unit-V, Page No. 119, Q.No. 2.
1 3 3
2. Diagonalize the matrix A= |-3 -5 -3/ if possible.
3 3 1
Ans :
Refer Unit-V, Page No. 123, Q.No. 9.
3. Find formulas for the voltages v, and v, (as functions of time t) for the circuit shown
1 1
below, assuming that R, =3z Ohm, R, = 3 ohm, C, = 4 farads, C, = 3 farads and the
Initial charge on each capacitor is 4 volts.
AN
Rl
T
LAY
Cl
RZ
1C g
1\
Cy
Ans :

Refer Unit-V, Page No. 125, Q.No. 10.

]
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Construct the general solution of X' = AX involving complex eigen functions and then
obtain the general real solution. Describe the shape of typical trajectories.

-3 -9
(i) A:{Z 3}

4 -3
(ii) A:L.) _2}

AnS :

Refer Unit-V, Page No. 130, Q.No. 12.

5.  Make a change of variable that decouples the equation X' = AX write the equation X(t) =

Py(t) and show the calculate that leads tot he uncoupled system Y' = DY, specifying P
1 -2

and Dwhere A= |, _,|.

Ans :
Refer Unit-V, Page No. 133, Q.No. 13.

6. A particle moving in a planar force field has a position vector X that satisfies X* = AX.

-3
The 2 x 2 matrix A has eigen value 4 and 2 with corresponding eigen vectors v, = { 1 }
-1 - _ -6

andv, = | ; |.Find the position of the particle at time t, assuming that X(0) = | ; |.

Ans :

Refer Unit-V, Page No. 136, Q.No. 14.

J
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1.1.1 Introduction

Q1. Define Partial Differentiation.
Ans :

The process of determining the partial
derivatives of a function of more than one
independent variables is knows as partial

differentaiaion. It is denoted by symbols like P
0 o0 0

5, g, a etc.

1.1.2 Functions of Two Variables

Q2. Explain Functions of Two Variables.

AnS :

A function which contains more than one
variable is called function of several variables.

Function of Two Variables

A function which contains two variables is
called function of two variables.

It is of the form,
z =1(x, y)
Example
Z=x*+y?
Function of Three Variables

A function which has three variables is called
function of three variables.

It is of the form,
v ="(x,y, 2)

i YH
ins Partial Differentiation: Introduction - Functions of two variables - Neighborhood [
ins UNIT | ofapoint (a, b) - Continuity of a Function of two variables, Continuity at a ie
ing I point - Limit of a Function of two variables - Partial Derivatives - Homogeneous
ins Functions. ias
e R R aaaRERaan R ERRRRRERRn AN NRRREEERRRn AR RRREEE
1.1 PaARTIAL DIFFERENTIATION I Example

vV = X2+y2+22

1.1.3 Neighborhood of a Point (a, b)

Q3. Write a short notes on Neighborhood of
a Point (a, b)

AnS :

Let- & repredents a positive number i.e.,
3> 0.

The point (X, y) for which
a-0< X< a-+d,
b-6<y<hb+35

Determine a square which is bounded by the
lines,

X=a-29
X=a+3d
X=b-35
X=b+35

Its centre is located at the point (a, b) as shown
in figure.

Y
A
y=b+d
2] 0
| +
|“|3 P(a, b) =
« 2
y=b-90
5 > X

1 J
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Neighbourhood of a Point (a, b)
From the figure, the square is termed as neighbourhood of the point (a, b)
Hence, the set
{(x,y):a-d<x<a+4,b-6< y<b+3d}

is called as the neighbourhood of the point (a, b)

1.1.4 Continuity of a Function of Two Variables, Continuity at a Point

Q4. Explain Continuity of a Function of Two Variables.
Ans :

A function f(x, y) is said to be continuous at (a, b) i.e., x = a, y = b, if a positive number § exists
such that,

If(x,y)—f(a,b)| < eV(x,y)
Where,
€ — Any preassigned positive number (small)
f(x, y) lies between f(a, b) — e and f(a, b) + ¢
If points lie on y = b then
f(x) = f(x, b)

If(x,b)—f(a,b)| <

= [fx)-fab)l<e

Hence continuous function of two variables is also a continuous function of each variable separately.

1.1.5 Limit of a Function of Two Variables

Q5. Explain Limit of a Function of two variables

AnS :

The limit of a function f(x, y) can be defind as ‘I’ as x tends to a and y tends to b, such that for a
small preassigned positived number ¢ there exists a corresponding positive number 6.

Where,
[f(x,y)—1| < e¥(x,y) such that

a-8<x<a+d;b-§<y<hb+35

ie., {X,y):xela-d8,a+3dl,ye[b-8b+¢]} ~ (ab)
f is continuous at (a, b), if

lim f(x, y) = f(a, b) as (x, y) —> (a, b)

Then for continuity at (a, b),

lim f(a,+h, b+k)=f(a, b) as (h, k) - (0, 0)

{ 2 |
Rahul Publications =
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6 1t umsetany v tantl weo hap DU X2y
. u = x-tan <Y —tan y,xy;e . prove that oxoy — x2+y?
Sol : (Imp.)
. y X
Given thatu = x? tan™* =-y2tan™?
X y
Partially Diff w.r.to y. Then we have
ou = xz(;~l—2ytan‘lé+y2 1 x
2y y 2 x y W2 y2
l+( j l+(j
X y
2 4
X.X 1 y X
= —2ytan ~—+ —
x2 +y? Yy yZ4+x?y?
3 2
X 1 X Xy
= —2ytan " —+
x2 +y? y y?+x?
2 2)
X[X“ +y X
T 2y YRy
ou X

5 =X -2y tan? ;

Partially differentiate with respect to x.
0 (-0u 2
—(—j L ou 0, oytantX
ox\ oy oxoy — OX y

1
=12y ———

g
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1 o°u  Pu  Pu
7 Ifu= :X*+y?*+z20 showthat — + — + —=0.
Sol (Imp.)
u = (x2+y2+zz)_%
ou
= - %(szrszrzz)/2 2x
=—X (x2+y2+zz)_/2
o(ou) _
ox | ox ox2
3
_ %(_x(xayaf) ]
g 3 -~
=- (x*+y?+2?) %4 zx(x2+y2+22) A(Zx)
=- (x2+y2+zz)_%+3x2 (x2+y2+22)_/2 ..(1)
ou -1 -
y = 7(x2+y2+22)% 2y
2N (X2+y2+22)_/2
=5
2 oy\oy
2. 2. 2\
=% —y(x +y% 4z )
_ 2 2 2y ﬂ 2 2, 2\t
=- (X’ +y*+2%) 7+ 5 (x*+y?+2°)2 2y
=— (X’ +y*+z )_% + 3y2 (x2+y2+zz)_/2 ...... (2)
ou 1 -
> = —E(x2+y2+zz)% -2z
=-z (x2+y2+22)_%

g
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oz o2 oz

O

= (x2+y2+22)_% + 3, (x2+zz+y2)_% 2z

2
=-(x*-y? +Zz)_% + 322 (x* +y? +Zz)_/2 ..... (3)
Adding (1) & (2) & (3)
2 2, 2 . _ _ -5
%+%+% =- (x2+y2+zz)% + 3x2 (x2+y2+22)% - (x2+y2+zz)% + 3y? (X2+yz+22)/2
- (x*+y? +zz)_%+ 322 (X% +y? +Zz)_/2
=-3(x*+y’ +zz)_% + 30+ Y+ 2) (X +y° +Zz)_/2
=—3(x2+y2+22)_% + 3(x2+y2+22)_%
2 2, 2,
a o oY 9
8. If u=Ilog (x®+ y* +z° - 3xyz) show that 6_+_+6_ u=-— 5
x oy 0z (x+y+72)
Sol :
We have u = log (x® + y* + z° — 3xyz)
ou 1 ,
ox Tox¥+yd 4% - 3xyz (3x° - 3y2)
& 1 2
oy ~ x3+y3+23-3xyz 3y* -3
au 1 ,
- = 3z2 - 3zy

a2~ x3+y3+8-3xyz

au  ou  ou  3x?-3yz+3y%-3xz+3z%°-3xy
ox oy o1 x3+y3 +2% —3xyz

2—xy—yz—zx)

x3 +y3 +72° — 3xyz

3(x2 +y2 +2

= 3(X2+y?+ 22— Xy - yz—12X)
3
TOX+y+z

{ 5 |
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o o oV 8 o o)eu au 6uj
—t—t— | u=|tt= || =ttt =
oX oy oz oX oy oz){ox oy oz

o o0 0 3
| —+=—+=
OX oy Oz)\X+y+1z
i[ 3 j o 3 o 3
= + — + =
OX\X+y+1z oy\x+y+z) az\x+y+z
3 3 3

(x+y+z)2 (x+y+z)2 (x+y+z)2

9. If x*yYz2=C Showthatx =y =z = - (x log, x)™*

oxoy

Sol :
Giventhat x*y 2=C
Taking Log on both sides
We have, log (x*y¥z%) —log C
log x* + log y¥ + log 22 = log C
xlogx+ylogy +zlogz=IlogC
Differentiate partially with respect to x weget

Xi 1.1 Z£+1I g—0
-X+ . log x +( Z 'OQZ)ax_

oz
1 + logx + (1+ log Z)a_x: 0

oz
(1 + log 2) a_x__[l + log X]

o2 (1+log x)

ox (1+log z)

Differentiate partially with respect to ‘y’ we get

1 0z
Yy-— + 1. Iogy+z.l+ l.logz — =0
y z oy

0z
l+|ogy+(1+|ogz)5=0

(Imp.)

{ 6 }
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oz —(1+logy)

oy 1+logz
=
oxoy  Ox\oy
1+logx 1la

- (1+Iogz)2 zoy

B (1+Iogx).£(1+logy)
(1+logz)® z (1+logz)

(1+1log x)2

1
(1+log x)3 X

_ 1
X(1+logx)

0%z 1

= - = - (xlogex) "

oxoy xlogex

Sincex=y=1z

10. Hu=3(x+my+nz)?-(x2+y2+2z22) &P+ m2+n2=1

Show that — +

Sol :

o2u  0°u +62u
ox2. oy? 822

u =-3(Ix + my + nz)?2 - (x2 + y2 + %)

a—U—GI + + -2
x (IX + my + nz) | - 2x
o%u
EIGI.I—Z
=61-2
w 6(I ) 2
— = 6(x+my+nz)m-
ay y y
= 6m (IXx + my + nz) - 2y
ou?
y=6m.m—2

= 6m?>-2

§
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g—: = 6(Ix +my + nz) n — 2z
= 6n (Ix + my + nz) -2z
o%u
82_2 = 6n2-2
o%u 2

o%u _ 0°u
ox2 y+az—2=6lz—2+6m2—2+6n2—2

= 6+ 6m*+ 6n*-6
6[P+m?+n?-6
= 6(1)-6

u  9%u  u
oX oy oz

I 1.2 HoMOGENEOUS FUNCTIONS

Q11. Define Homogenous function with example.

AnS :

If the sum of indices of different variables contained in each term of an algebraic expression be n, it
is called a homogenous function of degree n.

Let u = f(x, y) be a function of x and y. If this sum of the power of x and y in each term of f(x, y)
be equal, then f(x, y) is called homogenous function.

Eg. x? + y*+ 3x2 y is homogenous functio of order 3.

— x* + y* + 4x% y? is homogenous function of 4th orders.
Consider the function

f(x,y) =a,x"+a x"'y+a, X"y + ... +a _ xy™+a y .. @

We see that the expression f(x,y) is polynomial in (x,y) such that the degree of each of the terms
is the same f is called a homogenous function of degree n.

> Anexpression in (X,y) is homogenous of degree n, if it is expressible as
X" f (y/x)

»  The polynomial function (1) which can be rewritten as

2 n
y y y
x"ay+a,=+a| = | +...... +a,.| <
[O lX Z(Xj n(xj}

is @ homogenous expression of order n

{ 8 }
Rahul Publications —
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12. Find the degree of given Homogenous function for f(x,y) = x" sin (y/x).

Sol :
Given that
f(x,y) = Xx"sin (y/x)

) = (VY +¥x) y+x)

The degree of the expression x" sin (y/x) is n

NS

The degree of the expression
Y+ X
x[l+

_%l+%
X W

-1
So, that it is of degree >

13. State and prove Euler’s theorem for a homogeneous functions.
(OR)
State and prove Euler’s theorem on homogeneous functions.
(OR)
If Z = f(x, y) be a homogeneous function of x, y of degree n then show that,

ou ou
X o +y 5 =nz v X, Y e the domain of the function.

Sol : (Imp.)
Statement
If z = f(x, y) is a homogeneous function in x and y of degree n then,

oz oz

X x +vy 5 =nz v X, Y e domain of the function.
Proof
Let, z = f(x, y) be a homogeneous function in x and y of degree n. Then it can be expressed as,
nel Y
— X"fl £
el y

{ 9 }
| Rahul Publications
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Partially differentiating equation (1) with respect to X,
a_ ni{f(xj}rf[xji[x”]
ox X ax X ) X
oz (Y)O(Y Y | qyn-t
S ' 2= = |[+f| < |nx
- S G
oz (Y 0 -y y n-1
=y ' = = [+f| < |nx
- S Gl

foz4 y n-26:( Y
= 8_X_nxnlf[Xj yx" (;J . (2)

Multiplying equation (2) by x on both sides,

62 y n-2¢1 y
o nt f| = |—yxx"*f'| =
e R+

(32 y n-1g: y
= Xz =nx f(xj yx f(;j ...(3)

Partially differentiating equation (1) with respecttoy,
oz 0 (yj
— e —|f| L
oy oy | \x

Jals)

oy X

o LY

= ax - C x)

2
- é:xn-l f[%} ...(4)

Multiplying by y on both sides of equation (4),

oz o y
Yoy =YX X

Adding equations (3) and (5),

62 62 n-1 g1 y n-1 g1 y n-1¢1 y
X—+Yy—=nXx""f'| Z |—yx""f'| < [+yx""f'| =
ox Yoy [xJ Y (xJ Y (xJ

= _—X”f[

><|<

X | =

g
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oz oz .
= X__—ty_—=nz [-- From equation (1)]

ox "oy

0z Q_

oX yay

nz

14.

Sol :

()

x*+Y?
Ifu=tan*{ x-y ),X #y,thenshow that,

L ou ou .
() Xa_x + YE =sin 2u

ou 2 %u

oxoy oyt

o%u
(ii) Xzyﬂxy = (1 - 4 sin?u) sin2u.

Given that,

. x> +y? . x> +y°
u= tan X—y or tan X+y X#Yy

x> +y°
X=y

= tanu=(

x®+y®
Let,tanu=1f where, f= X—y

The degree of this homogeneous function is obtained as,

33 3,,3 3/y3 3 3 3 3 3
K'x"+Ky" _ K(X"+y ):kg,1 XY e[ XAy —
kx — ky k(x-y) X—y X—y

f(kx, ky) =

Degree is 2.
According to Euler’s theorem,

8_f+ ﬁ—2f
Ty T
Since,
f = tanu

of
= — =sec’u
ou

Condier

o
ox '’

(Imp.)

g
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of ot
oy ou oy
—ZSGCZU.a—u
oy

Substituting equations (2) and (3) in equation (1),

X secZua—u +y secZua—u
X oy ) = 2(tan u)

LI
sec2u. “ox )= 2tna u
NI !
x oy —2tanu.seczu
2sinu . .
cosu C0S2 U = 2 sinu. cos U = sin 2u.
ou ou )
X-a—xﬂl-g = sin2u
- ) N flu) 2tanu
(i)  Since, g(u) = _f'(u) sec?u
g(u) = sin 2u

And g'(u) -1 =2cos2u-1
From Euler’s theorem,

o°u o°u L, 0%
>+ 2Xy ——+Y 5
oX oXoy oy

= g(u)(@'(u) -1)
= sin2u(2 cos2u -1) = 2 sin2u.cos2u - sin2u

X2

= sin2(2u) - sin2u = sindu - sin2u

o%u o°u o’u . .
X% ——+ 2Xy. +y?—— =sin4u—sin2u = qj - ai
o y oxdy y 8y2 sindu - sin2u

=sin 2u (2(cos? K - sin?p )- 1)

= sin 2u (2cos?p - sinp - 1)
=sin 2u (2 - 2sin*u - 2sin?p - 1)
= sin 2u(1- 4sin? p)

X20° & ’u
ax2“+ 2Xyax<;ty+y25,:L T @ - dsinh ),

{ 12 |
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X4 +y4 ’ Xa_u+ya_u
15. Ifu=log Xty | show by Euler’s theorem that x Yoy = 3.
Sol :
Given,
x*+y?
u = log X1y
L x*+y?
= TOX+y
X4+ 4
Let,z = Y
X+y
(k)" +(ky)' K (xP=y* ) o T4y .
Degree of z = kx+ Ky K| x+y X1y =kie
z is a homogeneous function of degree 3
From Euler’s theorem,
xg+ Q—3z
o Y-ay— (1)
Here,
z=¢"
& _ 3
= 5,
o erou_
OX ou " Ox OX
a_ ,
x ¢ ox ..(2)
a_aa_ @
oy ey "oy
a_ ;
oy = el oy ..(3)
Substituting equations (2) and (3) in equation(1),
e" u e“a—u
x| &5 ) +y[®5y ) =36
Ry B
= € x 2 oy) = 3e

g

Rahul Publications



BCA Il YEAR Il SEMESTER

u
= X'ax+y'6y_3
ou au

X'ax+y'6y_3

16. Verify Euler’s theorem for
(i) z=ax?+ 2hxy + by?

(i) z=sin-1 [ij + tan-1 [%}

Sol : (Imp.)
(i) z=ax?+ 2hxy + by?
Given function is,
z = ax? + 2hxy +by?
Let,
z =1(x, y)
= ax? + 2hxy + by?
Degree of homogeneous function is obtained as,
f(kx, ky) = a(kx)? + 2h(kx)(ky) + b(ky)
= ak®x? + 2hk?xy +bk?y?
= k?(ax? + 2hxy + by?)
= k()
Degree is 2.
According to Euler’s'theorem,

ou au )
X Yoy =&

Consider,

ou ou
S Yoy

0
=X. %u(ax2 + 2hxy + by?) +y. 5 (ax® + 2hxy + by?)

= x(2ax + 2hy + 0) + y(0 + 2hx + 2by)
= Xx(2ax + 2hy) + y( 2hx + 2by)

= 2(ax?® + hxy ) + 2(hxy + by?)

= 2[ax? + hxy + hxy + by?]

= 2[ax? + 2hxy + by?]

=2z

g
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oz oz
X5 vV gy

From equations (1) and (2), Euler’s theorem is verified.

X y
(i) z=sin? ; +tan?|{ x
Given function is,

X y
z =sint ; + tan| x

Degree of homogeneous function is obtained as,

kx ky
f(kx, ky) = sin? k_y + tan?| kx

X y
=sin* ; + tan™| x

= K°(f)
. Degree is 0.
According to Euler’s theorem,

= 2z

ou au
X'ax+y'6y_0'z ..... )

Consider,

_ X . y B X N y
le_@ X(u@j le_@ ng
=0
oz 0z
X +y. 5 =0 . (2)

From equations (1) and (2), Euler’s theorem is verified.

{ 15 |
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‘ Short Question and Answers I

1. Define Partial Differentiation.

Ans :
The process of determining the partial derivatives of a function of more than one independent
iables is k tial differentaiaion. It is denoted b bII'ki—igt
variables is knows as partial differentaiaion. It is denoted by symbols like -, 7, =, 7 efc.

2. Functions of Two Variables.

AnS :

A function which contains more than one variable is called function of several variables.
Function of Two Variables
A function which contains two variables is called function of two variables.
It is of the form,
z =1(x, y)
Example

Z:X2+y2

3. Limit of a Function of two variables

AnS :

The limit of a function f(X, y) can be defind as ‘I’ as x tends to a and y tends to b, such that for a
small preassigned positived number ¢ there exists a corresponding positive number 6.

Where,
[f(x,y) = 1| <eV(x,y) such that

a-8<x<a+d;b-§<y<hb+35
ie., {x,y):xela-d8,a+3dl,ye[b-8b+¢]} ~ (ab)
f is continuous at (a, b), if
lim f(x, y) = f(a, b) as (x, y) —> (a, b)
Then for continuity at (a, b),
lim f(a,+h, b+k)=f(a, b) as (h, k) - (0, 0).
4.  Geometrical Interpretation of Partial Derivatives

AnS :

Assume that z = f(x, y) is a function of two variables which represents a surface in three-dimensional
space. Compute the partial derivative z_and Z, Evaluate these partial derivatives at the point (a, b) then

z_is the slope (measured along the x-axis) of line L, which is tangent to the surface at the point (a,
b, f(a, b)), and z_is the slope (measured along the y-axis) of the L,, which is a tangent to the tangent to the
surface at the point (a, b, f(a, b)) line L, lies in the plane y = b, line L, lies in the plane x = a.

{ 16 }
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5. Homogenous function with example.

Sol :

If the sum of indices of different variables contained in each term of an algebraic expression be n, it
is called a homogenous function of degree n.

Let u = f(x, y) be a function of x and y. If this sum of the power of x and y in each term of f(x, y)
be equal, then f(x, y) is called homogenous function.

Eg. x2 + y® + 3x? y is homogenous functio of order 3.

— x* + y* + 4x% y? is homogenous function of 4th orders.

6. Euler’s theorem

Sol :
If z = f(x, y) is a homogeneous function in x and y of degree n then,
oz oz . .
X x +vy 5 =nz v X, Y e domain of the function.

7. Define Partial derivatives.

Sol :
Consider z = f(x,y) then

f h+b)-f(a,b
(a+h+b)-f(a );h_>0

l
m h

If it exists, is said to be the partial derivatives of f w.r. to x at (a,b) and is denoted by
( oz j )
] or f (a,
OX (a,b) X( )

f(a,b+k)-f(a,b)
k

= lim ask -0

If it exists is called the partial derivative of f(x,y) w.r. to y at (a,b) & is denoted or fy (a,b) by

(62 oy )(a,b)

Partial derivative of Higher order

From the above first order partial derivatives, we form the partial derivative of higher order.
%z _ ofa)_,
ox2  ox\ox X

= o)
oyox — oylox) M

§
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o
0%z

oxdy

0°z
8. If z = tan? LXJ verify that
X ox

2
;—jzo.
Sol :

z = tan™ (y/n)

o7 _ 1

ox 2 gx
y
l+( x)

§ (x2 +y2)0+y(2x)

(x? +y2)2

Rahul Publications

g

=2y
()
5%z 0%z
x oy TP

9. Find the degree of given Homogenous
function for f(x,y) = x" sin (y/x).

Sol :
Given that

f(x,y) = x" sin (y/x)

o) = (VY Xy +x)

The degree of the expression x"sin (y/x) is n
The degree of the expression

5B, Hany|
y+X x{l+ﬂ
149/
_%1+%
— X e

-1
So, that it is of degree >

10. Write a short notes on Neighborhood of
a Point (a, b)

AnS :

Let 6 repredents a positive number i.e.,
3> 0.

The point (x, y) for which
a-90< X< a-+d,

b-6<y<b+35
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Determine a square which is bounded by the lines,

X=a-39
X=a-+3
Xx=b-3
X=b+3

Its centre is located at the point (a, b) as shown in figure.

Y
A
y=b+d
0 v
' +
|“|= P(a, b) ©
: 2
y=b-9%
5 > X

Neighbourhood of a Point (a, b)

From the figure, the square is termed as neighbourhood of the point (a, b)
Hence, the set

{xy):a-8<x<a+8b-8<y<b+35}
is called as the neighbourhood of the point (a, b).

g
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‘ Choose the Correct Answer I

oo,
1. Ifz—xyf(x/y)thenxax+yay— [c]
1
(8) © (b)
(c) 2z (d) z
. X-y L
2. If sin™! m then the degree of homogenous function is [d]
0 b -
(a) (b) -
2 d =
(©) (@ 5
oz 0z
3. If z = f(y/x) then x [a—XJ +y [Ej is [d]
(@ 1 (b) 2
() -2 (d) 0
" __1[x2+yzj o of o q
4. If f="rsin X+y tenxax+yay is [d]
(@ f (b) 2f
(c) sinf (d) tanx
2 2
5. If x =r cos ¢, y = rsin then (EJ +(ﬂj is [a]
OX oy
(@ 1 (b) r
() -r (d) -1
6. If f(x,y) is homogenous function of x and y of degree n. then [a]
of  of of o _
(@) xax+y5—nf (b) yax+xay—nf
a + a = d) N
(C)Xax yay—n (d) None
{ 20 }
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10.

oz oz
If z = log(x? + y?) then x —+5 is

OX

(a) 2 (b) 1
(c) 3 (d) 4
If u=y*th u

u=y“then — is
(@) xy (b) y*logy
(c) y‘logx-1 (d) yx-*

ou ou
If u is a homogenous function of x and y of degree n then x Y +y 5 is
@@ n byn-1
(c) nu (d n(n-21u
o%u o%u

If h function of hen x— + b
ubea omogenous unction o degree n then x 6X2 Yy axay

ou o ) @
@ n— (b) (n-1) =
aou
€ (h+1) o (d) None

[a]

[b]

[c]

[b]

g
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‘ Fill in the Blanks I

dy
L. dx

o%u

2. u=ex then — =
ox?

3. First order partial derivative of tan™ (x +y) =

4. lfz=tant (y) then 22+ 22
. = ~ + — =
z = tan™ (y/x) then o oy
) 0z 0°z , 0°z _
5. X o + 2xy oxdy + vy _8y2 =
. ou
6. If u=sinxthen — =

oX

7. The domain of the function f(x,y) = log (x+y) is
8. Second under derivation of e*y =

3 3

9. Ifz = then the degree of the function'is

10. z = cosxy then

ox
ANSWERS
~f
1.
fy
2 exy
1
3. l+(x+y)2
4, 0
5. nin-1)z
-1
6. J1+x?
7. {(xy):0<xx+y}
8. ex+y
9. 2
10. -ysinx
l' 22 ,'

Rahul Publications



A A A A AN annannannannananaEnaEnaREa)
inad Y
§§ Theorem on Total Differentials - Composite Functions - Differentiation of g
E U N I T Composite Functions - Implicit Functions - Maxima and Minima of functions of E
s | | two variables — Lagrange’s Method of undetermined multipliers. o
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2.1 THeOREM ON ToTAL DIFFERENTIALS I
Q1. State and prove Theorem on Total Differentials.
Ans : (Imp.)
Statement
oz oz
Let z = f(x, y) be the function, then total differential dz is given as, dz = o dx + 5 dy
Proof
Given function is,
z = f(x, y) is function 1)
Let (x, y) and (x + Ax, y + Ay) be-any two points
And Ax, Ay be the changes in the independent variables x and .
Also Az be the consequent change in z.
Then,
Z+ A7=f(Xx + AX, y + Ay)
= Az=f(X+ AX,y + Ay) -z
= Az=f(x + AX, y + Ay) — (X, y) [-- From equation (1)]
Adding and subtracting f(x + Ax,y)
Az = [f(x + AX, y + Ay) — f(x + AX, y)] + [f(X + AX, y) = f(X, y)] . (2
Let f(y) =f(x + AX,y)
From Lagrange’s mean value theorem,
fla + h) — f(a) = hf' (a + 6h)
f(x + AX, y + Ay) - f(x + AX, y) = Ayfy(x + AX, Yy + 0, Ay)
Let, fy (X + AX,y + 0, Ay) - fy x,y) =g, . (3)

Whre
e, depends on Ax and Ay
As Ax, Ay — 0,f (x,y) - 0

g
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And, let f(x) = f(x, y) where y is constant
From Lagrange’s mean value theorem,
f(x + Ax, y) = f(x, y) = Axf (x + 0, AX, y)
Let, f(x +06,Ax,y)-f (X,y) = ¢ .. (4)
Where
g, depends on Ax
As AX —» 0, f(x,y) > 0
Substituting equation (3) and (4) in equation (2),
Az = Ay f(x + AX, y + 0, Ay) + Axf (X + 0, AX,y) = Ay [¢, + fy X, y)] + Ax [, + fy %, V)]
=Ayeg, + Ayfy (x,y) + Axe, + AXf (x, y) = AXf_(x,y) + Ayfy (X, y) + g AX + g,Ay
Since z =f1(x, y)

Z z
= ox - X(X’ y)! ay - y(X’ y)

oz oz
Az = AX, 8_x + Ay . oy + & AX + g,Ay
Here
oz oz . .
Az = AX. x + Ay. 5 is called the differential of z, denoted by dz
i dz = a AX + 2 A 5
i.e., Z_ax' X X y .. ()
Consider,
=X

Differentiating with respect to ‘x’

dz = dx
= 1.Ax=dx [-- The differential dx and dy are actual changes Ax and Ay]
= dx=Ax
Similarly,
=y
Differentiating with respect to ‘y’.
dz = dy
= 1.Ay=dy
= dy=Ay

From equation (5),

d—zd+zd
2= o dx+ o dy

Rahul Publications
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2.1.1 Composite Functions

Q2. Explain about Composite Functions

AnS :

Statement

Let z = f(x, y) possess continuous partial derivatives and let x = ¢(t), y = W(t) possess continuous
derivatives.

Then
dz oz dx 0z dy

dt T ox dt oy dt
Proof :
Given,
z = f(x, y) has partial derivatives
And x = ¢(t), y = ¥(t) have continuous derivatives.
Let, tandt + At be any two values
and Ax, Ay, Az be the changes in X, y, z respectively, consequent to the change Atiin t.
i.e, X+ AX=¢(t + At)
y=Ay=VY (t + At)
Then
z=Az=f(Xx + AX, y + Ay)
= Az=f(X+ AX,y + Ay) -z
= Az =f(x+ AX,'y + Ay) - f(x, y) [ z=1(X, ¥)]
= Az ={f(x + AX, y + Ay) - f(x, y + Ay)] + [f(x, y + Ay) - f(x, y)]
Applying lagrange’s mean value theorem,

Az = Axf (X + 0, AX, ¥y + Ay) + Ayfy X,y +0,Ay),0<0,06,<1

E—&f + 0, A + A +ﬂf + 0 A 1
= At - At X(X 1 X’y y) At y(le 2 y) "'()
Let At > O

= AX >0, Ay 50

Since partial derivatives are continuous

(X +0, A,y + Ay) =f(X,y)

Lim
(Ax, Ay)—>(0,0) 'y

oz
= . (2
And LM £ (x,y + 0, Ay) = (x, y)
0z
=%y . (2
|' 25 |' —
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Substituting equations (2) and (3) in equation (1),

dz oz dx 0z dy

dt — ox dt oy dt

2.1.2 Differentiation of Composite Functions

Q3. State and prove theorem of differentiation Composite Function.

AnS :

Statement

Let = f(X, y) possess continuous partial derivatives and let x = ¢(t), y=wy (t) Possess continuous
derivatives.

Then

dz _o* dx & dy

dt — ox’ dt oy dt

0z oz ox O ¢y

a T Toya
Proof :
Given,
z = f(x, y) has partial derivatives
And x = x = ¢(t), y=v (t)-have continuous derivatives.
Let, tand t + At be any two values
and Ax, Ay, Az be the changes in x, y, z respectively, consequent to the change Atint.
i.e., X+AX = ¢ (t+At)
y + Ay =y (t+At)
Then,
Z+AZ = f(X + AX, Yy + Ay)
= Az=f(X+ AX,y+ Ay)-2
= Az=f(x+ Ax,y + Ay) - f(xy) [ z=1f(x, y)]
= Az =[f(x + Ax, y + Ay) - f(x,y + Ay)] + [f(x, y + Ay) - f(x, y)]

Applying lagrange’s mean value theorem,

Az = Axf (x +06, Ax,y+Ay)+Ayfy(x,y+92Ay),0<91’62<1

Az &f +0 A + Ay ) + Ay f +0 A 1
= At - At X(X 1 X’y y) At y(X’y 2 y) ""( )
Let At =0

= Ax > 0,Ay —0

g
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Since partial derivatives are continuous

Iim(AX' )= 0.0) f(X+0, AX,y + Ay ) =1 (X, y)
= a e (2)
OoX
And lim Ay_>0fy(x,y +0, Ay) = fy %, y)
0z
=@ v (3)

Substituting equations (2) and (3) in equation (1),
0z oz ox O oy

a oo Ty a

2.1.3 Implicit Functions

Q4. Define Implicit Function
Ans :

Let f be a function of two variables since f(x, y) = 0 . (D)
We can obtain y as function of x, the equation (1) defines y as-an implicit function of x.

Assuming that the conditions under which the equation (1) definesy as a derivable function of x are
satisfied.

i dy dzy ; . L of of 8%
We shall Now obtain the value of == and — in terns of the partial derivatives —, =, —,
dx dx2 X' ol
2 2
G_f, 6_f of ‘f’
oxoy  oy?
with respectto x & y
Then
dy —oflox —fx
2 2
2y Talt) —2hdd, +0 (5)
dx? 3
()
d? 2,2
Q5. Prove that if y* — 3ax®>+ x®* = 0 then —)2/ + 2a7x" 5X =0
dx y
Sol :
y: — 3ax*+x2=0
y? = 3ax?-x3
(57 )
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Differentiate with respect to ‘x’

dy
y2—= =y*=3ax*-x3

dx

Different with respect to ‘x’

23y

3y ix = 6ax — 3x2

dy _ ax-3x?

dy  2ax-x?
dx

Again, different w.r. to x

d%y _ y2(2a—2x)—2y(2ax—x2)g—i
dx? (y2)2
(2a-2x)y? —2)/(2ax—x2)[2‘”("(2}
_ %
v
_ 2(a-x)y® —2(2&1x—x2)2
- y*t -y
2(a—x)y® —2(2::1x—x2)2
2(&1—x)(3ax2 —xg)—2(2ax—x2)2
d?y _ —2a°x?
dx?

Q6. If u=x2-y? x=2r-3s+4, y=-r+8s-5 find

Sol :

Given
u=x2-— yz,

ou
or

X=2r-3s+4, y=-r+8s-5

Rahul Publications
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Different with respect to ‘r’

du _ ou ox  Ou gy

Since y =e¥

dz _ cosy—Xy siny

o T x o T Y X2

Consider x=2r-3s-4; y=-r+8s-5 dy
ox oy Q8. Find ™ forxsin(x-y)-(x+y)=0
—=2; —=-1

Corcider e Sol :

onsider u=x%2-y Given,

ou ou

&=2x, oy =-2y

ou
= =2x(2) + (-2y) (-1)

or
u =4x + 2y
or
Q7. If z=(cosy)/lx and x = u? -v, y = e".
Find %
ov
Sol :
Given
7= cosy, X=UW-v, y= g
X
oz oz ox- 0L ¢y

v X v Loy ov

xsin(x-y)-(x+y)=0

_ dy —fx

th tto —=——

with respect to ax Ty
f(x, y) =xsin(x-y) (x +y) =0
Xxsin(x-y)=x+y

. _ Xty
sin(x-y) = ”
Partially different with respect to ‘X’ & ‘y’
>
T O

=xcos(x-y) (1) +1sin(x-y)-1
=Xxcos(x-y)+sin(x-y)-1

of

fx=5
=xcos (X-y) (-1) + 0.sin(x-y) - (1)
=-xcos(x-y)-1

Consider
X=u-v, y=e¢e" = - [xcos(x=y)+ 1]
v TS x
;= S98Y ~[xcos(x—y)+sin(s+y)-1]
X - ~[xcos(x-y)+1]
o cos [_1j
—— = cosy| 3
X X xcos(x—y)+X;y—l
oz _ —siny B xcos(x-y)+1
EN X
xzcos(x—y)+x+y—x
a _ [_—1j [_S nyj v = xZcos(x X
o = oy Lz JED+ (T ] (@) (x=y)+
2
_ cosy e'siny _X cos(x—y)+y
T2 T X x2 cos(x —y)+x
29
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9. If _(x+y)_ =t 2 2 = cot (r? f'da—u
Qo. u—l_Xy,x— an (2r —s?), y = cot (r?s), fin o5
Sol :

Given,
X+y
u_1—xy
X =tan (2r - s?), y = cot (r* s)
u_ouax oy
&  ox os oy 0s
Consider

X = tan (2r-s?
Partial different with respect to ‘s’

OoX
P sec? (2r — s?) (- 2s)
= —2ssec? (2r —-s?)
Consider
y = cot (r? s)

Partial differentiate with respect to ‘s’

Q — 2 2 2
s cosec? (r* s) (r?)
= =r?cosec? (r? s)
Consider
X+Y

-1
= (x+Y) [—(1—xy)2} (9 + @-xy) (1)

-1
3 = X+ [—(Hy)z (—Xﬂ + (1-xy)* (1)

o _ ool
05 ox 6s 0oy 0s

g
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— x+y[(1_xy)2](—y)+1_1xy} (-2ssec? (2r—2) + X +y [(1__;)2(_X)+1—lxy] (-rz cosecz)(rZS)}

! +y(x+y) 2 2 X(X+y)+ L
_[(—Zsec (2r-s9)] + (1—xy)2 1—xy_

[(=r? cosec? (r? s)]

_1_ﬂ+ﬂ+y2_ X2+ 0 +1-

= [- 25 sec?292r — s?) + 2
(1-xy)

[(- r? cosec? (r? s)]

(1-xy)
(2+y?) (1)
= —(2 2 (2r — 52 - L (_r2 2 (2
(1—xy)2 (2s (sec? (2r — %)) + (1—xy)2 (= r* cosec® (r* s))
a- [ (- 2s) sec? (2r - $2) (1 + y?) —r? cosec? (* s) (1 + x?)]
o (l—xy)z 3 - - .
2
Q10. Ifu = tan™ [%] , Then Show that a = 1 3
1+x°+y OX 0y (1+x2+y2)/2
Sol : (Imp.)

X
u= tan® %
VI+XS+y

Partially differentiate with respect to ‘y’

au
oy 2

J1+x2 +y2

(1+x2+y2)x —y? 1

= +
1+x2 +y? +x%y? (1+x2+y2)% \/1+x2+y2

X —y2
(1+y2)+x2(1+y2) (1+x2+y2)%

{ 31 }
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2
X i 1+x2+y2)%}

= ) (e

B X _—yz/+1+x2+y2/
= (1+x2)(1+y2) )%

(1+x2 +y2

X { 1+X2/

- (1+)/)(1+y2) (1+x2+y2)%
u _ X
oy \/1+x2+y2(1+y2)
Consider

’u X
xoy | ox \/1+x2+y2(1+y2)

I
=
+
< =
N
T
2|
1
=
+
x
N || X
+
<
N
|
S —— |

—x2 1
T 1+y? (1+x2+y2)%+\11+x2+y2}
1 —)/+1+)/+/y1
- 1+/VZ (1+x2+y2)3/2

g
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f(y/x) = y(y—-xy')"

f'(y/x)  x(y+xy')
(

Qll. Ifz=xy f(%) and z is constant. Then show that
Sol :

_ y YI_Y Y
= x? Z[Xj wheret[xj = xf[xj

z is a homogenous function of degrees ‘2’
By Euler’s theorem we have

oz oz
Xar + yay =2z
Consider

= xyf[%j

Differentiate with respect to ‘x’

g
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2.2 MaximMa AND MINIMA OoF FUNCTIONS OF Two VARIABLES I

Q12. Define Maxima and Minima of functions of two variables.

Sol :

Let f(x, y) be a function of two independent variables X, y such that it is continuous and finite for all

values of x and y in the neighbourhood of their values a & b.

The values of f(a, b) is called maximum or minimum value of f(x, y) according as f(a + h, b + k).
Condition for the existence of maxima or minima.

We know by Taylor's expansion in two variables, that

of o 1 [0 0% 0%, 9%

(or)

of of
fx+h,, y+k -f(x,y) = [h@—x+ k@] + (terms of second and higher order)

Q13. Write Lagrange’s condition for maximum and minimum values of a function of two

variables.
Sol :

% o %
If r,s,t denote the values of T A —S
OX= ' OXOy py?

When x = a, y = bthen supposing thatthe necessary condition for the maximum & minimum are

satisfied.
of
i.e —=0,ﬂ:0 when x =a,y =Db
OX oy
. 1

We can write f(a + h, b + k) — f(a,b) =50 [rh?2 + 2shk + tk*] + R

Where R consists of terms of higher order of h and k.

»  Lagrange’s condition for minimumisrt—-s2>0,andr >0

»  Lagrange’s condition for maximum isrt—s> >0andr<0

But it rt — s> < 0. then there is neither a maximum nor a minimum.
Q14. Write Working Rule to find the maximum or minimum value of f(x,y).
Sol : (Imp.)
Step 1:

Let the given function be f(X,y)

Rahul Publications
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. of of i
Find o & oy and equation them to zero.

Solve th ti Ao dﬂ—of d
olve the equation ox an ay or Xxanay.

Let the solution be (a,b), (c, d)

Step 2 :
0% o’f o*f )
Calculate r = 87’ s= oy’ t= W at (a,b) and (c,d). Calculate rt — s? in each care.
i.e., at (a,b) & (c,d)
Step 3 :
Ifrt—s2>0andr <0 at (a,b) then f has a maximum value at x = (a,b)
If or at (c,d) if rt—s2 > 0and r < 0 then f has maximum value at (c,d)
Step 4 :
Ifrt—s>>0,andr >0 at (a,b) then f has a minimum value at (a,b) or ifrt—-s>>0andr >0
at (c,d) & has a minimum at (c,d).
Step 5:
If rt —s2 < 0. at (a,b) then f has neither , maximum , ‘nor minimum . Then (a,b) is saddle point.
If rt — s> < 0 at (c,d), then (c,d) is saddle point.
Step 6 :
If rt — s =0, we can’t decide whether f, has maximum or minimum for the investigation is
needed.
Q15. Define Stationary. points and Extreme points.
Sol :

of of
Points at which x =0 and — =0 are called stationary points for the function f(x,y)

oy

If it is @ maximum or a minimum is known as an extreme point and the value of the function at an
extreme point is known as an extreme value.

Q16. Discuss the maximum or minimum value of u, when u = x® + y® — 3axy.
Sol : (Imp.)

u=x3+ y3-3axy

o 3x2-3 a_u323
ox = - 3ay 5 =3yt - 3ax.

for a max or min of u, we must have

ou 0 ou 0
ox oy
x2-3ay=0= x2—ay=0 .. (1)

y?-3ax=0 = y?*-ax=0 .. (2)

{ 35 }
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Solve (1) & (2)

2
X
fromx2=ay:>y=;

Subyin (2)

2
= X |—ax =0
a

NG
= —2—ax=0
a

xt—ax=0
x(x*-a% =0
x=0,x=a

Similarlyy =0,y = a.
Similarlyy =0, y =a.
Thus (0,0) & (a,a) are the stationary points

of u.
o%u o°u
Now, =87_6X t=W=6y
0%u
s = oxdy =-3a

forx=0,y=0=r=0,t=0,s=-3a.
rt—s?=(0) (0)- (- 3a)?
=9a’°<0
= U is neither maximum nor minimum at x
=0&y=0
Alsox =a,y=b
r=6a,s=-3a,t=6a
Now, rt—s? = (6a) (6a) — (-3a?

We have
a_ @ w_ o a
ax_y_ le ay_x_yZ
_du_za
T ox: T x
0%u _
s = 6x8y_1’
_ou_2a
oyt Ty
Now, for maximum or minimum we must
have M=o, 2 _ ¢
ave w0y =0

Sof a—u—O a3_0
ofrom = = :>y—x2—
X2y =a? . (D)

ou 3
From — =0 = x- a_2=o
oy y

y?x = a? . (2
From (1) & (2)
We get
X2y = y?X
Xy-y*x=0= xy(x-y)=0
x=0,y=0&x=y

From (1) & (2) we seethat x=0&y = 0.
do not hold as it givesa =0

Hence we must have x =y & from (1) we

= 36a? - 9a? get
=27a2>0 xXy=a®= xt.x=at
Also r = 6a which is positive if a > 0 x?=a=x=a
() uismaximumatx=a,y=a,ifr<0 Atx=y = awe have
ii) uisminimumatx=0,y=0ifr>0. as as
Q17. Show that minimum value of u = xy + X a
a’/ x) + (a®/y) is 3a2.
a2/ x) + (a/y) or® o
Sol : s=Lt=—"3=—75 =2
: a
u=xy + (a¥x) +(@3/y) n-ss=2)2)-1*=3=0
{ 36 }
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Also,r=2=>0 ou
Hence there is minimum atx =y = a. From =0 = 3x%* - 4x’y* - 3x’y* =0
hence the minimum value of, X2y2(3-4x-3y) =0
a® al Hence we getx =0,y =0
u=aa+r—+— 4x + 3y =3 .. (2
ou
3 3 — =0
— a2+a—+a— Also from oy » we get
a a
3 _ 4\ _ 3\2 —
g+ 2xy? -2x'y-3x*y* =0
%y (2-2x-3xy)=0
— 32 X%y (2 - 2x - 3xy)
- - — x=0,y=0and 2x+3y=2..(3)
Q18. Discuss the maximum or minimum .
value of u given by u = x3y? (1 - x - ). By solving (1) & (2)
Sol : x ¥y 1
3>§,-3 4 3
u=xy?(1-x-y) 372 2 3
u X y 1
— =3y (1-x-y)+x¥y*(-1 - =
28 v V) e -6+9 -6+8  12-6
= 3x? y2_3X3y2_3X2 ya_xayz é ~ X ~ l
ou 32 6
— = 3x2 yz _ 4x3y2—3x2y3
ox _3.,=2
X= 61 y_ 6
oy = XY (L -x=y)+ x%y2 (-1) L L
X = —, y= —_
= 23 y — 2x4 y = 2x3y2 — x3y? 2 3
Hence the solution are
@=2x3y—2x4y—3x3y2 o v—o x—l y—l
x=0, y=0, >’ 3’
o%u
r=—z = Bxy? — 12x%y? — 6xy? when
2 2 2 3
=o3 5 L2 (5] G
t= =7 = 2x3-2x* - 6x% 2)\3 2 3 2)\ 3
o°u = 3%—3(%)—3(%)
— — 2y _ 3y _ 2\/2
S_ﬁxay_6xy 8x3y — 9x%y
Now, for maximum or minimum we must — 1_1_1:_1
have 3 3 9
0 2 3 2 2
uo_ s= e[ L) (L) g(L) [L)-ofL) (L
X ' oy 2)\3 3) 2 2)\3

4
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—, 1 , 1 1

A, B, 4
_1 11 1
T2 2 4 4

From there we have rt—s2>0andr<0

1 1
So, there is maximum at x = S Y=3

Q19. Find a point within a triangle such that the sum of the square of its distance from the
three vertices is a minimum.

Sol :
Let (x,y), r=1,2,3 be the vertices of the triangle and (x,y) be any point side the triangle.

3

Letu = Z[(X_Xr)2+(y_yr)2]
r=1
For maximum or minimum of u, we have
N 5o )
x (x-x)=
(X=x)+ (X-x)+(Xx-x)=0
X=X, + X=X, +X=-X,=0
X=X, + X, + X,
X Xy X,
X= 3

ou
Similarly @=0 = X2(y-y)=0
y-y)+y-y)+(y-y)=0
y-y,+y-y,+y-y,=0
y=y,+y,+y,

_YitYotys
y= 3
o _
T oox?

g
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0%u ou
=0,t= W =6
Sothatrt-s> = (6)(6)-0=36=>0
Hence u is minimum when

_X1+X2+X3 _Y1+Y2+y3
X == Y= o
) (X XXy Y, Y, Y
Thus, the required pomtls( : 32 = 32 3).

2.2 2.2

Q20. Find the maximum value of (ax + by + cz) e #Y*7
Sol :

U= (ax + by + cz) g -y’ ~’2

log u = log (ax + by + cz) — (a®x* +B%y* +v°z%)

Differentiating partially w.r.to ‘x’

We get
1u_ Ao
uox  ax+by+cz (20x) =
1
Similarly 1o _ __ b\ _ -2p°y=0
u oy ax + by +cz
e
oz~ ax+by+tcz ' B=
a
X(ax + by + cz) = o )
b
y(ax + by + cz) = 2—52 . (2
c
z(ax + by + ¢c2) = 2—Yz . (3)

Multiplying (1), (2), (3) by a,b,c and adding. we get

1(a* b* c?
(ax + by + cz)? = 5 ?+B—2+Y—2

ifa’ b® ¢
(ax + by + ¢cz) = AT
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a b C
X = 2a2Aly_ ZBZAaZ_ 2Y2A

10 1(au) a2 s
Again —5 - | | =-—"—5-20
uox® u"\ox (ax + by +cz)

2
u_ L —E o
ox2 (ax + by +cz)

Si a_ 0
ince - =

Hence for these values of x, y, z will be maximum, maximum value of u is given by

2

_ [1fa 0 e Jgarli i
= s+—+—||e

_2 a” BTy )]

12 b o]
- _2 aZ BZ YZ |

1(a® b®> ¢?
U= 2elo? 3277

Q21. Discuss the maxima or minima of u = x* + y* - 2x2 + 4 xy — 2y2.

Sol :

Given U =X+ y*—2x2 + 4 xy — 2y?

%

(9]

a—u=4x3—4x+4y
ox

ou
— =4y’ + 4x -4y
oy

) ou ou
for max and min of ‘u’ we must have &=0, @=0
A3 -4x +4y =0 . (D)
Ay +4x -4y =0 . (2)
Solve (1) & (2)
X+ y*=0
x+y)(-xy+y)=0
X+y=0=x=-y
(40 }
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Substituting y = - xin (1) we get
43 -8x=0 = 4x (x2-2x) =0

x =0, i\/i
The values ofy are 0, _/2, /2

Therefore the stationary points are (0,0), (+/2,/2), (—/2,-v2)

o%u
Now, r=— =12x°-4

ox:
s= oxdy =4

2
=W=12y2—4

At (0,0)=rt-¢?
= (12 (0) - 4) (12 (0) - 4)-16
= (-4) (-4) -16
=16-16 =0
i.e, no conclusion can be drawn about max or min.

At (2,-2)
rt—s? = (12(2)-4) (12(2) — 4) - (4)?
=400-16
=384=>0
rt—s>>0,r<o.

f has minimum value at (/2,4/2), (—/2,—/2)

2
Now, r = —_—=12x*-4
0

X
B o°u _
S=oxay 4
—_— 8y2 - y_
At (0,0)
rt—s2 = (12(0) — 4) (12 (0) - 4) - 16
=0

i.e., no. conclusion can be shown about max or min.

{ 41 }
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At (2,-2)
rt—s?(2) —4) (12(2) - 4) - (4)?
400 - 16
384=>0
n-s>>0,r>0

f has minimum value at (/2,—/2) .

I 2.3 LAGRANGE’S METHOD OF UNDETERMINED MULTIPLIERS I

Q22. Explain Lagrange’s method of underermind multipliers.

Ans : (Imp.)
Let u be a function of n variables given as,
u = (X, X,, X, cveee. X.) . (D)
Let the variables are connected by a relation such that there are n - r.independent variables.
e, (X, X0 Xgy crnenen, X)= . (2
O, (X, Xy Xy venenne X)= .. (3)
¢(x1, o1 Xgr veenens X)= )]
For maximum or mlnlmum, du must be zero
q ou q ou ) ou q
i.e. =, dx+ o dx + ... + ., dx =0 ..(5
1.8, dU = o 0% ox, 9%, ox, 9% (5)
Differentiating equations (2),(3),(4) and multiplying the resultants with A , &, ....... A, respectively,
o b o
A do= A4, ox, dx,+A, 5 ox, dx,+ ... +, x| dx =0 .. (6)
9, 9, 9%,
A do,= x267 dx,+A, 5 ox, dx,+ ... +, 6den= )
9. . o,
rdo=A, ox, dx,+2, o, dx,+ ... + X, dx =0 .. (8)
Where, A A, ...... A, are multipliers.
Adding equations (5), (6), (7), (8),
Adx, +Adx, + ... +Adx = .. (9)
Where,
ou % 9% %
A1=6x1+ | O, +26x2+ ...... + raXn;|—1,2, ..... n
— l‘ 42 |
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The values of A , A, ....... A are chose insuch away thatA = A, =A,=A =0 ... (10)
Substituting equation (10) in equation (9),
A, dx  +A_ dx +..+Adx =0

Let the independent variables be x\, X ,, ..... X suchthatdx,,,dx ... dx areindependent.

r+1 r+2
A=A =A=A=A_=A_,=.. +A =0 .. (12)
From equations (2),(3) and (4),
o=¢,=...=¢,=0 .. (12)

From equations (11) and (12), The possible values of u are obtained by determining the multipliers

(R A,) from (n + r) equations.
a b c
Q23. Find the minimum value of x + y + z, subject to the condition ;+§+; = 1.
Ans :
Given function is,
fX,y,2) =x+y+z . (D)

It is basically a constrained extremum problem, where a function “f” is subjected to the constraint

Z—l
a b c
Let,¢=;+§+;—=0 .. (2)

According to Lagrange’s function,
F(X, ¥:2) = f(x +y +2) + ¢r
Where,
A — Lagrangian multiplier
a b c
F(x, v, Z)=(X+y+2)+7»[;+§+;‘1] .. (3)

Differentiating equation (3) with respect to X, y, z and equating to zero

oF 0 ofa b c -a
— == (x+y+z)+x—[—+—+——1]=1+x[—}

ox X ox\x y z x2
OF _x*-an
ox ~ x?

oF 0 0fa b c
5=5(x+y+z)+ Py ;4‘;4‘——1 =1+ v
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OF  y*—bu
oy — y?

oF 0 ofa b ¢ —C
E=E X+y+2)+ x—[—+—+——1j=1+x[z—2}

oz\X Yy 1Z

OF 72 -ch
oz 2

The condition for minimum values is,

X oy T o
x? —ak y? — b 7> —ch
X2 = ’ y2 = ’ ZZ =0
= X=a\; = y*=bhir; = 7°=CA;

= X=tJaL = y=+/br = c= /e

Substituting the corresponding values in equation (2),

a b C
NN
Ja Vb e

O RN W e
= V2 =(a +b+k)
= 1=(Ja *b*+c

— x=+ha = i(\/(\/a)z(\/aJr\er\E)z) =i((\/5)(@+\5+\5))

o y=(5) =+ (VP s Vb + VoY | = + (Wh)Wa + Vb + V)

2= eio= + (VWOFWR+ VB +E) | = 4+ Vo((b)(a Vb Vo))

The stationary point is,

X, y,2)= (\/5(\/5+\/B+\/E),\/B(x/a+x/6+\/€),\/€(\/§+ \/B+\/E))

The minimum value is obtained by substituting stationary point in equation (1),

Rahul Publications
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Minimum value = Ja(v/a ++/b ++/c)+vb(a+ b +c)+c(Wa++b+c)

= (a+vb+Ve) (Va+vb+e)=(a+Vb+c)?

Minimum value = (Va ++b+/c)?

Q24. Find the minimum value of X2 +y? + z2Zwhen x +y + z = 3a.

AnS :

Let the given function be,

f(x,y,z) = x> +y? +z2and ¢=x + y+ z-3a

The auxiliary function is given as,

F(x, Y, ) = f(x, y, 2) +1d

Substituting the corresponding values in equation (1),

F(X, Y, 2) = (X2 +y2 +72) + A(X + y+ z - 3a)

Partially differentiating equation (2) with respect to x,y and z respectively,

(Imp.)

. (1)

. (2)

. (3)

%:dix()@+y2+zZ)+xdiX(x+y+z—3a)=(2x+0+0)+7»(1+0+0—0)
ﬁ—2 +

dx ~

OF

0 0
d_y=d—y(X2+y2+22)+xd—y(x+y+z_3a)=(0+2y+0)+7\.(0+1+0—0)

. (4)

.. (5)

g
dy—2y+7L
F_o 2+2+2+7»i +y+7z-3a)=0+0+22)+A0+0+1-0
5 =g OC Y ) A (x +y+ 2-38) = ( 2)+ -0)
ﬁ—2 +A
dz
Equating equations (3),(4) and (5) to zero,
2x + A =0 2y + 1 =0 2z + 1 =0
2X=—-A 2y =-A 21=-%
2 2 A
X= 72 =72 £T 2
—y=g=
Xx=y=z1= "3

Substituting the corresponding values of x,yandz inx +y + z = 3a,

.. (6)

L4 J
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A A A, B, A
=Ty T =y =a = 5=
= A=-2a

Substituting the value of A in equation (6),

—(-29)
2

X=y=z1=

X=y=z=a
The minimum value of the given function is given by,
f(x,y,2) = x*2=y? +22
=a*+ar+a’
f(x, y, z) = 3a? (. x=y=2=0)

The minimum value is , 3a2.

Q25. Discuss the maxima and minima of the function u = sin x sin'y sin z, where X, y, z are
the angles of a triangle

Ans :
Given that,
u=sinxsinysinz < @
In a triangle,
X+y+z=g @))]

Differentiating equation (1) on both sides,

ood oo d oood
du =siny sin z, &(Sln X) + sin x sin z dy (siny) +sinxsiny. dy (sin 2)

= du=sinysinz, (cosx dx) + sin x sin z (cosy dy) + sin x sin y (cosx dz)
= du=conxsinysinzdx + sinx cosysinzdy + sin xsiny cos z dz
For maximum or minimum of u, du = 0,

conxsinysinzdx +sinxcosysinzdy +sinxsinycoszdz=0 ... 3
Differentiating equation (2),

dx +dy +dz=0
Multiplying above equation by A,

Adx +Ady + Adz=0 @
Adding equation (3) and (4),

conxsinysinzdx +sinxcosysinzdy +sinxsinycoszdz+idx+Ady+Adz=0

= (conxsinysinz+ A)dx + (sin x cos y sinz +X)dy + (sin xsiny cos z + 1) dz= 0

46 J
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Equating the coefficients of dx, dy and dz to zero,
conxsinysinz+A=0= —A=conxsinysinz
sinxcosysinz+A=0 =—-A=sinxcosysinz
sinxsinycosz +A =0 = — A =sin X siny cos z

= CONn Xsinysinz=sin X cos y sin z = sin X sin y cos z

Dividing by sin x sin y sin z on both sides,

cosxsinysinz sinxconysinz sinxsinycosz

sinxsinysinz — sinxsinysinz ~ sinxsinysinz

= Ccotx=coty=cotz

= x=y=z=g [ x+y+z= 1]

Consider x,y as independent variables and z as a function of x and y.

Differentiating equation (2) partially with respect to ‘x’,

Differentiating equation (2) partially with respect to ‘y’,

dz
0O+1+— =0
dx

dz
= d_y =-1 (6)

Differentiating equation (1) partially with respect to ‘y’,

o . o . 4 i . o0 . b . o .
x siny sin z, o (sin xX) + sin x sin z, o (siny) +sin xsiny. o (sinz)
o . 40+ si . oz
= 5 —sinysinzcosx sinxsiny cosz —
o . 4 . oz
= 5 —sinysinzcosx+ sinxsinycosz
ou . . . . ;
= X siny sin z cos X + sin x siny cos z (1) [-- From equation (5)]
ou . . . .
= &=smysmzcosx—smxsmycosz ..... @)
(7))
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Differentiating equation (7) partially with respect to ‘x’,

o0%u

r= —=
ox?

i sinz i(cosx)+ COS X i(sin 2) i sinx i(Cos Z)+Cc0sz i(sin X)
=siny "ox "ox —siny "ox "ox

_ , , 01 _ : : 0z
— r=siny smz.(—smx)+cosxcosz@—X —siny 5|nx.(—smz).6—x+coszcosx

= r=siny [-sin x sin z + cos x cosz (-1)]- sin y[- sin x sin z (-1) +c0s z cosX]
[-- From equation (6)]

= r=siny [-sin X sin z — cos X cosz ]- sin y [sin X sin z + cOs X c0szZ ]

= r=-sinXxsinysinzcos X coszsiny —siny sin X sin z—siny cos z cos X
= r=-2sinxsinysinz-2cos X cos zsiny
T o okin E sin Esin E —2c0s = cos E sin &
rl3 =-—2sin 3 sin > sin 5 —2.c0s > cos - sin 5
V3 V343 1143
=-2— — — 2. 5. —
2 2 2 22 2
_ 33 V3 _ 4
4 4. 4
T
3 =3

Differentiating equation (7) with respect to ‘y’

5= o'u = cos x{sin Z.i(sin y)+ siny.i(sin Z)} —-sinx {COS Z-i(Sin y)+sin y-i(COSZ)}
Oyox oy oy oy %

. . 0z . . . . 0z
= S$=1S8INZCOoSXCOoSYy ~+ siny coa X cos 2.5 —sin X cos z cos y —sin x siny (= sin Z)IE

= S=sinzcosXxcosy —+ siny coa x cos z.(-1) —sin x cos z cos y + sin x sin'y sin z(-1)

[-- From equation (6]
= S$=1siNzZCOSXCOSY—SinycoaXxCcosz —SinXCcosycosz—sinxsiny sinz

T

s —an T oros Foeos E _ain E eoa & cos & _in = cos & cos L _sin X oin ~ ain &
—sm300330033—5m3coa30033—5|n300330033—5|n35|n3 SII’\3
J_v311 311 3113343
33—2.2.2 2.2.2 2.2.2 2.2.2
{ 48 }
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Jr_ V3 V3 V3 3/3 _ 43

8 8 8 8 8
s|£——_\/§
= 37 2
e
y symmetry, o = 507 =_J3
_J3Y
t-s?= V3(-V3) —[T

_2=__
= rt-s 3 4

9
_2= —_ >
= rt-s 4 0

Since, rt—s?is + ve and r is —ve, the function u is maximum

. TR L7 R LN R %
Maximum value = sin 3 sin 3 sin 3

_¥3 V33 33
2. 272 8
Maximum value of u is %

g
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‘ Short Question and Answers I

1. Differentiation Composite Function.

AnS :

Let = f(X, y) possess continuous partial derivatives and let x = ¢(t), y=wy (t) Possess continuous
derivatives.

Then

w_o oo, P

dt ~ ox' dt "oy dt

2. Define Implicit Function.
Ans :
Let f be a function of two variables since f(x, y) = 0 . (@)

We can obtain y as function of x, the equation (1) defines y as an implicit function of x.

Assuming that the conditions under which the equation (1) defines y as a derivable function of x are
satisfied.

. dy d?y T .G
We shall Now obtain the value of == and — in terns of the partial derivatives —, =, —,
dx dx2 OX ay 6x2
’f P
xay oy?
with respectto X & y
Then

dy  —oflox M
ax — ofley — fy Ty =0

?y _ fe (fy)2 — 2yhfy +12 (%)’
dx? (% )3
y

3. Define Maxima and Minima of functions of two variables.

Sol :

Let f(x, y) be a function of two independent variables x, y such that it is continuous and finite for all
values of x and y in the neighbourhood of their values a & b.

The values of f(a, b) is called maximum or minimum value of f(x, y) according as f(a + h, b + k).
Condition for the existence of maxima or minima.
We know by Taylor's expansion in two variables, that

{ 50 }
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of | of 1 [, o 0% 0%, 0%
f(x+h,y+k>=f(x,y)+h[g_x“‘@j + E[h EY vl

of of
fx+h,y+k-fx,y)= [h6_+ k@] + (terms of second and higher order)

4.  Write Lagrange’s condition for maximum and minimum values of a function of two
variables.

Sol :

%t 2 g2
If r,s,t denote the values of — 0 ot

ox2 " oxoy ' oy?

When x = a, y = b then supposing that the necessary condition for the maximum & minimum
are satisfied.

of
|e ~ = 0’

ﬁ:0 whenx =a,y=b
OX oy

1
We can write f(a + h, b + k) — f(a,b) =§[rh2 + 2shk + tk?] + R

Where R consists of terms of higher order of h'and k.

»  Lagrange’s condition for minimum isrt—s2>0,andr >0

» Lagrange’s condition for maximum isrt—s* >0andr <0
But it rt — s> < 0. then there is neither a maximum nor a minimum.

5. Define Stationary points and Extreme points.

Sol :

of of
Points at which a_x=0 and — =0 are called stationary points for the function f(x,y)

oy

If it is @ maximum or a minimum is known as an extreme point and the value of the function at an
extreme point is known as an extreme value.

6. Ifu=x-y* x=2r-3s+4, y=-r+8s-5 find Z—Lr’.
Sol :
Given
U=x2-y?, X=2r-3s+4, y=-r+8s-5
Different with respect to ‘r’

g
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Consider x=2r-3s-4; y=-r+8s-5

OoX oy

o= %y o1
Consider u = x2-y?

ou ou

&=2x, @ =-2y

D= 2x(2) + (-2y) (1)

o
W _ e
o T
7. Define Equality of f, (a, b), f,,(a, b).

Sol :

If has been seen that the two repeated second order partial derivatives are generally equal. They
are not, however, always equal as is shown below.

f,(a+h,b)-f, (a,b
We have f,(a, b) = Aimo y(a+ 2 y(a,b)
-

f(a+hb+k)-f(a+h,b)
k

also, f,(a + h, b) = |1imo
N

- f(a,b+k)-f(ab)

o0 =

o a(hk)
= lim lim—2
(@, b) hI—>O k|—>0 hk

im"mf(a+k,b+k)—f(a+h,b)—f(a,b+k)+f(a,b)

|
h—-0k—0 hk

= IimIim—d)(h”k)

h—0k—0 hk

f(a b) =

It many similarly
show that

. _o(h,k)
= lim lim——~=
fy(@ b) k>0 h»0 hk
8. State and prove Taylor’s theorem for a function of two variables.

Ans :
Statement

If f(x, y) is a function which possisses continuous partial derivatives of the third order in a
neighbourhood of a point (a, b) and if (a + h, b + k) is a point of this neighbourhood, then there exists
a positive number 6 which is less than I, such that

{ 50 }
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fa + h, b+ k) =

f(a, b) + [hf (a, b)+ Kf (a,b)] + % [h? 2 (a, b) + 2hk f_ (a, b) + Kfy? (a, b)]

1
+ 3 [h?k fsz(u, V) + 3hk2fy2X(u,v) + k3 fy2X (u, V)]

Where,

u=a-+h v=>b+ 0k

9.  Write Working Rule to find the maximum or minimum value of f(x,y).

Sol :
Step 1:

Step 2 :

Step 3¢

Step 4 :

Step 5:

Step 6 :

Let the given function be f(x,y)

o of of _
find o & oy and equation them to zero.

. of of 0
Solve the equation ——=0 and ==Y for x and y.

ox oy
Let the solution be (a,b), (c, d)

_ot ot ot
Calculate r = 87’3_ 6xay’t_ oy

at (a,b) and (c,d). Calculate rt — s? in each care.

i.e., at (a,b) & (c,d)

Ifrt—s*>0andr < 0 at (a,b) then fhas a maximum value at x = (a,b)
If or at (c,d) if t —s?> > 0and r < 0 then f has maximum value at (c,d)

If rt —s> >0, andr > 0 at (a,b) then f has a minimum value at (a,b) or ifrt —s>>0and r >
0 at (c,d) & has a minimum at (c,d).

If rt — s> < 0. at (a,b) then f has neither , maximum , nor minimum . Then (a,b) is saddle
point.

If rt —s* < 0 at (c,d), then (c,d) is saddle point.

If rt — s =0, we can’t decide whether f, has maximum or minimum for the investigation is
needed.

g
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‘ Choose the Correct Answer I

1.

The function haas neither maximum nor minimum value if

@ rt-s2=0
(c) r=0

(b) rt-s2<0
(d r<o0

If f(x,y) has continuous second order partial derivatives fXy and fyX then

(@ f,=f,

() f,<f,

The function is maximum value if
(@ rt-s2=0,r<o0

(c) nt-s2<0,r<0

(b) f, =1,

Xy

(d) f,>f

(b) rt—-s2=0,r>0
(d) rnt-s2<0,r=0

The conclution for maximum or minimum values are

ha—f— 0 kﬂ— 0

oy
ot 7
© 5=0 57 =

Maximum value of (log X) / x

(a) x=74
© x=%

The maximum value of sin X + cos X is
(@ 2

© 2

Sinx (1 + cos Xx) is maximum at

(a) x=74
© x=7

2
If y®-3ax®+x°=0 then d—)zl =
dx
—2(x-a)
(@) y®
—2a%x?
(c) y®

of of
(b) o =0 5 =0

(d)- None

(b) x=n
d) x=0

(b) 1
(d 1+42

(b) x=n

d) x=0

2ax — x?

(b) =

(d) None

[b]

[a]

[a]

[b]

[a]

[d]

[a]

[c]
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9. Euler’s theorem on homogenous function if ‘F’ is homogenous X, y, z of degree n, then [ d ]

xﬁ—yﬁ—nz xa—+x——nz
@ *% Y% ) "oy
x%— E—zﬁ—nF X%-i- %-FZ%_T]F
© *X Yy ta @ *X Yy Ta
10. Iff =cth dy d
. (le)_C en dX [ ]
of I ox of
(a) of I oy (b) ox
o —x
© % @

g
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‘ Fill in the Blanks I

1 If u=y* th a_u_
. u=y, then — =

The value of f(a,b) is called —_____ value of f(x,y)

If Axisincrementin xthenAyis ________iny

Legrange’s condition for maximum are and

AL

Legrange’s condition for maximum are and

d
6. If u = (tanx)’ + y cot x then & =

ou
= X2 -y? — =
7. If u=x%-y?then

8. If z=(cosy)/ xand x = u?-v,y = e’ then —

dz
9. at by composite function

10. If “+e" th M
: x=e"+e en o =

ANSWERS
y* logx
Maxima or.-minima
Consequent increment
nm-s2>0,r<o0
nm-s2>0andr<20
a
2X
(cosy— xy siny) / x?

© N o s wh e

ade @ dy
ox dt - oy dt

10. e

g

Rahul Publications



I B
T T
T P T P T T

Linear Equations in Linear Algebra — Systems of Linear Equations —
Consistent and Inconsistent Systems; Solution sets of Linear Systems — trivial
and Non trivial Solutions; Linear Independence — Linear Independence of
Matrix Columns and Characterization of Linearly Dependent sets.
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3.1 LiNEAR EQuATIONS IN LINEAR ALGEBRA I

Q1. Explain the concept of Linear Equations
in Linear Algebra.

AnS :

Introduction of Linear Equation

(Imp.)

Linear equations are a fundamental concept
in the field of linear algebra, which is a branch of
mathematics that deals with vector spaces, linear
transformations, and systems of linear equations.
At its core, linear algebra seeks to understand and
analyze the relationships between vectors and how
they can be manipulated and transformed in a
coherent and systematic manner.

Alinear equation is an equation that describes
alinear relationship between variables. In its simplest
form, a linear equation involves terms that are either
constants or the product of a constant and a single
variable raised to the power of 1. The fundamental
property of linear equations is that when graphed,
they form straight lines, hence the name “linear.”

Linear equations play a pivotal role in various
areas of science, engineering, economics, computer
graphics, and more. They are used to model and
solve problems that involve proportional
relationships, such as the growth of populations, the
flow of currents in electrical circuits, and the
optimization of resources in economic systems.

When dealing with multiple linear equations
involving multiple variables, we encounter systems
of linear equations. These systems represent
interconnected relationships between variables,

where finding a solution means determining the
values of the variables that satisfy all the given
equations simultaneously.

Linear algebra provides powerful tools and
techniques for understanding, analyzing, and solving
systems of linear equations. Matrices, which are
rectangular arrays of numbers, are used to
compactly represent systems of linear equations.
Linear transformations, which are operations that
map vectors from one space to another while
preserving the'linear structure, play a significant role
in understanding the behavior of systems of
equations.

Solving systems of linear equations involves
methods such as substitution, elimination, and
Gaussian elimination, where the goal is to find the
values of the variables that make all equations in
the system true. In cases where exact solutions may
not exist, techniques like least squares approximation
can be employed to find the best possible solution.

Overall, linear equations form the cornerstone
of linear algebra, providing a framework for
understanding relationships between variables in a
wide range of applications. From fundamental
concepts to advanced techniques, the study of linear
equations in linear algebra is essential for building a
solid foundation in mathematical reasoning and
problem-solving.

Q2. Whatis general form of linear equation?
Ans : (Imp.)

General form of a linear equation in one
variable: let’s call it “x,” is:

(57 )
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Here, “a” and “b” are constants, and “x” is
the variable. The equation is linear because each
term involves a constant or the product of a constant
and the variable “x” raised to the power of 1.

In this form, the equation represents a straight
line on a graph, with “a” determining the slope of
the line and

If we’re dealing with a linear equation in two
variables: “x” and “y,” the general form would be:

lax + by +c =0

Here, “a,” “b,” and “c” are constants, and
“x” and “y” are the variables. Similarly, the equation
is linear because each term involves constants or
the products of constants and the variables “x” and
“y” raised to the power of 1. In this case, the
equation represents a straight line in a two-
dimensional coordinate plane.

These general forms of linear equations are
foundational in mathematics and have widespread
applications in various fields. They serve as the
building blocks for.more complex systems of linear
equations and are essential for understanding linear
relationships and their graphical representations

I 3.2 SysteEMs oF LINEAR EQUATION

Q3. What is system of linear equation and
explain briefly ?

AnS : (Imp.)

A system of linear equations is a collection of
two or more linear equations involving the same
set of variables. These equations describe
relationships between variables in a linear manner.
The general form of a system of linear equations
with “n” equations and “m” variables can be
represented as follows:

Rahul Publications
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Standard Form
a, X +a,x,+..+a X = b1

a, X, +a,X, +..+a, X = b2

a, X, +a,x, +..+a X = brn

Here, each “a,” represents the coefficients of
the variables, “x” represents the variables, and “b.”
represents constants on the right-hand side of each
equation ..

1. Matrix Equation Form

This system can also be represented as a
matrix equation using matrix multiplication:

AX=B
Where,

> “A’isan ‘“n = m” matrix containing the
coefficients of the variables.

> “X”7 s an “m x 1” column matrix
containing the variables.

» “B”is an “n x 1” column matrix
containing the constants on the right-
hand side of each equation.

2. Augmented Matrix Form

Another way to represent the system is in
augmented matrix form:

[A ] B]

Here, “A” is the coefficient matrix, and “B” is
the column matrix containing the constants.
This form is often used when performing
operations like Gaussian elimination to solve
the system.

Solving a system of linear equations involves
finding values for the variables “x,” “x,”

“x_” that simultaneously satisfy all of the
equations in the system. Depending on the
number of equations and variables and the
nature of the coefficients, the system may
have unique solutions, infinitely many

solutions, or no solutions.
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Theorem
The system AX=B has

() A unique solution if and only if rank (A) =
Rank(A|B) = number of variables

(i)  Infinitely many solutions p(A) = p(A|B)<
number of variables and

(iii)  No solution (inconsistent ) if p(A) = p(A|B)
i.ep(A) <p(A|B)

Various methods can be employed to solve
systems of linear equations, including:

> Substitution Method

Solve one equation for one variable and
substitute the expression into the other
equations.

> Elimination Method

Add or subtract equations to eliminate one
variable and solve for the other.

> Matrix Methods

Use techniques such as Gaussian elimination
or matrix inversion.

> Graphical Method

Graph the equations on a coordinate plane
to find the intersection point(s), if they exist.

Solving systems of linear equations is a
fundamental concept in mathematics and has a wide
range of applications in fields such as engineering,
physics, economics, and computer science.

Q4. What is homogeneous system of linear
equations and explain it cases ?

Ans : (Imp.)
Homogeneous System of Linear Equations

A homogeneous system of linear equations
is a system in which all equations are set equal to
zero. In other words, each equation follows the form

a x, +ax, +..+ax =0

where “a ” “a,” ..., “a " are coefficients and
X,” “X,” ..., “x " are the variables. Here’s how the

two cases break down .

1. Trivial Case

In the trivial case, the system has only one
solution, and that solution is the trivial
solution, where all variables are equal to zero.
This means the origin (0, O, ..., 0) is the
solution to the system. This solution is always
present for any homogeneous system since
setting all variables to zero will satisfy all
equations of the system.

Mathematically, the trivial solution is
represented as:

X, =0,
X, =0,
X =0

n

2. Nontrivial Case

In the nontrivial case, the system has solutions
other than the trivial solution. This means that
there exist non-zero values for the variables
that satisfy the system of equations. In this
case, the system has infinitely many possible
solutions, forming a solution space. The
solution space can be represented as a line,
plane, or hyperplane in higher dimensions.

Mathematically, the nontrivial solutions are
represented as non-zero values for at least
one of the variables:

X, #0o0rx, = 0or..orx =0

The distinction between these two cases is
essential when studying systems of linear
equations. Homogeneous systems often arise
in various mathematical and practical
contexts, such as in physics, engineering, and
computer graphics, and understanding these
cases helps in determining the nature of
solutions and the behavior of the system.

|' 59 |I
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3.2.1 Consistent and Inconsistent Systems; Solution sets of Linear Systems

Q5. What is non-homogeneous system of linear equations and explain it cases?

Ans . (Imp.)
Non-homogeneous System of Linear Equations

A non-homogeneous system of linear equations is a system in which at least one equation is not set
equal to zero. In other words, the system involves both the coefficients of the variables and constants on
the right-hand side of the equations. The general form of a non-homogeneous system of linear equations
with “n” equations and “m” variables can be represented as follows:

1. Standard Form
a, X +a,Xx, +..+a X =Db

a, X, +a,X, +..+a, X = b2

a X +a,X, +..+a X = bn

Here, each “a,” represents the coefficients of the variables, “xb™ represents the variables, and
“bb”” represents constants on the right-hand side ‘of each equation.

2. Matrix Equation Form
This system can be represented as a matrix equation using matrix multiplication:
AX =B
Where,
»  “A’isan “n x m” matrix containing the coefficients of the variables.
> “X7isan“m x 1” column matrix containing the variables.

» “B”is an “n x 1” column matrix containing the constants on the right-hand side of each
equation.

3. Augmented Matrix Form
The non-homogeneous system can also be represented in augmented matrix form:
[A ] B]

Here, “A” is the coefficient matrix, and “B” is the column matrix containing the constants. This form
is often used when performing operations like Gaussian elimination to solve the system.

Solving a non-homogeneous system of linear equations involves finding values for the variables
X, X, ..... X_that simultaneously satisfy all of the equations in the system. The presence of non-zero
constants on the right-hand side makes the problem more complex than solving a homogeneous
system.

when dealing with non-homogeneous systems of linear equations, there are three possible scenarios
or conditions that determine the nature of the solutions. These conditions are related to the coefficients
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of the equations and the constants on the
right-hand side. Let’s go through each of
these conditions:

1. Consistent and Unique Solution

In this case, the non-homogeneous
system has a unique solution. This
means that there is a specific set of values
for the variables that satisfies all of the
equations in the system. Geometrically,
this corresponds to the intersection of
“n” hyperplanes in an “m”-dimensional
space at a single point.

in mathematically , If |JA] = 0 ,system is
consistent and unique solution given by
X=AB.

2. Consistent and Infinite Solutions

In this scenario, the non-homogeneous
system has infinitely many solutions. The
equations in the system are not
contradictory, and there is_more-than
one way to choose _the values of the
variables that satisfy the system.
Geometrically, this corresponds to the
intersection of “n” hyperplanes in an
“m”-dimensional space along a line,
plane, or hyperplane.

in mathematically , If JA]= 0 and
(adj A)B = 0 ,system is consistent and
infinite solutions .

3. Inconsistent

An inconsistent non-homogeneous
system has no solution. This happens
when the equations are contradictory
and cannot be satisfied simultaneously.
Geometrically, this means that the “n”
hyperplanes in an “m”-dimensional
space do not intersect at all.

in mathematically , If |JA]= 0 and
(adj A)B = 0 system is inconsistent.

The nature of the solution depends on
the relationships between the coefficients
and constants, and whether the
equations can be linearly combined to
produce consistent results. These
conditions can be determined using
methods such as Gaussian elimination,
which simplifies the system into row-
echelon form or reduced row-echelon
form, revealing the possibilities for
solutions.

Q6. What are the methods are there to
finding non-homogeneous systems?

AnS :

Methods for solving non-homogeneous
systems include:

> Substitution Method

Solve one equation for one variable and
substitute the expression into the other
equations.

> Elimination Method

Add or subtract equations to eliminate one
variable and solve for the other.

> Matrix Methods

Use techniques such as Gaussian elimination
with augmented matrices or matrix inversion.

The solution to a non-homogeneous system
can be a unique solution, infinitely many solutions,
or no solution, depending on the coefficients,
constants, and the relationships between equations.
Non-homogeneous systems of linear equations have
wide applications in various fields, just like
homogeneous systems, and their solution methods
are crucial for understanding real-world scenarios
involving linear relationships.

| 61 |I
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ProBLEMS

7. Using matrix inversion method ,solve
the following system of equations :

5x+2y =4
X+ 3y=5
Sol :
Given equation is
5+ 2y =4
X+ 3y=5

Which can be written in the matrix form as,

M MEN

Where

o omenl]

5 2
Al =| 7 g| =15-14=1

So, the given system of equation is consistent
and independent i.e., it has unique solution is given

by
AX=B or X=A'B
The co-factors of the elements of [A] are

c

11

C, =-(7)=-7
C,=-0@=-2
C

22

At = 1/]A] adj.A and

3 2
ade=(CF)t={_7 5}

Rahul Publications

)

1 3 -2 3 -2
1o
AP=1=l7 5|57 s

[3x4+(-2x5)
| -7Tx4+5x5 |T

M

Hence, the required solution x=2,y=-3

12-10
-28+25

8. Solve the following linear system
2x+ 3y =38
X-2y=-4

Sol :

First, solve one equation for one variable
using the elimination method. Let’s solve the second
equation for x :

X=2y-4

Now, substitute this expression for x into the
first equation:

22y -4)+ 3y =28
4y -8+ 3y =38
7y-8=28
7y = 16

_ 16
y=73

Now that we have found the value of vy,
substitute it back into the expression for x:

16
el

_2
X—7—
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_ (32-28)

P
Il
~N| S

4
So, the unique solution is x = = and

-
16
y=--.
9.  Solve the following linear system:
3X-2y =7
4x + 3y = 22
Sol :

We can use the elimination method here.
Multiply the first equation by 3 and the second
equation by 2 to make the coefficients of y’s in both
equations equal,

9x -6y = 21
8x + 6y = 44

Now, add the two equations together to

Sol :

10. Solve the following linear system:

5x+2y =11
3X-y=7

Let’s use the substitution method for this

system. Solve the second equation for y

y=3x-7

Now, substitute this expression for y into the

first equation

5x +2(3x - 7) =11
bx +6x-14 =11

1lix-14 =11
11x =11+ 14
11x. =25

x = 25/11

Now that we have found the value of x,

substitute it back into the expression for y:

y = 3(25/11) - 7

eliminate y: y=75/11-7
Ox — By + 8x + 6y = 21 + 44 y = 75/11 - 77/11
17x = 65 =-2/11
X = 65/17 Method 2
X = 13/3 11. Solve the following system of linear
) ) equations.
Now, substitute the value of x into one of the
original equations. Let’s use the first equation: X+2y+z=7
-+ =
3(13/3) 2y = 7 x+3z=11
2x-3y=1
13-2y=7
Sol :
-2y =7-13
Given AX =B
-2y =-6
y =62 1 2 1x] [7
1 0 3 =11
y =3 )
2 -3 0]z 1
So, the unique solution is x = 13/3 and
y=3. |Al = 1(0 + 9) - 1(0 + 3) + 2(6)
{ 63 }
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Al =9-3+12

|IA] =18

| Al # 0 so, the given system of equation has a unique solution given by X = A'B
Now ,calculate the adjoint of matrix .

Let C, be the co-factors of elements a,in A = [a]. Then

4|0 3
C11: (_ 1)l ' _3 0‘:
- 1 3
C12= (G D) 2 0 =-6
sl 0
C13=(—1)13 =-3
2 -3
2 1
C21: (_ l)2+1 _3 0 e 3
1 1
C22= (= 1)*> 2 0 =-2
j— 2+3 1 2 —
Cza— (G D) 5 3 =%
2 1
Cy =1y 0o 3=6
ser 11
C32= (G D) 1 3 =-2
ses 11
C33= (G D) 10 =-2
9 6 -3 9 -3 6
adiA=|-3 -2 7|=|6 -2 -2
6 -2 -2 -3 7 =2
l -
Al = madj
1 9 -3 6
A=1gl6 -2 -2
-3 7 -2
{ 64 }
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Now, X = A1B
19—367 63 -33 46 136 2
x =15/ & 2 2|1 =Ll a 2 o|=1518|=|2
B 7 2f1] By 7 4] I3
X= 2, y=1 and z= 3 is the required solution
12. Find the system of Linear equation,
2X+4y-3z=4
y+4x+52=2
4z +4x+ 3y =1
Sol : (Imp.)

Given Ax =B
2X+4y-3z=4
A + 3y +5z=2
AXx +3y+4z=1

2 4 -3][x] [4
4 3 5 ||ly|=|2
43 4]lz] |1
AX =B
X =A1B
- AdiA
WP o
Al
35 |45 |43
Al =213 /=42 434 3
= 2(12 - 15) - 4 (16 - 20) - 3( 12 - 12)
= 2 3) - 4(-4) - 30)
=_6+16
=10
|A[10
2 4 -3
A_|43 5
43 4

g
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Now, calculate the adjoint of matrix Let C, be the co-factors of elements a, in A = [a]

Then,

Ch= L 1=12-15=-3

33‘

3 4
C,=(C1)"?|, 4 =-9-16=+25
4 3
Co=(1)"2| 53 g =20+9=29
5 4
C,=(1"|, 4 =20+6=4
4 -3

C,=(-1P"2|, ,|=8+12=20

3 5
Cpy= (13|, , =12+10=22

2 4
3 3

C, = (-1p+! ‘ =12-12=0

c, =1zt
32_(_) 3

2
‘216—6210
4

2 4

Cyy = (17 |4 3‘ =6-16=-10

3 25 29
Adia=| 4 20 -22
0 10 -10

g
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__ AdiA
1Al
___3 e Q—
-3 25 29 10 10 10
0O 10 -10 g E 10
|10 10 10 |
-3 -5 29
10 2 10
At =2 , -l
5 -10
0 1 -1
X =A1lB
-3 -5 29
« 120 2 1;)1 4
yl=| = 2 —||2
5 -10 1
z 0 -1 -1
_—3><4—E><2+§><1 _—12—2—%@
10 2 10 10 2 10
— g><4-|—2><2—E><1 = §-1-4—E
5 5 5 5
Ox4+1x2-1x1 0+2-1
[12-50+2971 [-33
X 10 10
| 8+20-11| |17
Y= 5 | 5
Z 1 1
x=—2 y=2 721
10 5T
67 I
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13. Find the system of linear or equation
2X+y+z=2
4x+y+ =06

OX+2y+z2=2

Sol ;
Given Ax =B
2 1 1||x 2
4 1 0f|ly|=|6
9 2 1|z 2
AX =B
X=A'lB
__ AdiA
Al= T
1Al
1 0 4 0 4 1
IAl=215 4| -1|g 1/ *+1lg >
=21-0)-1(4-0)+ (8-9)
=2-4+1
=-3
|Al=-3
21 1
9 2 1

Now, calculate the adjoint of matrix
Let C, be the co-factors of elements a, in A = [a|]

Then,

1 2
01

C, = (-1 ‘:1—0:1

(Imp.)

{ 68 }
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2
C,=(1'"2| (=2-1=1

— 1+3 11 — —
Clg—(—l) 10 =0-1=-1
0 1
C21=(—l)2+l 4 9 =0-4=-4
1 1
C22=(—l)2+2 9 2 =2-9=-7
1 0
C23=(—l)2+3 2 4 =4-0=4
—_ 3+1 4 9_ —_—
Cgl—(—l) 1 2—8—9——1
9 2
C32=(—l)3+2 2 1 =9-4=5
2 4
C33=(—1)3+3 1 1 =2-4=-2
1 1 -1
AdjA=|-4 -7 4
-1 5 -2
) AdjA
1A
11 1]
1 1 -1 3 3 3
FE a1
-1 5 2 1 5 2
'3 3 3|
X =A1B
{ 69 }
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I T 2. 6,2
X 3 3 3 2 3 3 3
-4 -7 4 8 42 8
yl=|— — —||6|=|—+—+—
3 3 3 5 3 3 3
z -1 5 -2 2 30 4
| 3 3 3 | | 3 3 3 |
[2-6+2]
3
_ | 8+42-8
3
2-30+4
3
_ﬁ_
3| -2
24 -8
L 3]
X=-2,y=14,2=-8
14. Find the system of linear equation.
X+2y+3z=4
4X + 5y +6z2=8
7X+ 8y +9z =12
Sol :
Given AX=B
1 2 3||x 4
4 5 6||ly|=|8
7 8 9|z 12
AX=B
X =A!B
. AdjA
Al =
1Al
(?\
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56 L6 |45
IAl =1lg o =2]7 o *3|7 8
= 1 (45 - 48) - 2 (36 — 42) + 3 (32 - 35)
= 1(-3)-2(- 6) + 3 (- 3)
=-3+12-9

=0

, So find the (Adj A)B
(i) If (Adj A) B = 0, consistent and infinite

(i) If (Adj A) B # 0, In consistent

~N AP
o g N
© o w

Now, calculate the adjoint of matrix

Let C, be the co-factors of elements a, in A = [a/]

Then,
5 8
C11=(—1)1+1 6 9 =45-48=-3
8 2
C12=(—l)1+2 9 3 =24-18=-6
2 5
C13=(—l)1+3 3 6 =12-15=-3
6 9
C21:(_1)2+1 4 7 =42-36=6
9 3
C22=(—l)2+2 7 1 =9-21=-12
3 6
(;23:(—1)2+3 1 4 =12-6=6
f?\
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BCA
4 7
C31=(—l)3+1 5 8=32—35=—3
7 1
C32:(—1)3+2 g8 2 =14-8=6
1 4
C%,:(—l)3+3 2 5 =5-8=-3
-3 6 -3
AdjA = 6 -12 6
-3 6 -3
) AdjA
1A]
-3 6 -3
=|6 -12 6
-3 6 -3
X =A"'B

(-3 6 -3|[47][-3x4+6x8-3x12
X =|6 =12 6 (/8| 6%x4-12x8+6x12
-3 6 -3]||12|[-3x4+6x8-3x12

[-12+48-36] [0]
=| 24-96+72 |=|0
-12+48-36| |0

Given the system is consistent and infinitely solutions.

15. Find the system of linear equation.
X+4y +7z=14
3X+8y-2z-13
7X + 8y + 262 -5

Sol :

Given AX =B
1 -4 7 |x 14

3 8 -2 13
7 -8 26|z 5

g
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AX=B
X=A'B
) AdjA
Al= T
1Al
8 -2 3 -2 3 8
Al = +4 +7
-8 26 7 26 7 -8

= 1(208 - 16) + 4 (78 + 14) + 7(- 24 — 56)
= 1(192) + 4 (92) +7(- 80)
=0

Now, calculate the adjoint of matrix

Let C, be the co-factors of elements a, in A = [a],

Then,
8 -8
— 1+1 — —

C,=(1) 2 26 = 208-16 = 192
-8 -4

Cp=(1)"? 26 7 =-56-(-104) = 48
-4 8

C,=(1)3 7 _9 =8-56=-48

-2 26

C, = (-1 |5 7‘ =-14-78=-92

26 7
C,=(-10"?|, ,/=26-49=-23

.
Co= (12|, 3| =21-(-2)=23

C,=(1p*'|g g/=-24-56=-80

{ 73 }
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7 1

Co= (1"

1 3
4 g =8+12=20

C33 = (_l)3+3

|A] = 0. So find the (Adj A) B
(i) If (Adj A) B =0, Consistent and infinite
(ii) If (Adj A) B = 0, In consistent
192 48 48|14

-92 -23 23 ||13
-80 -20 20 || 5

N < X
Il

[192x14 + 48x13-48 x5
~92x14 -23x13+23x5
| -80x14 —-20x13+20x5

[ 2688+ 624 - 240 3072
=| 1288-299+115 |=| 1104
| —11200 - 260 +100 -11360

. X =23072,Y = 1104, Z = - 11360

Given System is inconsistent

g _4‘ =_28-(-8)=-20

16. The following system of equations
X+ X, + X, =3
X+ x,=0

X =X, +X%X,_1

Sol :
Given AX =B
1 1 1|x, 3
1 0 1|x,|=|0
1 -1 1§ x 1

3

Consider the augmented matrix [A]|B]

— 'l 74 ',
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11 13 R, o R,
[AlIB] =|1 0 1|0 1 2 0]5
1 -1 1)1 0 3|0
0|-8
R, —» R,-R,,R, - R,-R,
L1 113 p(A) =2, p(A|B)=3
Here p(A) = p(A|B
1o -1 ol-3 p(.) p(AIB)
T 1o 22 ol-2 No solution
18. Solve the following linear system using.
R, > R,-2R, X+y+z2=6
2Xx + 3y +2z2=14
1 1 1|3
1 0|3 X+2y+3z=15
“lo o0 o4 Sol :
Given AX=B
p(A) =2, p(AIB) =3
here p(A) = p(A|B) 111 6
. . =2 3 2 =14
Solution does not exist.
1 2 3|z 15
17. Solve the following linear system
X+2y =5 11 1|6
ax+8y =12 Consider [A]|B] = 2 3 214
3x+6y+3z = 15 1 2 15
Sol : R, > R,-2R,
Given AX=B R, , R-R,
1 2 0|5 Ry R=R,
Consider [A|B] = |4 8 012 1 1 116
3 6 3|15 1 1 012
0 0 2|7
R, >R, > 4R,
R, - R,-3R, Divide the third row by 2
1 2 05 1 1 1|6
0 0 0|-8 1102
0 0 3|0 0 0 1|35
(?\
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Perform back-substitution to find the
solutions:

z=35
X+z=4
x+35=14
x=0.5
y=2

So, the unique solution is x = 0.5, y = 2,
and z = 3.5.

3.3 TRriviAL AND NONTRIVIAL SOLUTIONS IN
SvysTEMS OF LINEAR EQUATIONS

Q19. What is trivial and nontrivial solution?
Ans :
i) Trivial Solution

A trivial solution is a solution to a system of
equations where all variables are set to zero.
In other words, it’s the solution where no
variable takes on a nonzero value. Trivial
solutions are always valid for any system of
equations.

ii)  Nontrivial Solution

A nontrivial solution is a solution where at
least one variable takes on a nonzero value.
Nontrivial solutions provide meaningful
solutions to the system of equations.

PROBLEMS
20. Find the following equations trivial.
3Xx+2y=0 ...(1)
2x-3y=0 ...(2)
Sol :
Trivial

The trivial solution occurs when both
variables are set to zero. Let’s solve for x and y .

Rahul Publications
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X +2y=0 . (@)
2x-3y =0 .. (2
Dividing equation (2') by 2:
x-@3/2)y=0
x = (3/2)y
Substituting x in equation (1)
3((3/2)y) + 2y =0
92y +2y =0
9/2 + 4/2)y = 0
(13/2)y =0

y=0
Substituting y. = 0 in x = (3/2)y
x=0

Therefore, the trivial solution is x = 0 and
y = 0.

21. Find the following equations trivial
2Xx+y+z=0
3x-2y+2z=0
X+3y-z=0

Sol :

We want to find the values of x, y, and z that
satisfy all three equations simultaneously. Let’s
consider the trivial solution where all variables are
settozero: x =0,y =0,and z=0.

For Equation 1
200+0+0=0
0 + 0 + 0 = 0 (Satisfied)
For Equation 2
3(0)-2(0)+0=0
0 -0 + 0 = 0 (Satisfied)
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For Equation 3
0+30)-0=0
0 + 0 - 0 = 0 (Satisfied)

Since all three equations are satisfied by
x =0,y =0, and z = 0, this is called the trivial
solution.

22. Given equation to find non trivial
solution.

3Xx+2y=6 ...(1)
2x-3y=-5 ..(2)
Sol :

To find a nontrivial solution, we need to
determine values for x and y that satisfy both
equations and are not both zero.

One way to approach this is by solving one
equation for one variable and then substituting that

y = 27/ 13substituting in x = (6 — 2y) / 3 for x
x = (6-2(27/13)) / 3
X = (78 - 54)/39
X = 24/39
X = 8/13

So, a nontrivial solution for the system of
equations is.

x = 8/13
y = 27/13

These values satisfy both Equation 1 and
Equation 2 and are not both zero. This is a nontrivial
solution because both x and y are nonzero.

The nontrivial solution for the given system
of equations is x = 8/13 and y = 27/13

23. Given equation to find non trivial
solution.

2x-y=3...(1)
AX+y=7..(2)

value into the other equation. Sol :
Solve Equation (1) for x Solve Equation (1) for x
2x-y =3
3X +2y =6
2x=3+y
3x=6-2y x= @B +y)2
x=(6-2y)/3 Substitute x into Equation ( 2)
Put in equation (2) x+y=17
4B3+y2)+y=7
2x -3y =-5
2+4y)2+y=7
2((6 - 2y)I3) -3y = -5 12 + 4y + 2y = 14
(12 - 4y)/I3 -3y =-5 By =2
12 — 4y - 9y = -15 y=13
= 1/3 substituting in x = (3 + y)/2
12-13y =-15 y J B+Y)
x = (3 + (1/3))/2
-y =-27 x = (10/3)12
y=27/13 x = 5/3
(77 )
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So, a nontrivial solution for the system of
equations is:

X = 5/3
y=1/3

The nontrivial solution for the given system
of equations is x = 5/3 and y = 1/3.

24. find the following equations non trivial

2x-y+z=5 .. (1)
4x +2y-z=38 .. (2)
X-3y+2z=1 .. (3)

Sol : (Imp.)

We want to find a nontrivial solution for this

system, which means values for X, y, and z that satisfy
all three equations and are not all equal to zero.

Solve Equation (1 )for x
2Xx-y+1z=5
2X=5+y-z
x=06+y-22 .4

Substitute x into Equation (2)

Ix +2y-7=28
4(5+y-2)/2)+2y-z=28
(10+4y-272)+2y-z=18
10+4y-22+2y-z2=18

by -3z=-2

by =3z-2

y = (3z-2)/6

y = (z-2/3)/2

y=(z-1/3) .. (5)

Substitute x into Equation (3)
Xx-3y+2z=1
(5+y-2)12)-3y+2z2=1

Rahul Publications
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bG+y-z-6y+4z=2
5+y-z-6y+4z:=2

-5y +3z=-3
-by=-3-3z
y = (3 + 32)/5

y = (3/5) + (3/5)z
From equation (4) and (5)
x=0B+y-2)2
x=0B+(z-173)-2)2
x=0B+z-13-2)/2

X = (4 -1/3)2
X = (11/3)/2
X =11/6

So, a nontrivial solution for the system of
equations is x = 11/6,y =z - 1/3

These values satisfy all three equations and
are not all equal to zero. This is a nontrivial solution
because at least one of the variables (x, y, or z) is
nonzero.

3.4 LINEAR INDEPENDENCE AND DEPENDENCE
oF MATRIX COLUMNS

Q25. What is linear independent and explain
with an example?

AnS :

Linearly Independent Columns

(Imp.)

In linear algebra, the linear independence
and dependence of matrix columns are crucial
concepts. They determine whether the columns of
amatrix form a linearly independent set or a linearly
dependent set. Here’s a detailed explanation of
these concepts.

Matrix columns are linearly independent if
none of the columns can be expressed as a linear
combination of the others. In other words, no
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column can be obtained by multiplying another
column by a scalar and adding it to a different
column. Mathematically, if “A” is an “m x n” matrix
with columns “v,” “v.” ..., “v " then the columns
are linearly independent if the equation:
c,v, +c,v, +..+cv =0
only has the trivial solution:

Cl :CZ

..=c =0

In this case, the columns span the full “n”-
dimensional space of vectors.

Example

Suppose we have the following matrix “A”
with three columns

o o P
o r N
(R N

We want to determine whether the columns
of matrix “A” are linearly independent.

To check for linear independence, we need
to see if the equation:

c,v, +c,v, +c,v, =0

where *v,” #v,” and “v,” are the columns of
matrix “A,” has a nontrivial solution. In other words,
we want to find constants “c,” “c,” and “c,” not all
zero, such that the linear combination results in the
zero vector.

Let’s set up the equation and solve for the
constants:

1 2 3] [o
c,*|0[c,*|1|c,* [4|=|0
0 0 1| |o

Solving this system of equations gives us,

c, =0
c, =0
¢, =0

Since the only solution is the trivial solution
(all constants equal to zero), the columns of matrix
“A” are linearly independent. This means that none
of the columns can be expressed as a linear
combination of the others

In this example, the matrix “A” has linearly
independent columns because no nontrivial linear
combination of the columns results in the zero
vector.

Determinant Test for Linear Independence

For a set of vectors or a matrix, you can use
the determinant to test for linear independence.
Consider a set of vectors {v, , v,, ...; v }. If you
arrange these vectors as columns in a matrix “A,”
then the vectors are linearly independent if and only
if the determinant of the matrix “A” is nonzero.
Mathematically:

If det(A) # O, then the vectors {v , v,, ...
are linearly independent.

V. }

Example of Linear Independence

12 3
A—|0 1 4
00 1
IAl =1(1-0)-2(0-0)+3(0-0) = 1
Al =1
Al # 0

The determinant of an upper triangular matrix
(a matrix where all entries below the diagonal are
zero) is simply the product of its diagonal entries.
Therefore, the determinant of matrix “A” is:

det(A) =1*1*1=1

Since the determinant of matrix “A” is not
equal to zero (det (A) = 0), this confirms that the
columns of matrix “A” are indeed linearly
independent.

(79 )
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The determinant test is a powerful method
to determine linear independence, especially for
square matrices. When the determinant is nonzero,
the columns are linearly independent. If the
determinant is zero, it indicates that the columns
are linearly dependent. In your example, the fact
that the determinant of matrix “A” is not equal to
zero directly supports the conclusion that the
columns are linearly independent .

Q26. What is linear dependent and explain
with an example

AnS :

Linearly Dependent Columns

(Imp.)

Matrix columns are linearly dependent if at
least one column can be obtained as a linear
combination of the others. In other words, there
exist scalars, not all of which are zero, such that the
linear combination of columns results in the zero
vector. Mathematically, if there exist constants “c, ,”

“c,” ..., “c.” not all zero, such that:

c,v, +c,v, +..+c v =0
Then the columns are linearly dependent

Example of linear dependent

BN R
N BN
w o w

We want to determine whether the columns
of matrix “B” are linearly dependent.

To check for linear dependence, we need to
see if there exist constants “c,,” “c,” and “c,” not all
zero, such that the linear combination of columns
results in the zero vector. We’'ll set up the equation

1 2 31 |0
c,*|[2]c,*|4|c,*|6|=|0
1 2 3] |0

solving this system of equations, we find:

Rahul Publications
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1. The firstrowgivesus:c, +2c, +c, =0
2. The second row gives us: 2¢,+ 4c, + 2¢, =0
3. The third row gives us: 3c, + 6¢, + 3c, =0

Now, let’s simplify these equations:

1. ¢ +2c,+c, =0

2. 2¢,+4c,+2c,=0

Notice that the third equation is simply twice
the first equation. In other words, it’s a linear
combination of the first and second equations.
Therefore, we have a nontrivial solution to the
system of equations:

c, =—202—c3

2c, +4c,+2c, =0

Since there exists a nontrivial solution (not all
constants are zero) that makes the linear
combination equal the zero vector, the columns of
matrix “B” are linearly dependent.

In this example, the matrix “B” has linearly
dependent columns because a nontrivial linear
combination of the columns results in the zero
vector.

Determinant Test for Linear Dependent

The determinant method is a useful approach
to determine whether the columns of a matrix are
linearly dependent. Specifically, if the determinant
of the matrix is zero, it indicates that the columns
are linearly dependent.

Example

We want to determine whether the columns
of matrix “A” are linearly dependent using the
determinant method.

A =

BN R
N BN
w o w

Al = 1(12 - 12) - 2(6 - 6) + 3(4 — 4)
IA] =0
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Since the determinant of matrix “A” is zero
(det(A) = 0), the vectors v, v,, and v, are linearly
dependent.

Keep in mind that the determinant method
is a convenient way to determine linear indepen-
dence or dependence when you’re dealing with
small sets of vectors or columns. For larger sets,
computational tools may be more practical.

3.4.1 Characterization of Linearly Depen-
dent sets

Q27. What are the Characteristics of Linearly
Dependent ?

AnS :

1. Determinant of a Square Matrix

(Imp.)

For a square matrix “A,” its columns are
linearly dependent if and only if the
determinant of “A” is zero. This determinant
test is useful in determining linear
dependence.

2. Rank Deficiency

Columns are linearly dependent if the rank
of the matrix is less than the number of
columns. A rank-deficient matrix cannot fully
span the 'space.

3. Nontrivial Linear Combination

Linear dependence means that there is a
nontrivial linear combination of columns that

PROBLEMS
28. To determine whether the given system
of equations is linearly dependent using
the determinant method :
3Xx+2y=6 ...(1)
2x-3y=-5...(2)
Sol : (Imp.)

We can represent the coefficient matrix as
follows:

Now, let’s calculate the determinant of this
matrix;

Determinant = (3 * —3) - (2 * 2)
Determinant=-9-4
Determinant = =13

Since the determinant is nonzero (- 13), the
system of equations is linearly independent. This
means that the equations are not proportional to
each other and do not lie on the same line in the
coordinate plane.

In summary, using the determinant method,
we found that the given system of equations is
linearly independent, which implies that the
equations are not linearly dependent and do not
represent the same line.

results in the zero vector. 29. Determining Linear Dependence Using
] the Determinant Method
4, Inconsistent System
) 2x+y-z=5 . (1)
If the homogeneous system of equations
formed by the columns has more unknowns 4x-3y+2z=1 ..(2)
than equations, the columns are linearly X+2y-z=3 . (3)
dependent.
Sol :
5. Repeated Columns
If a matrix has repeated columns, it is trivially 2 1 1
linearly dependent since one column can be 4 -3 2
expressed as a scalar multiple of the other |Al = 1 2 -1
repeated column.
{ 81 }
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=2(3-4)-1(-4-2)+ (8-3)
=2(1)-1(-6)+ (5
=2+6+5
=13
Since the determinant is nonzero (-13), the system of equations is linearly independent .

30. Determine if a system of linear equations is linearly dependent or independent using
the determinant method?

1 2 3
A=|4 5 6
7 8 9
Sol ;
1 2 3
4 5 6
Al =
7 89
= 1(45 - 48) — 2(36 — 42) + 3(32 - 35)
=1(- 3) - 2(- 6) + 3(- 3)
=_-3+12-9
=12-12
=0
IAl =0

A islinear dependent

31. Determine if a system of linear equations is linearly dependent or independent using
the determinant method?

4 6 9
A= |02 4
3 2 4
Sol ;
4 6 9
IA] = 0 2 4
3 2 4
= 4(0) - 6(-12) + 9(-6)
=0+ 72-36
IA] =36
|A] # 0

Aisin linear dependent.

4
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Short Question and Answers

1. Linear Equation
Ans :

Linear equations are a fundamental concept in the field of linear algebra, which is a branch of
mathematics that deals with vector spaces, linear transformations, and systems of linear equations. At its
core, linear algebra seeks to understand and analyze the relationships between vectors and how they can
be manipulated and transformed in a coherent and systematic manner.

Alinear equation is an equation that describes a linear relationship between variables. In its simplest
form, a linear equation involves terms that are either constants or the product of a constant and a single
variable raised to the power of 1. The fundamental property of linear equations is that when graphed,
they form straight lines, hence the name “linear.”

2. What is general form of linear equation?
Ans :
General form of a linear equation in one variable: let’s call.it “x,” is:

Here, “a” and “b” are constants, and “x” is the variable. The equation is linear because each term
involves a constant or the product of a constant and the variable “x” raised to the power of 1.

In this form, the equation represents a straight line on a graph, with “a” determining the slope of the
line and

If we’re dealing with a linear equation in two variables: “x” and “y,” the general form would be:

lax + by + ¢ =0

Here, “a,” “b,” and “c” are constants, and “x” and “y” are the variables. Similarly, the equation is
linear because each term involves constants or the products of constants and the variables “x” and “y”
raised to the power of 1. In this case, the equation represents a straight line in a two-dimensional coordinate
plane.

3. Matrix Equation Form
Ans :

This system can also be represented as a matrix equation using matrix multiplication:

AX=B
Where,
> “A” is an “n < m” matrix containing the coefficients of the variables.
> “Xis an “m > 1” column matrix containing the variables.
> “B”is an “n > 1” column matrix containing the constants on the right-hand side of each equation.

{ 83 }
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4.  Augmented Matrix Form
Ans :

Another way to represent the system is in augmented matrix form:
[A ] B]

Here, “A” is the coefficient matrix, and “B” is the column matrix containing the constants. This form
is often used when performing operations like Gaussian elimination to solve the system.

Solving a system of linear equations involves finding values for the variables “x,” “x,” ... “x_” that

2
simultaneously satisfy all of the equations in the system. Depending on the number of equations and
variables and the nature of the coefficients, the system may have unique solutions, infinitely many solutions,

or no solutions.

5. Homogeneous System of Linear Equations
Ans :

A homogeneous system of linear equations is a system in which all equations are set equal to zero.
In other words, each equation follows the form

a X, +ax, +..+ax =0

a vy

where “a,” “a,” ..., “a " are coefficients and **x,” “X “x " are the variables. Here’s how the two

cases break down.

6. Non-homogeneous System of Linear Equations
Ans :

A non-homogeneous system of linear equations is a system in which at least one equation is not set
equal to zero. In other words, the system involves both the coefficients of the variables and constants on
the right-hand side of the equations.

7.  What are the methods are there to finding non-homogeneous systems?
Ans :
Methods for solving non-homogeneous systems include:
> Substitution Method
Solve one equation for one variable and substitute the expression into the other equations.
> Elimination Method
Add or subtract equations to eliminate one variable and solve for the other.
> Matrix Methods

Use techniques such as Gaussian elimination with augmented matrices or matrix inversion.

{ 84 }
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8. Trivial Solution
Ans :

A trivial solution is a solution to a system of equations where all variables are set to zero. In other
words, it’s the solution where no variable takes on a nonzero value. Trivial solutions are always valid for
any system of equations.

9. Nontrivial Solution
Ans :

A nontrivial solution is a solution where at least one variable takes on a nonzero value. Nontrivial
solutions provide meaningful solutions to the system of equations.

10. Linearly Independent Columns
Ans :

In linear algebra, the linear independence and dependence of matrix columns are crucial concepts.
They determine whether the columns of a matrix form a linearly independent set or a linearly dependent
set. Here’s a detailed explanation of these concepts.

Matrix columns are linearly independent if none of the columns can be expressed as a linear
combination of the others. In other words, no column can be obtained by multiplying another column by
a scalar and adding it to a different column. Mathematically, if “A” is an “m x n” matrix with columns *v_,”
“v v ” then the columns are linearly independent if the equation:

A
c,v, +c,v, +..+c v =0
only has the trivial solution:

¢, =¢, =..=¢ =0

In this case, the columns span the full “n”-dimensional space of vectors.

g
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‘ Choose the Correct Answer I

1.  Asystem of linear equations with exactly one solution is called: [a]
(a) Consistent (b) Inconsistent
(c) Homogeneous (d) Dependent

2. The solution set of a homogeneous system of linear equations always includes: [d]
(a) No solutions (b) One solution
(c) More than one solution (d) The zero vector

3. A matrix with more columns than rows is called a: [c]
() Square matrix (b) Row matrix
(c) Column matrix (d) Rectangular matrix

4. If the determinant of a square matrix is zero, then the matrix is: [c]
(@) Invertible (b) Orthogonal
(c) Singular (d). Symmetric

5.  The rank of a matrix is defined as: [d]

(@) The number of rows in the matrix
(b) The number of columns in the matrix
(c) The sum of the elements in the matrix
(d) The maximum number of linearly independent rows or columns
6.  The reduced row-echelon form (RREF) of a matrix is: [c]
(a) A matrix with all elements set to zero
(b) “A matrix with ones along the main diagonal
(c) A unique matrix that’s obtained through row operations

(d) A matrix with only positive integer values

7.  The solution set of a consistent system of linear equations can be described as: [c]
(a) Asingle pointin space (b) Aline
(c) A plane (d) A hyperplane

8. The span of a set of vectors is: [c]

(@) The number of vectors in the set
(b) The sum of the vectors in the set
(c) The set of all possible linear combinations of the vectors

(d) The determinant of the vectors

{ 86 }
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9.

10.

11.

12.

13.

14.

15.

Linearly independent vectors in a vector space are always: [d]

(a) Parallel to each other

(c) Collinear with the origin

(b) Orthogonal to each other
(d) Linearly dependent

The column space of a matrix is also known as its: [d]
() Nullspace (b) Row space

(c) Rank space (d) Range

A matrix A is said to be orthogonal if: [c]
(a) Its determinant is zero (b) Itisa square matrix

(c) A*ANT = (identity matrix) (d) It has all elements equal to one

The determinant of an upper triangular matrix is equal to: [b]
(@) The sum of its diagonal elements (b) The product of its diagonal elements

(c) Zero (d) One

The solution set of an inconsistent system of equations is: [c]
(a) Non-empty (b) Infinite

(c) Empty (d) Unique

If a matrix has linearly dependent columns, its determinant is: [a]
(@) Always zero (b) Always nonzero

(c) Equal to the identity matrix (d) Equal to the zero matrix

The dot product of two vectors is zero if: [a]

() The vectors are orthogonal

(c) The vectors are parallel

(b) The vectors have the same magnitude

(d) The vectors are linearly dependent

4
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Fill in the Blanks

1.  Asystem of linear equations that has at least one solutionis calleda —_______ system.
2.  The _—_____solution of a system of linear equations is the one where all variables are set to zero.
3. The solution to an inconsistent system is
4, A set of vectors is said to be linearly _________if none of the vectors in the set can be written as a
linear combination of the others.
5. The columns of an identity matrix are
6. If the determinant of a square matrix is zero, then its columns are
7. In a matrix, a linearly dependent set of columns will leadtoa —_______ determinant.
8.  Asystem of linear equations with more equations than unknowns is typically
9.  Asystem of linear equations with the same number of equations and unknowns can be categorized
as
10. The solution space of a homogeneous system of linear equations always contains the
vector.
ANSWERS
1. consistent
2. trivial
3. empty
4. independent
5. linearly independent
6. linearly dependent
7. zero
8. overdetermined
9. square
10. zero
(‘88 )
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Q1.
Sol :

I 4.1 VECTOR SPACES I

Define vector space.

A vector space is a non empty set V of objects called vectors on which are defined two operations

called addition and multiplication by scalars subject to ten axioms.

(1) (v, +)is abelian vector addition.
1 u+vev
2. u+v=v+u
3. uU+rv)+w=u+(v+w)
4. There is zero vector O in v'such thatu + 0 = u.
5.  Foreachuinv thereis a vector —u in v such that u + (-u) = 0.
(1)  Scalar Multiplication
6. The scalar multiple of u by c that is cue v.
7. c(u+v)=cu-+cv
8. (c+du=cu+du
9. c¢(du) = (cd) u
10. 1u=u
The space R"; where n=1 is a vector space.
Q2. For n=0 the set p_of polynomials of degree atmost n consists of all polynomials of the
form.
P =a,+at+at?+ .. +at
Where coefficient a, a, .... a and variable t are real numbers Here degree is n.
Sol :

Given p_set of polynomials

Let p(t), q(t) ep,

p) =a,+at+at+..at
qt) =b,+bt+bt?+ .. .bt

g

Rahul Publications



BCA I YEAR 1l SEMESTER

Vector addition
1. pH+gqh)=a+at+at +..at"+b +bt+bt?+ .. bt
=@, +b)+ (@ +b)t+@+b)t?+ ...+ (a +b)t"ep [closure]
2. p@® + [q®) + r(®] = [p(t) + q®)] + r(t) [Associative]
letr() =c, +ct+ct+...ct"
3. Let O(t) = 0 + Ot + Ot> + ....+ Ot" be the zero polynomial.
p(t) + O(t) = p(t) [Additive Identity]
4. Since (-1) p(t) acts as negative of p(t)
vp®ep,3 (-1) p()ep,>
p(t) + (-1) p(t) = O(t) [Additive Inverse]
5. p(t) + q(t) = q(t) + p(t) [Cumulative law]
Scalar Multiplications
6. Scalar multiple c, is a polynomial defined by
cpt)=cla, +at+..+at]
=ca,+cat+..+cat"ep,.
(c + d) p(t) = cp(t) + dp(t)
c(p(t) + q()) = cp(t) + ca(t)
. c[d(p(t)] = cdlp(®)]
10. 1.p(t) = p(t) [Mul. Identity]
Thus p_ is a vector space.

I 4.2 SUBSPACES I

Q3. Define vector subspace and give examples.

Sol :

Let H be a non empty subset of a vector space V that it is said to be a vector subspace of V if it satisfy
the following conditions.

1. The zero vector of vis in H
= 0eH

2. H is closed under vector addition vU,V € H

=U+VeH

3. H is closed under scalar multiplication for eachU e H 3 scalar C> CU€ H.
Example

1. The set containing of only the zero vector in a vector space V is a subspace of V called the zero
subspace of written as {0}.

2. The vector space R?is not a subspace of R® because R? is not even a subset of R®. Since vectors in R®
all have three entries where vectors in R? have only two entries.

{ 90 }
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Q4. Givenv, andyv, inavector spaceV, let H = span {v , v} show that H in a subspace of V.
Sol :

Given H = span {v,, v}

The zero vector is in H since 0 = ov, + ov,

To show let is closed under vector addition

Letu =a u +a,u, w=byv, + by,
u+w=(,Vv,+a,v,)+ (b, v +b,v)
=(@ +b)v, +(@,+b)v,
Sou+weH.
To show H is closed under scalar multiplication let ¢ be any scalarandu=a, v, + a, v,
cu=cv,+a,v,)
= (ca) v, + (ca)v,
s cu eH.

. His closed under vector addition and scalar multiplication.

.. Thus H is a subspace of v.
Q5. Ifv,v, ... v, are in a vector space v then span {v, v,, .... vp} is a subspace of v.
Sol :
(i)  The zero vectorisin H

S O=ov, +ov,+ ... ov,
(i)  Letu,v anytwo arbitrary vectors in H

u=av+tav,+..av , v=b, v, +b,v,+..b Vv
Where a, a,....a, b, b, ... b_are scalars.
p 1 2 p
Now
u+v =(a1v1+a2v2+...+apvp)+(blv1+b2v2+ ..... +bpv)
=(a,+b)v,+ (a,+ b, +..+(a+Db)v,
u+veH
H is closed under vector addition.
for any scalar ¢
cu=c@v, +a,v,+..+av)
= (ca)v, + (ca,)v,+ ..... + (ca )v
s.cueH
.. His closed under scalar multiplication

.. His a subspace of V.

{ 91 }
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Q6. If Hand K are subspaces of a vector space then H + K is also subspace of vector space
V(F).

Sol :
Given V(F) is a vector space
H and k are subspaces of V
Define H + K= {w; U + v = w; for some u in H and v in k}

Given H is a subspace of V(F)

0cH .. (1)
k is a subspace of v(F)
ek .. (2)

from (1) and (2) 0 eH + k
S H+k = {3} (non empty)
Letw,w, e H+ K
w, =u, +v, whereu eH,v eK
w, =u, +v,where u,eH,v,eK
w,+w,=(u, +Vv)+ (u,+v,)
=(u,+u)+ (v, +V,)
eH + K/since u, + u, eH, v,+v,eK]
. H + Kis closed under vector addition.
Let cueH ; cueK
cu,+ev, e H+K
c(u,+v )eH+K
cw, e H+K
H+K is closed under scalar multiplication.

H + K is a subspace of V(F).

Q7. The union of two subspaces is again a subspace if and only if one is contained in

another.
(OR)
The union of two subspaces is again subspaces < H, <H, (or) H,<H..
Sol : (Imp.)
Let H, and H, be two subspaces of V(F).
Case (1)

If H, U H, is a subspace of a vector space V(F).

Then we have to show that H. < H,or H, < H..

{ 92 |
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If possible assume that H, = H, or H, H..
SinceH, £ H,so 3aeH, andagH,

SinceH,z H, so 3beH, andbgH,
ButaeH, UH, andbeH UH,
= a+beH UH,
— a+beH anda+beH,
Sincea+beH andaeH,, as
As H_ in a subspace of V(F)
(-1)a+a+b=beH, [Closure] . Q)
Similarly a+beH,,beH,
As H, is a subspace of V(F)
= a+b+ (-1)beH, [closure]
— a+b-beH,
= aeH, . (2)
Which is a contradiction to our assumption thatagH, andbg H,
So our assumption is using
- eitherH, cH,orH,c H,
Case (i)
If H, < H, (or) H,< H, then we have to show H, U H, is a subspace of V(F).
Since H S H, = H UH,=H,
We know that H, is a subspace of V(F)
So H, < H, is also subspace of V(F).
Case (iii)
IfH,SH, = H UH,=H,
We know that H_ is a subspace of V(F)
So H,U H, is also subspace of V(F)

-. H,U H_ is subspace of vector space V(F).

Q8. Let H be the set of all vectors of the from (a - 3b, b - a, a, b) where a and b are arbitrary
scalars let H = {(a - 3b, b - a, a, b)}; a, b in R. Show that H is a subspace of R*.

Sol : (Imp.)
GivenH = {(a-3b, b-a, a, b)}

Write vectors in H as column vectors, then an arbitrary vector in H has the form.
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a-3b 1 -3

b-a -1 1

a |=a| 1| +b| 0| =av, +av,
b 0 1

H = Span {v,, v,} where v, v, are the
vectors. Thus H is a subspace of R%.

1 2 4
1 2
Q9. LetvVv, =0 |V, = vV, =|“| and
-1 3 6
8
w =|%|Iswin the subspace spanned
7

by {v,, v,, v,}? Why ?

Sol :
Given vectors are
1 2 4 8
Vl = , V2 = 1 , V3 = 2 , W= 4
-1 3 6 7

Leta,a, a,e R
W = Linear combination of vectors

:alvl+a2v2+a3v3

8 1 4
4 :al 0 +a2 +a3 2
7 -1 6
1 2 4 8
The augmented matrix | 0 1 2 4
-1 3 6 7
Apply Row Operation:
2 4 8
R, R, +R, ~ 1 2 4
0 5 10 15

124 8
012 4
R,->R.-R —
% % oo o0 -1
100 0]
R, >R -2R ~—|0 1 24
000 1]
100 O
R
R N2 [0 12 4
-1 Jooo -1
c, C, C; C,
100 0
R,>R,-4R,~|071 2 4
000 -1

Two columns ¢, and c,are indentical and has
no-solution.

W-is not a subspace spanned by {v,,
v,, v3}.

Q10. Given v, and v, in a vector space v and
let H = span {v,, v,} then H is a
subspace of V.

Sol :

(i)  The zero vector isin H.
(i) Letu, v be any two arbitrary vectors in H.
u=s v, +syv, andv=t v +tyv,

Where s, s

1, S, U, t, are scalars

consider u + v
= (Sl v, +5, Vz) +(t1 v, ¥ tz Vz)
= (Sl + tl)vl + (Sz + tz)vz
= UuU+VvegH
= H is classed under vector addition.
(iii)  For any scalar c,
cu =c(s,v, +s,u,)
= (cs,) v, + (cs,)v,

= cueH
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H is classed under scalar multiplication

H is a subspace of v.

Q11. Show that w is in the subspace of R*
spanned by v1, v2, v3 where,

-9 [ 7]
7 -4
W= vV, =
4 | 21|
8 | 9 |
-4 [-9]
VvV, = 5 V, = 4
2011 | 4
-7 -7
AnS :
Given,
-9 [ 7]
7 -4
W= vV, =
4 | 2|
8 | 9 |
-4 9
5 4
vV, = o Vs = ”
—7 -7

Consider the augmented matrix,

7 -4
4 5

[viv2v3w]=|-2 -1 4

9 -7
R, & 7R, + 4R,
R, & 7R, + 2R,
R, 7R, - 9R,

7 -4 -9 -9
0 19 -8 13
=(0 -15 10 10
0 -13 32 137

(Imp.)

7 -4 9 -9

0 19 -8 13

=0 3 2 2

0 -13 32 137
—19R, + 3R,

—19R, + 13R,

7 -4 -9 -9
019 -8 13

=0 0 14 77
0 0 504 2772

[EY
©
o
on|R 9 n|R

=
o
on|E wn|®
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R, >R, + 4R, Ans : (Imp.)
_ - Given,
700 1
2 5 5 -9
010 3 8 8 -6
— 11
=10 0 1 > A= |-5 -9 3
000 0| 3 2
R, 6
R, 2 - 7
y=|1
- - -4
100 ]
2 y is in subspace of R4 spanned by columms
010 3 of Aifx, v, + X, v, + X, v, = y has a solution.
=0 0 1 1_21 Consider the augmented matrix [A y]
10 0 0 O] 5.-5 -9
8 8 -6
The general solutions are, [Ay]=|-5 -9 3
15 3 2 -7 -4
X ==
; R, =5R, + 8R,
X =
2 R, >R, + R,
1 R, =5R, + 3R,
X =
is sub fR db if > 90
w is subspace of R*spanned by v , v,, v, if x , ~
V,F XV, XV, = W 0 80 42 -13
: =0 -14 -6 7
ifx v, +X,v,+X,Vv,=wW 0 5 -8 _38
. 15 uo_
le., 5 v, +3v, + 5 vV, =W R,
R, = >
w is in a subspace of R*.
Q12. Determine if y is in the subspace of R* 5 -5 -9 6
spanned by the columns of A, where 0 80 42 _13
=0 0 54 189
> S 9 6 0 0 -850 -2975
8 8 -6 7
A=|-5 -9 3 y=11
3 2 7 4 R, ey
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R R,
4 " 850
(5 -5 -9 6 |
0 80 42 -13
0 0 1 7
— 2
0 0 -1 il
L 2 |
R, @R, + 9R,
R, >R,-42R,
R, >R, +R,
5 50 s
2
0 80 0 -160
=lo 0 1 7
2
0 0 0 0 |
R R
R, >—,R, > =%

! 5 2 80

1 -1.0

15
2
0 1 0 -2
—0011
2

0

0 00

R, >R, +R,

1102
2
010 -2
=001
2
000 O]

The general solutions are,

_u
Xl_?
x2=—2

7
X, 5

y is in subspace of R* spanned by
columns of A

4.3 LINEARLY INDEPENDENT SETS I

Q13. Define linearly independent and linearly
dependent.

Sol :

An indexed set of vectors {v,, ... v} in v is
said to be linearly independent if the vector equation.

C,V,+C Vv, + .. C, Vv, = 0

has only the trivial solutionc, =0,¢c,=0....

Anindexed set of vectors {v, ... v } inv is said
to be linearly dependent if the vector equation

c,vite, v, +..cv = 0 has a non trivial
solution that is not all ¢, = 0.

Q14. An Indexed set {v,, v,, ... vp} of two or
more vectors with v #0 is linearly

dependent if and only if 3 some v, (with
j=1) is a linear combination of its
preceding vectors v, v,, .... v

1
Sol ;

Let v be any vector space {v,, v,, ... vp} be
any indexed set in v with v, # 0.

Necessary Condition

Let{v,, v, ... v } be alinearly dependent set
in v. Consider the linear combination of these vectors
equated to a zero vector.

clv1+czv2+....+cpvp=O
1)
wherec, C,, .... c, are scalars and v, = 0.

Here atleast one of the scalars say e+ 0 for
j=>1 and suppose that ¢=0 for n>j.

(97 )
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Then the above liner combination can be written as
cVv,+c,v,+ ...+ cj vJ. =0

v, = (c)v,+(c)v,+ ... + (—cj_l) Vi,

- € S
=" v+ | T |v+. ..+
v, ¢ Vi c, Vot ¢, Vi

Thus the vector v, can be written as the linear combination of its proceeding vectors.

Sufficient Condition

In the indexed set {v,, v,, .... v } let the vector v, (j > 1) can be written as the linear combination of
its proceeding vectors.
= 3 scalarsc, ¢, ....c_ suchthaty, =c v, +c,v,+ ... +c Vv,
c,V,+C Vv, + ... +c, v, +(1)yv=

Thus in this linear combination there exists a non-zero scalar coefficient —1 of v, S0 the vectors v , v,,
.. v, are linearly independent.

- Thesetis {v, v, ... vj} is L.D.
The index set{v,, v, .... v } being the super set of this L.D is also L.D.

Q15. State and prove the spanning set theorem.
Statement:
LetS={v,,v,...v }beasetinvand H=span{v, v, ...v}.

(i) Ifone of the vectors in Sii.e., v _is a linear combination of the remaining vectors in
S then the set formed from S by reaming v, still spans H.

(ii) If H= {0} then some subset of S is a basis for H.
Sol :

Let, S={v,, v, ....vp} be setinv
H=span{v,v,, ... vp}
If v, is the linear combination of v, AN then
v, =ayv,tayv,+..a_ v, o (1)
where,
a,a, ... a_ . scalars.
p-1
Consider an arbitrary element X in H such that
X=cv, +cv,+...c v +cv .. 2
where,
C, C,

from (1) and (2)

...... c, scalars

X=cv+cv,+...c v +cC (@, v, +a,v,+ ... a, vp_l)
=(,+ac)v, +(c,+ac)v,+...(c +a_ Cc)v
Thusv, v, ... Vo, still spans H.
- |' 98 |'
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(i)  Consider the original spanning set S as linearly > o _g
independent then it consists of basis. -
—_|1-1 -3 5
Two or more vectors in the spanning set can NER
repeat the process until it is linearly
independent. Thus the basis of S gets reduced :
P °D get R, >2R,+R, ; R, - 2R -R
to one-zero vector this is due to existence of
span vectors in H. 2 2 _§
i.e., H= {0} —10 -4 2
0 2 16
4.4 Basts |
R, > 2R, +R,
Q16. Define Basis
2 2 -8
Sol : —10 -4 2
Let v be a vector space any linearly 0 0 34
independent subset of v that spans v is called as a
“Basis of v”. R R R
R—>—=,R 5> —=2 R, —
(or) 177 22 T8 T 3
If 3 anindexedsetB ={b,, b,, .... b _} which
is a subset of v such that D N
. . . 1
(i) Bislinearly independent =0 1 -
(i) v=span{b, b, ..b}. 00 1
2 . R,—»> R -R,
Q17. Verify whether the vectors |-1|, | -3
1 2 10 7
2
)S ) =0 1 -=
and | 5| are linearly Indepenent.
4 0 0 1
Sol : | . . .
. Since the matrix, A contains pivot element in
Given vectors are, each column.
2 21 -8 The set is linearly independent.
1 -3 5 Q18. Determine whether the set S =
1| 2] 4 1171171
) 0/,/1|.|1]|; isabasis of R®ornot ? If
2 2 -8 olloll1
L = -1 =|-3|.v.= 5 . .
ey, 1 V2 ) Tl 4 not determine whether SisL-1ornot?
L Whether S spans R® or not ?
Consider the matrix, Sol :
A=lvy, v] Given vector space is R®
{ 99 }
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1111
The givensetisS= 4|0,/ 1|1
0|0
Here SER®
111
A =|0 11
0 01

|IA] =11-0)-1(0-0)+1(0-0)
=1#0
Sis linearly independent.

Here A is an inversible matrix of 3 < 3 then the columns of the matrix A forms a basis of R®.

I 4.5 EIGENVALUES AND EIGENVECTORS

Q19. Define Eigen values and Eigen vectors.

Sol :
Definition

Let Abe any n > nmatrix, A be any scalar. If x isany n % 1 matrix such that Ax = Ax then the scalar
x is called as an eigen value of the matrix A and.the non zero vector x is called as an eigen value of A
corresponding to A.

Note :
1. Eigen values are also called as Latent roots, characteristic values.
2. Eigen vectors are also called Latent vectors, characteristic vectors

Q20. Show that the eigen values of a Triangular Matrix are the entries of its Main diagonal.

Sol :

Let us consider 3 > 3 triangular matrix

all alZ a13

0 a a . .
LetA = 2 2 | be the triangular Matrix of order 3 x 3.
0 0 Ay,
X,
X ) . :
Let A be any scalar and X = | % | be the eigen vector corresponding to the eigen value A
_X3
all a12 a13 0 0
. 1 0
Consider (A-xl)=| © 8, Ay
0 1
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all }\‘ a12 a13
Al = 0 a,, —A A,y
0 0 Ay — M|
Consider the equation (A-Al)x=0  ...... 1)
all }\‘ a12 a13 Xl 0
0 a,, —A A,y X,| 10
0 0 Qg — A || X, 10
(@, —A)X, +a,X, +a,,X; =0
0%, +(8z ~M)X, +azX, =0 @)

0X, +0X, + (2 —A)x; =0

A is an eigen value of the matrix A
< The system (1) has non trivial solution
< The homogenous system in (2) has a non trivial soltuion i.e., x, #0, X, # 0, X, # 0.

< }\' = all’ a22’ a33

Thus the eigen values of the matrix A are main diagonal elements of the matrix A.

Q21. Find the characteristic polynomial and the real eigen values of the matrix A= {2 11} .

Sol :

Given matrix is,
-4 -1

A=le 1
The characteristic polynomial is given by,

-4 -1 [A 0

6 1 0 A

4% -1

=| 6 1 |=E4-0@-2)+6

det (A—Al)=

=—4+4-A+A*+6
=AM +3N+2
The characteristic polynomial is A2 + 3 + 2
The characteristic equation is ,
det (A — Al)=0

{ 101 '
—J Rahul Publications



BCA

I YEAR 1l SEMESTER

A+

(O +

3L +2=0
(L +2)=0
=-1,-2

The real eigen values are -1 and -2

4 -1
Q22. Find the eigen values and eigen vectors of A = | 2 1
2 -1

Sol :

4 -1 6

Given matrix A= | 2 1 6

2 -1 8

Eigen values

The characteristic equation is given by det (A-Al) =0

4 -1 6 1 0 0
= || 2 1 6|-A{0 1 Of=0
2 -1 8 o 0 1
4 -\ -1 6
-~ | 2 1-x 6 (=0
2 X 8-1

6
6
8

= (4-N[A-1)B-1)+6]+1[2(8-2)-2(6)] + 6[-2-2(1-21)]=0
— (4-A)[B-A-8L+ A2+ 6]+ [16-21—12] + [-2=2 + 2A] = O

= (4-1)[A2 -9\ + 14] +[-21 + 4] +[-24 + 120] =0

= 4A\2-36A+56-A°+ 9\ -141-2A +4-24+ 120, =0

= —

A2+ 1307 -400 +36=0

= A-13A>+40L-36=0
By trial and error method A = 2 satisfies the equation f(2) = 2® - 13(2)> + 40(2) -36 =0

Then

-13 40 -36

-22 36

=

-11 18 0

(Imp.)

Rahul Publications
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A2-11A+18=0
A2—9L-2L+18=0
AMA-9)-2-9)=0
A-99r-2)=0
= A=29
-. Theeigen values are 2, 2 and 9.
To find Eigen vectors :

Y

If A =2
[A-A]x=0
T4 -1 6] [1 0o 0]|[x] [0]

| 2 -1 8] |0 0 1/|[xs] |O]

4 -1 6 1 0 0][x] [o

| 2 -1 8] |0 0 1| %) |O]

Apply Row operations
2 -1 6 0
R,:R,-R
7 7 ~lo 0o 0 o
R,:R,-R,

.. The Eugtions are
2X, =X, + 6x,=0
2X, = + X, — 6X,

1
X, =+ 7X,—3X

L > , X,, X, are free variables

3!

{ 103 }
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1 1
« EX2—3X3 > 3
1
X =|x,|= X, =X, 1|+ X, 0
X3 X3 0 1

1
> -3
Vlzl,vzz 0
0 1
fr=9
4 -1 6][900] [5 1 &
ConsiderA-91=2 1 6|-/0 9 0|=|2 -8 6
2 -1 8| (00 9| |2 11

The Argmented matrix [A -9 10] is

5 1 6 0
2 8 6 0
2 -1 1.0
5 .1 6 0
2 8 6 0
R.:R,— R —
P Jo o7 70
R,>Rs [-5 -1 6 0
R7 ~l1 4 3 o0
R,>-2 [0 1 -1 0
2
5 0 5 0
R, >R, +R ~| 1 -4 3 0
0 1 -1 0
10 1 0
Rl
R1—>_5“' 1 4 3 O
0 1 -1 0

g
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-1 0 1 0
R2 RN R2 — Rl — 0 _4 4 0
0O 1 -1 0
-1 0 1 O
RZ
R, > —~—0 1 -1 0
- 0 1 -1 0
-1 0 1 O
R,>R,-R,~ 0O 1 -1 O
0O 0 0 O
The Equations are —x, + X, =0
= Xl = X3
X,—X,=0
X2 = X3

Here x, is a free variable
The general solution is

X, X3 1
X=X, |= X3 | = X, 1
X, X3 1
The eigen vector corresponding to the
1
eigenvalue A = 9isv, = i

4.6 THe CHARACTERISTIC EQUATION I

Q23. Find the characteristic polynomial and

The characteristic polynomaial is given by,

det(A -2 1),
T2 77 [» ©
= {7 2}{0 x}

= (2-1)2- 49
=4+ A?-4%-49
= 12-4)\ - 45

The characteristic polynomial is, . 2—4 A
—45.

The characteristic equation is, det (A - A1)=0
= 22-4L-45=0

A2—9A+51-45=0

A(A=9)+5r-9 =0

(A-9+ (A+5) =0

A—9=0, A+5=0

AL=9,-5
The eigen values are 9 and — 5.

U

(i)  Given matrix,

a=ls 7

The characteristic polynomial is given by,

the eigen values of the matrices det(A - Al),
2 7 3 -2 3 2] [» o
() 7 2} (if) L_ -1 = 11 -1 [0 &
|5 3 7 -2 e -2
(i) | _4 4 (iv) |, 3 11 -1-A
Ans : (Imp.) =B-NE1-2) +2
— 2 _ 2
()  Given matrix, 3-3A+A 427 +2
5 7 =A-2x-1
A= {7 2} The characteristic polynomial is, A2— 24
-1
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The characteristic equation is det (A —Al) =0
= AM-2A-1=0
It is in quadratic form ax2 + bx +c =0
Here,

a=1,b=-2,c=-1

- -b+./b*-4ac

2a

2+./4+4
2

2+./8

2

2+ 22

2
L= 1++/2

The eigen values are 1+ V2
(i)  Given matrix,

=l il

The characteristic polynomial is given by,

det(A — Al)
5 3] [» 0
S SR

[5—2 3
| 4 4-n
=05G-1)4-1)+12
=20-51L-41 +)2% +12
=A2-9)A + 32

A2 — 94 + 32 is the characteristic
polynomial.

The characteristic equation is det(A—-Al) =0
= M-9A+32=0

it is in quadratic form ax? + bx + ¢ =0
Here,

-b+./b?-4ac

2a

9+.,/81-4(32)

2

9+,-47
2

9+i/47

2

A=

A has no real eigen valucs.

(iv)  Given matrix,

A=z, 3]

The characteristic polynomial is given by, det

(A=A,
17 =27 [a 07|
—|l2 3] [0 ]
17 =27 [a 07|
—|l2 3] [0 ]
=(7-2)3-1)+4
=21-7L-3\+)2% +4
=A?-10L+ 25
A2 — 10N + 25 is the characteristic
polynomial.

The characteristic equation is det(A — Al)
=0

= AM-10L+25=0
= M-5Ar-5L+25=0
— A(A-5)-5(A-5) =0
= (*-5%*=0

= A=5,5

A has only one eigen value 5.
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Q24. Find the characteristic equation of A =

5 -2 6 -1
0O 3 8 0
0O 0 5 4
0O 0 0 1

. Also find algebraic

multiplicity of the eigen values.

Sol :
5 -2 6 -1
) o 0O 3 -8 0
Given Matrix is A = 0 0 5 4
0O 0 0 1

The characteristic equation of A is given as
|A-Al]=0

5 2 6 -1 1000

0 3 -8 0 0100

Y =0

0 0 5 4 0010
o 0o 0 1 0001
5-% -2 6 - -1

0 3-2 -8 0

0 0 5-a 4|70

0.0 0 1-a

= (-2 [B-1)(GE -1 -1)]=0

= (B-1)?(B-1)1-21) =0

= (25+2A2-101) 3-3h—A + 1) =0
= (W2-10% + 25) (W3- 4% +3) =0

= A*—4)3% + 312 - 10A% + 40A% — 30A
+ 2502 - 1000 +75=0

= A*—142° + 68A% -130L + 75 =10
Since the given matrix is upper triangular,

The given values are A = 1, A = 3 with
multiplicity 1 and A = 5 with multiplicity 2.

1

1 -1
Q25.Is {3} an eigenvector of {

6 -4
find the corresponding eigenvalue

AnS :

Given matrix is,

-
wnax=| |

. 1 1|1
Consider, Ax = 6 -4l|l3

}? If so,

= AX=-2X

= Axis a multiple of x

1
B L} is an eigenvector of A and the

corresponding eigenvalue isA =-2

Q26.(a) Let A be an eigenvalue of an
invertible matrix A. Show that A
is an eigenvalue of A™.

(b) Show that if A%is the zero matrix,
then the only eigenvalue of Ais 0.

Ans :
(@ Given,
A is an eigenvalue of invertible matrix A.

If A is eigenvalue of A, then there exists a non
- zero vector x such that Ax = Ax [+ Aisinvertible]

'| 107 I|
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(b)

= ATAX=AT(AX)
[- ATA=1Ix=X]
= X=A(AX)
= Alx=AX
Atis an eigenvalue of A
Let, A% be zero motion.

If AXx =2Ax,x«£0

Then, A%x = A(AX)
= A(AX)
= A(AX)
=A(AX)
= A%X

= AX=A%X

Since, x=0

= A#0

The matrix A has only eigen value ‘0’

Q27.

Find the eigen values of A = {2 3}
3 -6

and compare this result with eigenvalue
of AT

2-) 3
3 —6-A

=0
(2-2)(-6-21)-(3)(3)=0
-12-20+6A+A%2-9=0
A2 +40-21=0
AM+TA-30-21=0
AMA+7) -3 (A+7)=0
L-3)L+7)=0
A=-3=0;A+7=0
A=3;A=-7

Uy

U

Uy il

. The eigen values of A are 3, -7
The tranpose of A is given by

2 3 p
A=13 6
20 3

=3 -6
= AT=A

The eigen value of AT are same as the

given values of A.

OR
Find the eigenvalues of the matrix Q28. Find eigen values for matrix A = {1 6} _
5 2
A=|2 8
3.6 Sol :
Sol : o 16
. . Given matrix is A = 5 2
Given matrix is,
2 3 The characteristic equation is given by,
A={3 —6} det(A-11)=0
The characteristic equation is given by, 1 6] _7{1 0} 0
det(A-Al)=0 = |5 2] [0 1|7
Y _ —
:>|{3 ‘6} L’ J—O ~ s 2{0 J| °
2 3] [» 0] 1-» 6
= — =0 —0
3 -6 0 A = 5 2_12
{ 108 |
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(1-2)(2-1)-30=0
2_A-20+22-30=0
A2-31-28=0
AMAL=T7)+ 40 -7)=0
-7+ 4) =0
A=7-4

The eigen values are 7, - 4

ud U Ul

The eigen vector corresponding to A =

bl

Q29.

Sol :

4 2
Find the eigenvector for A = {3 1

corresponding to eigenvalue A = -5

- - - _4 2
Given matrix is, A = 3 1

Eigenvalue A, = -5

X

Let,x = { } be the required eigenvector

1
XZ

Then, A-A1)x=0

T-4 2 1 0]|[x 0
—(-5 _
SN[ EC BN WS
4. 2115 0]x,] 0
+ —
= |3 1] [0 5)[x,| ~ |0
1 2][x,]_ [0
:> —
13 6]X, | 0
[ X, +2x, | 0
= | 3%, +6x, | :{0}
ie, X, +2x,=0
= x1=—2x2
Let, x, =k
= Xl=—2k

=l

| su-

Q30. Find the characteristic equation of the

5 -2 6 -1
A = 0O 3 8 0
matrix A = 0 0 5 4
O 0 0 1
(Imp.)

5 2 6 -1

0O 3 -8 0

Given matrixisA=| 0 0 '5 4

O 0 0 1

The characteristic equation of A is given as,

JA-21] =0

-2 6

o O O U
|
>
o »r O O
R O O O

o O +» O

U
O O O u

G-1)GB-2)G-1)1-2)=0
G-2?(3-1)(1-1)=0
(25 + 22— 10A)(3 - 41 + A2 =0

u vl

25(3 — 4% + A2) + A2 (3— 4k + 19
~10A(3-4L+22)=0
A —147° + 68212130 A+ 75=0

U

The characteristic equation is,

A —-1403+68212-1301L+75=0

g
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1 2 2
Q31. Is A = 3 an eigenvalue of 3 -2 1]|jf
0O 1 1
so find the one corresponding eigen
vector.
Sol : (Imp.)
Given motion is,
1 2 2
A= 3 -2 1
0 1
andA =3
Consider,
1 2 2 1 0 O]
A-3l=3 -2 1|-3/0 1 0
0 1 1 0 01

(-2 2 2
A_3l=|3 5.1
0 1 =2

The augmented matrix [(A — 3 1)0] is,

2 2 2 0
_|3 5 1 0
0 1 -2 0

R, 2R, + 3R,

2 2 2 0
_|0o -4 8 0
0 1 2 0

R, — 4R, +R,
2 2 2 0
“|o 4 8 0
0 0 0 0

Ry R,

R, —» R, R, >
1 -1 -1 O
_|lo 1 2 o0
0O 0O O O

R1 —)R1+R2

1 0 -3 O
_lo 1 2 o0
0O O O O

The equation (A -3 1) x = 0 has.a not trivial
soltuion.

3isan eigen value

The General solutions are

= X =2X

And X, is a free variable

Letx,=1#0
%, 3%,
=% |= 2X,
_X3 X3
31
— 12D ..y =
= [ x,=1]
|1
3
X = 2 is eigenvector corresponding

to the eigenvalue 3.
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Sol :

4 0 1
Q32. Find the eigenvalueof A= (-2 1 O
-2 0 1
4 0 1
Given matrixisA= -2 1
-2 0 1

The characteristic equation is given by
det(A-Al)=0

4 0 1 1 00
= -2 1 0|-A|0 1 0||=0
-2 0 1 0 01
4 0 1 A 0O
=(|-2 1 0|-|0 » 0(=0
-2 0 1 0 0 &

=((4-M[A-2)@221)-0]-0+1
[-2(00-(-2)(1-») =0
—@-ML-A-A+2]+10+2-20)=0
=@4-N[1-2r+2]+[2-2A]=0
=4-8A+A4AN2-A+202-A+2-20L=0
= -A+6A2-111+6=0
=A-6A2+11A2-6=0

|1 -6 11 -6
0 1 -5 6
1 -5 6|0

= (A-1)(A2-51+6)=0
-~ (A-1)(2-21-3L+6)=0

uu ul

L -1) MA-2)-3(-2) =0
A-1)(L-2)(L-3)=0
(L-1)=0,(,-2)=0,(L-3)=0
A=1,23

The eigen values are 1, 2 and 3.

'| 111 I|
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Short Question and Answers

1. Define vector space.

Sol :

A vector space is a non empty set V of objects called vectors on which are defined two operations
called addition and multiplication by scalars subject to ten axioms.

(1) (v, +)is abelian vector addition.

1. u+vev

2. u+v=v+u
3. (U+rv)y+w=u+(v+w)
4. There is zero vector 0 in v such that u + 0 = wu.
5.  Foreachuinv thereis a vector -u in v such that u + (-u) = 0.
(1)  Scalar Multiplication

6. The scalar multiple of u by c that is cue v.

7. c(u+v)=cu-+cv

8. (c+d)u=cu+du

9. c¢(du) = (cd)u

10. 1u=u

The space R"; where n= 1 is a vector space.

2. Define vector subspace and give examples.

Sol :

Let H be a non empty subset of a vector space V that it is said to be a vector subspace of V if it satisfy
the following conditions.

1. The zero vector of vis in H
=0eH

2. H is closed under vector addition vU,V € H

=U+VeH

3. H is closed under scalar multiplication for eachU e H 3 scalar C> CU€ H.
Example

1. The set containing of only the zero vector in a vector space V is a subspace of V called the zero
subspace of written as {0}.

2. The vector space R?is not a subspace of R® because R? is hot even a subset of R®. Since vectors in R®
all have three entries where vectors in R? have only two entries.

'l 112 '|
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3. Define Null Space
Sol :

The null space of an m < n matrix A, written as Null A is the set of all solutions of the homogeneous
equation Ax = 0.

Null A= {X: Xisin R"and AX = 0}
4.  Define column space of am x n matrix A.

AnS :

The column space of a m x n matrix A is the set of linear combinations of the columns of A.
ie,A={a, a, ... a_} then ColA = Span{a,a, .... a_} Itis denoted by ColA.
5. Define Basis
Sol :
Let v be a vector space any linearly independent subset of v that spans v is called as a “Basis of v”.
(or)
If 3 anindexedsetB = {b, b,, .... b } which is a subset of v such that

(i) Bislinearly independent
(i) v=span{b, b, ..b}.
6. Define B-coordinates of x, co-ordinate mapping, change of co-ordinates matrix.

AnS :

Suppose B ={b,, b, .... b_}is a basis for V and x is in V. The co-ordinates of x relative to the basis B
(or the B-co-ordinate of x ) are the weightsc , c, ..... ¢, such that

x=c¢ b +cb,+...+cCb
The Co-ordinate Mapping

Ifc,, ,, ...., ¢, are the B-co-ordinates of x, then the vector in R"

Cy

c
Xl = ;2 is the co-ordinate vector x relative to B (or the B - co-ordinate vector of X). The mapping

c

X — [X], is the co-ordinate mapping (determined by B).
Change-of-Co-ordinates Matrix
The vector equation
x=cb +cb, +...+c b isequivalentto
x = P[x],

Where P, =1[b,, b, ..... b, ] is the change-of-co-ordinates matrix from B to the standard basis in IR".

Note: P;* exists

{ 113 I
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7. Ifv,v, ...v areinavector space v then span {v,, v, .... v } is a subspace of v.

Sol :

(i)  The zero vectorisin H
~O=ov,+ov,+..0v
p
(i)  Letu, v any two arbitrary vectors in H
u=a v +aVv,+... av, , v=b1v1+b2v2+....bpvp
Where a, a, .... a, b,b,, .. bp are scalars.
Now
u+v =(a1v1+a2v2+...+apvp)+(blv1+b2v2+ ..... +bpv)
=(a,+b)v,+ (a,+ Db, +..+(a+Db)v,
u+veH
H is closed under vector addition.
for any scalar ¢
cu=cv, +a,v,+ ... +av)
= (ca)v, + (ca,)v,+ ..... + (ca )v
s.cueH
.. His closed under scalar multiplication

.. His a subspace of V.

8. Define Eigen values and Eigen vectors.

Sol :
Definition
Let Abe any n > nmatrix, A be any scalar. If xisany n >x 1 matrix such that Ax = Ax then the scalar

x is called as an-eigen value of the matrix A and the non zero vector x is called as an eigen value of A
corresponding to A.

Note :
1. Eigen values are also called as Latent roots, characteristic values.
2. Eigen vectors are also called Latent vectors, characteristic vectors

9. Find eigen values for matrix A = {1 6} .
5 2

Sol :

- - - l 6
Given matrix is A = 5 2

The characteristic equation is given by,
det(A-11)=0

g
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5 2] [0 &
1-% 6
= |5 2270
~ (1-1)(2-2)-30=0
— 2-A-20+1)2-30=0
— 22-31-28=0
— M —T)+4(-T)=0
= (O =T)A+4)=0
= A=7,-4

The eigen values are 7, - 4

10. If Aiisa 7 > 5 matrix, what is the largest possible rank of A? If A is a 5 x< 7 matrix, what
is the largest possible rank of A?
Sol :
The rank of A is the number of pivot positions in matrix A.
Since the number of pivot positions cannot exceed the number of rows or columns.
The'largest possible rank A is 5.
11. If Alisa 4 =< 3 matrix, what is the largest possible dimension of the row space of A? If
A is a 3 < 4 matrix, what is the largest possible dimension of the row space of A?
Sol :

dim Row A = Rank A

The rank A is the number of pivot positions in matrix A.

Since the number of pivot positions cannot exceed the number of rows or columns.
= The largest possible rank A = 3

For both the matrices the largest possible dim row A = 3.

8
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‘ Choose the Correct Answers I

1. The union of two subspaces is subspace of vector space iff [a]
(@) One is contained in another (b) One is not contained in another
(c) Both (a) and (b) (d) None

2. IfA=Ta,a, .. a]thenCol A= [c]
(@ [a,a,...a] (b) {x/xisinR"}
(c) Span{a,a, .. a} (d) None

3. If T is a linear transformation from a vector space V into a vector space w then [c]

@ Tu+v)=TUu+T(V)+uveV (B TU=CTlu) Vv ueV

(c) Both (a) and (b) (d) None

4. LetB={b,, b, ... b }isa basis for a vector space V. For each x & V, then exist a unique set of scales
C,, C, ... C suchthatx =cb, +c,b, + c b . Thisis called [d]
(@) Spanning set theorem (b) - Rank theorem
(c) Basistheorem (d) Unique representation theorem.

5. Col A = R™ifthe-equation [a]
(@) Ax = bhasa solution v b € R™ (b) Ax =0 has only the trivial solution
(c) Nul'A={0} (d) All the above

6. H is a subspace of Vand B={b,, b,, ... b } € Vis a basis for H if [c]
(@) Bislinearly independent (b) H=span{b,b,, ... b}
(c) Both (a) and (b) (d) None

7. The Set S = {(1,-2, 1), (2, 1,-1), (7, -4, 1)} forms [c]
(@) Linearly dependent (b) Linearly span
(c) Linearly independent (d) None

8. If a vector space V is not spanned by the finite set Sthen Vissaid . [b]
(@) Finite dimensional (b) Infinite dim
(c) Finite and Infinite dim (d) None

116
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9. ThesetS=4{(1,0,0,-1),(0,1,0,-1),(0,0,1,-1),(0,0,0, 1)} inR*is — . [b]
(@) Linearly dependent (b) Linearly independent
(c) Both (a) and (b) (d) None

10. LetB={b, b, ... b } be a basis for a vector space V. Then the co-ordinate mapping x — [x], is a

theory transformation form v onto R". [b]
(@ Onto (b) One-one
(c) Both (a) and (b) (d) None
{117 }
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‘ Fill in the Blanks I

1. The intersection of the two subspaces of V(F) is again a
2. The set V = {0} is a vector space and it is said to be a
3. Let V be any vector space if it is any non-empty subset of V and H is also a vector space then H is
calledasa__________of V.
4, ifv,v,, ..., v, are in a vector space v then
span{v,, v, ....., vp} isa—_ofw
5. The null space of an m > n matrix A is a subspace of
6. The —_______of an m x n matrix A B a subspace of R™.
7. If T is a matrix transformation that T(x) = Ax for any matrix A then Rangeof Tis - and
kernal of T is
8. Let V be a vector space. Any linearly independent subset of v that spams Vis called as a
9. If P_is a vector space of all polynomials of degree < nin't’ thenthe set S ={1,t, t*, ... t"} is a
of P .
10. The no. of elements in the basis.of a vector space-is called as
ANSWERS
1. Subspace
2. - Zerospace
3. Subspace
4. subspace
5. R"
6. Colum space
7. ColA, NullofA
8. Basisof V
9. Standard basis
10. Dimension of the vector space v
(118 )
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g U N |T Diagonalization — Diagonalizing Matrices with distinct eigen values and non §§§
i V distinct eigen values; Applications to Differential Equations. HH
ina iss

EPPE PR PP

5.1 DIAGONALIZATION I Consider
5.1.1 Diagonalizing Matrices with Distinct AP= ALV, Vyr v ]
Eigen Values and Non Distinct Eigen =[Av, Av,, ... Av ] (1)
Values
. . . A, 0 0
Q1. Define Diagonalization.
Sol pp=p| 2 % 0O
ol : = :
A square matrix A is said to be diagonalizable 0 O A,
if 3a non-singular matrix (Invertible) P such that
A = PDP* where D is a Diagonal matrix. =[ryVv, AV, ... V] ..(2)
We say that P diagonalizes A. Part |

A= PDP- < AP = PD.

Q2. State and prove the diagonalization
theorem.

Sol :

Statement :

(Imp.)

Ann x n matrix A is dia-gonalizable if
and only if A has n linearly independent eigen
vectors.

Proof :
Let A be any nxn square matrix.

Let P be any nxn matrix with columns

Vi, V,, el Vo

p=1[v,V, .V]
Let D by any diagonal matrix of order nxn
with diagonal elements, A, A, .... A

n'

W 0 0 0
R
NE=10 0 2, 0

0O 0 0 - A

n

Suppose that the matrix A is diagonalizable.
= Acan be written as A = PDP.
= AP =PD
= [Av,Av, .. Av]=[AV, AV, ... A V]
..(3)

= Equating the corresponding columns on
both sides we get,

Avlzxv szzxv

Vo V,, AV = A v ..(4)
Each of the expression in (4) is of the form
AX = 2AX which indicates that A is the eigen value of

A and X is the corresponding eigen vector of A.

Thus &,, A,, .... A_are the eigen values of A
andv,, v, ....v_are the corresponding eigen vectors
of A.

Since P is invertible the columns of P are
linearly independent and these columns are non-
zero.

= The vectors v, v,, .... v_are linearly
independent. Thus the matrix A has n linearly
independent eigen vectors.

'| 119 |
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Part 11

Let us suppose that the matrix A has ‘n'’ linearly
independent eigen vectors.

Letv, Vv, ....v_bethe nlinearly independent

eigen vectors of A corresponding to the eigen value
Ay Ay ook letP=1v,, v, ....v ]. Since the columns
of P and linearly independent.

Ipl= O
= plexists
Consider,
AP=A[v,V,,...V]=[Av, Av, ... Av ]
=[NV, AV, ... A V]
A, 0 0
A, 0
=[v,V, ...V] ' '
0 0 e A

AP = PD where D is the diagonal matrix.

Q4. Determine whether the following matrix

is diagonalizable or not A =
5 -8 1
0O o0 7
0O 0 -2
Sol :
5 -8 1
The given matrix is A = 0 0 7
0O 0 -2

This is a 3x<3 matrix. It is a triangular matrix
the eigen values of A are 5, 0, -2.

Thus there are ‘3’ distinct eigen values of the
matrix A and hence the matrix A is diagonalizable.

5 7
Q5. prZL 3},D=B

Az, A*if A= PDP.

0
J then compute

Sol :
O 0 | . |
Here D is a diagonal matrix
0 2, 0
D= ~
20 ) 2 0
0 0 7\’n D - 0 1 = D - _O 1k
- PIAP =P'PD .
_[2¢ o
= P?AP =D __O 1 vk =1
A'is Diagonalizable
57
Q3. Show that an n < n matrix with n p= {2 3} = |P|=15-14 =1#0
distinct eigen values is diagonalizable.
: 3 -7
Sol : P is Invertiable and P-* = L 5 }
Let A be any square matrix of order nxn.
. . _ o
Letd,, A, ... A_be the ndistinct eigen values (i) Consider A= PDP
of the matrix A. A2= PD2pP-!
Letv, v, eV be the corresponding eigen 5 7174 013 -7
vectors of the matrix A. A2 =
2 3/|0 1]|-2 5
Then{v,,v,, ....v }is alinearly independent
set of A. |:46 _105:|
— Adis diagonalizable. S8 -4
{ 120 }
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(i)  Consider A*= PD*P-

#=[3 35 1% 7]

e | 226 =525
[ 90 -209
Q6. |If the eigen vales of a matrix A are 2
and 1. The corresponding eigen vectors
3 1
of A are > and 1 then find AS8.
Sol :

Let A be any square matrix of order 2x<2. The
eigenvaluesof Aare2and 1say A, =2and A, = 1.

3 1
Let v, = 5 and v, = 1| are the

corresponding eigen vectors of the matrix A.

Here the vectors v, and v, are linearly
independent.

The matrix A is diagonalizable.

= 3 anon-singular matrix p and a diagonal
matrix D such that A = PDP-*where,

31 2 0

P= 51 and D = 0 1
) 1 -1
PP=1_5 3
Consider A = PDP!

. 8131280 1 -1
AP=PDPE=15 4110 18||-2 3

766 765
AP=
510 -509

Q7. Verify whether A is invertible if A is
diagonalizable.

Sol :

Suppose that A is diagonalizable.

= 3 an Invertible matrix p and diagonal
matrix D such that A = PDP-.

Al = (PDP)?
At = (PY)tD? Pt
Alt=PDtp!
A = PEP*where E = D" isalso a diagonal
matrix.
Alis invertible.

Q8. Diagonalize the matrices if possible.

5 1
(1) A:{o 5}

2 3
(ii) A:{4 J

AnS :

(i). ~Givenmatrix,

w=los

Since A is triangular,
The eigen value is 5.

fr=5
Consider,
(5 1] [5 0
A=51=10 5] |0 5
0 1
— |0 0]

The equations are
X, =0
And x_ is free variable
The general solution is,

o[-l

g
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Since the basis for R? is not generated by an

eigen vector.
A'is not digonalizable.
(i)  Given matrix,

a=la ]

Consider the characteristic equation
det(A-71)=0

2 371 [ 0

4 1] o A =9
2-% 3
4 1-2

-

U

2-M@1-1-12=0
2-2L-A+A2=-22=0
A2-31-10=0
AM-=BL+2L-10=0
AMA-5)+2(A-5=0
A-5*r+2)=0
A-5=0,A+2=0
A=5 A=-2

If A=5

Consider,

2 3 50
A=SBI=14 1|0 s
-3 3
|4 -4
The augmented matrix [(A — 5I) 0] is,
-3 3 0
4 -4 0

Rl—)—

L R

U

RZ—)—

1 -1 0
=111 0

R, > R,+R,

1 -10
:L 0 J
The equations are,
X, =X, =0
= X, =X,
And x, is free variable
The general solution is,

=) =l
— 1

The basis vector for eigen space is

@l

If A==2
Consider,

2 3 2 0
A+2=1,0 9|0 2

-2 1]

The augmented matrix [(A + 21) 0] is
4 30
4 4 0

Rz_)Rz _)Rl

4 30
|0 30
The equations are,
4x, + 3x, =0

= 4x1 = —3x2

-3
= X1:TX2

And x, is free variable.
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The general solution is

The basis vector for eigen space is
-3
V,= |4
P=1lv, v,]
1 -3
|1 4

5 0
And D = 0 -2

The matrix D has the eigen values
corresponding to eigen vectors v , v
respectively.

2

Q9.

Sol :

Diagonalize the matrix A =

1 3 3
-3 -5 -3| if possible.
3 3 1

(Imp.)

1 3 3
Given matrixis, A=|_3 -5 _3
3 3 1

The characteristic equation of A is,
det(A-Al)=0

1 3 3 1 00
= -3 5 -3|-2|0 1 0| =0
3 3 1 0 01

1 3 3 A 0O
= -3 -5 -3|-|0 » 0| =0
3 3 1 0 0 A

—~ |3 5-a% -3|=0
3 3 1-4

= 1-M[E5-2)- 1) -(3)3]-
3[(-3) (1-4) - (3) (-3)] + 3[(-3) (3) -
3(-5-A)=0

= (1-2)[-5+5r-A+A*+9)-3[-3 +
BAL+9]+3[-9+15+31]=0

= (1-A) [N+ 41+ 4]-30Br +6) +
3BL+6)=0

= (@A-AN)}*+4r+4)=0

= (A-1)}*+4r+4)=0

= A=-1)A+2)(r+2)=0

= A=-2,-2,1

fA=-2
Consider,

A-(2)I=A+2l

1 3 3 100
=|-3 -5 3| 42|01 0
3 3 1 0 01
1 3 3] 2 00
=|-3 -5 3| +/|0 2 0
13 3 1] 00 2
(3 3 3]
_|-3 3 -3
|3 3 3

The augmented matrix [(A + 21) 0] is,

3 3 30
3 -3 -3 0
3 3 30
3 3 30
R, >R,+R,=[-3 -3 -3 0
0 0 00

g
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3330
0000

R >R +R, =

272 Y looo0o

The equation is,
3x, +3x,+3x,=0
3%, = -3x, — 3%,
X, =7X=X

and x,, X, are free variables

The general solution is,

X, —X, — X,
X = 2 = X2
3 X3
-1 -1
—x| || O
0 1

The eigen vector corresponding to eigen
value A = -2 s,

-1 -1
|1 _10
v, = Vv, = \
If A =1,
Consider,
1 3 3] 1 0O
A_a=|3 5 -3 _|010
'3 3 1| |00 1
[0 3 3]
=|-3 -6 -3
'3 3 0

The augmented matrix [(A-I) 0] is

[0 3 3 0
3 6 -3 0
'3 3 30
[0 3 30
R,>R,+R =|-3 -3 0 0
'3 300

0O 3 30
R,>R,+R,=|-3 -3 0 0
|0 0 00
[0 3 30
R,>R,+R =[-3 0 3 0
|0 000
01 1 0
R, 2 R, 2=[10-10
00 0 O
The equations are,
X,+x,=0
= X2=—X3
X, —X,=0
= Xl=X3

and x, is a free variable.
The general solution is,

X, X, 1
X=X | = | =X [= X, -1
X3 X, 1

The eigen vector corresponding to eigen
value A =11is,

1

Let P=1[v, v, Vv,

-1 -1 1]
P= 1 0 -1 and
0O 1 1
A, 0 0] [-2 0 O
D=|0 % 0|_|0 20
0 0 2| |0 0 1

The matrix D has the eigen values correspon-
ding to eigen vectors, v, v, and v, respectively.

Consider,
1 3 3||-1 -1 1
-3 -5 -3||{1 0 -1
3 3 1 O 1 1

AP=
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2 2 1
=(-2 0 -1
0O -2 1
Consider,
-1 -1 1][-2 0 O
pD=|1 0 -1,|]0 -2 0
|0 1 1]]0 0 1
(2 2 1]
_|2 0 1
|0 -2 1]
= AP=PD

The matrix A is diagonalizable.

5.2 APPLICATIONS TO DIFFERENTIAL
EquATIONS

Q10. Find formulas for the voltages v, and v,
(as functions of time t) for the circuit

. 1
shown below, assuming that R, =5

1
Ohm, R, = 3 ohm, C, =4 farads, C, =

3 farads and the Initial charge on each
capacitor is 4 volts.

e AN

Ry

o=

Sol : (Imp.)

W[k~

1
Given R, = 5 ohm, R, =— ohm, C, =

.

N

farads, C, = 3 farads and x(0) = {

Since A = C, R, C))
1 1
R.C,) (R,C, |
1 1
R
5 3 1
= 4 1
(5]
1 1
1 1
(30) 30
(543 3] |2 3 2 0.75
y 1 1 -1

The characteristic equation is given by , det
(A- 1) = 0.

(2 0.75] [%» 0
= |1 -2 ]o =0

1 -1-A

[—2—-2% 0.75 }

= ((2-A)(-1-A1)-075=0
= 2+ 20+ XA+ 2A2-0.75=0
= AM+32+125=0

It is in the quadratic from ax? + bx + ¢ =10

—3+4/3% —4(1.25)
A=
2(1)
_ -3%2
2
L=-05-25
Eigen values are A, = -0.5; A, =-2.5
Ifa, =-05

'| 125 |
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. -2 0.75 05 O -1.5 0.75
Consider A+ (0.5)1=1|, |+ |4 o05/=| 1 _os

The equations (A + (0.5) I) < = 0 gives
X, —05x%x,=0

= X, =05,

And x, is free variable,
The general solution is

1 1
X, —X, = 1
x= ] = (2% =x 2| = x}]
X, 2

X, 1

1
The eigen vector corresponding to eigen value A =-0.5isv, = L}

If %, =25

. -2 0.75 25 0 0.5 0.75
Consider, A+ (25) 1=, _; |+| (o 25/=|1 a5

The equation (A + (2.5)I)>< = 0 gives
x, +(15)x,=0

= X, =-15x,
-3

= 7 X,

And x; is free variable.
The general solution is,

-3
The eigen vector corresponding to eigen value A =-2.5isv, = { } .

2
The general solution is,

X(t) =c,v, et +c,v,e 2

1 -3
X)) =c,| 5| e+ o e

g
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Where c , ¢, are complex numbers

4
The constants c , ¢, satisfy the initial condition x(0) = {4} is,

olaf+el2]=[2] -2 2llel= [l

Consider augmented matrix,
1 -3 4
[Vl V2 X(O)] = 2 2 4

1 -3 4
R, >R,-2R =

0 8 -4
. R, 1 -3 4
- 5 =
: 0o 1 -1
2
1o 9
R, >R +3R = o
01 ==
2

v,y (t) 511 1| -3 o
{vzm} =x0=3 H -3 He

Q11. The circult in figure can be descrilbed by the equation

R, -1

=l Al
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where i_is the current passing through
the inductor L and v_ is the voltage drop
across the capacitor C. Suppose R, is
5 ohms, R, is 0.8 ohm, C is 0.1 farad,
and L is 0.4 henry.Find for-mulas for i
and v, if the initial current through the
inductor is 3 amperes and the intial
voltage across the capacitor is 3 volts.

Ans :
Given,
R, =5o0hm
R, = 0.8 ohm
C = 0.1 farad
L = 0.4 Henry
3
X =13
-R, -1
L L
A=| 1 -1
cC (R0
[-0.8 =
0.4 0.4
W=\
| 0.1 (5(0.1))
-2 -25
—[10 -2
The characteristic equation is given by, det(A
-Ah)=0
-2 25| A O
= 10 2| |o a|™0
-2-L =25
=] 10 -—2- 70

= (-2-A)(-2-A)+(25)10=0
= 4+2A+2A+ A2+25=0

= A,+4h +29=0

It is in quadratic form ax? + bx + ¢ =0
Here,a=1,b=4,c=0

4+ J(4) - 4(29)(1)
2(1)

-4 ++416-116

2

-4 ++-100
2

-4 £10i
2

A =-2 %5

Eigen value is, A =~2 + 5i
Consider augmented matrix,
A— (-2 +.5i)l

2 25] [—2+5i 0
=110 2 |7| 0 -2+5i

-5i -2.5
— |10 -5i
The equation (A —(- 2 + 5i)) X = 0 gives,
10x, —(5i)x, =0
= 10x, = (5i)x,

1.
= X = EI X,
And x, is free variable.

The general solution is,

i
X = |:X1:| = EXZ
X, X,
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=

[
The eigen vector v = {2}

The complex functions are ve™ and ve™
The general complex solution of X’ = Ax s,

X(t) = c, ve" +c,— ve!

[ —i
x(t) = c, {2} e(2+5)t c, |: 2} e(2+5it

Where, ¢, c, are complex numbers.

i
Let, vet2+5t = {2} g2, gbit

i
= 2} e (cos5t + i sin 5t)

[ icos5t—sin5t
-2
| 2c0s5t+2isin 5t I

—sin5t cosbt
- -2t 1 -2t
=|2c0s5t| € ! 2sin5t |©

The general real solution is,

—sin5t cosbt
J— -2t 1 -2t
x(®) =c, 2cos5t| € F ! 2sin5t |€

Where, ¢, c, are real numbers.

The constants c1,c2 satisfy the intial conditions

3
x(0) = L} is,

SHE RN
AN

Consider augmented matrix,

1
w w

g
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0 1 3
[v, v, x(0)] = 2 0 3

RZ

Rz_)?
01 3
=1 0 3
2

c,=3

_3_

01—5—1.5

—sin5t cosbt
—_ J— -2t 1 -2t
V(b =xH=15 2cos5t| & 1 2sin5t |©
—-1.5sin5t 3cos5t
— -2t -2t
=] 3cos5t | & *|6sin5t |©

—-1.5sin5t+3cos5t
— -2t
3cos5t+6sin5t | ©

i (1) —1.5sin5t+3cos 5t
— —2t
ve(®) | — 3cos5t+6sin5t | ©

Q12. Construct the general solution of X' = AX involving complex eigen functions and then
obtain the general real solution. Describe the shape of typical trajectories.

-3 -9
0 A= )

4 -3
i) A= {6 _2}

Sol : (Imp.)

- - - __3 _9
Given matrix is, A = 2 3

The characteristic equation is given by, det (A -Al) =0

. -3 9] [~ 0
e, |l o 3 0 k=0

g
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= (3-A)(-3-A)+18=0
AP+9=0
= A==3i

Eigen value is A = 3i, -3i
Consider

A-(@3i)1 = {—3 —9} ~ P o} _ {—3—3u -9 }
2 3 0 3i 2 3-3i
The equation (A — (3i)l) x = 0 gives,
2x, + (3-3i)x,=0

_ (3-3i)
= XT K

U

And x, is free variable
The general solution is,

{Xl} _(3-3i)x, —3(3-3i) {_(3_ 30}
X = = 2 = )(2 2 = )(2 2
2 1

X,

. -3+ 3i
The eigen vector v = 5

The complex functions are ve* and ve™
The general complex solution of X' = Ax is,

X(t) = c,ve’t+c,ve"

—3+3i] . -3-3i|
£ X(t) — Cl|: ;‘ |:| e3|t + Cz|: 2 :|e(—3l)t

Where
c,, C, are complex numbers
Let
- [-3+3i o
ve®t = 5 (cos 3t + i sin 3t)

[—3cos3t — 3isin3t + 3icos3t —3sin3t
2cos 3t + 2isin 3t

o [ -3 cos 3t - 3sin 3t [-3sin 3t—3cos 3t
vert = | 2 cos 3t i 2 sin 3t
The general real solution is,

= -3 cos 3t —3sin3t + -3 sin 3t—3cos 3t
X() =c, 2 cos 3t G 2 sin 3t

'| 131 I|
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Where

c,, C, are real numbers.

Since real parts of the eigen values are zero. The trajectories are ellipses about the origin.

.. - - - 4 _3
(i)  Given matrix is, A = 6 2

The characteristic equation is given by, det (A -Al) =0
4 -3 A0
6 -2| o 2| =0

4-% -3
{ 6 —2—%}‘ = (4-1)(-2-1)+18=0

ie.,

=

= 8-4L+20+22+18=0
= AM-2L+10=0

_ (29 +4(=2)° - 40)(10)

21)

_2+/4-40 _ 2++-36

B 2 2

Eigen value is, A =1 + 3i
Consider,

_ 4 -3} [@+3) o0 3-3i -3
A—(1+3|)I={6 _2}‘{ 0 1+3i}:{ 6 —3—3&

The equation (A — (1 + 3i) I) x = 0 gives,
6x, + (-3 -3i)x,=0
= 6x, -(@+3ix,=0

A

=1+3i

L+
= X = 5%
Ans X, is free variable.

The general solution is,

xl} €20y, {m}
X = X, = =X,

(1+i
V=12

) 1+i
Eigen vector v = >

g
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The complex functions are ve* and ve™

The general complex solution of X' = Ax s,

X(t)=c,ve + c,ve"

1+i _ 1-i _
x(t)= C, 5 e@+3it 4 5 (L3

Where

c,, C, are complex numbers,
[1+i . 1+i .
Let Ve(1+3i)t — ) :|el+3|l — |: :|el.e3ll

[1+i o
=l 5 e' (cos 3t + isin 3t)

[ cos 3t +isin 3t +i(sin3t + sin 3t) t
2cos 3t +i(2sin 3t) €

[ cos 3t + sin 3t +i(sin 3t + cos 3t) \
2cos 3t +i(2sin 3t) b

['cos 3t+ sin 3t sin3t+cos3t]
e+ . e
2cos 3t 2sin 3t

The general real solution is,

cos3t-sin3t| , sin3t +cos 3t o
X =c, 2cos 3t e 2sin 3t
Where c , ¢, are real numbers.
Since real parts of the eigen values are positive.

The trajectories spiral out away from the origin.

Q13.

Sol :

Make a change of variable that decouples the equation X' = AX write the equation X(t)
= Py(t) and show the calculate that leads tot he uncoupled system Y' = DY, specifying

1 -2
Pand Dwhere A= |, _,|.

(Imp.)

. o 1 -2
Given matrixis, A= | 5 _,

The characteristic equation is given by, det (A —Al) = 0.
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1 =21 [» 0 1-% -2
3 4| |o 2| =0 = |3 _a-3/ =0

= (@-A)(4-MN+6=0 = M+31+2=0 - A=-1-2

ie.,

.. The eigen values are -1, —2.
fr=-2

. 1 -2 2 0 3 -2
Consider, A+2l= |, _,|+|q 5| = |3

3 20
The augmented matrix [(A + 2I) O] is L o 0}

3 20
R,>R,-R =1y o o
- 120

R—> — = 3
'3 o 0o

2 —
xl—gxz—o
2
Xl—§X2

and X, is a free variable

The general solution is,

2X )
Xl AN

_ — |3 _
X = L‘j N X, =% {3}

If A =-1,
Consider,

wer=ls 2[5 2=5

. .12 =2
The augmented matrix [(A + 1) 0] is L 3 8}

{ 134 '
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1 -10
R%&,R—)&I{_ :|

2 2 27 _3 1 10
1 -10
R,->R,+R, = 0 0 0
The equation is,
X, =X, =0
X:L:XZ

and x, is a free variable
The general solution is,

3
Initial condition x(0) = {2}

Let the constants ¢, c, satisfy x(0) such that'c v, + ¢,v, = X(0)

2f=als] el

Consider the augmented matrix,

[v, v, x(0)] = E i ﬂ

2 1 3
R,— 2R,-3R, = { }

0O -1 -5
1 3
Rl 2 1= 3
R->—.R, > — = 2 2
P2 -1 1o 15
1 1 -1
R~ 2R - 2R, =g c
c,=-1c,=

The general solution of x* = Ax is

X(t) = c,v,e™" +c,v,e

2 1
= X({t) = —1{3} ex+5 L} e

g
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Since both eigen values of matrix A are negative.
The origin is an attractor of the dynamical system described by x* = Ax.
The direction of greatest attraction is the line through v, and the origin.
To decouple the equation x* = Ax
Let
P=1v,v]

=2 ]

-2 0
and D= { 0 _J
Given x' =AX . (@)
Since A =PDP?
= D = PAP
Substituting, x(t) = py(t) in equation (1)

e 2 (0Y) = AQ)

= PDP-Y(Py) = PD(P'P)y = PDy
P has constant entries.

d
a(py) = PDy
d
= P[a(y)j = PDy

d
= P-lp[a(y)j = P1PDy

= Yy =Dy

] -2 0w
ey, T Lo -1 |y,

Q14. A particle moving in a planar force field has a position vector X that satisfies X* = AX.

Sol :

-3
The 2 x 2 matrix A has eigen value 4 and 2 with corresponding eigen vectors v, = { 1 }

-1 -6
and v, = { 1 } . Find the position of the particle at time t, assuming that X(0) = { 1 }
(Imp.)
Given, Alisa 2 x 2 matrix
Eigen values are 4 and 2

Rahul Publications
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-3
Eigen vectors v, = { ]v =

1

The initial condition x(0) = {

2

-6
1

|

|

v

The eigen functions for the differential equation X* = Ax are v,e'and v,e**

ie., ve', v,e*

The general solution of X' = Ax has the form

X(t) = c,v,e' + c,v,e’

-3 -1
x(t) = cl{ 1}e4‘ + 02{ 1 }em

Let the constants c, ¢, satisfy the initial condition x(0) = {

|

= -3¢c,-¢c,=-6
c,+c,=1

—6

el

The augmented matrix is [v,, v,, X(0)]

3 4
“l 101
-3 -1
RZ—)3R2+R12 0 2

R R,
Rl—>_—;andR2—>7=
Lo o®
R, R,—3R,= g
01 —
2

5 -3

1T 38T

Substituting the corresponding values in equation (1)

1

)

X0 = > {ﬂe‘” - {ﬂ e

. (1)

1

]

'| 137 I|
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‘ Short Question and Answers I

1. Define Diagonalization.
Sol :

A square matrix A is said to be diagonalizable if 3a non-singular matrix (Invertible) P such that
A = PDP* where D is a Diagonal matrix.

We say that P diagonalizes A.
A= PDP < AP = PD.
2. Show that an n < n matrix with n distinct eigen values is diagonalizable.

Sol :

Let A be any square matrix of order nxn.

LetA,, A, .... A_be the n distinct eigen values of the matrix A.
Letv,v,, ... v_be the corresponding eigen vectors of the matrix A.

Then{v,, Vv,, .... v }is alinearly independent set of A..

= Aisdiagonalizable.

5 -8 1
3. Determine whether the following matrix is diagonalizableornot A=|0 0 7
0O 0 -2
Sol :
5 8 1
The given matrix is A = 0 0 7
0 0 -2

Thisis a 3 < 3 matrix. Itis a triangular matrix the eigen values of A are 5, 0, -2.

Thus there are ‘3’ distinct eigen values of the matrix A and hence the matrix A is diagonalizable.

4.  Verify whether A is invertible if A is diagonalizable.
Sol :
Suppose that A is diagonalizable.

= 3 an Invertible matrix p and diagonal matrix D such that A = PDP.

Al = (PDP)*
A—l — (P—l)—l D—l P—l
Al =P DLP

Al = PEP*where E = D is also a diagonal matrix.

Ais invertible.

{ 138 }
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5. Diagonalization Theorem.
Sol :

An n > n matrix A is dia-gonalizable if and only if A has n linearly independent eigen vectors.
6. Linear Transformation
Ans :

Let v and w be two vector spaces defined over a field F

T.V - W be any mapping such that

T(u+v) = T(u) + T(v)

T(cu) = CT(u) Vu,veV and for any scalar ¢ then T is called as a linear transformation from v
to w.
7. Kernal of a Linear Transformation
Ans :

Let T:V — W be any linear transformation. Then the set consisting of all these elements of v whose

images are equal to the zero vector of w is called as the kernal of T.

The Kernal of T is also called as Null space of T
Kernal T or K. = {U/UeV
and T(U) = 0; 0e W}

8.

AnS :

Range of a Linear Transformation

Let T: V — W be any linear transformation. The set of all images of elements of v under the

transformation T is called as Range of T.

9.

Sol :

Construct a non-zero 2 > 2 matrix that is / invertible but not diagonalizable.

2 3
Leta 2 < 2 matrix be, A :{0 4}

The matrix A is invertible if the eigen values are not zero.
The matrix A has eigen values 2, 4.
Alisinvertible
The matrix A to be non-diagonalizable, it must contain the eigen values which are not distinct.

2 3
Let,A—0 5

A is not diagonalizable

2 3
A= L) 2} is the 2 > 2 matrix which is invertible but not diagonalizable.

{ 139 }
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‘ Choose the Correct Answers I

1. The matrix A to be diagonalizable is [a]
(a) A=PDP (b) AP =PD
(c) A=PD%P? (d) None
2 ata=|" | thenao=
. =|, _j|thenp’= [c]
[2° 0 [256 0
(@) 1 18 (b) | 0 1
[766 -765 28 4®
© |510 -509 @ |z e
- 5 l -
3. ThematrixA= |4 c|is [b]
(a) diagonalizable (b) notdiagonalizable
(c) linearindependent (d) none
4 3
4. The eigen vector for A = 3.4 corresponding to eigen value A, = 4 + 3. [a]
=i —i
(@) 1 ®) |
K
© i (d) None
3 -3
5. The complex eigen values of then matrix A= | 5 5 |is [c]
(@ 3+3i (b) 3-3i
() 3+3i (d) None
6. If A'is both diagonalizable and invertible then A= is [a]
(a) diagonalizable (b) invertible
(c) both (d) none
Rahul Publications Lﬂ)
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7. Ifthe eigen value L = a + bithen L = [c]
(@ bi (b) b-ai
(c) O-hi (d) -a
_ _ 0-1 0-1
8. Theeigenvaluesforthe matrix A= | 5 4 5_q|- [b]
(@ a-+hi (b) a + bi
(c) a-bi (d) None
9. If T(b,) = 3c, —2c, + 5¢, and T(b,) = 4c, + 7c, - c, then the matrix M for T relative to B and C is
[b]
3 -2 '3 4
(@ |7 5 by |2 7
5 4 | 5 -1
3 4 [ 5 5
() |2 7 (d) 4 7
| 5 -1 -2 3
10. If T(a,+at+at)=a +2atthenT(l)= [a]
(@ O (b) 1
(c) 2t (d) -1
kﬂ) Rahul Publications
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‘ Fill in the Blanks I

1. An n x n matrix with A district eigen values is

2. If the matrix A is diagonalizable then A is

3. Ab n > n matrix is diagonalizable if and only if A has ____eigen vectors.

4, A is diagonalizable if and only if there are enough eigen vectors to forma__________if R".

5. A square matrix a is diagonalizable if A is similarto —___ matrix.

6. A square matrix A of order n % n is diagonalizable if there are A district —______ of A.

7. v is a finite dimensional vector space of dimension ‘n’. and T : v — v is a linear transformation. B is
an ordered basis for v. Then [T(X), = — V X € V.

8. If the origin is an attractor then the solution of the system is

9.  The parametric equations of the solution of given system represents a curve known as

10. A________ arise when the matrix A has both positive and negative eigen values.

ANSWERS

diagonalizable
invertible

n linearly. independent
basis

diagonal

eigen values

7], X,

stable

© © N o 0o 0 b P

trajectory

[EEY
©

saddle point

g
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SOLVED MODEL PAPERS APPLIED MATHEMATICS

FACULTY OF INFORMATICS

BCA Il Semester (CBCS) Examination
Model Paper - |

APPLIED MATHEMATICS

Time : 3 Hours] [Max. Marks : 70

Note: Answer all questions from Part-A and answer any five questions from Part-B. Choosing
one question from each unit.

(b)
(©
(d)
()
()
9)
(h)
0]
0)

(b)

(b)

(b)

PART - A (10 x 2 = 20 Marks)

Answers
Define Partial Differentiation. (Unit-l, SQA-1)
Homogenous function with example. (Unit-l, SQA-5)
Define Implicit Function. (Unit-Il, SQA-2)
Define Maxima and Minima of functions of two variables. (Unit-ll, SQA-3)
Non-homogeneous System of Linear Equations (Unit-lll, SQA-6)
Augmented Matrix Form (Unit-lll, SQA-4)
Define vector space. (Unit-Iv, SQA-1)
Define Eigen values and Eigen vectors. (Unit-IV, SQA-8)
Define Diagonalization. (Unit-V, SQA-1)
Verify whether A is invertible if A is diagonalizable. (Unit-V, SQA-4)
PART - B (5 > 10 = 50 Marks)
UNIT -1
Write a short notes on Neighborhood of a Point (a, b). (Unit-1, Q.No. 3)
(OR)
State and prove Euler’s theorem for a homogeneous functions. (Unit-1, Q.No. 13)
UNIT - 1l
State and prove Theorem on Total Differentials. (Unit-1I, Q.No. 1)
(OR)
Find a point within a triangle such that the sum of the square of its distance
from the three vertices is a minimum. (Unit-Il, Q.No. 19)
UNIT - 111
What is homogeneous system of linear equations and explain it cases ? (Unit-1ll, Q.No. 4)
(OR)
Find the system of Linear equation,
2X+4y-3z=4
3y +4x+5z2=2
47+4x+3y=1 (Unit-lll, Q.No. 12)

g
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UNIT - IV
5. (@) For n>0 the set p_of polynomials of degree atmost n consists of all
polynomials of the form.
PHl=a,+at+att+..+at
Where coefficient a , a, .... a_and variable tare real numbers
Here degree is n. (Unit-1Iv, Q.No. 2)
(OR)
(b) Anindexedset{v,Vv,, ... vp} of two or more vectors with v, # Q is linearly
dependent if and only if 3 some v, (with j>1) is a linear combination of
its preceding vectors v , v, ... v,_. (Unit-IV, Q.No. 14)
UNIT -V
6. (a) State and prove the diagonalization theorem. (Unit-V, Q.No. 2)
(OR)
(b) Make a change of variable that decouples the equation X' = AX write the

equation X(t) = Py(t) and show the calculate that leads tot he uncoupled

1 -2
system Y' = DY, specifying P and D where A = {3 _4} .

(Unit-V, Q.No. 13)
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SOLVED MODEL PAPERS APPLIED MATHEMATICS

FACULTY OF INFORMATICS

BCA Il Semester (CBCS) Examination
Model Paper - I
APPLIED MATHEMATICS

Time : 3 Hours] [Max. Marks : 70

Note: Answer all questions from Part-A and answer any five questions from Part-B. Choosing
one question from each unit.

(b)
(©
(d)
()
()
9)

(h)

(i)
@)

(b)

PART - A (10 x 2 = 20 Marks)

Answers
Limit of a Function of two variables (Unit-l, SQA-3)
Define Partial derivatives. (Unit-1, SQA-7)
Differentiation Composite Function. (Unit-Il, SQA-1)
State and prove Taylor’s theorem for a function of two variables. (Unit-Il, SQA-8)
Homogeneous System of Linear Equations (Unit-ll, SQA-5)
Linearly Independent Columns (Unit-1ll, SQA-10)
Define Basis. (Unit-1V, SQA-5)
16
Find eigen values for matrix A = {5 2} . (Unit-1V, SQA-9)
Linear Transformation (Unit-V, SQA-6)

Construct a non-zero 2 < 2 matrix that is / invertible but not diagonalizable.  (Unit-V, SQA-9)

PART - B (5 > 10 = 50 Marks)
UNIT -1

2
o o0 0
If u=log (x®+ y*+z* — 3xyz) show that (— +—+ ]

oxX oy oz
9 .
=3 (Unit-1, Q.No. 8)
(x+y+2)
(OR)

x®+Y?®
If u=tan? [ ~ J X # vy, then show that,
] « ou ya_u
0] x + oy = sin 2u
y 2 0°u U 2 0°u : :
(i) x° ox Pral ox ay 8y2 = (1 -4 sin?u) sin2u. (Unit-l, Q.No. 14)

{ 145 I T
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UNIT - 1l
2
3 (@ Ifu=tan? — Then Show that -
1+x2+y?2 ’ Ox oy
1 (Unit-Il, Q.No. 10)
= . nit- .NO.
3 :
(l+ X2+ yz)é
(OR)
(b) Discuss the maxima or minima of u = x* + y* — 2x? + 4 xy — 2y2. (Unit-Il, Q.No. 21)
UNIT - 111
4. (@) What is non-homogeneous system of linear equations and explain it cases? (Unit-lll, Q.No. 5)
(OR)
(b) Find the system of line or equation
2X+y+z=2
IXx+y+ =06
OX+2y+2=2 (Unit-lIl, Q.No. 13)
UNIT - IV
5 (@) LetH be the set of all vectors of the from (a - 3b, b — a, a, b) where aand b
are arbitrary scalars let H = {(a - 3b, b — a, a, b)}; a, b in R. Show that H
is a subspace of R*. (Unit-IV, Q.No. 8)
(OR)
(b) Show that the eigen values of a Triangular Matrix are the entries of its
Main diagonal. (Unit-1IV, Q.No. 20)
UNIT -V
1 3 3
6 (@) Diagonalize the matrix A =|-3 -5 =3 if possible. (Unit-V, Q.No. 9)
3 3 1
(OR)
. . . > 1
(b) Diagonalize the matrices A = 0 5 (Unit-V, Q.No. 8)
Rahul Publications kﬁ)
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APPLIED MATHEMATICS

FACULTY OF INFORMATICS

BCA Il Semester (CBCS) Examination
Model Paper - IlI

APPLIED MATHEMATICS

Time : 3 Hours]

[Max. Marks : 70

Note: Answer all questions from Part-A and answer any five questions from Part-B. Choosing
one question from each unit.

PART - A (10 x 2 = 20 Marks)

Answers
1 (@) Find the degree of given Homogenous function for f(x,y) = x" sin (y/x). (Unit-l, SQA-9)
(b) Functions of Two Variables. (Unit-l, SQA-2)
(c) Define Stationary points and Extreme points. (Unit-l, SQA-5)
(d) Define Equality of f, (a, b), f(a, b). (Unit-l, SQA-7)
(e) What is general form of linear equation? (Unit-ll, SQA-2)
() Linear Equation (Unit-lll, SQA-1)
(g) Define Null Space. (Unit-Iv, SQA-3)
(h) If Aisa4 = 3 matrix, what is the largest possible dimension of the row
space of A? If Ais a 3 < 4 matrix, what is the largest possible dimension
of the row space of A? (Unit-Iv, SQA-11)
(i) Kernal of a Linear Transformation (Unit-V, SQA-7)
(i) Determine whether the following matrix is diagonalizable or not
5 -8 1
A=1|0 0 7 (Unit-V, SQA-3)
0O 0 -2
PART - B (5 > 10 = 50 Marks)
UNIT -1
x* +y? ou au
2 (@ Ifu=log x+y | show by Euler’s theorem that Xa—xﬂ’g =3. (Unit-1, Q.No. 15)
(OR)
b) If u=xttan Loy —tanis; xy 0 thtazu—xz_y2 Unit, Q.No. 6
(b) u=xtan™ > —y*-tan y,xy;e . prove tha Xy T xeay? (Unit-1l, Q.No. 6)
kﬂ) Rahul Publications
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UNIT - 1l
3 (@) Discuss the maximum or minimum value of u, when u = x® + y®—3axy. (Unit-ll, Q.No. 16)
(OR)
(b) Explain Lagrange’s method of underermind multipliers. (Unit-l, Q.No. 22)
UNIT - 111
4 (@) What are the Characteristics of Linearly Dependent ? (Unit-1ll, Q.No. 27)
(OR)
(b) Given equation to find non trivial solution.
2x-y=3..(1)
IX+y=7..(2) (Unit-llll, Q.No. 23)
UNIT - IV
5 (@) Show that w is in the subspace of R* spanned by v1, v2, v3 where,
-9 7 -4 -9
w = ! v, = 4 vV, = > vV, = 4 ~
4 | 1 2| 2 10 3 4 (Unit-IV, Q.No. 11)
8 9 -7 -7
(OR)
5 -2 6 -1
(b) Find the characteristic equation of A = 0 380 . Also find
0 0 5 4
0O 0 0 1
algebraic multiplicity of the eigen values. (Unit-IV, Q.No. 24)
UNIT - V
6 (@) If the eigen vales of a matrix A are 2 and 1. The corresponding eigen
3 1
vectors of A are {2} and L} then find A8, (Unit-V, Q.No. 6)
(OR)
(b) A particle moving in a planar force field has a position vector X that

satisfies X* = AX. The 2 x 2 matrix A has eigen value 4 and 2 with

-3 -1
corresponding eigen vectors v, = { 1 } andv,= { 1 } . Find the position
- - - _6
of the particle at time t, assuming that X(0) = 1| (Unit-V, Q.No. 14)

148
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FACULTY OF INFORMATICS

BCA lll-Semester (CBCS) (Main & Backlog ) (New) Examination,
January / February - 2024

APPLIED MATHEMATICS

Time : 3 Hours] [Max. Marks : 70

Note : I. Note: Answer all questions from Part-A and answer any five questions from Part-B.
Choosing one question from each unit.

Il. Missing data, if any, may be suitably assumed.
PART - A (10 =< 2 = 20 Marks)

1. (@) Find the domain of the function f(x, y)= log(x + ).

Sol :
f(x, y)=log(x +y)
The domain of the function f(x, y) = log (x + y) is the set of all ordered paired (X, y) such that x +y > 0.
x+y=0
y > —x

Domain: {(x, y) e R% x +y > 0}

(b) Find the first order partial derivative of x® + y3 + 3xy.

Sol :
Let
f(x, y)=x®+ y® + 3xy

Partial derivation w.r.t ‘x’

dftx,y) _ d

Tdx XY )
=3x2+ 0+ 3y
=3x*+ 3y

Partial derivation with respect to ‘y’.

dix,y) _d o 4
—dy dy (X7 +y? +3xy)
=0+ 3y? + 3x
= 3y? + 3x.

g
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0
() Hu=x2-y3,x=2r-3s+ 4,y =-r+ 8s-5, then find a—l:

Sol :

du
To find ' we will use the chair rule.
u= X2_y2

du du dx dv dy
= x — X

— = — — +
dr dx dr dy dr

First, Find 3, &4
irst, Fin ax ' dy
du d
T — = (y2_\2
dx dx ¢ =y)
= 2X
qu _d =
@_dy (X _y)
:_2y
dx d
Eza(Zr—33+4)

=2
d
d—l: = (-r + 85~ 5)
=-1+0-0
=-1
Now, use the chain rule.
du du dx du dy
— = X — X —
dr dx dr dy dr
=2x % 2+ (-2y) > (-1)
=4x + 2y
Substitute x and y
du
o =4(24-3s + 4) + 2(-r + 85-5)
=8r-12s+ 16 -2r + 16s- 10

=6r+ 4s + 6.

{ 150 }
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(d) Find the stationary points of u = x3y?(1 - x - ).
Sol :

Let
u=x3y?(1-x-y) .. (1)

Partially differentiaw.r. t‘x’ and d ‘y’

du d
i = @ CVa-x=y)
=X°y? (1) + 3¢y (1 +x-)
=-x3y?+ 3x°y* (1-x-y) .. (2)
du d
@y = dy OV a-x-y)
=x3y?(-1) + 3x*2y (1 -x-vy)
=-x3y2+2x2y (1-x-Y) .. (3)
du
Taked—x —0,
=-xy?+3x*y?(lL-x-y)=0
3y (L-x-y)=xy? ..(4)
d_u =0
dy

=-xXy?+2x°y?(l-x-y)=0
23y (1-x-y)=x3y? ..(5)
from (4) and (5), we get

2XFy @-x- ) =3¢ Y -x- )

2x =3y

y=2x
3

From Equation (4)

37 Y (l-x-y)= x¥ ¥
3(l-x-y)=x
3-3x-3y=x
3-3y=x+3x
3 -3y =4x

g

Rahul Publications



Il YEAR IIl SEMESTER

BCA
3-2x =4x
3 =6x
3
6
X= % put in equation (6)
2(1
- 3lx
y=1,
Stationary Points is (%%) .
3t
(e) Let H be the set of vectors of the form | 0 |, where t is real number, show that H is
-7t
subspace of R3.
To show that H is subplace of R3, we need to verify that H satisfies the three critiriafor a
subspace.
1. ThezerovectorisH
2. Hisclosed under vector addition
3. Hisclosed under scalar multiplication.
Sol :
3t
LetH = 0
-7t

1. Zero vector

0
0 [=|0
~70)) o

The zero vector is in H.

g
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2. H is closed under vector addition

3, 2t,
Taketwovectorsu=| 0 |andv=| O
-7ty -7ty
3, 3t, 3(t, +t,)
u—+v= O (+] O = 0
-7ty Tty —7(t, +t,)
3t
Since t, + t, is real number, this vector is also of the form | o |, wheret=1t +t,.
_ N —7t
H is closed under vector addition.
3. H is closed under scalar multiplication
3t,
Take a vector u= 0 in H and a scalar CER
3t 3tc
Cu=C| 0 |=] 0
-7t —7tc
3t
Since it is real number, this vector is also of the rom 0 where t' = ct.
-7t

H is closed under scalar multiplication.
Hence H is subspace of R3.
(f) Define column space and Null space.

Sol :

Column Space

The column space of a metric A. denoted by Col (A) or C(A), is the set of all linear combinations of the
columns of A.

In other words it’s the set of are possible vectors that can be expressed as a combination of the columns of
A using scalar multiplication and addition.

11 1111
Example : A = 10 — Column A =Span {|1|,| 0
01 oll1
Null Space

The null space of a matrix A denoted by N(A) or Kar (A), is the set of are vectors ‘X’ such that Ax = 0, where
‘0’ is the zero vector, it’s the et of all vectors that when multiplied by A, result in zero vector.

The Null Space represent the set of also solutions to the homogeneous equation :

{ 153 }
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3 2
(@) IsA=2an Eigne value of {3 8} ? Why or why not?

Sol :
3 2
To determine if A = 2 is an eigne value of the matrix A = 3 8] We need to check if the let
(A-2Al)=0.
3 2 10
(A=A = 38720 1
3-2 2-0
—(3-0 8-2
1 2
— |3 6
1 2
let (A-Al) =let 3 6
=6-6
let (A-Al) =0
. ) i . 3 2
Since the let (A —Al) =0, L = 2 is an eigne value of matrix A = (3 8} .
] o ] 7
(h) Find the characteristic polynomial of A= {7 2}.
Sol :
2 7
Let A= 7 9
2 7
Z find crarecteristics polynomial of A = 7 9
The characteristic polynomial is given by the let (A — Al), where A is the eigen value and | is use identity
matrix.

2 7 10
=[5 ) -lp 3

2-% 7
=17 2-a

g
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2-% 7
Iet(A—M)zLet(7 2—xj
=(2-2)(2-2)-49
= (2-)?-49
=4+)2-40-49
=\2-4)-45

|Let (A—2l)= A2 45— 45

(i) Define Basis of a vector space.

Sol :
Definition
Let Vi, Vy, oo V,, be a basis for a vector space v if
N Vi Vy, V,, }is linear independent.
(i) v=span{V,V,, cccceurr... v, }
. . . 5 1
(J) Find Eigenvalues of A = { g l]
Sol :

o 5 1
Find eigenvalue of A=| o 4

characteristics equation let (A -Al) =0

o[58
T

5-2 1 }

let (A - A1)= let
-8 1-x

=(6G-2)@1-2)+8
=5-5L-%+)2+8
=2 6L + 13

By using characteristic equation to get eigen values.

_ —b++b%-4ac

A=
2a

B
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x__eidpmz—«naa

2(1)

6+£+36-52
2

6 +4i
2

=3 +2i
h,=3+2i,,=3-2i

Eigen values = &, = 3+ 2i, %, = 3 2i

PART - B (5 % 10 = 50 Marks)
UNIT -1

Ifu= 3(Ix+ my+ nz)?-(x?2+y?+ z?) and I> + m? + n? = 1, prove that

+

23u 0%°u  d%u
+2 0 =o.
x> oy® oz
Sol :

LetV =3 (IXx + my + nz)? — (x* + y2 + 7?)
Partial Differentiate with reference to x
du = — (3(In + my + nz)? - (x* + y2 + 7))
dx dx
= 6I(Ix + my +nl) — 2x
Partial Differentiate with reference to 'y’
S = @ my - (¢ + 3+ )
dy dy

6m (IXx + my + nz) — 2y
Partial Differentiate with reference to ‘'z’
du = — (3(Ix + my + nz)? — (X* + y? + 7?))
dz dz
= 6n(Ix + my + nz) - 2z
Compute Second Derivation

Partial Differentiate with reference to ‘x’

2
u
a>(_2=d_x (6l (Ix + my + nz) — 2x)

=6l.1-2
= 6P-2.

Rahul Publications

g




SOLVED PREVIOUS QUESTION PAPERS

APPLIED MATHEMATICS

Sol :

7

Partial Differentiate with reference to 'y

o’u d

y=d—y (6m (Ix + my + nz) - 2y)
=6m.m-2
=6m?-2

Partial Differentiate with reference to ‘z’

o°u d

az—2=d—y (6n (Ix + my + nz) — 22)
=6n.n-2
=6n?-2

Add all the second derivation

2 2 2
a7 du AU _ 6o 2) + (6m?—2) + (6m?-2)

dx?  dy?  d?
=6(P+m?2+n?)-6
=6(1)-6
=6-6
=0.
Hence proved.
(OR)
Ifu= sin? M , show that xa—u + ya—u =0.
Ix+\ly ox oy
Let
u=sin? —&_\/y
ey
Assume
V= Sy
= \/;+\/§

By solving (1) and (2) we get

u =sin?(v)

) — . e ov
Compute the partial derivatives of ‘v’ with respect to ‘x’ and ‘y’ we need to find X and —.

oy

. (1)

. ()

1 157 ]
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Partial derivative of ‘v’ with respect to x :

v(x, y) = ﬁ;g

To differentiate ‘v’ with respect to x, we use the quotient rules

() = )= (3 =) X )

(2

(Wx +y)?

1 1
o _ (P ==

o (Wx+Jy)?

v _ Ay
dx  xWx+y)

Partial Derivative of “v” with respect ot y:

Similarly to differentiate ‘v’ with respect to ‘y’.

(V) 56X =)= 6 ). £ )
- (Wx+yy

2|2

1 1
N (\/;Jf\/y)-[—z\/gJ—(\/;—\/y)-z\/y

o WXy Y

v Vx
7oy ey

By using the chain rule

u_duov
oX oV ox

Since u =sin*(v), we have

u_ 1
N J1-V?

SO
ou 1 ﬁ

RN NN

g
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Similarly

a_ 1 |k
v vz [ (V)

Combining the terms to prove identity

xou +y au
ox oy
Substituting the expressions for au and —:
oz oz
xa—u =X ! —\/9 3
x iy XX +4y)?
y X ou _ 1 [ N J @
oy T sy L ey
Adding (3) and (4)
U,y _ Xy yx

x oy KPPy + 4y PV-v2

By Factoring common terms.

G, oo Y-y 0
RN N B N SV R R RN v N e
= xﬁ—yfzo
Xa_u+y8_u=0
X oy
Hence proved.
UNIT - 11
4, fz=x2+xy+y?, x=s+t,y=s- tthenflnd—and—.
OX ot
Sol :
I=X+Xy+y,x=s+ty=s-t
putx,yinz=x%+ xy + y?
=5+t +(s+t)(s—t)+(s-1)?
{159 |
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=52+ 12+ 2t/s + s> — st + st —t? + % + t2 — 2st

7= 35+ t?

oz ot
Compute — = — (3s* + 1?)

0s 0s
=6s
a_ 6s
0s
C t z_2 332+ 2
ompueat—at(s )
=2t
Z o
ot
(OR)
5. Find the minimum value of x? + y? + z2, given that ax + by + cz = 1.

Sol :
Obijective function f(x, y, z2) = x> + y2 + 722
Constraintg(x,y,z) =ax+by+cz-1=0
Form the Lagrangian

L(X, Y, Z, A) = X% + y2 + 72 + \(ax + by + cz-1)

Where A is the Lagrange multiple partial derivatives and set them to equal to zero.

d—L—2x+ka—0 X = A2
dx =T 2
d—L—Z +Ab=0 —_ M
dy —TREE=YETS
d—L—22+k =0 1=-—
dz c=V=1z=- 2
d—L— + by = =0

dx—ax y=cCz-z=

Substitute the expression for x, v, z into the constraint.

) 24
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Substitute A back to find x, y, z

2

A= ——M

a’ +b? +c?

Y a
X = =2 2 =2

2 a‘+b°+c
b b
Y= T T a%ip2 42
e o
T2 a?4+p?+c?

Calculate x? + y? + 72

a 2 b 2 c 2
X2+ y2+ 2= (—J +[ J+[ J
a?+b?+c? a?+b?+c? a?+b?+c?

a2 b2 CZ

R +
@2+b2+c2? (@%+b%+c?)?  (@%+b*+c?)

a’+b? +¢c?
T (@% +b®+c?y
1
a’+b? +¢c?
The minimum value of x2 + y? + z2 given the constraint,

1
ax+hby+cz=1is a2 + b2 4 c2
UNIT - 111
10 -8 -2 -2 2
o 2 2 -2 2 L .. .
6. Let A= and W = . Determine if Wis in Col A, Is W in Nul A?
1 -1 6 6 0]
1 1 0 -2 2
Sol :
We know that
10 -8 -2 -2
A= o 2 2 =2
11 -1 6 6
1 1 0 -2

g

Rahul Publications



BCA

Il YEAR IIl SEMESTER

Vector w, w =

Determine if wis in column (A)

Ac=w

10

N O DNDN

-8 -2 -2
2 2 2
-1 6 6
1 0 -2

Cq 2
Cr| |2
cz| |0
Cy4 2

Row Reduce the augmented Matrix

(10 -8 -2
0 2 2
1 -1 6
1 1 0

0 2
1|1 -1
|1 1
[1 -0.8 -0.2
0o 2 2
0 -02 6.2
11 1 0
(1 -08 -0.2
0o 2 2
0 -02 6.2
|10 18 02

D
N O DNDN

(1 -0.8 -0.2 0.2]0.2

2 2| 2
6 6| O
0 2| 2
02| 0.2
2| 2
6.2 |-0.2
2| 2
0.2 | 0.2
-2 2
6.2 |-0.2
-18] 1.8

Next, we continuous with row prediction and Eventually, the system will tell us whether there is a contradiction.
If no contradiction appears, w is in col(A).

Determine is W is in Null (A)

To check iR Wiis in Nul (A), we need tos ec if AW = 0 we compute AW.
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10 -8 -2 -2]|[2 20-16+0-4 0
|0 2 2 -2||2| | 0+4+0-4 | |0
AW=19 1 6 6llo]T ] 2240412 | = 12
1 1 0 -2{|2 2+2+0-4 0

Since AW does not equal O, W is not in Nul (A)

(OR)
7. Determine if{v,, v,, v,} is linearly independent or linearly dependent where
0 1 4
v, =|1[,v,=|2]v,=|-1
5 8 0

Sol :

To determine whether the vectors v, v,, v, are linear independent or dependent, we need to see if the
equation.

cv,+c,v,+c,v,=0

The vectors given are
0 1 4
v, = 1 v, = 2,v3= -1
5 8 0

0 1 4 0
1 2 -1 0
C = , C = y C = =
o)t (8) 7 Lo 0
Oc; +1c, +4c, 0
C;+2c,+Cc3 | |0
5¢; +8c, +0cy 0

So system of linear equation

lc,+4c,=0 (1)
¢c,+2c,+c,=0 (2
5¢c,+8c,=0 -.(3)
For the First Equation
c,+4c,=0
c, =-4c,

g
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Put equation (2) and (3)
c,+2c,+c, =0
¢, +2(-4c)-c,=0
¢,-8c,-¢c,=0
¢,-9,=0
¢, =9c,

¢, =—4c, putin (3)
5¢c,+8c,=0
5c, +8(-4c,)=0

5(4c,) + 8(-4c,) =0
45c,-32¢,=0
13c,=0

For Determine the value of ¢, andc,
¢, = 0, we have

c,=9,=9(0)=0

So therefore, the vector, v,, v,, v, are linear independent.

UNIT - IV

O O W

|
o o1
A O

8. Find characteristic equation of A =

O O O U’

Sol :

Finding characteristics equation A =

O O O U
o
ol
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We know that characteristic equation

let (A- ) =0

let (A — Al) = let

=05B-AM)B-2)GB-1)@Q-2
=(5B-A)2B-2)@1-2)

So characteristic equation
(5-2)2@-2(1-1)=0

This equation shows that the eigen values of the matrix A are A = 5 (with Algebraic multiplicity 2), L = 3,
A=1.

(OR)
4 0 -1
9. Find the characteristic polynomial of matrixA=|{0 4 -1].
1 0 2
Sol :
We know that characteristic equation, Let (A—Al) =0.
(4 0 -1 100
A-A=1]0 4 -1|-A|0 1 O
11 0 2 0 01

Let(A-Al)=let| O 4-1 -1

4-) - 0 -1 0 4-X
Let(A—kI)=(4—k)Iet{ 0 2-a —0. det 1 2.2 —1.det 1 0

=(4-2)(4-2)(2-1)-0-1(0-(4-2))
=(@4-2)(4-0) (2-2) - (-4+1)

165
2 Rahul Publications



BCA

Il YEAR IIl SEMESTER

=(4-1)(4-2)(2-1)-(4-2)
=(4-2) (8-6L+2) + (4-1)

= 42— 240+ 32 -0+ 6L - 8L+ 4 -
=A%+ 1022 - 334+ 36

So characteristic polynomial of matrix A —A2* +10A2 - 33\ + 36

4 0 -1
Let given matrix A= |0 4 -1
1 0 2

By using characteristic equation

let(A-Al)=0
(4 0 -1 1 00
A-xHh=|0 4 -1/ -1]0 1 0
11 0 2 0 0 2
[(4-% 0 -1
= 0 4-) -1
1 0 2-)\

A - 0 4-2
:(4—%).Iet{40k 2_1J—0+(—1) L 0}
= (4-1) (4-2) 2-2) + (- (4-2))
=(@4-2)(@4-2)@2-2)+ (4-2)
=@-MI@E-12-1+1]
=(4-2)[8-4%+1)2-2% + 1]
= (4-1) [}2-61+9]
= (4-1) (, -3y

The characteristic polynomial is

llet (A - A1) = (4 - ) (. - 37|

8
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UNIT -V

1 O
10. Find diagonalization of matrix A = {6 _l]if possible.

Sol :

A=l

Above the matrix linear independent eigen vectors. So it is diagonalizable.

Finding the Eigen Value
Characteristic equation

let (A—Al) =0

10%10—| Y 0
Iet6_1 0 1—et 6 —1-x

let (A-Al) =(1-A) (-1-A) =0
=(1-2) (-1-A) =0
So eigen values

N=1,0,=-1

ueli 68

Solve (A-1)v=0.

0 0)(x 0
6 2)ly) ~|o
6x-2y=0
6x = 2y

y=3

Eigen vectorsfor i, =1

=)

For A,=-lputin(A-Al)v=0

'| 167 I|
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(A+1)v=0

(666
906

x = 0, Since there is no conditinon y, we cantakey = 1,

So, eigen vectors for A, = -1

v}

Form the Diagonalization

SHA

Verify Diagonalization

Here

PLAP=D

Here,

10
P=13 1

-3 1

Verify,
PLAP=D

S P A

1 O 10 1+0 0+0 10
AP =16 _1)13 1)~ l6-3 0-1)= |3 1

|

g

Rahul Publications



SOLVED PREVIOUS QUESTION PAPERS

APPLIED MATHEMATICS

P AP =

1 0)(1 O
-3 1){3 -1
1+0 0+0
-3+3 0-1

1 0
0 1

So A Matrix is Diagonalization.

(OR)

0O 5
11. Find the Eigen values and basis for each Eigen space in C, where A = {_2 > } .

Sol :

a=[5 3]

Finding Eigen Values

By solving the characteristic equation

let (A - A1)=0

A-Al=

L 5
let (A — Al) = let ( j

-2 2-A

=-1(2-M)-(-2)5
= -2+ A2+ 10
=)2-21+10

A2 —21+10=0

530 2
-5 .5

g
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By using quadratic equation
A =(-2)*-4(1) (10)
=4-40
=-36
So, eigen values are complex and given by,

_ (-2+-36
=

2+ 6i
2

=1x3i

So the eigen values are :

= 1+3i, %,=1-3i

Finding eigen vectors

For each eigenvalues A, (A-Al)V =0
For A, =1+ 3i
(A-AD)v=0

%)=

Substitute A, = 1 + 3i

—(1+ 3i) 5 o
2 2-@+3)ly)

(—1—3i 5 .j(szo
-2 2-1+3i)\y

X_1—3i
T2

So, eigen vector for A,

1-3i

Rahul Publications
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(A-M)v =0

% e 1)
° ij_(l_si)(; 2}:0

-1+ 3i 5 o
2 1+3i)

System of Linear Equation form

5 )=

(-1+3i)x+5y=0
2x+ (1 +3i)y=0
First equation (-1 + 3i)) x + 5y =0

250 -

(-1-3Bi)x+5y=0 ..(0)
2x+(1-3)y=0 ..(2
First equation

(-1-3i)x +5y=0

(=1 - 3i) x = -5y
)
X= 130

X = - y
-1-3i

. (1)
.2

To simplify ‘x’, multiply the numerator and denominator by complex conjugate of denominator (or) (multiply

by (-1+3i).

_ _o(1+3)
= G-y 1+3) Y

_ —5(-1+3i) _ +5-15i

1+9 10

g
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_ B(1-ei) _1-3i

210 2

-5
(~1+ 3i)

X = y

Multiply the numerator and denominator by compute conjugate of denominator (or) (multiply by (-1 -3i))

__ —5(1-3)
X = C1+3)(1-3)

_ 5+15i
T 149

,5/(1+3i)y
0,

X =

X_1+3i
5 y

So, the eigen vector for A,

1+3i
v, = 2

§
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FACULTY OF INFORMATICS
B.C.A lll - Semester (CBCS) (Backlog) Examination,
June / July - 2024
APPLIED MATHEMATICS
Time : 3 Hours] [Max. Marks : 70

Note : I. Answer all questions from Part-A and answer any five
questions from Part-B. Choosing one question from each unit.

Il. Missing data, if any, may be sultably assumed.

PART - A (20 Marks)

ANSWERS

1 (@) Define continuity of a function.
Sol :

A function f(x) is said to be continuous as a point x = c¢ it the following

three conditions are satisfied.

1. f(c)is defined

2. Lt f(x) exists

X—>C

3 Lti=10)

A function f is continuous on the open interval (a, b).

(b) Find the first order partial derivatives of ax? + 2hxy + by2

Sol :
Given f(x,y) = ax? + 2hxy + by?

p.d.w.r.t. ‘X’
df d
X dx (ax? + 2hxy + by?)

= 2xa + 2xy

p.d.w.rt'y’

df d
@ = @ (ax?+ 2hxy+ by?)

= 2hx +2by

4
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Sol :

dz
(c) Find —-when =xy?+ x?y, x = at?, y = 2at.

dt

Givenz = xy? + x% , X = at?, y = 2at

p.d.w.r.t‘x’
dz d 2
ax —ax oY xY)
=y?+2xy
p.d.w.r.t‘y’
dz d
dy = ay (y? + x?y)
= 2yx + X2
= 2xy + X2
p.d.w.r.t‘t’
dx
o a(atz)
=2at
p.d.w.r.t‘t’
dy
at = at (2at)
=2a

Now apply the chain sale.

=566

= (y* + 2xy) (2at) + (2xy + x°) (2a)
Put x = at?, y = 2at

= (2at)? + 2(at?) (2at) (2at) = (2(at?) (2at) + (at?)? (2a)
= (4222 + 4a’t?) (2at) + (4221 + a’?) (2a)

= 8a%t® + 8a’t* + 8a® + 2a%t°

= 16a%t® + 8a® + 2a%t°

% =16a°t% + 8a%t3 + 2a3%°
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(d) Write Taylor’s theorem for a function of two variables.
Sol :

Taylor’s theorem for two variables

Let a function be defined in some domain D in IR? and have continuous partial derivatives up to (n + 1)
order in some neighborhood of a point P(x, y,) in D.

Then

d _, d 1(,d  dY
F(x,+h,y, +K=F(x,Yy,) + [hd_er kd_yj F(Xp Yo) 21 [hd—x+ k@j
d n

1 d
Ak E ] Fx,,
F(Xgr Yo) 4 oenene +n![ dx+ dyj (oyo)+Rn

n+1
L (hd
Ry= (ne1) | Max TXay) FOo+ony,+00,0<0<1

n dx dy
a
() If=4|b|:a-3b+c=0¢ IsWisa subspace of R.
c
Sol :
a
Givenw= 4| b|:a-3b+c=0
c

whether w is a subspace of R®
A subset w of a vector space v is called a subspace if. It satisfies three conditions.
1. Zerovector
2. Closed under Addition
3. Closed under scalar multiplication
1. Zero vector :

0
Letw= |0
0

Check, it Oisinw
a=b=c=0, we have
a-3b+c=0

0-3(00)+0=0
Therefore, 0 in w.

8
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2. Closed under addition
a a,

Letu= |31 | andv =
a; Co

be any two vectors in w

a,-3b,+c¢c =0
a,-3b,+c,=0

a; +a,
b, +b,
C,L+Cy

u+v= inw
(@a,+a)-3(b,+b)+(c,+c)=(a-3b,+c)+(a-3b,+¢c)=0+0=0
Thusu + visinw.

3. Closed under Scalar Multiplication

a

Letu= b be any vector in w
c

ka
ku = kb isinw
kc
ka-3(kb) +kc=k(@a-3b+c)=k0=0
thus ku is in w
Since w contains the zero vector is closed under addition and is closed under scalar multiplication
w is a subspace of R3.
() Define basis of a vector space.

Sol :
For answer refer Februar-2024, Q.No. (i).
(@ If Aisa7 > 9 matrix with a two-dimensional null space, what is the rank of A ?

Sol :
Using Rank — nullity theorem
Rank (A) + dim N(A) =n
Where
dmA)=2,n=9
Rank (A) + dim N(A) =n
Rank (A) +2=9
The Rank (A) =9-2

g
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-1 4
(h) IsA =-3, an eigen value of { 6 9} . Why or why not ?

Sol :

Given

Ar=-3,A= -1 o4
6 9

Characteristic equation
det(A-Al)=0

-1 4 1 0
A-M=16 o |0 1

2 4
det (A —Al) = det 6 12

=2(12) - 6(4)

=24 -24

=0
Since the det = 0, A = - 3 is indeed an eigen value of the matrix A.
why A =-3

The det (A - Al) = 0. Indicates that the matrix is singular. Which corresponds to the condition for A being
an eigen value, thus A = — 3 is an eigen value of the given note.

3 -3
(i) Find the eigen values of {3 3 }
Sol :

_ 3 -3
Given A = 3 3

Characteristic equation,
det(A-Al)=0

§
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3-2 —3}

det(A—M)zdet{ 3 3_%

=B-MEB-M-(-3OB)
=(@-2)2+9
=9+ A2-61L+9
=22-6)+ 18
To find the eigen value by using quadratic equation

_ —b++/b% - 4ac

2a

A

_(-8)£4(-6)* ~ 4B
B 2(0)

_ 6+4/36-72

2

A

_ 6++/-36

2

6+ :/36

2

6 £ 6i
2

=|A=313i

|eigen values : 1, = 3 + 3i, A, = 3 - 3i|

‘l 178 ||
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2 3
()  Find the characteristic equation of = { }

Sol :

_ 2 3
GivenA= 45 _g

Characteristics equation

det(A-Al)=0
A=Al = 2 3 a1 0
|10 -5 0 1
[2-2 3
A-M =] 4 5.,

2-) 3
det (A-Al)=det | | 5_%

=(2-2)(5-21)-0
=-10-20 + 5L + A2

Characteristic equation = A%+ 3% — 10|

PART - B (5 x 10 = 50 Marks)
Unit-1

1 2

Sol ;
u — (X2 + y2 +22)—1/z

a_u — i [(X2 + y2 + 22)—1/2] — __1 (X2 + y2 + 22)—1/2 < i (X2 + y2 + 22)
oX  OX 2 OX

-1 O, o 0,0 0,2
S - —(X°)+— —(z
= 2(x2+y2+22)3’2><[ax( )+ax(y )+6x( )J

-1 -1
=5 (R+y?+22)%] < (2x+ 0+ 0) = 7 (2 + y2 + 7232 x X

=X+ y2+ Zz)-3/2

L o%u a2y %
2. Ifu= 2.2, 2:X+y+72#0,showthat — +—+—_—5=0
XS +YyT+2 ox PV

'| 179 |
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Sol :

au a au a 2 2 2)-3/2
yza—x x =a—x[-x(x + y?2 + 72)37]

OX

X 6(x +y? +7 )/2 (x +y?+1z )_%éi;(x)}

X-—%(XZ+y2+22)_%_1x6%(x2+y2+22) (x +y? 47 )/2 }

2

=_|X '_—B(XZ +y%+ 22)_% X[%(X2)+§(y2)+§(zz)l} + (x2 +y2 4+ zz)_%}

x.__3(x2 +y? +ZZ)_5/2><[2X+0+0]+(X2 +y? +22)_%}

2

) x.-7?(x2+y2+22)—/zx zx+(x2+y2+22)—/z}

— 3X2 (X2 + y2 + 22)—5l2 _ (X2 + y2 + 22) -3/2

Similarly,

o%u

—_—— = 3y (X2 + y + 22) 52 _ (X2 + y2 + 22)—3/2

oy?

82

8_2 —_ 322 (X2 + y2 + 22)—5l2 _ (X2 + y2 + 22)—3l2
82U+52U+82u 32(2+ 2+ 2)5/2 (2+ 2+ 2)3/2
—+ o, +—5 =3x*(X 7272 — (x 7%)"
ox2 oyt a2 y y

+ 3y (X + Y2+ 2 (X2 Y2+ )+ 322 (X2 + Y2+ 72) 52— (X2 + y? + 72)2
= 30X + y2 + 22)52 [x% + y2 — 2] - 3(X® + y? + 72)3~?
=30+ Y2+ )R+ Y2+ ) -3+ y2+ 2R
= 3(X% + y? + 7252+ _ 3(x2 + y? + 72)3~2
=3+ Y+ )32+ y2+75)” =0
(OR)

X“+y ou ou
u=log X1y ’provethatx&+y5=1

Rahul Publications
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x? +y?
u = log X1y

ou ou
L.H.S x & +y 5

ou (Mj 2x(x+y)—l(x2+y2)
2. 02 |-

ox '\ X“+y (X+y)z

2x2 +2xy —-x?—y?  x2_y2? yoxy
(x+y)(x2+y2) (x+y)(x2+y2)
au ( 2+ j 2y(x+y)-1(x* +y?)

Y x? +y? (x+y)z

ou  oxy+2y?—x%-y?  y?_x%i2xy

oy (x+y)(x2+y2)

du du x2 —y2 + 2Xy

Xd_x+y@ =X wa)(x2 +y2)

B (x+y)(x2 +y2)

y2 —x? + 2xy

}”L

— x3 —xy2 + 2x2y+y3 —x2y+ 2xy2

(x+y)(x2 +y2)

x+y)(x2 +y2)

(x er)(x2 +y? —xy)—xy(x +Y)+2xy(x+Y)

(x+ y)(x2 +y?)

TS (27— 0 29

|

= =1R.H.S
MM
X~Q+y.Q=l
OX oy
Unit-11
4 IfH=f thtﬁ+aH+ﬁ—O
. =fy -z, z2-x, Xx-Y), prove tha o oY
Sol :
u=fy-z,z-x,x-y)
|' 181 ||
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5.

Sol :

a=y-z2
b=z-x

cC=X

u=f(a,b,c)

Diff. ‘u’ with respect to x.

ou ou 8a ou ob 6u ou X

X ox ox b ox x| x ox

6_u_6_u1+6_u0+6_u 1
x - Mt pO+ 5
u_ou_au
OX oa oc

Differentiate u = f (a, b, ¢) with respect to 'y’

6_u ou 6a ou 6b ou oc

oy 6aay 6aay 6cay

a_ -, u
() oa ob

Diff u =f (a, b, ¢) with respect to ‘7’

oz oa oz db oz ec oz

au au au
= 7O+, D+ o)

ou —_au ou
oz ob oc
Now
6u 6u 6u zg }Z zﬁ z[ z! /%Z -
du du du _0
dx dsy dz
(OR)
a8 al

Show that the minimum valued of u = xy + = +7 is 3a2.

3 3

. a a

Givenu=xy + —+ —,
X

y
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Solving the system of equation

Sub egn (1) in equation (2)

a3

B

X =

B
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w

xb‘mm|m

iy

= ag
4
X = —%
a
xad = x*
ad = x5
X = a6/5
— a3l2

y= a3
Critical points = (a®?, a%?)
Put x =y = a%*? into the original equation

a8 a°
U=Xy+ —+ —
y X y
3 3
u= (a3/2) (a3/2) + a + a

3 3
NN
— a3 + a3/2 + a3/2
= a3+ 233”2
Given ‘U’ is minimum value

Show the minimum value is 3a?

g
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Let Assumx=y=a

3 3
u=(@ @+ —+—
= a?+ 2a?
= 3a?
Unit-111
6. (@) Find a nonzero vector in Col A and a nonzero vector in Nul A where

Sol :

-2 -5 7 3
3 7 -8 6

Given A=

Finding Non-zero vector in col A

The column space of A is the span of it column ? any non- zero linear combinations of columns of A will

be a non - zero vector in col A.

V is Non - zero vector in col A.
Finding Non-zero vector in Nocl (A)

We need to solve the homogeneous equation

Ax=0
X1
2 4 2 1 7|x| |°
2 5 7 3 |[x5]=|°
0

w
\'
|
(o]
[e2]
x
X

|
NN
h o~

|
~N N
w k=
o O

w
\‘
|
(o]
)]
o

By using echelon form

4

Rahul Publications



BCA I YEAR Il SEMESTER

by using,

R,=R,+R,=/0 -1 5 4 [0

2 4 -2 1 |0

3 0 -1 5 4 [0

R=R-2R=10 1 5 9 o
2

2 4 2 1 0
R3:R3+R2:>g 1 5 4 0

2
2X, +4x,-2x, +x,=0 1)
-X,+5x,+4x,=0 (2)
17
—X, =0
SXa =0 3)

Solving we system

X, =0, putin (2)
-X,+5x,+4(0)=0
-X,+5%X,=0

X, = 5X,

Put x, = 5x,, X, =0in (1)
2X, +4x,-2x, + X, =0
2x, +4(5x,) -2x,+0=0
2x, + 20x,-2x, =0
2x,+18x,=0

2x, = -18x,

g
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Sol :

7;8/

X, = X
Z 3

Solution is
X, == 9%,
X,= 5X,
X, = X,
X,=0

Nul (A) is spanned by vector

This is a non-zero vector in Nol (A)
2%, + 44X, -2X, + X, =0 = 2(-9) +4(5)-2(1) +0=0
=-18+20-2=0=-20+20=0

(OR)

Determine whether the set S = {v,, v,, v,} is a basis of R®,

2 2 -8
wherev, = |-1|,v,=|-3|,V,=| 5
1 2 4
Given
2 2 -8
v,=|-1[,v,=|-3]|,v,=
1 2 4

To determine whether the set S = {v,, v,, v,
for R3, we need to check two things.
1. Linear Independent

2. Spanning

g
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1. Linear Independent
2 2 -8

A= -1 -3 5

1 2 4

|A|::2{—3 5} o[ 5}__8 {—1 —3}
2 4 |11 4 1 2
=2(-12-10)-2(-4-5)-8 (-2 + 3)
=2(-22)-2(-9)-8(1)

=-44+18-8
|Al=-34
|A] #0, So Linear Independent.

Because the vector are L.l and there are three of then in IR3, they must also span R3.

The set s= {v,, v,, v.} is basis for IR®.

Unit-1vV
4 -1 6
8. Find eigen values and eigen vectors of A = | 2 1 6
2 -1 8
Sol :
4 -1 6
Given A=| 2 1 6
2 -1 8

Characteristic Equation

det (A-2l) =0
4-% -1 6
A-Al=|2 1-» 6
2 -1 81
1-» 6

2 6
:(4—%)‘_1 8—k+1 [2 8—kj+6[§ l—lkj
=@A-N[A-2)B-A)+6]+1(28-A)-12)+6(-2-2(1-2)
=@4-A)[B-A-8L+22+6]+[16-2AL-12]+6(-2-2+ 2))
=@4-A)M-9\+ 14) + (=21 + 4) + 6(21 - 4)

188
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=402-360 +56 - A2+ N2 -14)0 -2\ + 4 + 120 - 24
=-A3+ 13)\2-40 A + 36

by using factorization method

-2+ 13)2-400L+36 =0
A=-2)(-22+1r-18)=0

rA=-2)(r-2)(r,-9) =0

r-22(r-9)=0

M=2,4,=2,1,=9

Eigen vector

A =2inA-%

A-21=| 2 1-2 6
2 -1 8-2
2 -1 6
=2 -1 6
2 -1 6
(A-2)x=0

2%, = X, + 6x, =0
2%, = X, + 6x, =0
2%, = X, + 6x, =0

Take Eq (1) 2x, - X, +6x, =0

Letx, =t

X, = 2X, + 6t

X, =S

X, = 2s + 6t

A =2
S 1 0

X, = 2s+6t| _ |2 +t|6
t 0 1

This mean that any combination of these two vectors is an eigen vector corresponding to A, = 2

{ 189 }
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Eigen vector for A, =9
Putd,=9inA-2,l

4-9 -1 6 ||xq 0
A-al=| 2 1-9 6 |[x, (=10
2 -1 -1]|x3 0

System of equation

- 5%, =X, +6x,=0

2X, - 8x,+ 6x,=0

2%, =X, =X, =0

2x(2)-(2)

2(-5x, = X, + 6Xx,) — (2x, — 8x, +6x,) = 0
- 10x, — 2x, + 12x, - 2x, + 8X,-6x,=0
-12x, + 6x, + 6x, =0
=2X, + X, +x,=0

Now we have

1.-5x, —x,+ 6x, =0

2. -2X, +X,+X,=0

3. 2x1—x2—x3=0

Notice that the second and third Equation are essentials

some — 2x, + X, + X, =0

So we only need to solve two equation
1.-5x, —X,+6x,=0
2.-2X, + X, + X, =0

(2) = X, =2X =X, e 4)

Putin (1) - 5x, - (2x, - x,) + 6x, =0
-5x,—2x, + X, + 6x,=0

- 7x, +7x,=0

Rahul Publications
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X, =X

So, X, = 2x, — X, = X,, therefore the eigenvector corresponding 6 to A, = 9 is

X

— 2 —

X, = ) X, 1
X3 1

Finding Eigen vectors

A =2
1 0
6
=\,
A,=9
1
1
A, = X
(OR)
5 0 0 0
_ o _ 2 4 0 0
9. Find the characteristic polynomial of A = > 2 _a 0
6 6 0 1
Sol :
5 0 0 0
_ 2 4 0 0
Given A = 2 2 4 0
6 6 0 1
Characteristic Equation
det(A-Al)=0
5 0 0 0 1 0 0 O
2 4 0 0 0 1 0 O
A-M=12 2 4 oo o 1 o0
6 6 0 1 0O 0 0 1
{101 |
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5L 0 0 0

2 4 0 0

| 2 2  —4- 0

| 6 6 0 1-1
4 0 0
=6B-1)| 2 -4 —A 0
| 6 0 1-2

—4-% 0
=G-N@-2 o 1.,
=6G-MNE-)((-4-)1-1-0)
=(B-M)@-1)(-4-1)(1-2)
= (20 5L — 4L +22) (—4 + ) — L + A2)

=_80+ 807 — 200 + 207% + 200 — 2002 + 5xZ — 5x% + 16— 1672 + % — miC -
w7+ 40 - ) o

= A*—6A% - 11A% +96)\ - 80

Characteristic Equation of matrix A

A4 - 6% —1102 + 962 — 80

Unit-vV
1 3 3
10. Diagonalize the matrix A = < 5 -3 , if possible.
3 3 1
Sol :
1 3 3
Gvena= |3 S 3
3 3 1
Characteristic Equation
det (A—2l) =0
1 3 3 1 0 O
A-AM=]-3 5 -=3|-1{10 1 O
3 3 1 0O 0 1
192
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1-» 3 3
_| 3 5-1» -3
3 3 1-
1-» 3 3
det(A—al)=det| -3 -5-i1 -3
3 3 1-

5-% -3 -3 -3 3 5-1%
:(H)‘ ‘3‘ ‘+3‘

= (1-2) (A2 + 4 + 4) - 3 (3+6) + 3 (31+86)
=1 -1 (M +4)+4)

=(L-N)(+22=0

Eigen values

A=1,0,=-2-2

Finding Eigen vectors :

(A-A)x=0
o 3 3
Letr, =1,(A-)=|-3 -6 -3
3 3 0

3x,+3x,=0 ... Q)
-3%,-6x,-3x,=0 ... (2)
3x,+3x,=0 ... 3)
We get (1)

3x,+3x, =0

/gxz =- /gx3

- 3%, -6x,-3x,=0
-3x,—6(x;)-3%x,=0

g
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- 3%, +6x,-3x,=0

-3x, +3x,=0

_lez_lgxa

Eigen vector for A, = -2

3 3 3
A+2l=|-3 -3 -3
3 3 3

X+ X,+Xx,=0

This gives us two independent eigen vectors

1 0
v,=|0|v,=|1
-1 -1

1 1 o
P=1-1 0 1
1 -1
1 0 O
b=|0 -2 0
0 0 -2
A=PDP

Where P is the Matrix of eigenvectors and D is diagonal matrix of eigen valued confirm that A is
diagonalizable.

(OR)

4 5
11.  Construct general solution of X' = Ax where A = {_2 1 }

194
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Sol :

. 4 -5
Given A =

Finding eigen values
Characteristic Equation
det(A-Al)=0

4 -5 1 0
A-M=15 1]7*0 1

4-) -5

= 2 1-x
det(A-A)=(@4-2)(1-21)-10
=4-40-L+22-10

=22-5L-6=0
=(A-6)(r+1)=0
Eigen values
L=6,r=1

Finding the Eigen vector of A
AL=6=>A-AMVv=0
(A-6l)v=0

4-6 -5
A-B)=| o 1.6

-2 -5
—|-2 -5
System of equation

-2x,-5x,=0

- 2x1 = 5x2

5
Xl = —EXZ

eigen vector for ., =6

|3

i
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eigen vector for A, = -1

[4+1 -5
A+1=

2 1+1

(5 -5
|2 2

System of equation
5x,-5%x,=0 = BXx, = BX,
X, = X,

eigen vectorof 1, = -1

w=ly

Construct the General solution

value

The general solution to the system is a linear combination of the solutions associated with each eigen

and eigenvectors.

X(t) = ce*'x +c,er?x,

Substituting the eigen values and eigen vectors

S 1
X(t) = CleSt {_2} + c et L}

5¢,e% +c e
x(® = 6t —t
—2¢,e% +ce

where ¢, & c, are arbitrary constant determined by initial conditions.
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