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Sphere: Denition-The Sphere Through Four Given Points-
Equations of a Circle- Intersection of a Sphere and a Line-

Equation of a Tangent Plane-Angle of Intersection of Two
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1.1 SPHERE

1.1.1 Definition

A sphere is the locus of point which remains at a constant distance from a fixed
point. The constant distance is called the radius and the fixed point the center of the
sphere.

1.1.2 The Equation of a Sphere
Let (a, b, c) be the centre and ' r to be the radius of a given spherer.

Equating the radius 1 to the distance of any point (x, y, z) on the sphere from its
centre (a, b, c).

Then we have

(x=a)l+ (y-b)2+(z-c)? =12

X2+ a?-2ax +y? +b?2-2by + 22 + 2 -2cz =12

X2+ yP+2z22-2ax-2by—-2cz+ (@2 + b2+ c2-r?) =0
which is the equation of sphere.

Here x, vy, z are second degree

>  Coefficient of x2, y?, z? are all equal
»  The product terms xy, yz, zx are absent.
» The locus of the equation ax? + ay? + az? + 2ax + 2vy + 2wz + d = 0.

a#0 isthusasphereif u? + v2 + w?—-ad >0.

{1}
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1.1.3 General Equation of Sphere

From locus of equation ax? + ay? + az? + 2ux + 2vy + 2wz + d = 0 can be

written in the form of

9 2u  2v 2w
v+

xZ+y? +22+ x4+

z+g=0, a=0

(x —X1)(X — Xg) + (Y= y1)(y—Yy) + (z—2;)(z— z5) = Ois the equation of the sphere.

V(Xz, Yo, 22)

p(x, v, z)

Rahul Publications
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1. Find the radius and centre of the sphere x2+y?+22- 6x+8y -10z +
1=0.

Sol :
We know that the general equation.
X+ +224+24x +2vy + 2wz +d =0
Comparing with the general equation of sphere
Wehave u=-3, v=4,w=-5and d=1

Hence, centre is (—u, —v, -w) = (3, - 4, 5)

Radius = \/u2 +vZiiwli-d = \/(3)2 +(-4)? + (5 -1

Vv9+16+25-1
= 49 =7

Centre = (3, 4,5)

and radius = 7.

2. A plane passes through a fixed point (a, b, c) show that the locus of
the foot of the perpendicular to it from the origin in the sphere
x?2+y?+2z2-ax-by-cz =0.

Sel ;
Any plane through (a, b, ¢)in [ (x-a) + m(y-b) + n(z-c) =0 .. (1)

X
and the line perpendicular to it from the origin in T

3 |«

V4
=— .. (2)
n

The foot of the perpendicular in the point of intersection (1) & (2)

To find the locus of the foot of perpendicular one should eliminate I, m, n between
(1) & (2)

X(x—a)+yly-b)+z(z-=c)=0
X-xa+y?-yb+22-2c=0

X2+ y?+z2-ax-by-cz=0.

{ 3 ]
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3. Obtain the equation of the sphere described on the join of the points
A (2, -3, 4) B(-5, 6, -7).

Sl :
Let P(x, v, z) be a point on the sphere.

A=(2,-3,4) and B = (-5, 6, -7)

We have then the linear equation

X2 +y2 422 4 2ux, +2vy, +2wz,+d = 0

4. Find the equation to the sphere through the points (0, 0, 0),
(0’ 1 _1), (_1’ 2’ 0)’ (1’ 2’ 3)°

Sol ;
Let the equation of the spherer be
X+ P +22+2ux+2vy+2wz+d=0 .. (1)
(0, 0, 0) is passes through the sphere .. (1)
Then d =0 .. (2)
()
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0,1,-1) = 0+1+ (-1)2+ 2u(0) + 2v(1) + 2w(-1) +d =0

(_17 27 O) =

(1,2,3) =

24+2v+2w+d=0

(-1)2 + (2)?+ 0 + 2u(-1) + 2v(2) + 2w(0) +d =0

1+4-244+4v+d=0
5-24+4v+d=0
1+4+942u(l) +2v(2) +2w3)+d=0
14+2u+4v+6w+d=0

sub (2) in (3) (4) (5) we get,

24+2v-2w=0 ... (i)
5-24+4v=0 ... (i)
14-24 +4v+6w=0 ... (iii)

Solving (i) and (ii)

OQu+2v-2w+2=0
24 +4v+0w+5=0

24 +6v-2w+7=0 ... (iv)

Solving (iv) and (iii)

2ut+6v -2w+7=0
20+4v+6w+14=0

10v+4w +21 =0 .. (V)

Now solve 5x(i) and (v)

10v-10w +10=0
10v+4w +21 =0

-14w-11=0
-14w=11
1
YT 1
Subw = —1F tion (i
ubw = 12 in equation (i)
[ 5 }
J
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2V-2W+2=0 = 2V—2(—%)+2=0

22
2V+ Ty +2=0

__ 1 _-25 -1 _
u———,v—14 w = 1a andd =0

Hence the equation of sphere becomes

15 25 11
x2+y2+22—2ﬁ Xx-2 14 y—2ﬁz=0

15 25 11
= x2+y2+22—7x—7y—7z=0

= 7x+y*+2%)-15x-25y-11z=0

[ 6 |
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5. Find the equation of the sphere thought he four points (4, -1, 2),
(0’ _2’ 3)’ (1’ _5’ _1)’ (2’ 0’ 1)'

Sol :
Let the equation of the sphere be
X+ y2+ 224+ 2ux+2vy + 2wz +d=0 .. (1)

When four given points part through the given equation of sphere. Then we get
as,

4,-1,2) = (4?2 + (-1)>+ (2)> + 2u(4) + 2v(-1) + 2w(2) + d =0
16+1+4+8u-2v+4w+d=0
8u-2v+4w +d+21=0 .. (2)
0,-2,3) = 0+ (-2)?2 + (3)2 + 2u(0) + 2v(-2) + 2w(3) +d =0
44+9-4u+6w+d=0
-4v+6b6w+d+13=0 .. (3)
(1, -5, -1) = 124+ (-5 + (-1)2+ 2u(l) + 2v(-5) + 2w(-1) +d =0
1+254+14+2u-10V-2w+d=0
2u-10v-2w+d +27=0 .. (4)
2,0,1) = (224 0+ (1)2 + 2u(2) + 2v(0) + 2w(1) +d =0
44+1+4u+2w+d=0
qu+2w+d+5=0 ... (5)
By Solving (2) - (3)
8u-2v+4w +d+21-(4v+6w+d+13)=0
8u-2v+4w +d+21+4v-6w-d-13=0
8u+2v-2w+8=0
= 4du+v-w+4=0 ... (6)
Solving (3) - (4)
-4dv+6w+d+13-(2u-10v-2w+d +27) =0
= —-4v+6w+d+13-2u+10v+2w-d-27=0
-2u+6v+8w-14=0
u-3v-4w +7=0 . (7

{ 7 }
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Solving (4) — (5)
2u-10v-2w +d+27)-(4u+2w+d +5) =0

2u-10v-2w+d +27-4u-2w-d-5=0
2u-10v-4w + 22 =0

= u+bv+2w-11=0

Sou= -

Sub u = -2 in equation (10)

Gu-Tw+1=0
4-2)-Tw+1=0
_84+1-Tw=0

-7-Tw=0=w=-1
Sub u = -2, w = -1 in equation (8)
ie,u+5v+2w-11=0
(-2) +5v +2(-1)-11=0

[ 8 ]
)
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-2+5v-2-11=0

5v-15=0
15

V—E—B
v=3

Subu = -2, w = -1 in (5) then we get,
qu+2w+d+5=0
4(-2) +2(-1)+d+5=0
-8-2+5+d=0
-10+5+d=0
d=5
.. The equation spare in
X+ +22+2(-2)x+2B3)y+2(-1)z+5=0.

XX+yP+22-4x+6y-22+5=0.

Sl :

A variable plane through a fixed point (a, b, ¢) cute the coordinate
axes in the point A, B, C show that the locus of the centres of the
sphere OABC is a/x + b/y + ¢/z = 2.

Let the sphere OABC be x% + y? + z2 + 2ux + 2vy + 2wz = 0 . (1)
So that u, v, w are different for different spheres.
The points A, B, C where it cuts the three axes are
(—2u, 0, 0) (0, —2v, 0), (0, 0, —2w)
The equation of the plane ABC is

I
—24 2v 2w

Since this plane through (a, b, c), we have

g

Rahul Publications
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If X, v, z be the centre of the sphere then
X=-Uy=-,z=-W ... (3)

from (2) and (3), we obtain

a, b +£-2 asthe required locus.

= 9+6w+d=0 .. (4)

Subd =0in (1) thenwegetl + 2u+0 =0
2u= -1
u= L
2

Subd =0in (2) thenwe get4 +4v +0=0

v =4

v=-1

(o)

Rahul Publications



UNIT - | SOLID GEOMETRY

Subd =0in (3) then,weget 9+ 6w+d=0

9+6w+0
6w = -9
_.2_.3
YT T 2
1
Su= —§,v=—1,w=—3andd=01n(A)

-1
X+ +22+2 5| x+2-1)y+2 5 z+0=0
2 2

X+ yP+22-x-2y-3z2=0

.. It is a required equation of sphere.

8. A sphere of constant radius k passes through. The origin and cuts
the axes in A, B and C. Find the locus of the centroid of the triangle
ABC.

Sol ;
Let the coordinates of A, B and C be (a, 0, 0) (0, b, 0) and (0, 0, C) respectively.
The sphere also passes through the origin (0, 0, 0).
Let the equation of the sphere be
X+ +224+2ux+2vy +2wz+d=0
As it passes through (0, 0, 0), (a, 0, 0), (0, b, 0) and (0, O, c) we have d = 0.

1
a2+2ua+d=0:>u=—§a
1
b2+2vb+d=0:>v=—§b
1

c2+2wc+d=0:>w=—§

.. The required equation of sphere is x> + y? + 22 —ax -—by —cz = 0.

l| 1 ,'
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2 2 2
It’s radius = \/(%aj +(%b} +(%CJ =k

a% + b? + ¢ = 4K? (1)

(-a,b,¢c) = (-a))+b%+ c+ 2u(-a) + 2v(b) + 2w(c) +d =0
a?+b2+c?2-2ua+2vb+2wc+d=0 ... (2)
(@, b, c) = a?+ (-b)2+ & + 2u(a) + 2v(-b) + 2w(c) +d =0
a?+b%2+c?2+2ua- 2vb+2wc+d=0 ... (3)
(a,b,—c) = a%+ b%+ (—)? + 2u(a) + 2v(b) + 2w(-) +d =0

a?+bf+c2+2ua+ 2vb-2wc+d=0 o (4)
d=0= by(2
= a’+b?+c2-2ua+ 2vb+2wc=0 ... (5)
ll 12 ',
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d=0= by(3)
a2+ b2+ c2+2ua- 2vb+ 2wc =0 ... (6)
d=0= by (4)
a2+ b2+ c2+2ua+ 2vb—2wc =0 A7)
from (5) and (6)

aZ+ b2+ c2-2ua+ 2vb +2wc=0
a2+ b2+ c2+2ua-2vb +2wc=0
22+ 22+ 22 +4dwc=0= 2@%+ b2+ 2 + dwc =0

—2(a® + b +c?)

W= 4c
from (6) and (7)
a?+ b2+ c?-2ua-2vb + 2wc =0
a2+ b>+c?+2ua+2vb-2wc=0
2(a2 + 2b% + 2¢?) + 4ua =0
—2(a® + b® +¢?)
4= 4a
from (5) and (7)
a2+ b%2+ c?-2ua + 2vb + 2wc =0
a4+ b?+ c?+ 2ua+ 2vb-2wc =0
2@ +b*>+c?)+4vb=0
—2(a® + b® +¢?)
V= 4b
@% + b? +c?) @ +b* +c?) @ +b* +c?)
YT T T VT T YT T g

above value sub in (A).

2 p2 42 9 1o o
=x2+y2+22—2{%} X—Z{M}y

Zb
(@% + b +c?)
e T

l| 13 ,'
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xXX+yi+zf X

Y
T al+b’+c? a b
is a required equation of sphere.

_Z_ o
C

Radius = /2 + y2 + w? —d

Ix + my + nz = p. Taken together represent a circle.

10. Show that the centre of all sections of the sphere x2 + y?> + z2 = r2 by
planes through a point (x!, y!, z!) lie on the sphere, x(x - x!) +
vly-y') + z(z-2") = 0.

Sel :

The plane which cuts the sphere in a circle with centre (f, g, h) is f(x — ) +
gly-g) +hz-h)=0

It will pass through (x', v', 2') if f(x' = x) + g(y'—g) + h(z —=h) =0
It and according the locus of (f, g, h) is the sphere
X(x'=x) + y(yl —y) + z(z! —z) = 0.

14
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11. If r be the radius of the circle x> + y> + 22 + 2ux + 2vy + 2wz +
d = 0 Ix+ my + nz = 0. Prove that

2 +d) 12+ m? + n2) = (mw - nv)?2 + (nu - lw)2 + (lv - mu)?
Sol :
The equation of the given sphere is
X+ +224+2ux+2vy +2wz+d=0

having centre at (-u, —v, -w)

and radius r = /2 4 2 + w2 —d

Now, distance CN of centre of sphere from the plane is length of perpendicular
from centre of sphere on the plane.

Ix+my+nz=20

CNe& lu+ mv'+ nw
JIZ2 + m? +n?

CP= Ju?+v?+w?-d.NP=r

2
r2=CP2—CN2=u2+v2+w2_d_(lu+mv+nw)

12 + m? +n®
= (r?+d) (B+m?+ n?) = (W¥+v? + w?) (B + m? + n?) — (lu +mv+nw)?

= (r?+d) (B+m?+ n?) = (mw — nv)? (nu — w)? — (lv — mv)?

1.3.1 Sphere Through the Given Circle

The equation S + KU = 0 represents a sphere through the circle with equation
S=0,U=0.

Where S =x?+ y? + 22 + 2ux + 2vy + 2wz + d
U=slx+my+nz-P

|l 15 ',
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Thus, the set of sphere through the circle
S=0,U=0
S+KU=0

K is the parameter, is also the equation S + KS' = 0 represents a sphere through
the circle with equation S = 0, S' = 0.

(12 + (22 + (3)2 -9 + k(2(1) + 3(2) +4(3) -5) =0
1+4+9-9+k(2Z2+6+12-5)=0

5+ Kk(15) =0
-5 -1
k=153

.. The required equation of the sphere is

-1
X+ y?P+22-9+ (g} (2x +3y +4z-5) =0

ll 16 ,'
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3(x2+y?+22-9)-2x-3y-4z+ 5 =0
3x2+y2+28)-27-2x-3y-42+5=0
3(x2+y?+22) —-2x-3y-4z-22 =0.

13. Find the equation of the sphere through the circle x? + y? + 22 + 2x
+3y+6 =0,x-2y + 4z - 9 = 0 and the centre of the sphere.

x2+y?+22-2x+4y-6z+5=0.

Sol :
The given equation of sphere in
X+ +22-2x+4y-6z2+5=0
.. The centre of the sphere in (—u, —v, -w) = (1, -2, 3)
The sphere through the circle is
X+y?+22+2x+3y+6)+k(x-2y +4z-9)=0
It will passes through (1, -2, 3).
=((1)2+ (-2)2 + (3)> + 2(1) + 3(2)+ 6) + k(1 —-2(-2) +4(3)-9) =0
1+4+9+2-6+6)+k(1+4+12-9 =0
16 + k(8) =0
8k=-16
-16
8
k= -2
xX+v2+22+2x+3y+6)-2(x-2y+42z-9)=0
X+ +22+2x+3y+6-2x+4y-82+18=0
X+yP+22+7y-82-24=0

k= =2

1.4 INTERSECTION OF A SPHERE AND A LINE

x—a:y—B:z—y be the
| m n

equations of a sphere and a line respectively. ... (B)

Let x2 + y? + 22 - 2ux + 2vy + 2wz + d = 0 and

The point (Ir + o, mr + B, nr + y) which lies on the given line(B) for all value of
r, will also lie on the given sphere (A).

l| 17 ,'
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For those of the values of r which satisfies the equation.
2(2 + m? + n?) + 2r[l(a + u) + m(B + v) + n(A + w)]
+ (@ + B2 +y2+2ua+2vB + 2wy +d)=0

and this latter being a quadratic equation in r, gives two values say r,, r, of r. We
suppose that the equation has real roots so that r , r, are real then (Ir, + o, mr, + f3,
nr, + 1), are the two points of intersection.

-2u+2v+2w+3+d=0 .. (3)
(2, -5, 4) is passes through the equation (1) then we get
= (224 (-5)?+ (4)? + 2u(2) + 2v(-5) + 2w(4) +d =0
qu-10V+8w+4+25+16+d=0

4u-10v+8w +45+d=0 .. (4)

We know that the centre of equation is (—u, —v, —w) is passes through 2x + 3y +
4z = 6.

—  2(-u) + 3(~v) + 4(2) = 6
2u-3v-4w-6=0 ... (5)

[ 18 }
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By solving equation (2) — (3) we get
6u+4dw +13+d-(2u+2v+2w+3+d)=0
6u+4w+13+d+24-2v-2w-3-d=0
8u-2v+2w+10=0
= 4u-v+w+5=0 ... (6)
By solving (3) — (4) we get
—2u+2v+2w+3+d-4u-10v+8w+45+d)=0
- 2u+2v+2w+3+d-4u+10v-8w-45-d =0
-6u+12v-6w-42=0
= —-u+2v-w-7=0 . (7
Now, by solving
2 X (5) + (6) then we get
= —-4u-6v-8w-12=0
= du-6v-8w-12+4u-v+w+5=0
-Tv-Tw-7=0
v+ Tw+7=0 ... (8)
By solving (6) + 4 X (7) then we get
qu-v+w+5+4[-u+2v-w-u]=0
qu-v+w+5-4u+8-4w-28=0
Tv-3w-23=0 .. (9)
To get the values of v and w. We used to solve (8) — (9).
v+ Tw+7-[Tv-3w-23]1=0
v+ Tw+7-7v+3w+23=0

100w+30=0
10w =-30
-30
W=7 =-3
w=-3

g
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Sub w = -3 in equation (9) then we get the value of v
v-3(-3)-23=0
7v+9-23=0
7v =14
v=14/7=2

.. Hence proved.

15. Obtain the equation of the sphere passing through the three points
(1, 0, 0), (0, 1, 0), (0, 0) and has its radius as small as possible.

Sol ;
The equation of sphere is
X+ P +22+2ux+2vy+2wz+d=0 .. (1)
(1, 0, 0) is passes through the equation (1)
Then (1)24+0+0+2u(l)+0+0+d=0
1+2u+d=0

ll 20 ,'
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(d+1)
2

2u=-d-1=u=-

(0, 1, 0) is passes through the equation (1)
Then 1+2v(l)+d=0

1+2v+d=0
2v=-d-1
1

(0, 0, 1) is passes through the equation (1)
Then 1+2w(1)+d=0

2w+d+1=0
2w=-d-1
I

~. Radius of the sphere r = \/,;2 ; 2 { w2 _d

S R SN IS DU L I DR
\/[ 2(d+1)j +[ 2(d+1)J +( 2(d+1)J d

_ \/(d+1)2 RS
4 4 4

2
R ECES
4

\/%(d2+1+2d)—d

1
= 5 V3d? +3+6d-4d

l| 21 ,'
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1(2 1
~T2 (5) =73
. 1
Similarly w=-3
.. Substitutingu = —l V= —l w = —l andd = —l in equation (1)
3’ 3’ 3 3
Then we get

-1 -1 -1 -1
x2+y2+22+2? x+2? y+2? z+ |3 =0

3x2+yP+28)-2x-2y-22-1=0
3x2+yP+2%)-2(x+y+2)-1=0

16. Find the centre and the radius of the circle x + 2y + 2z = 15, x? +
v+ 22-2y-4z = 11.

Sel ;
Given that the equation of sphere is x* + y? + 22 -2y -4z = 11 . (1)
and the equation of plane isx + 2y + 2z = 15 .. (2)

centre of equation of the sphere in (-u, —v, —-w) i.e., (0, 1, 2).

The radius of equation (1) in /2 4 v2 + w2 —d

= JO+(12+22+11 = J1+4+11= 16 =4
r=4

Now the distance OA of centre of the sphere from the plane is length of
perpendicular from centre of the sphere on the plane.

Xx+2y+22=15
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OA is perpendicular equation to (2)

_ 747 - 5
OA =3
Ap? = PO? + OA?
(4)> = r* + (3)?

16=r>+9

7=r%
J7 =1

r=47

()

Rahul Publications



UNIT - |

SOLID GEOMETRY

17. Show that the following sets of points are con cyclic.
(i) (5’ 0’ 2)’ (2’ _6’ 0)’ (7’ _3’ 8)’ (4’ _9’ 6)'

Sl :

(i)

(ii) (-8, 5, 2), (-5, 2, 2), (-7,

(5’ 0’ 2)’ (2’ _6’ 0)’ (7’ _3’ 8)
The general equation of sphere is
X2+ y? + 22 + 2ux + 2vy +

6, 6) (-4, 3, 6).

’ (4’ _9’ 6)

2wz +d=0 .. (1)

Origin in passes through the sphere

Then (0,0,0) = d=0

(5, 0, 2) is passes through the sphere
(5)2 + (02 + (2)2 + 2u(db) + 2v(0) + 2w(2) + 0 =0

25+ 4 + 10u + 4w =
= 10u+4w +29=0

(2, -6, 0) is passes through the sphere

(2)2 + (-6)? + 0 + 2u(

4+ 36+4u-12v=0

4u-12v +40=0
u-3v+10=0

. (2)
0

. (3)
2) + 2v(-6) +2w(0) + 0 =0

.. (4)

(7, =3, 8) is passes through the sphere
(7)2 + (=3)2 + (8)? + 2u(7) + 2v(-3) + 2w(8) + 0 =0
49+ 9+ 64 + 14u-6v+ 16w =0
1l4u-6v + 16w + 122 =0
= 7u-3v+8w+61=0 ... (5)
(4, -9, 6) is passes through the sphere
(4)? + (-9)2 + (6)? + 2u(4) + 2v(-9) + 2w(6) + 0 =0
16 +81+ 36+ 8u-18v+ 12w =0

= 8u-18v+ 12w + 133 =0 ... (6)
By solving (3) + (4)
10u+4w +29 + (u-3v+10)=0
I00u+4w +29+u-3v+10=0
1lu+4w-3v+39=0 (7
&
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Solving 2x (7) - (5)

21lu-3v+4w +39) - (Tu-3v+ 8w+ 61) =0

22u-6v+ 8w+ 78-7u+3v-8w-61=0

15u-3v+17=0 ... (8)
Solving (8) - (4)

1
Substitute u = ) in (3) then we get
10u + 4w + 29=0

-1
10(3} +4w +29 =0

g

Rahul Publications



UNIT - | SOLID GEOMETRY

-5+29+4w=0
4w = -24

w=-6

S S 6i tion (1)
. u——E,v— g W = -6 in equation
-1

19
e, x> +y?+ 22+ 2(3) X + 2(€jy +2(-6)z=0

x2+y2+22—x+%y—122=0 .. (9)

Substitute (4, -9, 6) in (9)
19
42+ (|92 + 62-4 + £} (-9)-12(6) =0
16 +81+36-4-57-72=0
133-133=0
0=0
.. The given set of points are concyclic.
(ii) (-8, 5, 2), (-5, 2, 2), (-7, 6, 6), (-4, 3, 6)
Sol :
The equation of sphere in x? + y? + 22 + 2ux + 2vy + 2wz + d =0 .. (1)
If the origin is passes through the sphere
(0,0,0) =>d=0
(=8, 5, 2) is passes through the sphere then
(-8)2 + (5)2 + (2)? + 2u(-8) + 2v(5) + 2w(2) + 0 =0
64+25+4-16u+ 10v+4w =0
-16u+ 10v + 4w + 93 =0 .. (2)
(=5, 2, 2) is passes through the sphere then
(=5)%2 + (2)2 + (2)? + 2u(-5) + 2v(2) + 2w(2) + 0 =0
254+4+4-10u+4v+4w =0
-10u+4v+4w+33=0 .. (3)

l| 27 ,'
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(-7, 6, 6) is passes through the sphere then
(=7)2 + (6)2 + (6)2 + 2u(-7) + 2v(6) + 2w(6) + 0 =0
49+ 36+ 36-14u+ 12v+ 12w =0
-14u+ 12v+ 12w + 121 =0 ... (4)

Solving 3 x (3) - (4)

-11 91

u= — and, v

I
|
|
=
©
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11 91
=10 4% +4(——j+4w+38=0
8 8

§—%+33+4w =0
4 2

55-182+132 +16w
4

187-182 + 16w=0
5+416w=0

11 91 -5
Lu = g V=g W= sub in equation of sphere

8"’ 16

-11 91 -5
x2+y2+22+2(?j X + 2 (?jy+ 2(Ejz=0
16(x2 + y? + 2?) =44x-364y-10z=0
.. The fourth points i.e., (-4, 3, 6) sub in above equation.
16((4)? +(3)2 + (6)?) —44(-4) — 364(3) - 10(6) = 0
16(16 + 9 + 36) + 176 -1092-60 =0

976 + 176 -1152 =0

1152-152 =0

0=0.
.. The set of points are concyclic

1.5 EQuATiON OF A TANGENT PLANE

To find the equation of the tangent plane at any point (o, B, y) of the sphere,
X2+ y?+ 224+ 2ux + 2vy + 2wz +d = 0.

The point (a, B, y) lies on the sphere

o?+ B2+ y2+ 2ua + 2vB + 2wy +d =0 . (1)

l| 29 ,'
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The point of intersection of any line

x-0o_y-p_z-y
| m n

=T .. (2)

Through (a, B, y) with the sphere are (la + o, ma + B, nr + y) where the values
of r are the boots of the quadratic equation.

2(12 2 2 X 2 2 2

X+ +22-x+3y+22-3+k(x+5y-6)=0

This will pass through the origin
Then -3+ k(-6)=0
-6k =3

=-1/2

x2+y2+22—x+3y+22—3—%(x+5y—6)=O

22+ 2P+ 28) -2x + 6y +4z—-6-x-5y + 6 =0
22+ P +28)-3x+y+4z=0.
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19. Show that the plane Ix + my + nz = p will touch the sphere x?> + y?
+22+2ux+ 2w+ 2wz +d =0 (ul + vm + wn + p)? = (12 + m? + n?)
(u?2 + v? + m? - d).

Sl :

Equating the radius \/uZ +v2 w2 _q of the sphere tot he length of the
perpendicular from the centre (—u, —v, —w) to the plane Ix + my + nz = p.

ax; +by; +cz; +d|
\/a2 +b% +c? ‘

I(-) + m(v) + n(-w) — p|

= \/12+m2+n2 ‘ Z\/u2+v2+w2—d
lu+mv+nw+p
= = 2 2 2
\/u +ve+w” —d
\/l2+m2+r12
Squaring on both sides
2
(lu+ mv + nw + p)
— 142 2 2
2, 2. 2 =uw+ v+ w-d

(lu+ mv + nw + p)?= (2 + m? + n?) (U? + v® + w?-d)
(ul + vm + wn + p)2= (2 + m? + n?) (u? + v + w? - d).

20. Show that the spheres x? + y?> + z2 = 64 and x> + v + 22 - 12x + 4y
— 6z + 48 = 0 touch internally and find their point of contact.

Sl :

Two spheres will touch internally if the difference of their radii is equal to the
distance between their centres.

The distance between two centres (0, 0, 0) and (6, -2, 3)
The radius of 1t spehre = J0+0+0+64 =8

The radius of 2" sphere = \/(6)2 +(-2)% +(3)% -48

= J36+4+9-48
= J48-48 =1

g
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The difference of radiin8 -1 = 7.
Let (o, B, y) be their point of contact.

Then tangent planes to two spheres at this point are oax + By + yz—-64 ... (1)
ox + Py +yz-6(x +a) +2(y+B)-3(z+y) +48=0
ox + Py +yz-6x-60+2y +2-3z2-3y +48=0

_36-4-9+48(1-k +64k(1-k =0
_49 + 4848k + 64 k- 641k =0

_ 64k +16k-1=0
64k2-8k-8k+1=0

(8k—1) (8k-1) =0

k=L
8

1
Then we get k = 3

g
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__5
T 1k
__6 _6_48
1177
8
-2 -2 16
Pk 17y
1- -~
-3 = S = 24
T 1ok 1 7
1- -~
8
.. The point of content is [§7i6,§ .
7 7 7
21. If the tangent plane tot he sphere x> + y?> + z2 = r? makes intercepts
1 1
a, b, c on the coordinate axes, show that -+ —+— =i2.
a b C r
Sol :
The equation to the tangent plane at (o, B, ) to the given sphere in
xo + yp + zy =12 .. (1)
a in the intercept made by the plane (1) on x-axis.
aa = r?
2
o= —
a

b in the intercept made by the plane (1) on y axis then

bp =1r?

g
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c is the intercept made by the plane (1) on z-axis so,

sphere x2 + y2 + 22 -2x-2y-2z-6 = 0.
Sel ;

Given sphere of equation is

X+ +22-2x-2y-22-6=0
Centre of the sphere (1, 1, 1)

radius of sphere /2, 2 ; w2 _4

=J1+1+1+6

34
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o X +y +z=a./3 touches the sphere

|ax1 +by; +czy + d|
=T

\/a2 +b2 42

10)+10) +10) + (-aVB3)|_,
| 1+1+1 |
3-av3 _ 43
Nt
3-aVy3 =+3/3
3+3/3=a3
L _3t3J3  J3(3£3V3)
V3 V3x3
343 £9
V3(/3+3)= (;
_ 3(/3+3)
-3
=33

1.5.1 Plane of Contact

To find the locus of the points of contact of the tangent planes which pass through
a given point (o, B, y) and touch the sphere.

X+ +224+2ux+2vy +2wz+d=0
The tangent plane

X(x'4+u) +yyl +v) +z(z' + w) + (ux! + vyl + wz! +d) =0
at  (x}, y!, z!) will pass through the point (a, B, y).

ox! +u) + Byt +v) + (2t +w) + (ux! + vy + wz! +d) =0
o xHa+u)+yiB+v)+z2i(y+w) + (uan+vp+wy+d) =0

l| 35 ,'
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Which is the conditions that the point (x!, y!, z!) should lies on the plane.
X +u) +yP+v)+ziy+w) +(ua+vp+wy+d =0

It is called the plane of contact for the point (a, B, y) Thus, the locus of points of
content is the circle in which the plane cuts the sphere.

1.5.1.1 Pole of Plane

) is the pole of the plane Ix + my + nz = p. With

respect to the sphere x* + y? + z2 = a2

1.5.2 Some results concerning poles and polars conjugate points
and conjugate planes

If A, B are two points such that the polar plane of B w.r. to sphere passes through
A, then A, B are called conjugate points w.r. to a sphere.

.. The polar planes of A and B are called conjugate planes.

Two lines such that the polar plane of energy point on either passes through the
other are called polar lines.

ll 36 ',
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x+1) vy-2 .
23. Show that the polar line of 2 =T=Z+3 with respect to the
7x+3 2-7y =z
2 2 2 — 3 3 - [
sphere x? + y2 + z2 = 1 is the line 11 5 1
Sol :
The i line x+1_y—2_z+3_r
egivenlinein —5—="5=="——=
x+1=2r y—2=23r z+3=r
X =2r-1 y=23r+2 z=r-3

The point on this line (2r-1, 3r+2, r - 3)
The polar plane of this point with respect to the sphere x? + y> + z2~1 = 0.
X(2r-1) +yBr+2) + z(r-3)-1=0
2rxx+3ry +2y +zr-3z-1=0
X +2y-3z-1+r(2x+3y+2) =0
X +2y-3z2-1=0, 2x +3y +z=0

Letz=0
X +2y=1=0 .. (1)
2x+3y+z=0 ... (2)
from (1) x=2y-1

Sub in (2)

22y-1)+3y+z=0 asz=0
22y-1)+3y=0

4y-2+3y=0
Ty =2
2
y=7
2
Suby=7inx=2y—1

g
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A7) 7)o

1 -5 -7
3 2
X + B y_? B .
11 - 5 7 7
'l 38 ',
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7x+3 Ty -2 z
701) T -7(5) ~ -7
x+3 Ty-2  z

1 ~ -5 -1

x+3 2-Ty  z
1 5 @ -1

Hence Proved

1.6 ANGLE OF INTERSECTION OF TWO SPHERES

P is common point to two spheres any angle 0 between the tangent planes at p to
two spheres is called an angle of intersection of the sphere at p. The other angle between
the spheres in T — 0.

T
2
called orthogonal spheres.

If 0 = — the spheres are said to intersect orthogonally at p and the spheres are

24. Ifr, r, are the radii of two orthogonal spheres, then the radius of the

nrn

circle of their intersection is

Sl :

A, B are the centre of the two orthogonal spheres. M in the centre and a in the
radius of he circle common to the sphere.

AP =, BP =1, APB = 90° = AB? =rZ + 12
= (AM + MB) = ¢ 42

= AM? + MB? + 2AMMB = 2 ;2

l| 39 ,'
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= r12r22—a2(r12+r§_2)=0
2.2
,_ MY

o —2uul=-2vwl - 2ww! =d + d!
o 2uu! + 2vvl + 2ww! =d + d!

26. Find the equation of the sphere that passes through the circle x?> +
v>+22-2x +3y-4z2+ 6 =0,3x-4y + 5z - 15 = 0 and cuts the
sphire x2 + y2 + 22 + 2x + 4y - 6z + 11 = 0 orthogonally.

Sl :
The equation of the sphere through the given circle is S + AU = 0.
S=x+y?+22-2x+3y-4z+6
U=3x-4y+52-15=0

40 J
Rahul Publications



UNIT - | SOLID GEOMETRY

X2+ y2+22-2x+3y—-4z+6) + A(3x-4y + 52-15) =0
X+ +22-2x+3y-4z+6 + A3x-4hy + 5hz- 150 =0
X+ +22+x(-2+30) +yB3-4r) +2z(-4+50) +6-15L=0 .. (1)
Given equation (1) cuts the sphere
X2 +y?+ 22 + 2x + 4y - 62 + 11 = 0 orthogonally

L 2uu, + 2vy, + 2ww, =d; +d,

(—2+3k 3-4xr —4+5kj
w,) =

(W, vy, 2 T2 2
(u27 V27 Wz) = (17 27 _3)
d, =+ 6-151
d, =11
-2+ 3\ +3-4r —4 + 5\
2( 5 j(1)+2( 5 j(2)+( 5 j(—8)=6—15k+11

-2+3L+6-8\L+ 12— 151 = 17— 151
16 - 200 + 150 = 17 =0
-5L-1=0

1
Sub A = 5 Equation (1)

1
(" + 97 + 22~ 2x + 3y~ 4z-6) - £ (3x -4y + 5z~ 15) = 0

5x +y?+22)-10x + 15y-20z2-30-3x +4y-52+15=0
5(x2 +y?+22)-13x+ 199y -25z2+ 45 =0

I 1.7 RabicaL PLANE I

The locus of points each of whose powers w.r. to two non concentric spheres are
equal is a plane called the radical plane of the two spheres.

A, B are two non-concentric spheres and r is their radical plane.

L4
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Theorem :
Equation to the radical plane of spheres S = 0,S'=0in S-S! = 0.
Proof :
S
Sl

X+y2+224+2ux+2vy + 2wz+d=0
X+ y2+ 22+ 2ulx + 2vly + 2wiz + d1 =0

1.7.1 Radical

If A, B, C, D are four radical lines of four spheres taken three by three intersect at
a point. The point common to the three plants.

5 =§5,=5,=8,

is clearly common to the radical line, taken three by three, of the four spheres.
$=05,=0,5,=0,5,=0.

The intersection f the two lines
5 -5,=0,5,-5,=0,5,-5,=0,5,-5,=0

This above points is called the radical centre of the four spheres.

42 J
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1.7.2 Radical Line
The three radical planes of three sphere intersect in a line.
IfS, =0,S,=0,S, = 0 be the three spheres, their radical spheres.
$-5,=0, S5,-5,=0, §,-5,=0
Clearly S, =S, =S,
< §5,-5,=0,5,-5,=0

This line is called the radical line of the three sphere.

27. IfS, =0,S, = 0 be two spheres, then the equation S, + A S, = 0. A
being the parameter, represents a system of sphere such that any
two members of the systems have the same radical plane.

Sol :
Let S, +14,S,=0 and S, +4,S, =0 be any two members of the system.

Making the coefficients of second degree terms unity we write there equation in
the from.

1+24 1+2,

Sl + 7\.152 Sl + 7\.152
1+ 7\,1 1+ 7\,2

=0

(1+2)S, +4,S,~[(1+1)(S,+2,S)]=0
S, + 4, S, + 4,8, + A 4,S,~[(Sh +2,5,) + (1, S, + 4, 4,S,)] =0
2, (S,-S) +4,(S,-S,) =0

(S,-S,) (A, + 1,) =0

S,-S,=0.

Since this eqution is independent A, and A, we see that energy two members of
the system have the same radical plane.

43
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28. Show that the sphere x?2 + y2 + 22 = 25, x2 + y2 + 22-24x-40y - 18
z + 22 5 = 0 touch externally and find the point of the contact.

Sel :

Given spheres are x> + y? + 22-25=0 .. (1)
X+ +22-24x-40y-18z +22t=0 .. (2)

AB = \/(Xz —X1)2 + (Yo —y1)2 +(z9 —21)2

Here A = (0, 0, 0) and B = (12, 20, 9)

= J(12-0) +(20 - 0)? + (9 - 0)?

= 144 + 400 + 81
= 625
=25
andr, +r,=5 + 20
= 25.

g
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from equation (1) and (2) are touches externally the tangent planes of two sphere
(X, 9,2) =xx, +yy, +2z2,-25=0 .. (3)
xx, tyy, +zz, -12(x + x)-20(y +y) -9z +z) + 225=0

xx, +yy, + 2z, - 12x - 12x, - 20y -2y, -92-9z, + 225 =0

x(x, -12) + y(y, - 20) + z(z, -9) -12x,-20y, -9z + 225 =0 . (4)
By solving (3) and (4)

x1-12 v, =20 2z -9 12x; —20y; —9z; +225

= = k
S| Y1 21 -25
x-12 =xk y, —20 = ky, z, -9 =kz,
x, —kx, =12 y, —ky, =20 z,-kz, =9
x, (1-k) = 12 y, (1-k) = 20 z, (1-k)=9
12 20 9
=Ty S Tk %=1k

-12x, - 20y, -9z, + 225 =- 25k

Sub x,, y,, 2, values in above equation

—12(£j -20 (&j —9(ij + 225 =-25k
1-k 1-k 1-k

-144 - 400 - 81 + 225(1 -k) + 25k (1-k) =0

-625 4+ 225-225k + 25k -25k? = 0

-400-200k-25k* =0

-25k?+ 200k +400 =0

25 (k2 +8k+16) =0

k2+8k+16=0 = (k+4)2=0

=k=-4
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Subk = -uinx,, y,, z, values. Then we get that
12 20 9
T 1k 1T 1k 27 1k
3 12 3 20 3 9
T 1-(-4) T 1-(-4) T 1-(-4)

9+6v+d=0 .. (4)
If (-2,-1,4) = (-2)? + (-1)? + (-4)? + 2u(-2) + 2v(-1) + 2w(-4) + d =0
4+1+16-4u-2v-8w +d=0

~4u-2v-8w+21+d=0 ... (5)
The equation of the sphere cuts the x? + y? + z2 + x — 3z — 2 = 0 orthogonally.
1 3
So, here centre in T 0, ) and d = 2.

2uu, + 2vv, + 2ww, =d; +d,.

46 J
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1 3
w2u|5 ) +20(0) + 2w 5 | =d-2
u-3w-d+2=0 .. (6)

The equation of sphere cuts the equation 2 and equation (2) we can rewrite it as

3 4
X+—y+—=0

2+2+2+_
IV TET S T oV T,

3
x2+y2+22+%+§y+2=0

Now the equation of sphere cuts the above equation orthogonally centre
13
= (-] - - = Ty T O
(—u, ~v, ~w) (4 4 j

1 3
S 2u 1 + 2v 1 + 2w(0) =d + 2

u 3v

—+—=d+2

2 2

u+3v=2d+4

u+3v-2d-4=0 . (7)

By solving (5) + (6) then we get
-du-2v-8w+21+d+u-3w-d+2=0
—3u-2v-11lw + 23 =0 ... (8)
By solving 2 X (4) — (7) then we get

20+6v+d)+(u+3v-2d-4)=0

18+ 12v+2d+u+3v+2d-4=0

u+15v+14=0 ... (9)
Now,

9+6v+d-(4u-2v-8w+21+d)=0

9+6v+d+4u+2v+8w-21-d=0

qu+8v+8w-12=0 ... (10)

47
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Equation 11 X (10) + 8 X (8)
11(44 + 8v + 8w -12) + 8(-bu-2v-11w + 23) =0
44u + 88v + 88w - 132 -24u - 16v-88w + 184 =0
20u+72v+52=0
5u+ 18v+13=0 .. (11)

Sub u, v value in equation (10)
qu+8+82-12=0
4(1) + 8(-1) + 8w-12=0
4-8+8w-12=0

8&w-20+4=0
8w -16 =0
w=2

.. Sub v = -1 in equation (4) then we will get the value of d
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6v+9+d=0
6(-1) +9+d=0
6+9+d=0
d=-3

Now,u=1,v=-1,w=2andd = -3 sub in equation of sphere

ie., X2 +y2+ 224+ 2ux+2vy +2wz+d=0

X2+ y? + 22 + 2x(1) + 2y(-1) + 22(2) + (-3) =0
XX+ +22+2x-2y+42z-3=0.

30. Find the limiting points of the coaxial system of spheres. x> + y? + 22
-20x + 30y -40z + 29 + A(2x -3y + 4z) = 0.

Sl :

Given coaxial system of sphere is

X2 +y?2+22-20x + 30y -40z + 29 + A (2x -3y +4z) =0
X2+ y?+22-20x + 30y —40z + 29 + 2Ax - 3hy + 4Az =0
x2 + y? 4+ 22 + x(-20x + 2%) = y(30 — 31)+ z(-40 + 41) + 29 =0

Centre of sphere in (—u, —v, —w)

30 - 31
= [ (1 -10), -( 5 j ~(25. - 20)]

For limiting points radius must zero

30-3r
2

2
(k—10)2+[ j + (20 -20)2-29=0

30-3r
2

2
k2+100—20k+( j + 4)2? + 400 - 80A - 29 = 0

432 + 400 - 80x + 900 + 922 - 180 A + 1612 + 1600 -320A -116 =0
2902 -580 A + 278u = 0
29(A2 - 201 + 96) = 0

A2-20L+96 =0

g
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A-12L-8r+96 =0
AMA-12)-8(A-12) =0
A-12) (A -8) =0
A=12,8
Ifa=12

X+ P +2+20x+ Ay +30z-5-31=0 .. (1)

-A =3\
Centre of equation (1) (-u, —v, —w) = (—7%7,7J

|aX1 + byl +CZ]. + d|

- ‘ \/a2+b2+c2 ‘
‘3(—x)+4(‘27‘}15‘
= = A% L 5+ 3
—‘ J32 + 42 ‘ = ot 5
(50 )
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+5+30

‘—3& —2x - 15‘ 14).2
B J9+16 B

5h+15 \/14x2+20+12x
v25 2

50+3) \/14x2+20+12x
5 2

200 +3) = 1422 + 20+ 120,

Squaring on the both sides

(2(1+3))? = (1422 + 20 + 120, )2

4(A+3)2 = 1422 + 20 + 120
4(A%2+ 9 + 6)) = 1422 + 20 + 12X
422+ 36 + 241 = 14A% + 20 + 12\
1422-402 + 120-24) +20-36 =0
1002-120-16 =0
5M-6L-8=0
5A2—100 + 41 -8=0
50(A-2)+4(L-2)=0

A=2) Gr+4) =0

ot
If A = 2 in equation (1)
24+ 2P+ 22-54+M2x+y+32-3)=0
2+ 92+ 22-54+2(2x+y+32-3)=0
X+ +22-5+4x+2y+62-6=0

X+ +22+4x+2y+62-11=0

l| 51 ,'
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4
Ifa= 5 sub in equation (1)

X+ +22-5+A(2x+y+32-3)=0

X¥+y2+22-5+ | £ |(2x+y+32-3)=0

Given equation of sphere in x2 + y> + 22 =1 .. (1)
Equation of plane in4x + 3y -47 =0 .. (2)
Since the required sphere touches equation (2) at point (8, 5, 4).

Centre of sphere lies on equation (2) at point (8, 5, 4).
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z=4

Let c(4r + 8, 3r + 5, 4) be any point on line then, radius of required sphere in cp

r=|cp| = dr+8-8)2+(3r+5-57+ (447

= /(4r)? + (3r)?

= J16r2 + 92 = 252 =5
Since required sphere touches equation (1)
Thenr =1, = |C, C,|
from equation (1)

centre C, = (0, 0, 0) and radius r, = 1

Sr+1= dr+8-0)2+(3r+5+0)7+(4-0)>

5r+ 1= Jar+8)%+(3r+5)?2+42

Squaring on both sides

(br = 1)2=(4r + 8)2 + (3r + 52 + 16

(5r £ 1)2 = 1612 + 64 + 64r + 9> + 25 + 30r + 16
(5r = 1)?2 = 25r2 + 94r + 105

l| 53 ,'
Rahul Publications



B.Sc. Ill YEAR V SEMESTER

Case (i)
(5r = 1)? = 25r2 + 94r + 105
25r2 + 1 + 10r = 25r% + 94r + 105
84r + 104 =0

104 26

64 27 4J

(4,2, 4) and (ﬁﬁ

g
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‘ Choose the Correct Answer I

1.  Agreat circle is the section of a sphere by a plane passing throughthe __________ of
the sphere [c]
(a) Radii (b)  Perpendicular
(c) Centre (d) None

2. The equation of a sphere whose centre in the point (x;, y;, z;) and radius r is[ a ]
(a) (exp)? + vy + (22 =12 (b) x{+yi+zf =17
(c) x2+y?+22 =12 (d) (x=x%)2-(y-yp)?-(z-2)% =12

3.  Two lines which are such that the polar of any point on any one passesthrough the
other, are knownas [c]
(a) Parallel lines (b) Straight lines
(c) Polarlines (d)© Tangent

4. The radius of the circle x2 + y2 + z2 = 25,2x + 3y -4z = 0 is [b]
(@ 4 (b) 5
(c) 3 (d) 2

5.  The equation of the tangent plane to the sphere xZ + y2 + z2 = a2 at the point
(X1, Y3, zp) oniit is [b]
(a) xf £ y% + z% —a’ (b) xxq + yy; + zz; = a2
(c) xx;—yyy —zz; = a2 (d) None

6.  Centre of sphere x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0 [a]
(@ (~u, -v, -w) (b)  (u, v, w)
() (~u, v, —w) (d) None

7. Centre of sphere x2 + y2 + 22— 4x + 6y-82 + 8 =0 [a]
(@ (-2,-3,-4) (b) (2,3, 4)
(c) (1,2,3) (d) (2, -3,4)

8.  The radius of the sphere x2 + y2 + 22 - 2x + dy -6z + 7 =0 [b]
(@) 49 (b) 7
(c) -7 (d 5

=
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10.

The radius of the circle x2 + y2 + 22 -2y -4z-20=0,x + 2y + 2z = 15is [ c]

(@ 14 (b) 7

(c) 4 (d) 3

Centre of sphere for x2 + y2 + 22 - 6x- 12y -2z + 20 = 0 [a]
(@) (3,6, 1) (b) (-3, -6, -1)

Rahul Publications
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‘ Fill in the blanks I

1.

10.

Radical plane of two spheres is the locus of the point from where the square of the
lengths of the tangents to the two spheres are

the spheres x2 + y2 + 22 - 2x -5z + 4 =0and x2 + y2 + 22 + 6y -4 =0

The equation of the sphere passing through (0, 0, 0), (1, 0, 0), (0, 1, 0), and
(0,0,1)is )

Two spheres touch externally, if the distance between their __________ in equal to
the sum of their radii.

The curve of intersection of two spheres is
The general equations of a sphere contains __________ independent constant.

A system of spheres every two members of which have the same radical plane is said
to be

The radical plane of the two spheresis__________to the line joining their centres.

The spheres x? + y? + 22 - 2x = 3 and x%2 + y? + 22 + 6x + 6y + 9 = 0 touch

The section of a sphere by a plane in a
ANSWERS

Equal

Cut orthogonally

X2 +y2+z22-x-y-z=0

Centres

Circle

4

Co-axial

Perpendicular

© PN U A W N e

Extremely

—
e

Circle

g
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Cones and Cylinders: Denition-Condition that the Gen-
eral Equation of second degree Represents a Cone-Cone
and a Plane through its Vertex -Intersection of a Line with a
I I Cone- The Right Circular Cone-The Cylinder- The Right Cir-
cular Cylinder.

G
Z
-

4dEIEEEEEEEEEEEEEEEEE N

This line will be a generater of the cone if and only if it intersects the given
curve.

Rahul Publications



UNIT - 1l SOLID GEOMETRY

y-B_~v
m n

y-p=—"
n
y=B=lIE
n

14
. [0! —%aﬁ —%,OJ which will lies on the given conic.

If from equation (1), we get that

a(a—llf+2h(a—y—[J(B—Ej+b(B—Ej2+2g(a—ﬂ]+2f([3—%}tc:0 -.(3)

from equation (2)

(ocz—/oef—xy+/0/ﬂ2 +2h(ocz—yf—xy+pef)2 (Bz—%—yy+y[3/)

=a 3
(z—r) z—y =Y

BBy by, (ez—oy—xyroy) o (Be-Broyr+p)

2 c=0
(z=7) z—y z—y

= a(a—xy)2 + 2h(az—xy)(Bz—yy)+b([_’)z—yy)+2g(ocz—xy)+2f([32—yy)

+C(Z—'Y)2 =0

Which required equation of the come.

|' 59 ,l
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PROBLEMS

1. Find the equation of a come whose vertex is (a,B,y) and base
v2 =4ax,z = 0.

Sl :

Any line through (a,B,y) is 2=% _ y-B_z-v .. (1)

[ m n
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2. Find the equation of the cone whose vertex is the point (1,1,0) and
whose guiding curve is y=0, x? +22 =4,

Sl :

The equation of the cone whose vertex is (1,1,0) is passing through the line

x—o _y-f_z-v
I m n

. (1)

x-1 y-1 z-0

ie 1 o "
and whose guiding curve is y=0.
then by equation (1) we get

x—1

3 |.L

I | -n
(x,y,z) = (1 _E’O’HJ which points are passing through the x?+2z? =4

(a7 -
(] (5]

(m—1)2+r12:4m2 .. (2)

eliminating I, m,n between (1) & (2) then we get that

|' 61 ,'
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((v=1)~(e-1)) 42" =4(y-1)
(y—1-x+1)" +22 =4(y2 +1—2y)

(y—x)2 +2° =4y* +4 -8y

y?+x%-2xy+2°—4y* -4 +8y =0

This point will lies on the base

ie., 3x*+2y* =6

3(5+1Ir)" +2(4+mr)’ =6 (1)
mr+4+nr+3=0

r(m+n)+ 7 =0

r(m + n) = -7 ... (2)

g
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from (1)
3[1(m+n)r +5(m+ n)z}2 +2[m(m+ n)r +4(m+n)] = (m+n)2

7(—7I+5m+5n)2 +2(—7m+4m+4n)2 = 6(m+n)2

hence, the locus of (I, m, n) is

2

3[-7(x~5)+5(y-4)+5(z—3)] +2[-3(y-4)+4(z-3)]
=6[y—4+z-3]
= 3[-7x+35+5y-20+52-15]" +2[-3y +12+4z-12]°
= 6[y+z—7]2
=3[-7x+5y +52z| +2[-3y+4z] =6[y+2z-7]
=3[ 49x” + 25y° + 252" + (~70xy +25yz +(~70xz)
+2[9y” +162° +(-24yz) | = 6]y +2- 7]’
=3[ 49x” + 25y” + 252" — 70xy + 25yz - 70xz | + 18y” + 322" — 48yz
:6[y+z—7]2
=147x* + 75y* + 75z° —120xy + 75yz — 21xz + 18y” + 322% — 48yz
=6[y* +2° +49+2yz—14z-14y |

=147x* + 87y* +101z° — 210xy + 90yz — 210xz—294 =0 .

4. Find the equation of cone whose vertex (1,2,3) and base is y>=4ax,
z=0.

Sl :

The equation of cone whose vertex (1,2,3) is Xl_l _y-2_z-3 .. (1)
m m

[ m
It meets the plane z=0 at [0‘—%,3—%,0}
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iox-l_y-2 -3
[ m n
x-1_ 3 y-2_=3
[ n m n
w_1o0l o _3m
n n

(22 —Sy)2 = 4a(z —3x)(z —3)

47% +9y* — 122y = (4az - 12ax)(z - 3)

47% +9y* —4az® —12zy +12az — 12axz — 36ax = 0
4z7% +9y* —4az® —12zy +12az — 12axz — 36ax = 0
Oy” +2* (4 - 4a) —12yz+12az — 12axz — 36ax =0

L84
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5. Find the equation of the cone whose vertex is at the point (-1,1,2)
and whose guiding curve is 3x? - y2 =1, z=0.
Sl -

x+1 y-1 z-2 (1)
- -

The equation of line passes through (-1, 1, 2) is

z=0

1 -1 _9
The equation (1) will be X; Y- X

m n

ox+1 -2 y-1 -2
s —

wi1o 20 y_1:_2_m
n n
x:l—% y:1—2—m
n n

270 2m

: =|-1-—1-—,0

o= (12020

Substitute above (x, v, z) in the guiding curve

ie3x?-y? =1

22

n

2 2
3(—11—2(} _(n—ij 1
n n

3(—n—2£)2—(n—2m)2 =n? .....(2)

eliminating I, m, n from (1) & (2)
3[~(z-2)-2(x+1)] [(z-2)-2(y-1)] =(z~2)°
3[—2+Z—2x—2]2 —[Z—Z—2y+2]2 =72°+4-4z

'| 65 ',
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3(—(2+2X)2)—(z—2y)2—22—4+4z=0
—3(22 +4x* +2xz)—(z2 +4y*® —llzy)—z2 -4+4z=0

—32° +12x% —6xz-2" —4y® +4zy—2° -4 +4z=0

12x* —4y® —52* —6xz+4zy +4z-4 =0

2.1.2 Enveloping Cone of a Sphere

X—o=/0 Y—p=mr z—y=nr
X=o+/fr Y=p+mr z=y+nr
-, the sphere are (/r+a, mr+p, nr+vy)

Where the value of r are the roots of the Quadratic equation
r (fz +m’ + n2)+ 2r[£(a+u)+m([3+v)+n(y+ w)]

+(on2+[32+y2+2ua+2v[3+2wy+d):0

|| 66 ,'
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r? (62 +m”® +n2)+2r[€a+m[3+ny]+(a2 +B% +y° —az):0
If the two roots of the Quadratic equation in r are equal
(£a+m[3+ny)2=(€2+m2+n2)(a2+[32+y2—a2) ... (3)

The above condition for the line (2) to touch the sphere (1)
Eliminating 1, m,n between (2) and (3)
Then we get,

[alxa)+B(y-B)+ stz =[(x-af +(v-B)" s (e +8° -7 %) ..(&)
Which is required equation of the cone.
Here S=x*+y®+2*-a’

S,, =a®+p*+y* -a’

S, =ox+By+yz—a’

From equation we can rewrite that,
(ax—o? +py—B2 +yz-712) = + 0o —2xcrk o + B° — 2P
+2% % o = 2z20)(o + B +77 —a?)

(ax+[3y+yz—(a2+ﬁ2+y2))=(x2+y2+22)—2(xa+y[3+zoc)

+(a® +B%+y*) o +BF 477 —a"

=[xatypray—at+al (o2 +p2477)| = (x2 4y 42t —a®)-2(ax+yp ey —a’)

+(a? +B? 472 —a?)(0f +2 417 —a?)

[(ax+yp+zy-a’)]-[o? +2 442 —a’]| = (x*+v* + 22~ )
—2(ax +yB+zy—a’ )+ (o +B° +7° —a®)(a’ +B* +y* -a°)

(S,-S,) =(S-2S,+S,,)S,
S+ % -28S, -8, +25(S,, - $S,, =0

st-55, ~[5155,]

'| 67 ',
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Sl :

Find the enveloping cone of the sphere x? +y?+2?-2x+4z=1 with
its vertex are (1, 1, 1).

Given that the enveloping cone of the sphere S = x? + y? + 2% - 2x +4z-1=0.

equation of the cone is S.S,, =S,?

S, =at(1,1,1)ieS,

ax® + by?® + cz® + 2fyz + 2gxz + 2hxy + 2ux + 2vy + 2wz+d = 0 .. (1)
u=v=w=d=0

Let P(xl,yl,zl) be a point on the cone represented by equation (1)

The equation of line = x -0 = y-0 = z-0 =t
x'-0 y'-0 z'-0
x=x'r, y=vy'r z=2zr
|| 68 :
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(Xlr, y'r, zlr) are the general coordinates of a point on the line OP joining the

point P to the Origin .

Since the line OP is a generater of cone (rxl,ryl,rzl) lies onif for every value of

r implying that the equation

r? (ax'2+ by'?+cz?+ 2fy'z'+ 2gz'x '+ 2hx'y')+2r(ux'+vy'+wz‘)+d =0

= ax"?+ by "+ cz?+2fy'z'+ 2gz'x '+ 2hx'y' = 0 ... (@)
ux'+ w'+wz' =0 ... (b)
d=0 ... (c)

from (b),

We see that if u, v, w be not all zero, then the co-ordinates x',v',z' of any point
on the cone satisfy as equation of the first degree.

ux + vy + wz =0

So that the equation of a cone with its vertex at the origin is necessarily
homogeneous.

conversely, we show that every homogeneous equation of the second degree
represents a cone with its vertex at the origin.

» If |, m, n bethe direction ratios of any generators of the cone.

ax® +by® + ¢z + 2fyz + 2gxz + 2hxy = 0

So that the point (Ir, mr, nr) lies on it for every value of r, we have
al* +bm? +cn” + 2fmn + 2gn/ + 2h/n =0

>  The general equation of a cone with its vertex at the point (o, B,y) is

a(x—a)2 +b(y—[3)2 +c(z—y)2 +2f(z—y)(y—[?))+29(x—oc)(z—y)
+2h(x-a)(y-p)=0

as can easily verified by transferring the origin to the point (a,B,v).

'| 69 ',
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Sl :

Find the equation of the cone whose vertex is at the origin and
which passes through the curve given by the equation ax2? + by?
+cz?=1,Ix + my + nz = P.

The curve are ax? +by? +cz? = (1)’ .. (1)
and Ix +my +nz =P ....... P ... (2)
from (2),

Let f(x,y)zaX2+by2+2hxy+29x+2fy+c=0 . (1)

By making (1) homogenous with the help of z=k.
We get the equation of required cone as
z

2
ax? + by? + 2hxy + 2gx (ﬁj 4 2fy (ﬁj + C(Ej -0

2

k
Multiplying by 7z

Rahul Publications

|| 70 ',



UNIT - 1l SOLID GEOMETRY

2] 2] (22} ) {2

(5o

z z

10. Show that the general equation to a cone which passes through the
there axes is fyz + gzx + hxy =0 f, g, h being parameters.

Sl -
The general equation of a cone with its vertex at the origin is
ax” + by” + cz® + 2fyz + 2gxz + 2hxy = 0 .. (1)
X axis is a generators
its directions cosines (1,0,0)
from (1) a(1)+b(0)+c(0)+2f(0)(0)+2g(1)(0)+2h(1)(0)=0
a=0
by b=0 & c=0
Suba=0,b=0and c=0in (1)

0x*+0.y® +0.2°4 2(fyz+ gxz+ hxy) = 0
fyz+gxz+hxy =0

11. Show that a cone of second degree can be found to pass through
any five concurrent lines.

Sl :
Let origin be the point of concurrence of fine lines which are
x_V_z
7 m nr,r=1,2,3,4,5

r r

General second degree equation of the cone with vertex at origin is
ax® +by® + c* + 2fyz + 2gxz + 2hxy = 0
divide by ‘a’.

x? +Ey2 + &2 +§yz+2—gxz+2—hxy =0,
a a a a a

x*+b'y® +c'z® +2f'yz+ 2g'xz + 2h'xy = 0

= 71 ,'
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z
b ¢
that the equation to the cone generator by lines drawn from 0 to
meet the circle ABC is

yz[2+£J+zx(£+2]+xy(i+E]=0
c b a c b a

X
12. The plane ;+!+—=1 meets the coordinate axes is A, B, C. Prove

The General equation of the cone passing through the axis is
fyz+gzx +hxy =0 .. (1)

and also given the line equations

x_y_z

ie. 755°3 .. (2)
x_y_z

and 311 . (3)

g
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from equation (2) lies on equation (1)
Le. (X7 Y, Z) = (17 _27 3)

f(-2)(3)+a(3)(1)+h(1)(-2) =0

—6f+3g-2h=0 .. (4)
from equation (2) lies on equation (1) then

(xX,9,2) =(3,-1,1)
from (1)

H(-1(1) +a(1)(3) +h(3) (1)

—f+3g-3h=0 ... (5)
By Solving equations (4) & (5)

f g h
el
3 -3 -1 3
f __ g _ h
9+6 2-18 -18+3

0

f a h
-3 -16. 15
. f=3,9=16,h =15
Sub f, g, h value in equation (1)
then we get that
fyz+gyz+hxy =0

= 3yz+16yz+15xy =0

2.2 CoNDITION THAT THE GENERAL EQUATION OF THE
SECOND DEGREE SHOULD REPRESENT A CONE

Co- ordinate of the vertex.

Let f(x,y,z) = ax” +by® + cz® + 2fy” + 2gxz + 2hxy + 2ux + 2vy + 2wz +d =0 ... (1)

represent a cone having its vertex at (x',y',z') origin to the vertex (x',y',z").
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So, we change x to x +x'
y to y+y' and

zto z+2'

The transformed equation is

ax? + by? + cz? + 2fyz + 2gxz + 2hxy + Z[X(ax1 +hy' +gz' + u)

+y(hx1 +by! +fz! +v)+z(gx1 +fy! +czt +w)]+f(x1,y1,zl)= 0

c Q o
< =~ O
E O =~ (

-. The required second degree to represent a cone.
The equation F(x, y, 0)=0 represents a cone it, and only if, the four linear

equations.

F, =0, F, =0, F, =0, F, =0 are consistent.
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In the case of consistency the vertex is given by any three of these.

a h g u a h g

h o f ViI_0aswellas |h b /=0
g f c w g f ¢
uv w d

- It is required pair of planes.

14. Find the equation to the lines in which the plane 2x +y - z =0 cuts
the cone 4x? - y2 + 322 =0.

Sl :
Let the equation of line is % = % = ﬁ be the equation of any one of the two lines
in which the given plane meets the given cone
2+ m-n=0 .. (1)
41> -m?+3n% =0 .. (2)

These two equations are now to be solved for I, m,n Eliminating n, we have

417 -m?+3n% =0
from (1)
n=2l+m

Sub n = 2] + m in above equation then we get
4/ —m? +3(2¢+m)’ =0
47" -m®+3[4/° +m’ +4/m]=0
16/% +2m* +12/m =0

8/ +m?+6/m=0

=8/ +6/m+m? =0

+(6) -4(8)(1)
2(8)

-6

g
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6+36-32 —6+J4 6+2 —6+2 6-2
= = = = or

16 16 16 16 16
48
ie 7o or 7o
N S
4 %" 2
from equation (1) we divide by m.

Then we get

2 m
n_1
m 2
.t _m_n
-1 4 2
Thus, the two required lines are.
x_ ¥y zXxX_ Y Y, 0
-1 4 2-1 -1 2
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Rahul Publications



UNIT - 1l SOLID GEOMETRY

15.

Sl :

Find the equation of the line of the line of inter section of the plane
and cone.

x+3y-2z2=0, x*+9y*-42>=0

X Z
Let the equation of line is — = Lz .
/{ m n

be the equation of any one of the two lines in which the given plane meets the
given cone so, that we have

(+3m-2n=0 - (1)

/#+9m® -4n®* =0 e (2)
These two equation are now to be solved for 1, m, n eliminating we have.

from (1) = 2n - 3m

sub in (2) then we get

(2n-3m)* +9m? —4n? =0

457 +9m? —12mn + 9m? — 4% =0

18m® -12mn =0

m(18m —-12n) =0

m=0 18m-12n=0
-3m-2n=0
3m = 2n

=3y=2zandz=10

from equation (1) eliminating m.

then 3m = 2n -1

sub in equation (2) then we get

2 +9m?-4n? =0

g
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2
e2+9(2“‘€) _4n? =0
3
/2 -kg(Zn—E)2 -4n?2 =0
g
24 A% 4 12 —d4nl— 4% =0

202 —4nr =0

as from (1)

1 1
:>a—2(az—yx)2+—([32—yy)2 =(z—y)2 .. (2)
This meets x =0 in a curve then (2) as

aiz(onz - O)2 + %(Bz - yy)2 =(z- y)2

a’z? N (BZ - Yy)2
a’ b?

=(z-7)", x =0 .. (3)
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from (3)

2.2 22, .22
oc22 +BZ +ys2 2Bzyy—22—3(2+223/:0
a

If coefficient of y? + coefficient of z2 =0

(XZ |32 y2
:>a—2+b—2+b—2—120

2 2 2
:>OL—2+|3 J;y 1=0
a b
2 2 2
:>a—2+|3 J;y 1
a b
2 2 2

v +z

A

~locus of (a,B,7) is :—2+

2.3 ConNE AND A PLANE THROUGH IT’S VERTEX MUTUALLY
PERPENDICULAR GENERATORS OF CONE

Theorem

Show that the cone ax® +by® +cz’ +2fyz+2gzx+2hxy =0 admits of sets
of three mutually perpendicular generators if and only if a + b + ¢ = 0.

Proof :

X Yy z
Let T be generators as the cone .. (1)
Lo
ax” + by” + cz® + 2fyz + 2gzx + 2hxy = 0 .. (2)
= ar? + bp® +cv? + 2fuv + 2gvd + 2hip = 0 .. (3)

Equation of the plane through the origin perpendicular to the line (1) is
AX+puy+vz=0 . (4)

If (1, m, n) be the direction cosines of any one of the two generators in which the
plane cuts the given cone, we have

= 79 ,'
Rahul Publications



B.Sc Il YEAR V SEMESTER

al* +bm?® + cn® + 2fmn + 2gn/ + 2h/m =0 ... (5)

and /A+mp+nv=0 ... (6)
Eliminating n between (5) and (6), we obtain, from (6)

nov =-my— /A

ne —(mu+€7»)

v

Sub in (5) when we get

e k.
ap® +bA* - 2hip

from symmetry, each of there is =

Thus, we have

040, =k(bv? + cn® - 2fuv)
m;m, =k(av® +cA® — 2gv)

n;n, =k(ap® +bA* - 2hp)

g
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sl 0, +mm, +nn, = k(bu2 +cp’ —Zﬂm) +k(a02 +c\? —2ghy) +k[au2 +br? —21’17\41]
= k[ bv® +cp’® — 2fuy +av’ + A’ — 2ghy +ap® + bA” — Zhi |
= k[a(uZ + 02)+b(y2 +7\.2)+c(u2 +7\.2)—2f;,w— 2ghy—2hku]

(0, +mm, +nn, :k(a+b+c)+(k2 +u’ +U2)

The two generators in which the plane (4) intersets the curve (1) will be at light

angles if and only if /.7, + mm, +n;n, =0

=a+b+c=0.

Theorem
Find the angle between the lines of intersection of the plane

ux+vwy+wz=0 and f(x,y,z)=ax’ + by® + cz* + 2fyz + 2gzx + 2hxy = 0.
Proof :
The given plane is ux + vy + wz =0 . (1)
and the equation of cone is
f(x,v,2) = ax® + by” + cz* + 2fyz + 2gzx + 2hxy = 0 .. (2)
The plane (1) will cut the cone (2) in two lines passing through the origin.

X
Let one of these lines be —= AR
/ m

z

n
line (3) lies in plane (1).
~uw+vm+wn=0

Also, line (3) lies on (2).
= al® +bm?* + cn® + 2fmn + 2gn/ + 2h/m = 0 .. (9)

from (4) = wn =—(pl+vm)

ne— pl +vm
w

—(ut
Sub n=win (5)

g
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2 2
— al® + bm? +c(—““—"m) +2fm(— ““"mj+2ge(— ““va + 2him=0
\%WY) \%WY) W

=w?al® + w?bm? + cp?(? + cv?m? + 2cpfvm — 2fmplw
—2fm?vw — 2g/*uw — 2g/vmw + 2h/mw? =0
=0 (aw2 +ep® — 29uw) + 2€m(cuv —fwu —guw + hwz) +m?® (bw2 +ovi — 2fvw) =0

divide by 'm?

t1t2 11Ty 1

=

2
(b+c)u®+(c+a)v? +(a+b)w® - 2fuw — 2gwu — Zhuv

l,0, +mm, +nn,

(a+b+c)(u2 +v? +w2)—f(u,v,w)
Also sum of the roots of (6) gives

g_l+g_2_—2(cuv—fwu—ng+hw2)
m, m, aw? + cu® — 2gwu
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fm, +/{,m, m;m,

—2(cuv —fwu—ng+hw2) ~aw? +cu® - 2quw

10, n;n,

T bw? o’ —2fvw  av+ bu? — 2huv

9 1/2
[(Zlmz +£2m1) —-4/0.0, mlsz

4(cuv — fwu — guw + hw? )2 - 4(bw2 +cov? — 2fvw)(aw2 +cu® - ZQWh)

fymy —£,my

= = 2 —
12wp where p° =

c u o 9w
< =~ o O
S o =~
o £ < <

2
2
E m;n, ~m,n }
_mny —myn, _ nyl, — Nyl _[ ( 172 2 1)

+ 2up + 2vp & Zp(u2 +vi+w? )1/2
If g be the angle between lines, then

2 1/2
[Z(mln2 —mznl) }

(€, + mm, +nn,

tan6 =

Zp(u2 +vZ+w? )1/2

(a+b+c)(u2 +v? +w2)—f(u,v,w)

Oor tanf =+

17. Prove that the plane ax + by + cz =0 cuts the cone yz + zx + xy =0

in perpendicular lines if 1 + 1 + 1_ 0.
a b c
Sdl :
The lines of intersection be 272
/ m n

The line lies on given cone and plane,

hencemn+nl+Im=0 .. (1)
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and al+bm+cn=0 ... (2)
from (2) cn = —al — bm
_—al—bm

C

Sub n value in (1) then we get

(il _mym, nyny
A A

The angle between the lines will be a light angle if

£,0, + mym, +n;n, :0:>l+l+l:0
a b c
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18.

Sl :

2.4 INTERSECTION OF LINE wiTH A CONE

Find the point of intersection of the line X ; ¢ = VI;IB = zr-lv =1 and the
cone f(x,y,z) = ax’ + by® + cz® + 2fyz + 2gzx + 2hxy =0 .
The equation of line *—% =¥ =P 2= (1)
e equation of line — o " .
. (2)

equation of cone is ax? + by? + cz® + 2fyz + 2gzx + 2hxy = 0

from equation (1)

x—oc:y—[?):z—y:r

l m n
X—o_ y—B:r el
l m n
X—o=/r y—B=mr zZ—y=r1n
X=/lr+a y=mr+f z=rm+y

The point (ér +a,mr+B,rn + y) which lies on the line (1) for all values of r which

lies on the cone (2) for values of r given by the equation
a(€1r+oc)2 +b(mr+[3)2 +c(r1r+y)2 +2f(nr+B)(rn+v)

+2g(r n+y)(£r +oc)+2h(£r+oc)(mr+B) =0

= a(€2r2 +a’+ 2€ra) + b(m2r2 +B%+ 2mr[3) + c(nzr2 +7%+ 2nry)

+2f[mr2n +mry + nr + PBy) + 2g(€nr2 + fry + onr +ocy) + Zh(érrnr2 + 0+ oumr + oc[?)) =0

= 1 (a€2 +bm?® + cn” + 2fmn + 2g/n + 2h€m) +

2r(tao.+mbp + cny + fmy + 2fnB+ gfy + 2on + h/B+ hom) + 2fBy + 2gay + 2ha =0

= r? (a€2 +bm?® + cn” + 2fmn + 2gn/ + 2h€m)

= 2r[€(aa+hB+gy)+m(ha+b[3+fy)+n(ga+f[3+cy)]+f(OL,B,Y) =0
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Let 1,1, be the roots of this quadratic equation in r.
The two points of intersection are (/r, + o, mr, +B,nr, +7),(/x, + o, mr, +B,nr, +7).
»  The tangent lines and tangent plane at point.

X-a _y-p_z-y
7 m - .. (1)

Let

be a line through a point (a,B,7) of the cone

Jix + /gy ++Vhz =0 are reciprocal.
Sl :
The given equation can be written as /fx +./ay = —/hz

Squaring on both side (\/§ +ay )2 = (—\/E )Z

fx + gy + 2./fxgy = —hz
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(fx + gy +hz)” = 4fg xy

2x% + g®y” + hz® + 2ghyz + 2hfzx + 2fg xy =0 .. (1)

equation is homogeneous equation of second degreem hence it represents a
Quadratic cone.

The co-ordinate plane x=0 meet (1)
gy’ + hz® + 2ghyz =0
(qy+ hz)2 =0

Which being perfect square if follows that the plane x =0. Touches.
Similarly y =0, z =0 also touches the cone (1)

Again for the cone (1)

a=1f2 b=g?, c=h?, f=-gh

g=hf h=ig

A =bc—f? = g*h® —(gh)’

=g’h? -g’h’
=0
byB=C=0
F=gh+af
= hf (fg) + 2. gh
= f?gh + f’gh

=¢ 2f°gh
by G=2¢° hf H=2h%g
. The required equation of the cone Reciprocal to
Ax® +By® + Cz* + 2Fy® + 2Gzx + 2Hxy = 0
2f?ghyz + 2g°hfzx + 2h*fgxy = 0
2fh(fyz +Qzx + hxy) =0

=fyz+gzx +hxy =0

g
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2 2 2
20. Prove that the cones ax’+by®+cz®=0and x:+%+%=0 are

Reciprocal.
Sl -

The Reciprocal cone of ax? + by +cz? =0

is Ax® + By® + Cz® + 2Fyz + 2Gzx + 2Hxy = 0 ....... (1)

bex? +acy® +abz” =0

xZ divide abc on each term

x| alyt a7
+ + =0
afc abg abc

g
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21.

Sl :

Find the conditions that the lines of section of the plane Ix + my +

nz =0 and the cones fyz + gzx + hxy =0, ax’ + by’ + cz> = 0 should be
coincident.

Any cone through the intersection of two cones is
ax2+b2+c22+k(fyz+gzx+hxy)20 . (1)

Since the lines of section of the given cone with Ix + my +nz =0 are coincident.
a pair of planes of which one plane is Ix + my + nz =0

Let other plane be ¢'x + m'y +n'z=0
Then ax® +by® +cz” + M(fyz +gzx + hxy) =(/x+my+ nz)(flx +m'y+ nlz)
a=/0/", b=mm', c=nn'

a b c
61:—,m1:—’n = —
! m n

M =mn! +m1n:ﬂ+b—n
n m
_ om®+bn?
mn
Ag = an”+cl® h = am’ + b/?
n/ /m

cm®+bn®  an®+c/’  am®+ b/’
fmn an/ h/m

2.4.1 Condition for Tangency

22. Find the condition that the plane Ix + my + nz =0.
Should touch the cone ax’ +by® + cz® + 2fyz + 2gzx + 2hxy = 0 .
Sel -
The plane isIx + my +nz = 0 . (1)
cone ax” + by” + cz” + 2fyz + 2gzx + 2hxy = 0 .. (2)
(&)
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If (a,B,7) be the point of contact, the tangent plane

x(aa+hB+gy)+y(ho+bp+fy)+z(ga+iB+cy)=0

aa+h[3+gy:ha+b[3+fy:ga+f[3+cy:k
l m n

hence aa+hB+gy=rk

Where A, B, C, EG, H are the co-factors of a, b, ¢, f, g, h

a h g
h b f
g f c

A=bc-f? B=ca-g C=ab-h?
F =gh-af G= hf-bg H=1fg-ch
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2.4.2 Reciprocal Cones
23. Find the locus of line through the vertex of the cone

ax’ + by? + cz? + 2fyz + 2gzx + 2hxy = 0 . Perpendicular to its tangent
planes, Ix + my + nz =0.

Sel -
The line through the vertex of the cone
ax® +by® + cz® + 2fyz + 2gzx + 2hxy =0 .. (1)
and the tangent plane Ix + my + nz =0 .. (2)

Let the tangent plane to the cone (1)

A?* +Bm?® +Cn® + 2Fmn + 2Gn/ + 2H/m = 0 .- (3)
The line through the vertex perpendicular to the tangent plane (2) is

Eliminating 1, m, n between (3) & (4)

Ax® + By® + Cz*® +2Fyz+2Gzx + 2Hxy = 0 ... (5)
lines through the origin perpendicular to the tangent planes to the cone (5)
We have to substitute for A, B, C, F G, H

A H G
The determint |H B F

G F C
BC=F=aD
CA-G?=0bD
AB - H? = CD
GH - AF = D, HF - BG = gD
FG-CH=hD

. D = abc + 2fgh + af* — bg® — ch?

The required locus for the cone (5) is ax” + by® + cz® + 2fyz + 2gzx + 2hxy =0 .
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2.5 THEe RiGHT CircuLAR CONE

intersecting a given curve as touching a given surface, in called a cone.

cone.

The surface generated by a straight line which passes through a fixed point and

The fixed point is called the vertex and the given curve the guiding curve of the

An individual straight line on the surface of a cone is called a generator.

Thus, a cone is the set of lines called generators through a given point.

Now the plane touches the cone (2)

= the normal of the plane lies on cone (2)

u? Vi ow?

= —+—+— =0 which is required condition.
c

a b
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25. Show that a quadric cone be found to touch any five planes which
meet at a point provided no three of them intersect in a line find
the equation of the cone which touches the three co-ordinates planes
and the planes.

x+2y+32=0,2x + 3y + 4z =0.

Set -
The equation to the cone touching the three axes can be taken as
Jix +Jay £+/hz =0 (1)
It’s Reciprocal cone is fyz + gzx+hxy = 0 .. (2)

The planes x + 2y + 3z =0 and 2x + 3y + 4z =0
touch cone (1) «< their normal lies on (2)
(1,2,3) and (2, 3, 4) satisfy (2)
The Reciprocal equation of the cone is fyz + gzx + hxy =0
(1,2,3) = f(2)(3) +g(3)(1) +h(1)(2) =0
6f +3g+2h =0 .. (3)
(2,3,4)=1(3)(4)+g(4)(2)+h(2)(3)=0
12f + 8g +6h =0 .. (4)
Solving (3) & (4)

f a h
NN
8 6 12 8

f a h

18-16 24-36 48-36

f_g _h
2 =12 12

f g h

1 6 6
VX +/~6y +/62=0

— (X)I/Z n (_6y)1/2 n (62)1/2 _ O
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1
26. If x= Ey =z represents one by a set of three mutually perpendicular

generators of the cone 11yz + 6zx -14xy =0 find the equation of the
other two.

Sl -
The given cone is 11yz +6zx —14xy =0

The plane through the vertex of the cone and perpendicular to the generator.

112 7
Solving ¢+ 2m+n=0
3/+2m+0n=0
L _m_n
-2 3 4
The other two perpendicular generator are
BRI A A
11 2 7992 3 4

94
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27. If the plane 2x-y + cz =0 cuts cone yz + zx + xy =0 in perpendicular
lines, find the value of c.

Sl :
Given plane of equation is 2x —y +cz=0 and cone of equation
yz+zx +xy=0 .. (1)
contains sets of three mutually perpendicular generators.
2x —y + cz =0 cuts (1) in perpendicular lines.
— The normal of the plane lies on it.
(2, -1, c) must satisfy the cone equation (1)
= (1) c+(c) (2) + (2) (-1) =0
-c+2c-2 =0
C=2

28. Find the locus of point from which three mutually perpendicular

U

lies can be drawn to intersect the central conic ax® + by’ =1,z=0
Sl :

Let the point P be (x,,V,,2,)

. . XTX Y-y, z2-7
= = :k
Any line through P is 7 o " .. (1)

X —X
l

X =(lk+x,

Any point on the line is L=k

u:k:>z:r1k+z1
m

z-z;

=k=y=mk+y,
n

S (R + %, mK +y,,nk+z
1 1 1

the point lies on the base curve ax? + bx? =1, z =0

<a(x, +k) +b(mk+y,)=1, z,+nk =0
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eliminating k. from z, + nk =0

k=_2
n

—Z
Sub k= Tl in above equation

1z, -z, m :
a(xl—TlJ +b( rll +le =1

and where axis is the z-axis and semi vertical o is x*+y? =z*tan’a.

Since d.r’s of the z-axis are (0,0,1)
1=0,m=0,n=1

The equation to the right circular cone is (X2 +y’+ 22)0052 o=z
= (x2 +y2) =z° (sec2 a—l)

(x2 + yz) =7° (tan2 a)
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30. Find the equation of the right circular cone whose vertex is origin,
axis of the line x =t, y = 2t, z = 3t and whose semi-vertical angle is
60°.

Sl :

Vertex at origin is (0,0,0)
: e XY _ 2

Equation of the axis is 17273
— D.r’s of the axis (I, m, n) = (1,2,3)

equation to the required cone is
= (x=0) +(y-0)" +(2-0)" |[1*+2° +3*Joos 60° =[1(x~0) +2(y~0) + 3(z-0) |

2 2 2 1 2 2
:>(x +y +z)14 ) =(x+2y+3z)

7

:>(x2 +y? +22)?:(x+2y+32)2
= 7()(2 +y? +z2) = 2()(2 +4y® +972° + 4xy +12yz +6xz)
= 7x° + 79* + 72* — 2x* —8y® — 182 — 8xy — 24yz—12xz =0
= 5x*=y® —11z° —8xy —24yz—12xz=0.

31. Find the equation of the cone generated by rotating the line
X_V _ . -V _

————— about the line —=_-=— as axis
/ m b

Sl :

Given line pass through the origin = vertex is the origin.
r's of axis are (a, b, c)

Semi vertical angle = angle between the generators and the axis.

= cos0 = al+bm +cn . (1)

JaZ +b2 + 2V + m? + 2
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- Equations to the cone is
[(x=0)"+(y=0)"+(2-0)"|(a” + b7 +¢* )cos?0 =  a(x ~0) + by ~0) +¢(2-0)’
Using (1) we have

(x2 +y? +22)(a€+bm+cn)2 = (ﬁz +m? +nz)(ax+by+cz)2

32. Find the equation of the right circular cone which passes through
the point (1,1,2) and had its vertex at the origin, axis the line

. 6x29cos?a =16

16 8

=>cos0=—r=—
174 87

2 2 2 i _ . 2
(x +y°+z )29[87J—(2x 4y+32)

= 4x* +40y® +192% - 72y” + 362x — 48xy = 0
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33. Find the equation of the right circular cone generated by straight
lines drawn from the origin to cut the circle through the three points
(1’2’2)’ (2’ 1"2) and (2’ '2’ 1)'

Sl -

LetA=(1,2,2)
B=(2,1,-2)
C = (27 _27 1)

The right circular cone generated by straight line, drawn from the origin to cut
the circle.

OA = \/(1-0)° +(2-0)° +(2-0)’ =V1+4+4 =9 =3

OB = \/(2-0) +(1-0) +(-2-0) =a+1+4 =9 -3

OC = /(2-0)° +(-2-0)’ +(1-0)’ =v414+T=+9-3
- Clearly OA = OB = OC = 3

= A, B, C lies on the sphere centre O and of radius 3.

Equation to the sphere is x* + y? + z? = 32

Let the plane through Abe a(x-1)+b(y-2)+c(z-2)=0

It passes through B(2,1,-2) < a-b-4c=0 .. (1)
c(2-21)<a-4b-c=0 .. (2)
Solving (1) & (2)
a b c
SO
A R
a b c a b C

= = p— = —=
1-16 -4+1 -4+1 -15 -3 -3
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Equation to the plane is 5(x-1)+1(y-2)+1(z-2)=0
5x-5+y-2+z-2=0
5x—y+2z-9=0
5x—y+z=9

Now homogenous. The equation of the sphere with the help of plane

- Equation to the cone is

[(x=3)"+(y=2)" +(2-1) |(4* +12+3")cos” 30
=[4(x-3)+1(y-2)+3(z-1)]
= (x* +9-6x+y* +4 -4y +2° +1-22)(16 +1+9)cos” 30

—(4x-12+y-2+3z-3)’
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2

:>(x2 +y? +2° —6x—4y—22+14)26{§ :(4X+y+32_17)2

2 2 2 13 EB
:»(x +yl+z —6x—4y—22+14)—26 e

2

:(4x+y+32—17)2

:>(x2 +y? +2° —6)(—451—22+14)%:(4x+y+3z—17)2

35.

Sl :

If o is the semi vertical angle of the right circular cone which passes

-1/2

through the lines oy, 0z, x =y = z show that coso = (9-4x/§)

Let (I, m, n) be right circular cone of oy are (0, 1, 0)
r's of oz are (0, 0, 1)

o is the angle between the axis and oy.

0.4+1m+0.n _ m
\/O+1+0\/£2+m2+n2 \/€2+m2+n2

Also « in the angle between the axis and oz

cosa =

0./+0m+1.n

JO+0+1v/% +m® +n?

= cosa =

n
= ... (2)
V% +m? +n?

from (1) & (2)

m _ n
\/€2+nff+n2 \/€2+n{{+n2

—=>m=n

3
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Similarly angle between the axis and ? = % = % is
1/+1m+1n /+m+n
cosa =

V1+41+1v0% +m? +n? _\/§\/£2+m2+n2

/+m+n

3(€2 +m? +n2)

1 ) 1
\/(ﬁ—z)z+1+1 \/(\E)2+4—4\E+1+1

from (1) cosa. =

|| 102 ,'
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1

V3+4-443+2

1

V3+4-443+2

1
9-443

1
(9-48)"

cosa, = (9 - 4\/5)%

36.

Sl :

Show that the cone whose vertex is the origin and which passes
through the curve of intersection of the surface 2x?.y? + 22 = 3d?

and any plane at a distance d, from the origin has three mutually
perpendicular generators.

Equation to any plane at a distance d from the originis /x +my+nz=d ... (1)
Where I, m, n are the actual dc’s of normal to the plane.

Homogenizing the equation of the sphere with that of the plane,

2
We have 2x? —y? + 2% = 3d (wj

d

Coefficient of x? + coefficient of y? + coefficient of z?
(2-3¢%)-1-3m® +(2-3n") =3-3(¢* +m® +n°)
=3-3(1)

=0

hence plane cuts the cone in three mutually perpendicular generators.

= 103 ,'
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X _V_2z .

37. If 1 = 1 = 2 be one of a set of three mutually perpendicular generators
of the cone 3yz-2zx-2xy=0 find the equation of other two
generators.

Sl -

Let the line perpendicular to given line be X =¥ - % . (1)

/ m n

and from (4) 0./+2m+n=0

i m n
NN
2 1 0 2

m
-1

NS

L
-3
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-2

f.m_n
3 1
Now solving | + m + zn =0

and 0/+m+4n=0

from (3) and (5)
I m n
SN
2 4 0 1
V4 m n

4-2 0-4 1-0

_m._n
-4 1

N~

tion to th topds ~ == = %
. equation to e generator-1s 2 _4 1

38. Show that the mutually perpendicular tangent lines can be drawn
to the sphere x? + y2 + 22 = r? from any point on the surface

2(x2 + y2 +2%2)=3r2.

Sl :
Let (x,,9;,2,) be a point on the sphere 2(x* +y* +2°) = 3r®
Then Z(Xf +yl +zf) =3r’

Equation to the enveloping cone x? +y? + 22 =y with vertex at (x,v,,z,) is

$?=SS,

2
:>(xx1 +yy, +22 —r2) :(x2+y2 +2° —r2)(x12 +y+z,° —r2)

:(x2 +yZ+2° —r2)[%r2 —rZJ

g
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:(x2+y2+22—r2)ﬁ
2

:>2(XX1 +yy, +22, —r2)2 =r2(x2+y2+22—r2)

coefficient of x? + coefficient of y? + coefficient of z?

= (2)(12 - rz) + (2V12 —r? ) + (2212 - r2)

conic ax” +2hxy+by” +2gx+2fy+c=0,z=0 and are parallel to the

Sl :

Let P(a, B,y) be a point on the cylinder equation to the generator through P is

X—o :y—B:z—y:k
4 m n

|| 106 ',
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Any point on the line is (a + (kB +mk,y + nk)

This point P lies on the conic
@a(owék)z +2h(oc+£k)([3+mk)+b([?>+mk)2
+2g (o + (k) + 2f(B+mk)+c=0
and y+nk:O:>k=_—y
n

eliminating k from (1)

a(a—(lj +2h(a—lkj (B—lm}rb(ﬁ—mj
n n n n

+2g(a—l€J+2f(B—lmJ+c =0
n

n
2 2
{5 nl 5o g
n n n n
lz mz
+2g(x——}+2f(y——}+c =0
n n

a(nx —Zz)2 +2h(nx - ¢z)(ny —mz) +b(ny — mz)2

+29(nx—€z)+ 2f(yn—mz) +n’c=0

40.

Sl :

Find the equation of the cylinder whose generators are parallel to

z
—=-—=— and whose guiding curve is the ellipse x> + 2y =1, z=3.

Let (a,B,y) be any point on the surface of the cylinder.

x-a_y-p_z-y

So that the equations of its generators through this point are 1~ 3

= 107 ',
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This line meets the plane z =3 at the point given by

x—o_y-B_3-7

1 -2 3
X—0 :3—y
1 3
x=ﬂ+a
3

41. Find the equation to the cylinder whose generators are parallel to

Sl :

Given the generators as (1, 2, 3)

Let p(x,,y;,2,) be a point on the cylinder

|| 108 ,'
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X=X _Y=Y _2-% —

. Equation to the generator be 1 5 3

- X

X
Any point on the line is =Sr=> X =T1+X;

y—-y,

=r=>y=2r+
2 Yy Yi

z-z;

3

=r=z=2r+z

S (r+x,2r+y,,2r+ 7))

This point lies on the curve x? + y? =16, z=0
<:>(r+x1)2 +(v +2r)2 =16, 3r + 2, =0

4

3

r =

Sub r="2in (x, +1) +(y; + 2 =16

2 2
S(Xl—%J +(y1—2%1j -16

3x,-2, ) + 3y, —2z ?-9x16
1 1 1 1

9%, +2,° —6x,2, +9y,* + 4z -12y,z, =144
. The locus of P is the cylinder
= 9x* +9y” +2° —6xz—12yz-144 =0

42. Find the equation of the cylinder whose generators are parallel to z-
axis and guiding curve is given by ax?+by?+cz? =1, Ix+my+nz=P.

Sl :

The equation of the Required cylinder is obtained by eliminating z between the

equation ax® +by” +cz® =1
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and Ix + my + nz =P

nz=p-Ix-my

_p—/IXx-my
n

Sub z value in ax® + by® +cz® =1.

p—fx—my)2 _1
n

:>ax2+by2+c(

Sub in (1) then we get

ax?® + byz = Z[MJ
n

n ax’? +n by? = 2p—2/x — 2my

n(ax® +by®)-2p+2/x + 2my = 0

|| 110 ,'
Rahul Publications



UNIT - 1l SOLID GEOMETRY

2.6.2 Enveloping Cylinder

The set of parallel tangent lines with direction ratios (I, m, n) to a surface form a
cylinder called the enveloping cylinder in the direction of (I, m, n).

Theorem

The equation to the enveloping cylinder of the sphere x? + y?> + 22 =
a? in the direction of (I, m, n) is (/x+my+ nz)2 = (62 +m? +n2)(x2 +yZ+2° —a2) .
Proof :

Let p(xl,yl,zl) be a point on the tangent line of the given surface.
-. The equation to the line through P with (I, m, n) be

X=X _Y=Y _2-%

7 o " .. (1)

The point (x + fr,y; + mr,z; + nr) of the line lies on the surface.
x2+y2+22—a220 .. (2)
(%, + )" +(y; +mr)* +(z +nr)* —a® = 0

X2+ 0207 + 2% iy +y P+ mPr? + 2mry, +27 +nr? + 2z nr—a® =0

(x,” +y,° +2,° ~a%) +1° (62 +m? +r12)+2r(x1€+my1 +nz,)=0

The line (1) is a tangent line to (2)

= (Ix, +my, +nz,)’ —(62 +m? +n2)(x12 +y,°+z,° —a2)= 0

. The locus of P is type enveloping cylinder

(€x+my+nz)2 =(€2 +m? +n2)(x2 +y? +2° —a2)

2.7 THE RiGHT CircuLAR CYLINDER I

Let (I, m, n) be the direction number of the normal to the plane = containing a
circle c Let L be a normal line to the plane n and passing through a point P

It S is the surface such that Pe C=L < S then S called the right circular
cylinder the normal through the centre of the circle is called the axis of the cylinder
and the radius of the circle is called the radius of the cylinder.

]
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»  The equation to the right circular cylinder with radius or and axis and the line

X-o _y-B_z-vy
V4 m n

[(x_a)z +(y_5)2+(z_y)2_rﬂ(zz+m2+n2):[e(x_a)m(y_s)m(z_r)]z

44. Find the right cylinder whose radius is 2 and axis is the line

x-1=y-2 =z-3

2 1 2

-16z+x* +4y® +9—4xy —12y + 6x = 36

5x% +8y® +52° —4xy —4yz —8zx + 2zx —16y —14z-10=0 .

x-1 -3
2 1
shows that its equation is 10x® + 5y +132z” - 12xy - 6yz - 47x - 8x + 30y

-74z+59=0

45. The axis of a right circular cylinder of radius 2 is =§= z
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Sl :

-1 -3
Equation to the axis of the cylinder a 5 % =2 1

-. Equation to the circular cylinder of radius 2 is
[(x—a)z +(y=BY +(z—v) _rﬂ(ﬁ +m? +n?)
=[€(n—oc)+m(y—[3)+n(z—y)]2

=| (x=1)" +(9-0) +(2-3)" -2*|(2° +3° +7?)

2

=[2(x-1)+3(y-0)+1(z-3)]
(x*+1-2x+y* +2° +9-62-4)(4+9+1)
=(2x-2+3y+z-3)’
(x* +y? +2° - 2x— 624 6)(14) = (2x + 3y +z- 5’

14x* +14y”® + 142* ~28x + 84z + 84
= 4x* +9y® +z° +12xy + 6yz + 4xz + 25
14x* +14y” +142° — 28x — 84z + 84 —4x* —9y® —2° —12xy
—6yz—4xz—-25=0

= 10x” +5y® +132* - 12xy - 6yz —4xz — 8x + 30y —74z+59 =0

46. Find the equation of a circular cylinder whose guiding curve
x? +y“’+z2 =9,x-y+z=3.

Sl -
We know that,

The radius circular cylinder is equal to the radius of the guiding curve and the
axis of the cylinder is a line passing through the centre of the circle and.

g
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Hence of the sphere and perpendicular to the plane of the circle.

Hence, the radius of the sphere 3 Length of the perpendicular from the centre O
(0, 0, 0) to the given plane.

-3 3 3 3

V1+1+1 ﬁjﬁxﬁ
BB

3

X +y +z°+yz—zx+xy-9=0.

47. Obtain the equation of the right circular cylinder described on the
circle as guiding circle (1, 0, 0), (0, 1, 0),(0, 0,1).

Sl :

Circle through the three points.

The circle ABC can be taken as the intersection of sphere OABC and plane
ABC, O being the origin.

-, The equation of the circle ABC are
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xX2+y?P+28 =x-y-2z=0 .. (1)
x+y+z=1 .. (2)
and the axis of the cylinder will be perpendicular tot he plane (1)

Hence , the generators of the cylinder will have the direction ratios 1, 1, 1.

Let (o, B,y) be any point on the cylinder .

Then the generator through (o.B,v) is X 1 e _ yIB = ZIV =r

X=0+r
y-p=r=y=r+p
Z—Yy=r=z=y+r

(r +o,r+B,r+ y) substituting this points in' (1) and (2) then we get

(a+r)2+(r+[3)2+(r+y)2—(r+a)—(r+[3)—(r+y):0

rzw .. (3)

Eliminating r between (2) & (3) , we get
(oc2 +p? +y2)—(a[3+[3y+ya)—1= 0
Generating it,

We get the equation as cone as x% +y? +z%> —xy—zx —yz—1=0".

48.

Sl :

Find the equation of the cone whose vertex is at the origin and the
direction cosines of whose generators satisfy the relation

312-4m® +5n’=0-

If I, m, n are the generators dying on the cone.

Then the equation to the generators passing through the origin O(0,0,0)

g
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‘ Choose the Correct Answer I

1.

If a right circular cone has three mutually perpendicular generators then semi-

vertical angle is [d]
@) tan'2 (b) %
(© Y (d)  tanlVZ
The equation of a right cone with vertex at the origin, axis the x-axis and semi
vertical angle 9 is y2+,2 = . [c]
(a) yZ sin® 0 (b)  z%cos?@
(c) x%tan0 (d)  x%sin0

. . X_y zZ .
The straight line 1" 5"3isa generator of the cone [d]
(@) x2+2y%+322=0 (b) x2-2y2-3z2=0
() x2+ 2y2 ~322=0 (d) x2- 2y2 +32° =0

The general equation to a cone which touches the coordinate planesis [b ]
(@) a2 +b?+c?—2ab-2bc—2ca=0
(b) a®x?+ b2y2 +c%2% = 2bcyz + 2cazx + 2abxy

() ax?+ by2 +c? = beyz + cazx + abxy

(d) None

All the generators of cylinder are [c]
(a) Straight lines (b) Cone

(c) Parallel straight line (d) None
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6.  The angle between the lines in which the planes x + y + z =0 cuts the cone
ayz+bzx +cxy =0 willbe r/2 if [d]

(a) —+%+%=0 (b) a-b-c=0

g
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‘ Fill in the blanks I

1.

® N o kW

10.

A cone of second degree can be found to pass through concurrent

lines.

The equation of the enveloping cone can be written as

Guiding curve of a right circular cylinder is

The line which generates the surface of the cylinder is called

Any line on the surface of a cylinder is called its

The equation yz + zx + xy =0 represents

The General equation of a sphere

The locus of the lines through the vertex of a cone normal to the tangent planes
is called

The tangent plane at any point of a cone passes through its

The equation of the cone with vertex at the origin is a
equation in x, y and z.

second degree

ANSWERS
5
SS; =T
Circle
Generator
Generators

A cone

(x=x1)(x=x2) +(v=v2)(y-v2)+(z-21)(2-22) =0

Reciprocal cone

N T A o i

Vertex

—
©

Homogenous

g
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U N IT The Conicoid: The General Equation of the Second Degree-
Intersection of Line with a Conicoid- Plane of contact-
I I I Enveloping Cone and Cylinder.

VI TP rrrT
NN EEEEEEEEEEEEEEEEEEE]
T T T e T
IS EEEEEEEEEEEEEEEEEEE
I

I 3.1 THE GENERAL EQUATION OF THE DEGREE

Definition

LetS = ax? + by? + Cz? + 2fyz + 2yzx + ahxy + 2ux + 2vy + 2wz + d =0
define a locus in space of the same locus cannot be defined by a first degree equation
then the surface S is called a conicoid of a quadric.

»  The general equation of the second degree can by transformation of co-ordinate
axes. be reduced to any one of the following form.

\V]
\V]
\V]

X“ y© oz .
—+Z=+—=1 Ellipsoid.
a2 b2 C2 p

2 2 2
X“y° oz : L
—+=+—=-1 [magainary Ellipsoid.
a? b sinely =P

2 2 2
X y° oz .
—+>5—-—=1  Hyperboloid of one sheet.
IR yp
xZ y? 22 1 .
-5 = Hyperboloid of two sheets.
a“ b* c

2 2
X“ y I .
S A | Elliptic Cylinder
22 9) Y
ﬁ _ﬁ -1 Hyperbolic Cylind
R yperbolic Cylinder
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y? = dax
y2 = a2
Y2 = a2
y?=0

Parabolic Cylinder
Two real parallel planes

Two imaginary planes

Two coincident planes

X—0
=r

[
x—a=I
x=I+a

—=r — =T
m n
y—p=mr Z—y=nr
y=B+mr z=nr+y

A point (Ir+d,mr +pB,nr +v)on the line (1)

J
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also lie one the surface (2)

from (2)

a(lr + o) + b(mr + B)2 + c(nr + )2 =1
< allfr® + o +21ra) + b(m?r2+ B2 +2mr B) +c(n’r? + y2 + 2nry) = 1
< aly?* + ao?+ 2lroa + bm? r? +bp? +2bmr B + cn®r? +cy2 + 2cenry = 1
< r¥(alf + bm? + cn?) + 2r(aal +b Bm + cyn) + (ac? + bR+ ¢p?) = 1
< r¥alP + bm? + cn?) + 2r(alo +bmp + cny) + (aa® +bp? +cy? - 1) = 0 ...(3)

Letr. , r, be the two roots of (3)

17272

Which we suppose to be real\
Then (Ir, + o, mr, + B, nr, +v), (Ir, + o, mr, +B, nr, + v)

Sl :

1 1
Find the points of intersection of the line -§(X+5) =(y-4)= 7(2-1 1)
with the conicoid 12x% - 17y? + 722 = 7.

The points of intersection of the line

(x+5) _(v=4)_z-11

T3 T 7 .. (1)
conicoid 12x% = 17y? + 722 = 7 .. (2)
(x+5)_y—4_z—11_
from (1) 3 -1 " 7 =r
—x-5
then X3 =1 = x-5=3r
= x=3r+5 = x=-5-3r
-4
yTZI‘ >vy=r+4
z-11
7 =r =z-11="7r

=z="Tr+11

Rahul Publications
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The point (-5-3r, r + 4, 7r + 11)

Sub in (2) then we get

=
=
=
j—

12x2 - 17> + 722 =7
12(-5-3r)2 = 17(r + 4)?2 + 7 (7r+11)% =

12(-25 -9r2-30r) — 17(r> + 16 + 8r) + 7(49r*> + 121 + 154r-7) =0

- 300 - 108r?> - 360r — 17¢* - 272 - 136r + 34 3r* + 847 + 107 8-7 =0
218r*> + 582r + 268 = 0

Vi 1
Yy—-Y1 .
m =r = y=mr+y,
Z—Zl
=r = z=n+z
n

(Ir + x,, mr +y,, nr + z,) of the line lies in

ax? +by?+cz2-1=0
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=

=

a(lr + x)? + b(mr + y,)?2 + c(nr +z)?-1=0

a(lzr2 +x2 +21rx1)+b(1r2m2 +y? +2mry1)+(n2r2 +22 +2nrzl)—1 =0

12 (al2 +bm? +cn? ) 2r(alx; + bmy; +cnz; )+ (ax% +by? +czf — 1) =0
The line (1) is tangent line to the conicoid

(alx; +bmy; +cnz; )2 —~ (aé2 +bm? +cn? )(axf +by? + ez - 1) =0
ax? +b? +czf =0

hence (alx, + bmy, + cnz,)? - (al? + bm? + cn?) (0) = 0

(alx, + bmy, + cnz)? =0

alx, + bmy, + cnz, =0

hence the locus of the tangent line in the plane

=

=

ax,(x-x,) +by(y-y) +cz(z-2)=0

ax X, —ax;x, + byyy-byy +czz-czz =0
axxy — ax? +by,y —by? +cz;z—cz2 =0

axxj +byy +czlz—(ax% +by% +cz%) =0

as (ax% +by% +ca2):1

axx +byy+czz-1=0

axx, +byy, +czz=1

The tangent plane at (x, v, z) to the conicoid
ax.x +byy +czz=1

ax? +by?+cz2=1

Rahul Publications
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3.2.1 Condition of Tangency

Theorem

The necessary and sufficient condition that the plane Ix + my + nz =
p ,ay be a tangent plane to the conicoid ax? + by? + cz2 = 1 is

P lies on the coincoid = ax? + by? +cz? =1
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2 + m’ + n’ =1
ap? bp® cp?

2 2 2
1_+m_+n_:p2>0
a b c

, (L mmn
The point of contact is ap bp’ p

Sufficiency of the condition
2 2 2

Let —+—+—:p2 >0
a b c

I 2 2 2
ORCRCE
ap bp cp

I mmny .
= |ap'bp op)82 point on the conicoid.

Now the tangent plane at this point to the conicoid

a[ijx+b[2jy+c(ijz =1
ap bp cp

= X+my+nz=1
The equation of the tangent plane to the conicoid ax? + by? + ¢z = 1 can be
taken in the form

2 m2 1,12

kK+my+nz=+—+—+—
a b ¢

3.2.2 Director sphere

Let the conicoid S have a set of three mutually perpendicular tangent planes and
P be their common point. The locus of P is a sphere called the direction sphere of S.

Theorem
Let the conicoid ax? + by? + cz?2 = 1, l+%+l >0 have a set of three
a c
mutually perpendicular tangent planes and P be their common point. The
1 11
locus of P is the sphere x2 + y? + 22 = _+E+_°
a c
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Proof :
Let a set of three mutually perpendicular tangent planes to the coincoid be
Ix+my+nz=P
Lx + my+nz=P,

Lx + my +nz=P,

Squaring and adding these three conditions

We get
12 m? n?
xZayPea? —plepgepio 2 2MD 200 11,1
a b c a b c

The locus of P is the sphere

1 1 1
x2+y?+2% = . + 5 + < is called the director sphere of the conicoid.
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4. Find the equation to the tangent planes to 7x2 - 3y?
which pass through the line 7x -6y + 9 = 0, z = 3.

Sol ;
The equation to the tangent plane
7x2-3y?-22+21 =0
the plane 7x -6y + 9 + kz — 3k
7x -6y + kz =3k-9

from (1)
7x2-3y?-22+21 =0
divide 21’

21 21 21 21

2 2 2

X 72 41-0

3 7 21

2 2 2
.y z

3 7 21

7 (6], K

3k9

If and only if +
ana only'i _% _% él

< 2k%+9k+4=0
2k% +k+8k+4=0
k(2k+1)+4(2k+1):0
(k+4)(2k+1):0

-1
k:—47 7

The required planes are

21

1
Tx—6y—4z+21=0, 7/x- 6V—EZ+—=0.

2
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5.

Sel :

2 2 2
X +¥ +Z —1. Which
a’? b? c?
are parallel to the plane. Ix + my + nz = 0.

Obtain the tangent planes to the ellipsoid,

If 2r is the distance between two parallel tangent planes to the ellipsoid,

Prove that line through the origin and perpendicular to the plane lies on the cone

y_
X m
which is perpendicular to the plane Ix + my + nz =0

is Z(a2 —1‘2)x2 =0
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Sl :

If the line of intersection of two perpendicular tangent planes to the

2 2 2
z
ellipsoid where equation referred to rectangular axes is — +b_2 t— =1
a c

passes through the fixed point (0, 0, k) show that it lies of the cone

Equation of any plane through (0, 0, k) is

Ix + my + nz = nk .. (1)
If it touches the given ellipsoid then

a?P + b?m? + ¢n? = n%k? .. (2)

Any line through (0, 0, k) is

X_y_ z—k

» v .. (3)
The plane (1) will contain (3) if

IN+mp+nr=0 ... (4)

Eliminating | between (2) and (4)
We get

from (4) 1A =-mp+ny

_mp+ny
A

l:

Sub in (2)

2
a’ (_—mp; nyj +b%m? +¢cn? —n%k% =0

or
m 2 m
(a2u2 +b%2 )(—j +2a2py (—J + (a2y2 +c2 - k2l2) =0
n n
. m; my
Let its two roots be —,—=
np ng
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m; my a?v? + 22 k%2
n, ng 22 + 6212

or

mymy _ nng
azyz +c22 k22 a2“2 +b2)2

Similarly eliminating m, we get

- 6y° + the point of contract.

Sl :
The planeis 3x + 12y -6z-17 =0 . (1)
touches the conicoid 3x? - 6y? + 922 + 17 =0 ... (2)

divided 17 to the equation (2) then we get

3x% 6y® 922 17
17 17 17 17

J
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—ix2 +£y2 —222 =1
17 17 17

equation (1) touches the equation (2)
17 17 17
()7 [ Jozr +(-F o2 -7y

(-17)(3)+(17)(24) +(-17)(4) = (17)?
17(-3 + 24 - 4) = (1772
(17) [17] = (17)?

= (17)? = (177

1> m? n?
Hence the plane touches the conicoid point of contractis | — s 7> 7~

= (S o)
S )

2
The point of contract is [—3, 2’§J

3.2.3 Normal

Theorem

The normal at any point of a quadric is the line through the point
perpendicular to the tangent plane thereat.

Proof :
The equation of the tangent plane at (o, B, y) to the surface
ax? +by?+cz2=1 . (1)
aox +bPy+cz=1 .. (2)
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The equation to the normal as (a, B, )

x—a_y-p_z-y
aa bp cy

. (3)

So that aa, bp, cy are the direction ratios of the normal.
If P, is the length of the perpendicular from the origin to the tangent plane (2)
1 2

=p
We have aZa? + b2B2 + c2y2

Theorem

The six normals drawn from any point to a central quadric are the
generator of a quadric cone.

Proof:
The lines drawn from (f, g, h) intersect the cubic curve generate a quadric cone.

x—f:y—g :z—h
[ m n

If any line

: 133 ,'
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through (f, g, h) intersection the cubic curve we have
f ; a h

1+ar :1+br_g:1+cr
I m n

f-f-far g-g—gbr h-h-her
I(1+ar) - m(1+br) - n(l+cr)

-h

-raf /I —rgf/m -rhen
l+ar 1l+br l+cr
af/ bg/m ch/n
l+ar 1+br 1l+cr

where eliminating r, we get

A b-a)+ B(c-a)+ P(a-b)=0

m n
which is the condition for the line intersect the cubic curve.
Eliminating /, m, n between the equation of the line then we get
af(b-a) N bg(c-a) N ch(a-b)
x—f y—g z—h

=0

which is represents a cone of the second degree generater by lines from (f, g, h)
to intersects the cubic curve.

3.3 PLANE oF CONTACT

Theorem

Find the equation of the plane of contact of the point (x,, y,, z,) with
respect to the conicoid ax? + by? + cz? = 1.

Proof :
Let (a, B, y) be any point on the conicoid ax? + by? + czZ2 = 1 .. (1)

Then,. the equation of the tangent plane to the conicoid (1) at the point (c, {3, y)
isaox + bpy + cyz=1 .. (2)

It passes through the given point (x, y,, z,)
then aox, + bpy, +cyz, =1 .. (3)
locus of the point (a., B, y) is
axx, + byy, + czz, =0

which is required equation of the plane of contact.
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8.

Sel :

Any three mutually perpendicular lines drawn through a fixed point
c meet the conicoid ax? + by? + cz? = 1.

Let C = (a, B, 7)

—o_y-P_z-y
[ m n
m,, n,) be direction cosines of the three

The equation to any line through C be -

Let (I, m, n)), (I,

perpendicular lines through C.

m,, n,) and (I,

1 1 1

+ +

Hence  ¢pCp, "CQ,-CQ, ' CR,-CR,

af,2.,2 ,2\. 0/ 2 2 2\, C( 2 2 2

Z(€1 +£2 +£3 )+Z(m1 +rn2 +rn3 )+Z(n1 +n2 +n3 )
A:aoc2+b[32+cy2—1

CPP,, CQ,Q,, CR R, are there mutually perpendicular lines

12

= P4iE+1Z=m?+mi+mi=nf+nd+nf=1
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I 3.4 EnveLorING CONE

The locus of tangent line drawn from a given point to a given surface in called of
the enveloping cone as the tangent cone of the surface. The given point is called the
vertex of the enveloping cone.

Theorem

Find the equation of the enveloping cone of the surface ax? + by? +
cz? = 1 with vertex (a, B, 7).

Proof :
Any line through P(a, B, y) is

x—o_y-B_z-y
[ m n

=T .. (1)

Any point on this line is
Qo+ Ir,B + mr,y + nr)
The given surface is ax? + by? +cz?2 = 1 ... (2)
Let the line (1) meet the surface (2) in Q.
Then, the coordinates of Q will satisfy equation (2), we get
al + )2 +bB+mr)f+cly + nr)2=1
= r¥(aP + bm?+ cn?) + 2r(aal + bpm + ¢cyn) + ac? + bPZ + 2 -1=0
.. (3)

equation (3) is quadratic in r, so, it will gives two values of r corresponding to two
points in which line (1) meets the surface (2)

If line (1) is a tangent to the surface (2), then these two points must coincide, the
condition for which that the roots of (3) must be equal

{2(aa1 +bpm +cyr1)}2 = 4(a12 +bm? +cn2) (aoa2 +bp? +cy? —1)

— (aoc[+b[3m+cyn)2 = (aI2 +bm? +cr12) (aoa2 +bp? +cy? —1)

locus of (1) is
{aa(x—a)+bﬁ(y_B)+CY(Z_Y)}2

= {a(x—a)2 er(y—B)2 +c(z—y)2}(aa2 +bp2 +¢y? —1)
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= {(aax + by +cyz) - (aa2 +bp% +cy? )}2

= {(ax2 +by? +c22)+(aot2 +bp? +cy2)—2(aax+b[3y+cyz)(aoc2 +bpZ +cy? —1)}
.. (4)

Let S=ax? +by? +cz% -1

S, =ao? +bp? +cy? -1

which is the required of the enveloping cone of the surface ax? + by? + cz? = 1
with vertex (a., B, y).

2 2 2
z
9. If the section of the enveloping cone of the ellipsoid—2+b—2+—2 =1
a c
where vertex is P by the plane z = 0 is a rectangular hyperbola, show
2.2 2
X<+ z
that the locus of P is — y2 +—=1.
a‘+b° ¢
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Sel :

The enveloping cone of the ellipsoid

\V]

v z

2
+ 2+—:1

Q)M| »
oy
o

2 2 2
X z
here SE—2+y—+——1
a“ b® ¢
2 2
Sl Ea—+£2+y——1
a“ b ¢

2 2 2
X_+y_+Z_:1
a“ b® c
With vertex at P(a, B, y) =1 (1)
SS, =T?
2 2 2 2 a2 2
x° YTz a® B° v ox Py vz J
—tt—=-1|| s+—5+5-1|=| 5+—=+—--1|,z=0
[a2 b2 2 j(a2 b2 2 J (a2 b2 2 ... (3)

Equation (3) represents a conic is the plane z = 0
If (3) represents a rectangular hyperbola
from (3)

HEEREERITRI T
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= Coefficient of x? + Coeffient of y> = 0

Proof :

Let (o, B, y) be a point on the enveloping. Cylinder, So that the equation of the
generator through it are

Xx-—a_y-f_z-y
I m n
x=Ir+a, y=mr+f z=nr+y

=r

(r+ o, mr+pB, nr+vy)
a(lr + a)2 + b(mr + B)2 + c(nr +y)2 =1

: 139 ',
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a(Pr? + o? + 2kkd) + b(m?? + B2 + 2mr B) + c(n?P + y? + 2nry) = 1

alr? 4+ ao? + 2alroe + bm?2 + bp2 + 2bmrp + cn? + cr? + 2nenry -1 =0
r?(al + bm? + cn?) + 2r(ala. +bmp + Cny) + (ac? + bp2 + cy?-1) =0
(alo. + bmp + cny)? = (alP + bm? + cn?) (aa?® +bp2 + cy? -1)

Thus, the locus of (a, B, y) is the surface
(ax2 +by? +cz? - 1) (al2 +bm? + cn2) =(alx +bmy + cnz)2

which is required equation of the enveloping cylinder.

The generator of the enveloping cylinder touch the quadraic at point where it is
meet by the plane alx + bmy + cnz = 0

which is known as the plane of contact

10.

Sl :

Find the equations to the tangent planes to the surface
4x? -5y +72%2 +13 =0 parallel to the plane 4x + 20y - 21z =0 find
their point of contact also.

Given that the equation of coincoid is 4x? -5y +72% +13=0

= divide by -'13!

[—1113}‘2 _(—?SJVZ {—13}22 +[%j -0
ENEREE

and equation of plane is 4x + 20y —21z=0 .. (2)

Comparing equation (1) with ax? +by? +cz? =1

-4 5 -7

a=— b c=—

13 13 13

Comparing equation (2) with /x+my+nz=p

=4 m=20 n=-21

Rahul Publications
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+

The equation of any tangent plane is givenby /x+my+nz==*

Substitute the corresponding values in above equation.

4x+20y—21z =+ \/ (4" (20)° N (-21y?

(*413) ' (%43) (“743)

The point of contact is (1, -4, -3)

-. The point of contact of equation (3) (+1,+4,+3)

11. Find the locus of the perpendicular from the origin to the tangent

2 2 2
z

planes to the surface —2+Z—2+—2=1 which cut off from its axes
a c

1
intercepts the sum of whose reciprocals is equal to a constant K

J
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Sl :

2 2 2
X Z

Given that equation of ellip soid is — +y_2 +—=1
a c

The equation of any tangent plane to equation (1)

/X +my+nz = \/a2£2 +b%m? +c?n?

. (1)

. (2)

The equation of perpendicular from the centre (0, 0, 0) of equation (1) to equation

(2)

y_2

n
Since equation (2) makes the intercepts on the co-ordinates axes.

Ix = \/a2€2 +b%m? +c2n?

X = %\/a2€2 +b%m?2 +c%n?

my = \/a2£2 +b%m? +c?n?

1
y= —\/a2€2 +b%m? +¢?n?
m

and nz= \/azé2 +b2m? + ¢%n?

1
zZ= —\/a2€2 +b%m?2 +c%n?
n

The sum of reciprocals of intercepts is given by X

111 1
ie. y 7k
V4 m

n 1

= + + =
\/azéz +b%m? + c?n? \/azéz +b%m? + c?n? \/azéz +b%m? + ¢®n? k

/+m+n 1

- ——
\/azéz +b%m? + c?n? k

k(£+m+n) = \/a2€2 +b%m? 4+ c2n?

Rahul Publications
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Squaring on both sides
k? ({+m+ n)2 =a?(? +b%m? + ?n?

. The required locus is a®x? +b%y? +c222 =k?(x +y + 2)2

12. P(1, 3, 2) is a point on the coincoid x2 -2y2 +322+5=0 find the
locus of the mid - points of chords drawn parallel to OP.

Since, it passes through origin — k =0

Substitute the value of k =0 in equation (3)
x' =6yl +621 +0=0
= x! -6yt +62' =0

. Thelocus of the mid - points of chords drawn parallel to OP is x —6y +6z =0.

: 143 ,'
Rahul Publications



B.Sc Il YEAR V SEMESTER

‘ Choose the Correct Answer I

1.  How many normals can be drawn from any point to a conicoid. [b]
(@) 2 (b) 6
(c) 8 (d) 4
2. Condition that the plane /x+my+nz=p should touch the ellipsoid
2 2 2
X Y z .
2T TE (a]
2 w2 n2
(@) a?/% +b?m? +c?n? = p? (b) a_2+b_2+ > TP
2 2 2 2 2 2
() L mo.nt 2 @ Lm0t
a b c a b c
K2 2 2
3. The surface represented by the equation — —b—2 —— = 1is [d]
a c
(a) Ellipsoid (b) Hyper boloid of one sheet
(c) Paraboloid (d) Hyperboloid of two sheet
4.  Straight line which intersects a central collicoid in two coincodent points is called
a [c]
(a) Polar line (b) Diameter
(c) Tangentline (d) Chard of contact

5. If the plane x+2y—2z=4 touches the paraboloid 3x? +4x? = 24z then the

point of contact is [c]
(@) (1,2,3) (b) (1,2,4)
(c) (2,3,2) (d) (3,2,1)

6.  The locus of the centres of section of central coincoid which pass through a
given line is a [c]
(a) Paraboloid (b) Pair of straight line
(c) Conic (d) Circle
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7. Number of normals that can be drawn through a given point to a paraboloid is

[c]

3
6

8. The plane 2x + 3y + 4z =3 touches the conicoid 2x? +3y2 +4z% =1at [c]

g
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‘ Fill in the blanks I

1.

v N o

aax +bBy =c(z+7) is the equation of the polar plane of the point (o,B,v) with
respect to the paraboloid

The locus of the point of intersection of three mutually perpendicular tangent
planes to the paraboloid _____is a sphere.

The equation of the locus of the mid point of system of parallel chords with
directions cosines |, m, n of the conicoid ax? +by2 +cZ=11is

The equation of an ellipsoid is

Two diametral planes of the paraboloid ax? + by? = 2cz are called

each bisects the chords parallel to the other. y
b
The General equation of a hyperbolic paraboloid is X—2 —b—2 =
a

The pole of the plane /x +my +nz = p with respect to the conicoid is
ax? +by? +cz? =1 is the standard equation of the

The central conicoid ax?® + by2 +cz =1isan ellipsoid of the constant a, b, c are
all

The centre of the central conicoid ax” + by2 +cz? =1 is at the

ANSWERS
1. ax®+by? =2cz
2. ax’+ by2 =2cz
3. alk+bmy+cnz=0
4. ax?+ by2 +cz? =1
5. Conjugate
o
8. Conicoid
9. Positive
10. Origin
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‘ Proactical Problems I

UNIT -1
ANSWERS

1. Find the equation of the sphere through the four points (Unit-I, Q.No. 5)
(47 _17 2)7 (07 _27 3)7 (17 _57 _1)7 (27 07 1)

2. Find the equation of the sphere through the four points (Unit-1, Q.No. 9)
(07 07 0)7 (_a7 b7 C)7 (a7 _b7 C)7 (aa _ba C)a (a, b7 _C)'

3. Find the centre and the radius of the circle x + 2y + 2z (Unit-1, Q.No. 16)
=15 x2+y?+ 22 -2y -4z = 11.

4.  Show that the following points are concyclic: (Unit-I, Q.No. 17)

i) (5,0,2),(2,-6,0),(7,-3,8), (4, -9, 6).
(ii) (=8, 5,2), (-5, 2, 2), (-7, 6, 6) (4,3, 6).

5.  Find the centres of the two spheres which touch the (Unit-1, Q.No. 33)
plane 4x + 3y = 47 at the points (8, 5,'4) and which
touch the sphere x? + v + 22 = 1.

6.  Show that the spheres x? + y? + z2 = 25, X2 + y? + 22 (Unit-I, Q.No. 28)
-24x-40y- 18z + 22 5 = 0 touch externally and find
the point of the contact.

7. Find the equation of the sphere that passes through (Unit-1, Q.No. 29)
the two points (0, 3, 0), (-2, -1, —4) and cuts ortho-
gonally the two sphere x?+y?+2z2+x -3z -2 = 0,
22+ y?+22)+x+3y +4=0.

8. Find the limiting points of the coaxial system of (Unit-1, Q.No. 30)
spheres. x? + y? + z2 - 20x + 30y — 40z + 29 +
AM2x -3y + 4z) = 0.

o. Find the eqution to the two spheres of the coaxial (Unit-1, Q.No. 31)
systems X2 + y2 + 22-5 + A(2x+y+32z-3) =0
which touch the plane, 3x + 4y = 15.

10. Show that the radical plane of the sphere of a coaxial (Unit-1, Q.No. 32)
system and of the given any sphere pass through a line.
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UNIT -11
ANSWERS
1. Find the equation of the cone whose vertex is the (Unit-11, Q.No. 2)
pomt 1,1,0) and whose guiding curve isy = 0,
X+ z¢2=4.
2. The section of a cone vghose vertex is P and guiding (Unit-11, Q.No. 16)
curve the ellipse X—+ =1,z =0by the planez = 0
is a rectangular hyperbola. S/T the locus of p is
2 2
X yb#zl ‘
a
3.  Find the enveloping cone of the sphere x? + y? + z2 (Unit-I1, Q.No. 7)
- 2x + 4z = 1 with its vertex are (1, 1, 1).
4.  Find the equation of the quadric cone whose vertex is (Unit-II, Q.No. 8)
at the origin and wh1ch passes throu h the curve given
by the equation ax? + by? +cz?=1, Ix + my + nz = P
5.  Find the equation of the cone whose vertex is at the (Unit-1II, Q.No. 48)

origin and the direction cosines of whose generators
satisfy the relation 3/ — 4m? + 5n? = 0.

6.  Find the equation of the cylinder whose generators are (Unit-I1, Q.No. 40)

1 1
parallel to x = -V =2 and whose guiding curve is

2 3
the ellipse x* + 2y?> =1,z = 3.
7. Find the right cylinder whose radius is 2 and axis is (Unit-1I, Q.No. 44)
the line x_l_y;Z_é‘
1 2
8. The axis of a right circular cylinder of radius 2 is (Unit-1I, Q.No. 45)
x-1_y_z-3 : o
5 3 1 shows that its equation is
10x2+5y2+13z*-12xy — 6yz — 47x — 8x+30y
-74z + 59 = 0.
o. Find the equation of a circular cylinder whose guiding (Unit-11, Q.No. 46)
curve x* +y? +22=9, x-y+z=3.
10. Obtain the equation of the right circular cylinder (Unit-II, Q.No. 47)
described on the circle as guiding circle (1, 0, 0),
(0, 1, 0),(0, 0,1).
l| 148 ,'
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SOLID GEOMETRY

UNIT - 111

1.  Find the points of intersection of the line —%(x+5)

=(y-4)=%(z-11) with the conicoid 12x% — 17y? +
722 =17.

2.  Find the equation to the tangent planes to 7x? — 3y?
— 22 + 21 = 0 which pass through the line 7x — 6y

+9=0,z=3.
3.  Obtain the tangent planes to the ellipsoid,
K2 y2 72
Z_4+2_+4+Z_=1, which are parallel to the plane.
a? b? c?

Ix + my + nz = 0.

4.  Show that the plane 3x + 12y — 6z — 17 =0 touches
the conicoid 3x? — 6y? + 922 + 17 = 0 find the point
of contract.

5.  Find the equations to the tangent planes to the surface

4x? — 5y?+77%+13=0 parallel to the plane
4x + 20y — 21z =0 find their point of contact also.

6.  Find the locus of the perpendicular from the origin
2 2 2
X Z
to the tangent planes to the surface —+ i—2+ —=1
a c

which cut off from its axes intercepts the sum of

whose reciprocals is equal to a constant

E .
7. If the section of the enveloping cone of the ellipsoid
K2 Y2 g2
a_2+ b—2+ z 1 where vertex is P by the plane z = 0

is a rectangular hyperbola, show that the locus of

. X2+y2 22
Pis ﬁ+—2=1‘
a“+b® ¢

ANSWERS

(Unit-11I, Q.No. 2)

(Unit-111, Q.No. 4)

(Unit-11I, Q.No. 5)

(Unit-11I, Q.No. 7)

(Unit-III, Q.No. 10)

(Unit-II1, Q.No. 11)

(Unit-11I, Q.No. 9)

g
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8.  Any three mutually perpendicular lines drawn (Unit-II1, Q.No. 8)
through a fixed point ¢ meet the conicoid
ax? + by? + cz2 = 1.

9. P(1, 3, 2) is a point on the coincoid x? — 2y? (Unit-111, Q.No. 12)

+ 322 + 5 = 0 find the locus of the mid -
points of chords drawn parallel to OP.

g
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FACULTY OF SCIENCE

B.Sc lll Year, V-Semester Examination
Model Paper - |

SOLID GEOMETRY

Time : 3 Hours ] [Max. Marks : 60

PART - A (5% 3 =15 Marks)
Answer any Five of the following

ANSWERS

Find the equation to the sphere through the points (Unit-1, Q.No. 4)
(0,0,0), (0,1-1), (-1, 2,0), (1, 2, 3).
Obtain the equation of the sphere passing through the three  (Unit-I, Q.No. 15)
points (1, 0, 0), (0, 0) and has its radius as small as possible.
Show that a cone of second degree can be found to pass (Unit-11, Q.No. 11)
through any five concurrent lines.
Show that a quadric cone be found to touch any five planes (Unit-II, Q.No. 25)
which meet at a point provided no three of them intersect
in a line find the equation of the cone which touches the
three co-ordinates planes and the planes x + 2y + 3z =0,
2x + 3y + 4z =0.
If the plane 2x —y + cz = O cuts cone yz + zx + xy = 0 (Unit-II, Q.No. 27)
in perpendicular lines, find the value of c.
Find the equation of the plane of contact of the point (Unit-11I, Theorem: 3.3)
(x,, Y,, z,) with respect to the conicoid ax* + by* + cz* = 1.
If the line of intersection of two perpendicular tangent (Unit-III, Q.No. 6)
planes to the ellipsoid where equation referred to

2 2 2
rectangular axes is a_2+b_2+c_2:1 passes through the

fixed point (0, 0, k) show that it lies of the cone.

If the section of the enveloping cone of the ellipsoid (Unit-III, Q.No. 9)
x2 g2 2
—+=5+—5=1 where vertex is P by the plane z = 0
a“ b® ¢
Cx24y2 2
is a rectangular hyperbola, show that the locus of P is — o2 t—== 1.
a C
|l 151 ',
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PART -B (3 x 15 = 45 Marks)
Answer all the following three questions
Each question carries fifteen marks
9. (a) Find the value of a for which the plane x + y + z

= a\/§ touches the sphere x? + y? + 22 — 2x — 2y
-2z2-6=0.
OR

(b) IS, =0,S, = 0be two spheres, then the equation
S, + A S, = 0. A being the parameter, represents a
system of sphere such that any two members of the
systems have the same radical plane.

10. (a) (i) Find the point of intersection of the line

— - zZ—
XTa y—B: y=rar1dthec:or1e
Y m n

f(x,v, z) = ax® + by? + & + 2fyz

+ 2gzx + 2hxy =0.

(i)  Prove that the cones ax?+by?+cz?=0

2 2 2

and :_'_y_ +2.20 are Reciprocal.

b c

OR

(b) Find the equation to the lines in which the plane
2x +y —z = 0 cuts the cone 4x% - y% + 322 = 0.

(Unit-1, Q.No. 22)

(Unit-1, Q.No. 27)

(Unit-1I, Q.No. 18)

(Unit-11, Q.No. 20)

(Unit-II, Q.No. 14)

11. (a) The normal at any point of a quadric is the line  (Unit-1II, Theorem: 3.2.3)

through the point perpendicular to the tangent
plane thereat.

OR

(b) Show that the plane 3x + 12y - 6z-17 =0
touches the conicoid 3x% — 6y? + 922 + 17 =0

fined the point of contract.

(Unit-1II, Q.No. 7)

g
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SOLVED MODEL PAPERS SOLID GEOMETRY

FACULTY OF SCIENCE

B.Sc lll Year, V-Semester Examination
Model Paper - I

SOLID GEOMETRY

Time : 3 Hours ] [Max. Marks : 60

PART - A (5% 3 =15 Marks)
Answer any Five of the following

ANSWERS
1.  Show that the plane Ix + my + nz = p will touch the (Unit-1, Q.No. 19)
sphere X2 + y2 + 22 + 2ux + 2vy + 2wz + d =0
(ul + vm + wn + p)? = (B 4+ m? + n?) (u? + v + m? — d).
2. Find the centre and the radius of the circle x + 2y + 2z (Unit-1, Q.No. 16)
=15 x2+ y?+ 22 -2y -4z = 11.
3. Find the condition that the plane ux + vy + wz = 0 (Unit-I1, Q.No. 24)

may touch the cone ax? + by? + cz2 = 0.

1
4. If x= Ey =2z represents one by a set of three mutually (Unit-1I, Q.No. 26)

perpendicular generators of the cone 11yz + 6zx
-14xy =0 find the equation of the other two.

5. Find the equation of the right circular cone with its (Unit-I1, Q.No. 29)
vertex at the origin, axis along z—-axis and semi vertical
angle o.

6. Find the points of intersection of the line (Unit-III, Q.No. 2)

1 1
—=(x+5)=(y-4)==(z-11
L (x+5)~(y - 4)= 5 (e-11)
with the conicoid 12x% — 17y? + 722 = 7.
7.  Tangent lines and tangent plane at a point, let the (Unit-11I, Q.No. 3)
equation to the conicoid be S = ax2+by2+cz2 -1=0

8.  The six normals drawn from any point to a central ~ (Unit-III, Theorem: 3.2.5)
quadric are the generator of a quadric cone.

l| 153 ,'
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10.

11.

PART -B (3 x 15 = 45 Marks)
Answer all the following three questions
Each question carries fifteen marks

Obtain the equation of the sphere passing through (Unit-1, Q.No. 15)
the three points (1, 0, 0), (0, 1, 0), (0, 0) and has its
radius as small as possible.

OR

Show that the equation of the sphere passing (Unit-1, Q.No. 14)

through the three points (3, 0, 2), (-1, 1, 1) (2, -5, 4)

and having its centre on the plane 2x + 3y + 4z = 6

isx2+y?+22+4y-62z=1.

Find the point of intersection of the line (Unit-II, Q.No. 18)

x—0o_y-B_z-7
1 m n

+2fyz+2gzx+ 2hxy=0

=r and the cone f(x,y,z) = ax’+by’+cz*.

OR

(i) Find the conditions that the lines of section (Unit-II, Q.No. 21)
of the plane Ix + my 4+ nz =0 and the cones
fyz + gzx + hxy =0, ax?+by*+cz’=0
should be coincident.

X z
(ii) The plane ;‘*‘ %‘*‘ €= 1 meets the coordinate (Unit-II, Q.No. 12)

axes is A, B, C. Prove that the equation to the
cone generator by lines drawn from 0 to

b ¢ c a
meet the circle ABC is Y2 [—“‘—J"‘ZX (—"‘—J +
b c b a ¢
a
“{b aJ
1

Let the conicoid ax? + by? + cz?2 = 1, 1 + ™ + 1 >0 (Unit-111, Theorem: 3.2.2)
a c

have a set of three mutually perpendicular tangent

planes and P be their common point. The locus of

1 11
Pisthe sphere x? + y? + 22 = —+—+—.
a b ¢

Find the equation of the enveloping cone of the  (Unit-1II, Theorem: 3.4)

surface ax? + by? + cz2 = 1 with vertex (a, B, 7).

Rahul Publications
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B.Sc lll Year, V-Semester Examination
Model Paper -l

SOLID GEOMETRY

Time : 3 Hours ] [Max. Marks : 60

PART - A (5% 3 =15 Marks)
Answer any Five of the following

ANSWERS

1.  If the tangent plane tot he sphere x? + y? + z2 = r? makes (Unit-1, Q.No. 21)
intercepts a, b, ¢ on the coordinate axes, show that

i,1,1_1
a’? b%2 2 %
2. IfS, =0,S, = 0 be two spheres, then the equation (Unit-I, Q.No. 27)
S, + A S, = 0. A being the parameter, represents a system
of sphere such that any two members of the systems have

the same radical plane.
3.  Find the value of a for which the plane x + y + z = a,/3 (Unit-I, Q.No. 22)

touches the sphere x? + y? + 22 - 2x - 2y -2z -6 = 0.
4. Find the equation of the cone generated by rotating the line  (Unit-II, Q.No. 31)

XY o2 qbouttheline X=¥ =2 a5 axis.
/" m n a b ¢
5. Find the equation of the right circular cone which passes (Unit-I1, Q.No. 32)

through the point (1,1,2) and had its vertex at the origin,
axis the line =¥ -2
2 4 3

6.  The six normals drawn from any point to a central (Unit-I1I, Theorem: 3.2.5)
quadric are the generator of a quadric cone.

7.  Any three mutually perpendicular lines drawn through (Unit-11I, Q.No. 8)
a fixed point ¢ meet the conicoid ax? + by? + ¢z = 1.
8.  Find the enveloping cylinder of the conicoid ax? + by? (Unit-III, Theorem: 3.5.1)
vy z

+ cz? = 1 with its generators parallel to the line %= =
m n

|l 155 ',
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PART -B (3 x 15 =45 Marks)
Answer all the following three questions
Each question carries fifteen marks
9. (a) Equation to the radical plane of spheresS = 0,S! =0 (Unit-1, Theorem: 1.7)
inS-S!'=0.
OR
(b) Show that the spheres x? + y? + z2 = 64 and x? + y? (Unit-I, Q.No. 20)

+ 22 - 12x + 4y — 6z + 48 = 0 touch internally and
find their point of contact.

10. (a) If a is the semi vertical angle of the right circular cone  (Unit-II, Q.No. 35)
which passes through the lines oy, oz, x =y = z show

that cos a=(9 - 4\/§)

-1/2

OR
(b) Find the equation of the cylinder whose generatorsiare ' (Unit-1I, Q.No. 40)

X Z
parallel to e and whose guiding curve is the

ellipse x? + 2y? =1, z=3.

11. (a) Letthe conicoidax® + by? + cz2 =1, 1 + l+ 1 > (0 (Unit-1II, Theorem: 3.2.2)

a c
have a set  of three mutually perpendicular tangent
planes and P be their common point. The locus of P

is the sphere x% + y? + 22 = l+l+l.
a b ¢
OR

(b) If the section of the enveloping cone of the ellipsoid (Unit-III, Q.No. 9)

2 2 2
X
a—2+ y_2+ z 1 where vertex is P by the plane z = 0

is a rectangular hyperbola, show that the locus of P is

x2+y2 22
NIV
a‘+b c

g
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FACULTY OF SCIENCE
B.Sc. V - Semester (CBCS) Examination

June / July - 2019
SOLID GEOMETRY

PAPER - VI (A) : (MATHEMATICS)

Time: 3 Hrs] [Max. Marks : 60

PART-A (5 x 3 =15 Marks)
[Short Answer Type]

Note : Answer any five of the following questions
Find the equation of the sphere through the four points.
(0, 0, 0), (-a, b, ¢, (a, b, ¢, (a, b, —)
Find the equation of the tangent plane to the sphere
3(x2+y?+2%)-2x-3y-4z-22=00

Find the equation of the cone whose vertex is at the origin and which passes
through the curve by the equations.

ax> + by’ +cz2=1,Ix + my + nz = p.

Show that the general equation of a cone which touches the three coordinate
planes is \/fx * \Jay =+/hz = 0.

Find the equations to the tangent planes to 7x? — 3y? — z? + 21 = 0 which passes
throught he line 7x -6y + 9 = 0, z = 3.

Find the pole of the plane Ix + my + nz = p with respect to the quadratic ax? +
by? + by? + cz? =1.

Find the sphere having the circle x2 + y2 + 22 + 10y -4z-8=0,x+y +z =
3 as the great circle.

Find the equation to the cone which passes through the three coordinate axes
as well as the two lines.

_J_z X _V_
3’ 31

X_Y _ .
1 -2 -1 1

l| 157 ,'
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10.

11.

PART - B (45 Marks)
[Essay Answer Type]

Note : Answer all from the following questions.

Find the equation of the sphere that passes through the two pints (0, 3, 0),
(-2, -1, —4) and cuts orthogonally the two spheres x? + y? + 22 + x — 3z -
2=02x2+y*+2%)+x+3y+4=0.

OR
Find the equations to the two speheres of the co-axial system
X+ +22-5+A2x+y+32-3)=0
Which touch the plane 3x + 4y = 15.

Find the angle between the lines of intersection of 10x + 7y — 6z = 0 and
20x? + 7y?-108z2 = 0.

OR

Prove that the tangent planes to the cone x% — y? + 2722 — 3yz + 4zx - 5xy =
0 are perpendicular to the generators of the cone.

17x% + 8y? + 2922 + 28yz — 46zx - 16xy = 0.

Show that the enveloping cylinders of the ellipsoid ax? + by? + ¢z = 1 with
generators perpendicular to z-axis meet the plane z = 0 in parabolas.

Find the locus of points from which three mutually perpendicular tangent
lines can be drawn to the conicoid ax? + by? + ¢z = 1.

Rahul Publications
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FACULTY OF SCIENCE
B.Sc. V - Semester (CBCS) Examination

November / December - 2018

SOLID GEOMETRY
PAPER -V : (MATHEMATICS)

Time : 3 Hrs] [Max. Marks : 60

PART - A (5% 3 =15 Marks)
[Short Answer Type]

Note : Answer any five of the following questions

ANSWERS

1.  Find the centre and radius of the sphere
2x2 + 292 + 222 -2x + 4y + 22+ 3 =0
Sol ;
The given sphere equationis
2x2+ 202 + 222 -2x +4y + 22+ 3 =0
To get into general form, divid by ‘2’

3
x2+y2+22—x+2y+z+§=0 (1)
The sphere equation

X242 + 22 -x+2ux + 2vy + 2wz +d =0 ..(2)

Compare (1) with (2)

2u=-1 2v=2 2w =1 d=

N|jw  N|w

g
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Radius r= /2,2 42 _4

_ 3
V2 2

=0
2. Find the limiting points of the co-axial system define by the sphere.
X2+ y2+ 22+ 3x-3y+ 6 =0andx2+ y2 + 22~ 6y -6z + 6 = 0.
Sol :
Given sphere are
s, =X+ Y2+ 22+ 3x-3y +6=0
s,=x2+y?+22-6y-6z2+6=0

The redical plane of two sphere is

s,-s,=0
4+ yP+ 22+ 3x-3y+6-x2-y2-22+6y+62-6=0
3x+ 3y +62=0

x+y+2z2=0
u=x+y+2z
The equation of coaxial system of sphere are s, + Au = 0
X+ +22+3x+3y+6+A(x+y+22)=0
X+ +22+xB+A)+y(-3+A)+2Lz+6=0
Centre of the above sphere is

~(3+2) (-3
C= (2 ) (2 ) - andd = 6

l 160 ,'
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for limiting points radius r = 0

2 2
rA+3 n r-=3 +7\.2—6=O
2 2

squaring on both sides

(r+3)? s (r-3)
4 4

+22-6=0

M+I9+60+A2+9-61+402-24=0

6.2-6=0
6).2=6
k2=g,k=i1

Sub A in centre, we get

[—(3+1) —(1—3),_1} {—(3—1) ~(-1-3) )

2 2

42 124,
| 22 272

(-2,1,-1) (-1,2, 1)

The limting points of the coaxial

system is [-2, 1, -1] & [-1, 2, 1]
3.  Find the equation of the cone whose vertex is the point

(1, 1, 0) and whose guiding curve isy = 0, x> + 22 = 4. (Unit - II, Q.No.2)
4.  Show that the general equation to a cone which passes

through the three coordinate axes is fyz + gzx + hxy =0

where f, g, h are parameters. (Unit - II, Q.No.71)

l 161 ,'
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Sl :

x+5_y74_2—11
3 1 7

Find the points of intersection of the line

with the conicoid 12x% - 17y? + 722 = 7. (Unit - III, Q.No.2)
Find the enveloping cylinder of the conicoid

ax? + by? + ¢z = 1 with its generations

parallel to the line §= % = (Unit - 11I, Q.No.3.5.1-Theorem)

SN

Find the equation of the sphere through the circle
X +y2+22=9, 2x+ 3y + 4z = Sthenpoint (1, 2, 3). (Unit - I, Q.No.12)
Find the enveloping cone of the sphere
X2 + y? + 72— 2x + 4z -1 = O with its vertex at (1, 1, 1). (Unit - I, Q.No.7)
PART - B (45 Marks)
[Essay Answer Type]

Note : Answer all from the following questions.

(a) Show that the two circles
22+ 2+ 22+ 8x- 13y +172-17=0=2x+y-3z+ 1
and x>+ 2+ 22+ 3x-4y+3z=0=x-y+2z-4

lie on some sphere and find its equation.

Given two circles are
22+ P +2%) +8x-13y +172-17=0=2x +y-3z+1 ..(1)
X+y2+22+3x-4y+32z=0=x-y+22-4 ..(2)
from (1)

13 17 17
2 2 2 - — —_— - — =
X2+ y? + 22 + 4x oYt - 0

Rahul Publications
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equation of the sphere through the circle (1)

13 17 17
(x2+y2+22+4x—7y+ 72—7) +A 2x+y-32-1)=0
13 17 17
x2+y2+22+4x—7y+ Sz- 5t 2 x+Ay-3zA, -2, =0
13 17 17
x2+y2+22+(4+2k1)x+(k1—7)y+z(7—3k1)—7—k1=0
..(3)

equation of the sphere through the circle (2)
2+ y2P+22+3x-4y +32) + A, (x-y +22-4)=0
XX+ yP+zZ2+ B+ A)x+ (-4-A)y+ (3 +2)0)z-4xk, =0
..(4)
The equation (3) & (4) will represents the same sphere
44+ 2% =3+,
= 20 -1, +1=0 (1)

13
M- = =4,

5
= Ay Fh,- 5 =0 ()

17
7—3%1 =3 + 24,

11
= -3\, -2)\, + 5 = 0 ... (i)

17
o + A, =—47\.2

solving (i) & (ii)

g
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A A, 1
-1 1 2 -1
-5
1 ~ 11
xl hg 1

Mot 1
376

2

M 1 1
_ = 7\/:—
§ 3= M™%
2

rp _ 1

6 3

A, =2

sub A, in equation (3) we get

13 17 17} 1

2 2 2
[X tyT+z +4X—7V+7Z—7 +§(2x+y—3z—1)=0

13 17 17 2 1 3
x2+y2+22+4x—7y+ a

o “a a - Z

1
2iT gty Yot
X+ +22+5x-6y+72-8=0
substiting A, in equation (4) we get
+yP+22+3x-4y+3z+2((x-y+22-4)=0

XX +yP+22+5x-6y+82-8=0

OR
l 164 ,'
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10.

11.

Sl :

(b) Two spheres of radii r, and r, cut orthogonally. Prove that

Lt

the radius of the common circle is \/7 (Unit - I, Q.No.24)

2 2
| SR )

(a) Find the equations to the lines in which the plane

2x + y—z = 0 cuts the cone 4x? —y?> + 3z2 = 0. (Unit - II, Q.No.14)

OR

(b) Find the equation of the right circular cone with its vertex at

the origin, axis along z-axis and semi vertical angle a.. (Unit - II, Q.No0.96)
(a) Find the equations to the two planes which contain

the line given by 7x + 10y —30 = 0, 5y — 3z = 0 and

touch the ellipsoid 7x? + 5y? + 3z2 = 60.

The equation in of the ellipsoid
2 2 2
a b C

The standard equation of ellipsoid ax? + by? + ¢z = 1
Now the equation of any plane through the given line is
7x +10y-30-X (5y-32) =0
7x + (10 + 50) y-3rz-30=0
Comparing this with Ix + my + nz = p
=17, m=10+5L. n=-3A
p=30
The condition for tangency is,

12 m? n2
—_ 4+ — 4+ — =p2
a b c

g
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2
4_79 N (10+55x) N (—33%) _ 30y
60 60 60
222 +5L+3=0
22 +20+30+3=0
20+1)+3 A +1)=0
Ar=-1,and 2L =-3

,_ .3
2
f r=-1

7x +10y-30-1(5y-32) =0
7x+ 10y -5y + 3z-30=0
7x+5y+32-30=0

3
If k=—§

3
7x + 10y—30—§ [By-3z] =0

14x+ 20y~ 60-15y + 92 =0
14x -5y-92-60 =0
OR
(b) Find the locus of points from which three mutually

perpendicular tangent lines can be drawn to the conicoid
ax? + by? + cz2 = 1. (Unit - III, Q.No.8)

g
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