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1.1 INTRODUCTION TO DIFFERENTIAL c)  Partial differential equations
EQUATIONS OF FIRST ORDER A differential equation which contains two or
AND FIRsT DEGREE more independent variables and partial
O1. Define derl\_/atlv_es Wlth respect _to them is called a
partial differential equation.
a) Differential equations
b) Ordinary differential equation Eg: o’u  d°u o \
c) Partial differential equation S ox? . oy? 6zt
d) Order ofa differential equation d) Order of a differential equation
€) Degree of differential equation The order of the highest order derivative
Ans involved in a differential equation is called
) ) ) the order of the differential equation.
a) Differential Equations
An equation involving derivaties or Eg: dy=(x+sinx)dx isfirstorder equation.
differentials of one-or more dependent
vaiables with respect to one or more o’u 0°u o4 B
independent variables is called differential PV Py T
equation. ] )
is second order equation.
Eg: d_y:sinx+ COSX e)  Degree of differential equation
dx
The degree of a differential equation is the
2 2 2 degree of the highest derivative which occurs
ov 0V 0V o . . .
>+ —+— =0 in it, after the differential equation has been
ox® oy° oz made free from radicals and fractions as far
as the derivatives are concerned.
d® d*  (dx) 2 3y’
—+—+ — | =¢' Eg: v =K v
dt® dt dt ©ot? ox®
b)  Ordinary differential equations The degree of differential equation is ‘2’.
A differential equation which involves 4 ) 5
derivatives with respect to single independent d’x  d“x J{d_XJ et
variable is known as an Ordinary equation. dt*  dt? \dt
Eg: xy"'+y'+xy=0 of degree is ‘1’.
{1}
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»  Anordinary differential equation of the first order and first degree is of the form
dy
——+f(x,y)=0
5 TTxy)

which is written as Mdx + Ndy =0 where M and N are functions of x and y or constant.

I 1.2 EoquaTiOoNs IN WHICH VARIABLES ARE SEPARABLE

Q2. Explain the working rule of variable separable.

AnS :

. . . dy : dy ()
If the differential equation v f(x,y) can be expressed in the form =3 ) where f and g
X 2

dx
are continuous functions of a single variable, It is said to be of the form variable separable.

Working Rule to find the General Solution

f (X
1.  The given equation ay_ M can be written by separating variable as
dx  f,(y)
f (x) dx = f(y) dy . @)
2. Integrable both sides of (1) and adding an arbitary constant of integration to any one of the two
sides.

3. General Solution of (1) is [f,(x)dx= [f,(y)dy+Cwhere C is constant of Integration, is the
required solution.

Q3. Solve (1-x)dy+(1-y)dx=0
Sol :

The given equation is (1—x)dy +(1-y)dx =0 which can be written as

. 1 1
By Integrating, [——dx+[——dy=C
J | Jl—x Jl—y d

log(t - X)(-1) + log(L - y)(-1) = ~log C,
—log(1-x)—-log(l-y)=-logC,
log(t - x)+log( - y)] = —log C,
log1 -x)(1-y) =log C,
(L-x)1-y)=C,
.. The required solution is (1—x)(L—y)=C.

2
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dy _ x(2logx+1)
Q4. Solve 4y = Siny+ycosy

Sol :

Given that dy _ x(2logx+1)

- which may be written as
dx siny+ycosy

(siny + ycosy)dy = x(2log x +1)dx

By Integrating, we have

jsin ydy + jycos ydy = ij log xdx + jxdx

We know that  [UV =U| Vdx —jul[Ide]dx

= —cosy+y'fcosydy—'fdiy(y)Ucosydy}dy - Z{Iog xjx dx —J&dex]dx} + J'xdx

2
= —cosy+ysiny—Jsinydy = Z[Iogx%—jgdx}ﬂ‘xdx

x? x*| x?
- +ysiny+ ¢ =2/ logx—-"—|+=—+C
= y +ysiny {9 5 4} 5
x? 2x?  x?
siny = 2—Ilogx — +—+C
ysiny = 27 logx - -+

2
ysiny=x2Iogx—}(2Z+}(2Z+C

ysiny = x*logx + C Wwhich is the required solution.

Q5. Solve (e¥ +1)cosxdx + e’ sinxdy =0
Sol :

Given that (e¥ +1)cosxdx + e’ sinxdy = 0 which can be written as

y
05X gy, € gy g
sinx e’ +1)

By Inegrating, we have

{ 3 }
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y
J~c9sde+J- © dy=C
sinx (e +1)

ey
(e’ +1)

Icotxdx+j dy=C

logsinx +log(e’ +1)=logC
log[ sinx + (e’ +1)] =log C

- sinx(e? +1) = C Which is required solution.

d
Q6. Solve d—i=(4X+Y+1)2

Sol :

Given that dy _ (Ax +y+1y
dx

Letdx+y+ 1=V . @)
differentiating (1) with respect to X.
Then, we get
4 + d_y = d—V
dx dx
dy ~dv
ax dx .. (2)

By using (1) and (2) in given equation

N 4y
dx

d—V:V2+4
dx

Now separating variable of X and V.

Th h dx = v
en we have, V2.4
1

By Integrating, IdX = IVZ 2 dv

dv .. dx 1 .X
jdx:jm {.J.XZJraz—atan a}

{4 }
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X+ C =£tan‘l
2
2x +C =tan X
2
tan(2x+C):%

V = 2tan(2x + C)

<

N

s 4x+y+1=2tan(2x + C) which is required solution.

Q7.
Sol :

Solve % = sin(X+Yy)+cos(x+Y)-
X

d .
Given that d—§= SiN(X +y) + COS(X + )

Letx +y=V
Differentiating (1) with respect to ‘x’
Then we get

Ly _dv
dx dx

dy _av _,
dx dx

By using«(1) and (2) in given equation

d—V—l:sinV+cosV
dx

d—\/=sinV+cosV+1
dx

av

= 2sin Xcosl+ 2c0s?
dx 2 2

N <

sinx
= 2c0s? v

COS —

av _ Zcos2X tanx+1
dx 2 2

. (1)

. (2)

2 sin@ = Zsingcosg
But 0
cosf+1= 200525

g

Rahul Publications
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dv consider
v v 1 & B
2cosz{tan+1} 1 :A+
2 2 y(l-ay) y 1-ay
LoeerV 1=A(1-ay)+B(y)
2 2
dV =dx 1
1+tan Y Ify=~
2 a
By Integrating, = [1_;{1D+ B(l}
a a
1secZX 1= B[l}
I 2 \2/ dv = jdx +C a
1 _
i
If y=0

Iog(l+tan%J:x+C

X+Yy h
log| 1+ tan =x+C
g( " 2 ) 1

which is required solution.

Q8. Solve y—xdy a(y dy)
dx

dx .
By Integrating, we get
Sol : Yy megraiing. we @

J[l ay yj _Ia+x)

log(l —ay)(-1)+logy =
—log(l-ay)+logy =log(x+a)+1logC

Given that y—xd—yza(y2+d—y) which
dx dx log(x +a)+logC

can be written as

dy dy | Y _1-1og(C
y—xdx_ay va 09(1—ayj 0g (C(x +a))
dy y =C(x+a)
y—ayZ:(aer)d—X 1-ay

y =C(x+a)(l—ay) which is required
solution.

y(i-ay)= (a+x)j—§

d
Q9. Solve &= x*e’y

By variable separable dx

dy dx Sol :
= . (1
ya-ay) (a+x) @ &L L,
, _ _ _ Given that ——+X" =X"€"Y which may be

Resolving the left hand side into partial . dx

fraction, we get written as,
{ 6 }
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UNIT - | DIFFERENTIAL EQUATIONS
d differentiating (1) with respect to ‘x’
_y _ Xzesy _x?

dx dx
d
ey -1) dy dv
dx —==—-1 . (2)
dx dx
dy «2dx By using (1) and (2) in given equation
e’y-1
’ V2 {d—v - 1} =a’
g3y dx
*3)/—3dy = deX
e (ey_l) VZd—V_VZZaZ
dx
e »
1_ew =X vV gy
dx
By Integrating,
dv  a®+V?
3 _—
lIog(l—e’3y):x—+C dx v?
3 3 By separating variable.
logl-e®)=x%+3C 2
2V > dV =dx
1— e—3y — ex3+3cl V +a
where 3C =C, 1- a’ dV = dx
V2 +a?
=¢"e” By Integrating,
=Ce’ V—azltan‘lxzx+c

where C, =€
1-e¥ =C,e*
3
e? -1=Ce e¥

3
e3y 1= Czex +3y

which is required solution.

a a

1 X+y
a

=x+C

x+y)—atan”

1 X+Yy
a

X+y-Xx-atan-

Ty

X
ny=atant—2=x+C
a

which is required solution.

2

X+y—ady x+y+a

dy
X+yP-—ZL=a ATyTay
Q10. Solve (x+Y)" = Q11.Solve S 1 ax = x+y+b
Sol : Sol :
dy Given that
Given that (X +y)*—==a’
dx X+y-ady x+y+a
Letx +y =V . (@) X+y-bdx x+y+b
(T\
J Rahul Publications
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Let x +y=V—(@Q)
differentiating (1) with respect to ‘x’
1+ d_y — d_V = d_y — d_V -1
dx dx dx dx
By using (1) and (2) in given equation

—(2)

V-a d_V_1 _V+a
V —b| dx V+b

dav_,_V+a V-b
dx V+b V-a

dv_,_(V+a)(v-b)
dx ~ (V+b)(V-a)

d_V_Vz—Vb+aV—ab+1
dx V?-—aV+bV-ab

V2oV + a0 —ab+ V<27 + bY -ab

VZ—aV+bV-ab

dv _ 2vi<2ab
dx V?-aV+hV-ab

dv.- | 2[V* -ab]
dx V?-aV+bV-ab

By variable separable.

B 2

_Vomab gy - o
| V" —aV+bV-ab
1+V(b_a)}dV=2dx

V2 _ab

By Integrating,

v 27312V gvo2fdxsc
2 Jv?_ab

\% +%(b —a)log(V? —ab)=2x+C

{ 8 }
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UNIT - | DIFFERENTIAL EQUATIONS

x+y+%(b—a)|og[(x+y)2—ab]= 2x+C
(b-a)log| (x+y)° —ab | =4x—2x -2y +2C
(b—a)log| (x +y)* —ab]=2x -2y +2C

(b-a)log[(x+y)’ —ab]=2(x-y+C)

which is reuired solutiion.

Q12. Solve 3e* tanydx + (1 —e*)sec’ydy =0
Sol :

Given that 3¢ tanydx +(1— e")secz ydy = 0 which can be written as

X 2
3e dX+sec yd _0
1-¢* tany

By Integrating,

X 2
j 3e d)Hjsec ydy:C
1-¢* tany

f'(x
—3log(1-€*)+logtany = logC { [ % = log f(X)}
log(L-e*)® +logtany =logC
log[(1-e*)°tany | =logC

tany = C(1- e")3 which is required solution.

Q13. Solve (Xy® + x)dx + (yx* + y)dy =0
Sol :
Given that (xy? + X)dx + (yx? + y)dy = 0 which can be written as
X(y? +1dx + y(x* + 1)dy = 0

divide by (y? + 1)(x* +1)

dx +— dy=0
X +1 y +1

{ 9 }
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By Integrating,

-[xz+1dX+J‘y2y+1dy=C

1 1 1
Zlog(x? +1) +=log(y®> +1) = =log C
> o( ) > gy +1) > g

log(x® +1)+log(y* +1)=log C
log [(x2 +1)(y* + 1)} =logC

(x? +1)(y? +1) = C which is required solution.

1.3 HomoceENEous DIFFERENTIAL EQUATIONS

Q14. Define homogeneous differential equations.

AnS :

A differential equation of first order and first degree is said to be homogeneous if it can be put in the

dy y
2 L
form dx [XJ

* Working Rule for Solving Homogeneous - Equation

Let the given equation be homogeneous then by definition, the given equation can be put in the

dy [y
form ax [XJ . (1)
y _ .
To Solve (1), Let, v Ve y=vXx .. (2
Differentiating with respect to x (2) gives
By px[
ax ax .. (3)

Using (2) & (3) in (1) becomes

v+x[j—VJ:f(v)

X
dv
x—="f(v)-v
o - Tv)
Separating the variables x and v.
We have
dx _ dv
x f(v)-v

g

Rahul Publications
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By Integrating,

dv

Iogx+c:jm

Where c is arbitary constant, after integration,

replace v by %

Q15. Solve (x2 —yz)dx+ 2xy dy =0.

Sol :

The given equation is (x* —
dy = 0.
Which can be written as

y?) dx + 2xy

(x2 —yz)dx =-2xy dy

dv v?-1-2v?
X == 7

d_x 2V

dv. -v?-1
X— =

dx 2v

dv. —(v®+1)
X— =

dx 2v

22v dv = —d—X
ve+1 X

By integrating

J-2v

1
> dv:—j—dx+c
ve+1 X

Iog(v2 +1) = —log x+logc

dy X2 —y2 \
d_x_Txy Iog(v +1)+Iogx:|ogc
dy y2—x2 Iog(v2+1)x:logc
d_X_—ny (1)
S - - - (v2 +1)x =C
Which is a homogeneous differential equation
putting y = vx .. (2 ©
dy dv (XJ +1}X =C
. o ady av X
differentiating X V+de .. (3 i
Using (2) & (3) in (1) -y2 2 )
dv  vx2-x2 x?
V+X—= B
dx  2x(vx)
2 2
y X
(v X
Xy y2+x% =xC
2 2\ qy — 3 2
dv v2-1 Q16. Solve (X y —2xy )dx—(x -3x y)dy_
V+Xd—X: 2V
. . Sol :
Separating the variable, we have ) o
The given equation is
dv vi-1 2 2\ 4y — (3 _ 2y2
W v (x y — 2xy )dx_(x —3X y)dy
(11 ) —
Rahul Publications
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Which can be written as
dy  x%y-2xy?
dx  x3-3x2y
X [Xy— 2y2]
- )(/[x2 - 3xy}

dy xy-2y° .

dx  x2_3xy .. (1)
Which is a homogeneous equation.
Putting y = vx .. (2)
By differentiating,

&y, dv 5

dx dx - (3)

Using (3) (2) in (1)

dv x[vx]—Z[vzxz]
dx x2—3x[vx]

dv x2v — 2x2y?

dx . x?2<=3x%v

X2 [v - 2V2}
G [l— 3v]
dv  v-2v?
X_: J—
dx 1-3v

Xd_v_)/—2v2—)/+3v2

dx 1-3v
dv_ v
dx 1-3v

By separating the variables,

1—23vdv:d_x
\Vi X

By Integrating,

Rahul Publications

1 3 1
I[V—Z—VJC{V ZJ.;dX-i-C

—-2+1

—3logv =logx +logc
-2+1 g g g

—1—3Iogv =logx +logc
v

sub v=Y
X
—5—3IogX:Iogx+Iogc
y X
Iogx+3|ogx+§+logc:0
Xy

Iogx+3(|ogy—logx)+§+logc:O

Iogx+3|ogy—3|ogx+§+logc:O
X 3
;—2Iogx+logy +logc =0
X 2 3 _
;—Iogx +logy® +logc =0
X 2 3y _
;—Iogx +log(cy”)=0

3: logx? — Iog(cy3)

X
ex/y -
cy
XZ _ Cy3ex/y

Which is required solution

'l 12 :
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Q17. Solve xdy —ydx =+/x% + y2dx. e = vV +1 '.'V=¥
Sol :

The given equation is,

xdy — ydx = \x? +y2dx X%C =y +4/y% + x2

X <

Which can be written as Which is required solution
d
xj_i_y:./xhy? Q18. Solve xd—i=y[logy—IOQX+1].
Sol :
dy _ y+yx+y® The given equation is,
dx X dy
Xx——=y|logy —logx +1
2 ™ y[logy —logx +1]
y+x{ lJ{YJ J putting y = vx in above equation
= dy _ v+xd—v
X dx dx
> )([v+x—v}=vx/[logvx—logx+l]
dy _y y
— ==+, |1+| =
X x (x .. (1)

dv
V+X—=V|logvx —logx +1
o [log gx+1]

X

.y .
Putting ==V e, y=VX
X :v{log—vx/ +1}

dy dv

—Z =VHX—
sothat o dx - (2) )/+xg—vzvlogv+)/
X
from (1) & (2) dv dx
oy T viogv
dx By Integrating
By separating the variables J dav d—X+c
dx  dv viogv X
X J1ey2 log(logv) =logx +logc
By Integrating log(log v) = log xc
d_XJFC:J dv logv =xc
X 1+v2 IR
Iogx+|ogc:log[v+\/v2+l} Y _ex
X

U XC
Iog(xc):log[v+\/v2 +1} y=xe

Which is required solution.

{ 13 }
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Q19. Solve x(x—y)% = y(x+y) )
Sol :

dy

Given equation is X(X _y)d_x = y(x + y)

Which may written as

d
(x2-xy) L =yx+y?
dx
d 2
dy _xy+y .
o e

which is a homogeneous equation

in(1)

putting y = vx &d—y:v+xd—V
dx dx

2,2
We get v 4 x 3V - X(X) VX7
dx x2—x(vx)

2
vx2+v2x2 )(Z/[VJFV J

X2 —vx? )/[1 v]
dv v+ v?
VA+X—=
dx 4d-v
dv v+v2_
dx 1-v
Xd_v_)/Jrvz—)/Jrv2
dx 1-v
dv  2v?
X— =—
dx 1-v

By separating variable

1 1 dx

——-—|dv=2|—+c

(G-t Jav-22
1

———logv=2logx+logc
v

—1: 2logx +logv +logc
v

=logx? +logv +logc

X

—%: log (xzv)+ log ¢

B

:Iogx2 +logv +logc

X <

=log (xz.%j +logc
——=logxy +logc
X
———logxy =
y

logc

X
—+log(xy)=c
- +1og(xy)

| x2 +3y -0
Q20. Solve —~ dx —3x Y
Sol :
The given equation is dy x° +3y =0
dx 3x2 +y?

—_ dx dy dv
v =2 [ =X & ——=V+X— |
v?2 X putting Y ™ el above
By Integrating equation
2 2,2
J‘ d —2j—+c V+de X< 4+ 3vex 0
dx  3x?+v2x?
{ 14 }
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v < [1+3v2]

VX—+—————==0

dx )(1[3+v2}

dv _1+3v2}
X— = —v

dx | 3+4v2

dv [143v? }
X— = +V

dx | 3+V?
Xd_v___1+3v2+3v+v3
dx 3+v?

By separating variables

3+v2 dx
3 2 dv=——-
ve+3ve+3v+1l X
| 3+v° dv=—[Fic @)
v343v243v+l X
3 2
v©+3 Ve +3
. vV = dv
consider Iva +3v3 13v 4l I(v+1)3 .. (2

vZ+3 A ,.B ~C
v+1)® v+l (vi1)® (v+1)
(v+1)

vZ+3=A(v+1)’ +B(v+1)+C

v2+3:A[v2+1+2vJ+B[v+1]+C
Comparing coefficients on both sides

vVZ=AV = A=1

v coeff == 0=2A+B

A=1=0=2(1)+B

B+2=0=>B=-2

constant = 3-A+B+C

3=1-2+C

3=-1+4C=>C=4

by (2)

g
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2
vV+1 (V+1)2 (3)

Iv3+3

(v—1)3 =log(v+1)+

Substitute (3) in equation (1)

log(v+1)+ 2 2 =—logx +logc

v+l (v+1)

log(v+1)+ +logx =logc

v+l (v1)?

Iog(x+lj+y2 -

X

Z+1 (Y

X ;+l

5 +logx =logc

y+x)  2x 2x2
log + - 5 +logx =logc
Y+X  (y+x)

2
log (y +x) —logX + X 2L % =logc

y+X (y+x)2
2X 2%
log(y +x)+ - 5=C
Y+X  (y+x)

Q21. Solve xzydx—(x3 + y3)dy =0.
Sol :
The given equation is X°ydx —(X3 +y3)dy =0
Which can be written as
X%y dx :(x3 +y3)dy

dy _ x%

. (1)

g
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tti v & Dovex® g ap
putting y = vx dx 4x [N above
equation.
dv x2[vx] x3v
VHX——=——— =
dx  x° +v°x x3[1+v3}
dv v
V+X—=
dx 1+v3
dv v )/— —v*
dx 1+v 1+v3
dv —v*
dX 1+v3

By separating variables

1+v° v d

By Integrating
1+v dx

e
X

}dv:—jd—xﬂogc
v X

o

1
- —+logv+logx =logc
3v3
since v="2
X

1(x 3
——(—J + Iog(¥j+ logx =logc
3\y X

1(x\®
_—(—J +logy —logx +logx =logc
3\y

3

X
——3+Iogy =logc
3y

3

———=logc—-logy

x> c

=log—

3y y
—x3/3y? _c
y

32,2
yzce—x 13y

which is required solution.

dy _y y
—~Z =2 1ttant
Q22. Solve ax X+ anX
Sol :
The given equation,
dy _y y
+tan=
dx x X - (@)

Since the RHS of the given equation is
oY
function of ¥ alone,

We conclude that it must be a homogeneous
equation

y
Z_-v 2
Take N ( )

y = vx, By differentiating
T T VX .. 3)
By using (2) & (3) in (1)

dv
V+X—=V+tanv

dx
dv_tanv:dv sinv 1
dx X dx Ccosv X
dx cosv
—=——xdv
X  sinv

By Integrating

Jcosv
sinv
Iogx+logc:hdt t=sinv
dt =cosvdv

§
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logx +logc =logt
log(xc) = log(sinv)

XC =sinv

SLCX = sin[xJ
X

Which is required solution

I 1.4 DirrereNTIAL EQuATIONS REDUCIBLE TO HOMOGENEOUS FORM I

Q23. Derive differential equations reducible to homogeneous form.

AnS :

) dy ax+by+c a b
Equation of the form dx —a'x+b'y+c' where ;ig (1) can be reduced to homogeneous
differential equation.
put x=X+hand y=Y+K............... (2) where X and Y are variables and h, k-are constant to be

so choosen.
by (2) dx = dX and dy = dY

So that d—Y = d_y
dX dx

using (2) & (3) in (1) becomes

dy _ a(X+h)+b(Y+k)+c
dx a'(X+h)+b'(Y+k)+c'

dY _ ax+hY+(ah+bk+c) (4)
dX  ax+bY+(a'h+bk+c)

In order to make (4) homogeneous, choose h & k so as to satisfy the following two equations

ah+bk+c=0
a'h+b'k+c'=0

be'-b'e g _a=c'a ()
ab'-a'b ab'-a'b

. a _ b
Given that — # —
a' b
ab'—-ab =0
Hence h and k given by (6) are meaning ful i.e., h and k will exist.
Now, h and k are known,

so from (2), we get
X=x-h, Y=y-Kk
dyY axX+hy

by (4) & (5) reduces to dX _aX+b'y

solving (5) h=

{ 18 }
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which is surely homogeneous equation in X and Y can be solved by putting Y_ v . After getting

solution interms of X & Y we remove X and Y using (7)

Obtain solution in terms of the original variable x and y.

Q24. Solve (2x+y-3)dy =(x+2y - 3)dx

Sol :
The given differential equation is (2x+y —3)dy = (x + 2y— 3)dx
Which can be written as

dy Xx+2y-3
dx 2x+y-3

putting x=X+h, y=Y+Kk

dy _ X+h+2(Y+k)-3
dX  2(X+h)+(Y+k)-3

~_X+h+2Y+2k-3
2X+2h+Y+k-3

_X+2Y+(h+2k—3) 1
_2X+Y+(2h+k—3) ............ )

choose h and k such that
h+2k-3=0
2h+k-3=0
solving above two equations
h k I
2 -3 1 2
1 -3 2 1

g

Rahul Publications



B.Sc

| YEAR Il SEMESTER

h k1 :>h k 1
-6+3 6+3 1-4 -3 -3 -3
~h=landk=1
sub h and k values in (1)

dy  X+2Y+(1+2(1)-3)
dX  2X+Y+(2(1)+1-3)

dy _ X+2Y
dX  2X+Y

where

X=x-landY=y-1

putting Y = VX ........... 2

then we get

dy dv

—=V+

dXx dX

Substitute corresponding values in (2)

dvV X+ 2VX

ViXo—e=2tel
dX  2X+VX

dv _ X[1+2V]
dX  X[2+V]

d_V_1+2V_V
dX 2+V

><ol_v_1+2V—2V—v2
dx 2+V

av_1-v?
dX 2+V

e VLA, (4)

1-v2 Vv

Resolving into partial fraction

2+V A B
= +
1-v2 1-V 1+V

=A(1+V)+B(1-V)

2+V=A(1+V)+B(1-V)

24V 3 1 1 1
1_v2 2'1-V.2'1+V

Now integrating-(4) by substituting above

ELdv +
21-v

1 1 dx
= dv = |—
21+v X

glog(l—v)(—1)+%log (1+V)=logX+logc

1/2 3/2
) )

log(1+V)"“ —log(1- V)™ =log(Xc)

1/2
Iog[ 1+V3] =log(Xc)

(1-V)

|og[(llj\>/3} =log(Xc)
1+V 2

(1-v)’ -(x0)

Rahul Publications
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Xx-1+y-1 2
——=—=C
(x-1-y+1)

X+y-2
(x-y)’

which is required solution.

:C2:>(x+y—2):

C?(x-y)’

Q25. Solve (2x-y+1)dx+(2y-x-1)dy=0

Sol :
The given equation is
(2x-y+1)dx+(2y-x-1)dy =0
which can be written as

dy 2X — y+1
dx 2y — X — 1

putting x=X+h, y=Y+Kk

dy 2(X+h)—(Y+k)+l_
dX " 2(Y+K)-(X+h)-1

dY 2X-Y +(2h- k+l)

. (1)

. @)
. 3)

substitute h = —%

2[_—1J—k+1:0
3
_—2—k+l:O

3

—k+1:O
3

k==
3

Substitute h and k in (3)
Then we have,

1 1
X=X-2, y=Y+= .
3 Y 3 )

dy | 2X- Y+[0]
ax  2v- X+[0]

dy  2X-Y _
dX  2Y-X

dy 2X-Y
- — =
dX X-2Y

.. (4
dX 2Y - X+(2k h- 1) ) Putting y = vx in above equation
choose h and k so that dy dv
2L ovex=L
2h—k+1=0.......(i) dXx dXx
2k—h-1=0.......(ii) v xdV _2X-VX
dX X-2VX
(i)x2=-2k+4h+2=0
2k-h-1=0 vaxdv_ X[2-Vv]
T dX X[1-2V]
3h+1=0
1 av_2-v
-3 dX 1-2v
(21 ,'
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dv _ 2-V-V+2v?
dX  1-2v

dv _2+2v2-2v
dX 1-2V

1-2v

5 dV+£dX:O
Ve-V+1 X

By Integrating

1-2v
J‘—

dV+41dX=o
VZ_V+1 X

mﬁvZ—V+g+2mgxzmgc

km(vz—V+1yHogx2=bgC

Substitute \, _ Y

y

y2+1—gy—xy——+£+l+x2+£+gx—c
9 3 3 3 9 9 3

y2+x2—y+x—xy+%:c

3x? +3y? -3y +3x-3xy+1-3C=0

which is required solution.

Rahul Publications
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d
Q26. Solve (2X+4y+3)d—i= X+2y+1.

Sol :

The given equation is,

(2x+4y+3)d—y:x+2y+l
dx
This can be written as
dy  x+2y+1
dx 2X+4y+3

dy (x+2y)+1
dx 2(x+2y)+3

put x+ 2y =v so that

. (1)

lv+£|og(4v+5).£:x+c
2 2 4

1 1
=v+=log(4v+5)=x+cC

5V +g109(4v+5)

4v + log (4V + 5) = 8(x + C)
4v +log(4v +5)=8x+8¢c

log(4v +5)=8x—-4v+8¢c
log (4(x + 2y) + 5) = 8x — 4(x + 2y)+8¢c

log (4 (x +2y)+5)=8x—4x -8y +8¢

log(4x +8y +5)=4(x—2y)+8c

1.0y _dv 4x +8y+5 =e8° )
dx dx
4x +8y+5=c, e?(-2y)
dy _1fdv_,
dx 2\ dx which is required solution.
= by (1) dy  x-y+3
1 dv Vil Q27. Solve T ox—2y+5
2dx 2v+3 Sol:
dv _2[v+1] L The given equation is,
dx 2v+3
. . dy X—-y+3
d_V _ 2V+2+2v+3 Which can written as d_X = W
dx 2v+3
dv 4v+5 Here x—-y+3=v
dx 2v+3
1y _gv_dy o dv
2v+3 dx dx dx dx
dv =dx
4v +5
_Ov_ v
Yoot oo a2
2|” 4v+s v v-2vel
By Integrating, dx  2v-1
1 1 Cdv_-v+l
IE{1+4V+5}dV_J‘dX dx 2v_1
Lyt 1 g ydv_Alv-1)
—dv+= V=X+C _
J2 27av+s dx  2v-1
{ 23 |
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2v-1
v-1

(2+ijdv =dx
v-1

By Integrating,
j[2+inv = [dx+C
v-1

2v+log(v-1)=x+C

dv =dx

2x-y+3) +logx-y+3-1)=x+C

2x-2y+6+log(x-y+2)-x=C
X—2y+log(x-y+2)=C-6

X-2y+log(x-y+2)=C,

which is required solution.

Q28. Solve (x—y—2)dx=(2x-2y-3)dy.
Sol :
The given equation is
(x—y—2)dx =(2x -2y =3)dy
which can be written as

dy = X-y-2
dx 2x-2y-3

dy _ x-y-1-1 _ (x-y-1)-1
dx 2x-2y-2-1 2(x-y-1)-1

1_d_y:dv
dx dx

dy ,_dv
dx dx
_dv_ vl
dx 2v-1
_dv_v-1
dx 2v-1
_d_v_v—1—2v+1
dx 2v-1

Rahul Publications
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_d_v_v—2v
dx 2v-1
v
dx 2v-1
dv v
dx 2v-1
2V_ldv:dx
Y
[ﬂ—lev:dx
vV Vv
[Z—EJdv:dx
\Y

By Integrating,
J’(Z—%}dv:jdx+c
2v—-logv=x+C
2(x-y-1)—log(x-y=1)=x+C
2x-2y—2-log(x-y-1)-x-C=0
X—2y-=2-C=log(x-y-1)

log(x-y-2)=x-2y-C
which is requried solution.

I 1.5 LINEAR DIFFERENTIAL EQUATION

Q29. Explain the working rule for solving
linear equation.

AnS :

A differential equation which is of the form

d

d—i+ Py=Q where P and Q are functions of x
alone.

Working Rule for Solving Linear Equation

1.  First put the given equation in the standard

form
2. Find integrating factor (I.F)by using formula

LE :ejP.dx

Two formulas e™©%9A — AM

e—mlogA _ i
Am
simplifying I.F

will be often used in
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Lastly, the required solution is obtained by

[1Q = (1.F)] dx

+ C, where C is an arbitrary constant.

using the resulty > (I.F) =

Q30.
Sol :

Solve ydx—xdy+logxdx=0.

The given equation is,
ydx —xdy +logxdx =0
and which can be written as

dy

1 1
—-—y==logx
dx X X

which is in the form of g—y+ Py=0Q
X
where p _1 Qzllogx
X X

-1 1
- —logx
A de J‘ dx =e = —
S LF= e"- =e X X

The solution is yel® IQeIdedX+C

ylzjllogx Lax+c
X X X
o=
Y

jlogx X 2dx+C

= Iogx[%}—j%(%}dx +C

1_—Iogx_1JrC
X X X

y =Cx—(1+logx)
Which is required solution.

Q31.
Sol :

Solve (1+ X)%—Xy =1-X

The given equation is (1+ x)j—i—xy =1-x

Divide (1+x)on both side,

dy xy _1-x
dx 1+x 1+x

d
which is in the form of —y+Py =Q

dx
where p__X-Q:l__X
1+X 1+X

(x+1)—1dx

X
S LE=elP o e_jmdx = e_I x+1

_ e—(x—log(x+l))

_e X eIog(x+1)

=(x+1)e”*
The solution of the given differential equation
is

y el P _ erIpdxdx +C

y(x+1)e j

( ) *dx +C
= [(1-x)e™dx+C

=j(e‘x —xe‘x)dx+C

= [e™dx - [xe™dx+C

X —X
:—e"‘{xe —je dX:|+C
-1
—X
=—e " +xe +C
:7e"{+xe‘x+97’{+c
=xe X +C

~Ly(x+1)e™ =xe X +C

y(x+1)=xe*e*+Ce*
y(x+1)=x+Ce*

which is required solution.

g
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Q32. Solve (l_xz)%+2xy= X(l—x2)1/2

Sol :
The given equation is (1— Xz)d_y+ 2xy = x(l— x?
dx

and which can be written as

)1/2

0\1/2
dy | 2xy _X( -x?)
dx 1-x? 1-x2
d—y+ 2X __ X
dx  1-x2 1-x?
dy

Which is of the form d_x+ py =Q

2X X
where P = , Q=
1-x2 1-x2

2X 2X
-|——=d - d
TS LS Fu P P
—Iog(l—xz)
1
1-x2

- The solution of the given differential equation is

yelP™ =erIdedx+C

g
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A
1/2

y _ t'°1

12"
2

1-x2
: y i :(l_xz)—l/z
-X

y __ 1 +C

y =v1-x2 +C(l—x2)

Which is required solution.

d
033. Solve xd—i 12y = x2 log x

Sol :

. . dy 2
The given equation is X ax 2y =x“logXx
which can be written as

dys 2 x?
—+—y=—Ilogx
dx x X

dy

2 d
= ——+—.y =xlog x which is in the form of —y+PY=Q

dx x dx

2
where P=;, Q = xlogx

[Pax jgdx
Now, |F=e =e X
_ e2Iogx _ X2
LIF=x2

The solution of the given differential equation is

yLF=[Q.LFdx+C

27 J
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B.Sc
yx® =[xlogx.x*dx +C
=[x%logx dx+C
:Iongx3—j1(x3dx)dx+c
X
4 4
:logX.X—ZJ.l.X—dX-i-C
4 X 4
4
X 1 3
=logx.——-=|x7dx+C
9 4 4'[
4 4
2 X X
X5 =logx.—-=.—+C
y 9 4 4 4
16yx? = 4x*logx —x* + C
which is required solution.
dy
Q34.Sowe(X+y+JJa;=l
Sol :

d
The given equation is (X +Y +1)d_§ =1

which can be written as

dy 1
dx. x+y+1
95:x+y+l
dy
95—x:y+l
dy

which i in the form of 3—X+Py =Q
y

where P=-1, Q=y+1

S IF =elPd gl

IIF=e”
. The solution of the given differential equation is

x.IF=[Q.LFdy+C

'l 28 ',
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-y _ -y
X.e _j(y+1)e dy+C where P =—-cosec2x, Q :%seczx
xe¥y = I(ye‘y +e¥)dy+c F= e'[pdx _ e—jcosec 2x dx
xe™V = [yeVdy+[e” dy+C = exp [log (tanx)™*]
1
- LF =
xe”¥ =y[e” —jl(je‘ydy)dy{—:l +C vianx
-1 The solution of the given differential equation
is
-1 -1
1 1 1
y.——=|=5ec“ X.——=dx+C
B Jtanx J2 Jtanx
- _ e _
xey:—yey{T_l)}—e”C let t = tanx
dt = sec? x dx
Y _ve Y _e VY _eV
xe ' =-ye e e’ +C , 1 —ljiduc
X=-y—2+Ce’ lt—%ﬂ_
which is required solution. -2 1 +C
g _?+l
Q35. Solve sin2xd—¥(—y= tanx,
1
Sol : :%[2t2]+c =tY24¢C
The given equation is Sin x W _ y =tanx
dx - 1 _y
y. =+tanx +C
Vtanx

and which can be written as

y = tanx + Cvtanx

dy y tanx L . .
dx_ sin2x _ sin2x Which is required solution.
3\dy _
d—y—coseCZX.y _ fanx Q36. Solve (X+ 2y )& =Y
dx sin 2x
_ Sol :
d—y—cose02xy _ sinx — 1 dy
dx cosx sin2x The given equation is (X + 2y3)d_x =y
j—y —cosec2xy = %sec2 X Which can be written as
X
. dy y dx _ x+2y°

which in the form of d—i+ Py=Q dx x+2y3 dy y

{ 29 |
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dx _x  2y° dx _x _tan’ly
dy v vy dy 1+y? 1+y?
dx x 2
2 _2_92 dx
dy vy y which is of the form @JFPX =Q
Which is of the form

where,

3—X+ Px+Q 3

y p_ 12andQ:tan 2y
where 1+y 1+y
P-"1 and Q= 2y? [y

oy - SIFelPW gyt glanty

e -. The solution of the given differential equation
S LF elPY _g it ey _gooyt L | ’ !
y
The solution of the given differential equation welPd - J‘Q_efpdydy +C
is
_ -1
X. LF = j(QIF)dy+C Xetan‘ly _ J tan 2y _etan_lydy—i-C
1+y

L= j2y2.1dy +C

y y Let tan~ty =t
xt= [2ydy+C

y 1 ~dy =dt

1+y

X 2y2
y_TJrC xe' =[te'dt+C

3
x=y"+yC xetztjet—jl(jetdt)dtJrC
Which is required solution.

t_ifal _ [at
037. Solve (1+y2)dx=(tan'ly—x)dy_ xe' =tfe'—[e' dt+C
Sol : xet=tel—el+C

The given equation is,
(1+y2)dx = (tan‘ly—x)dy

dx _tan~ly-x
dy  1+y?

x.t=e'(t-1)

-1 -1
x.e@N Y =gl 7y (tan‘ly—1)+C

Which is required solution.

Rahul Publications
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1.6 DirrereNTIAL EQUATION REDUCIBLE TO LINEAR FORM

(oR)

NonN LINEAR DIFFERENTIAL EQUATION OR BERNOULIS EQUATION

Q38. Derive the Bernoulis Equation.
Ans :

d
An equation of the form d—i+ Py =Qy"........ (1) where P and Q are constant or function of x

alone and n is constant except 0 and 1 is called Bernoulli’s equation.
Working Rule of Bernoulli’s

Firstly multiply by y™" to (1)

nd _ _
y ”d—X+Py-y "=Qy"y™"

nd -
y nd_i_i_Pyl n:Q ......... (2)
Put yl_n =v in (2)

differentiate (1 n)y(l‘”)‘l dy _dv

dx EI

n-1dy  dv
1-n 1-n-14y YV
( )y dx .dx

_ndy dv
1-n)y "L ==
( )y dx dx
y_nd_y:_l d_V

dx 1-ndx

dy 1 dvin
dx 1-ndx

Substitute (2), (3) in (1)

1 dv g, n
———y"+Py=0Q.
1—ndxy y=Q.y

1 dv _ _
—— 4Py y=Qy"y"
1-n dx y y=Qy'y

1 dv 1-n
_~ >'p -
1-ndx y Q

1 dv
——+Pv=
1-ndx Q

d
d—\)iJr P(1-n)v=Q(1-n) which is linear in v and x.

{ 31 }
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Its |F = ol PA-Max _ (1-n)]Pdx

(1-n)[Pdx (1-n)[Pdx

= [Qe dx+C

yl_ne(l—n)jpdx _ IQ-G(l_n)IPdXdX +C

v.e

Where C is an arbitary constant.

Q39. Solve (1-x?) jy

L+ xy=xy?.
X
Sol :
. L 2\ dy w2
The given equation is (1— X )d_x+ Xy =Xy
X

dy
. . ay .
which can be written as dx  1_x2

Ly,

y dx 1-x2

_Zﬂ-i- X
dx 1-x?

y

Let y_1 =V
2dy_dv
dx dx
dv X X
Tax 2 2
dx 14 x 1-x
which is a linear equation in v.

Ty _ i)

-y

Vv

dex _ _

IF=e
1
|.F=(1—x2)5

. The required solution of the given equation is veIPdX
1 « 1
_x2)2 = _ _x2)2
v(l X ) Jl—xz(l X ) dx+C

- X2

1-x

dx+C

Let 1-x2 =t
—-2xdx = dt
1 2X
V(L -x3)¥2 = ——J—dX +C
1-x2

Ide

:IQe dx+C

g
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v(l—xz);: 21J%+C
) 4
v(l—xz)E:_?l 112+1 +C

(1-y)v1-x* =Cy

Which is required solution.

dy

Q40. Solve X ety T y* log X

Sol :

. oo dy o
The given equation is X +Y = log x

Which can be written as

dl+x_yzlogx
dx x X
1 dy y Iogx

yZdX yx X

1dy 11 Iogx
y2dx Xy X

y

_y2dy _dv
dx dx
[dv 1] 1
—| —+=Vv |==log X
dx x X
dv 1
———v_——Iogx
dx X X

which is a linear equation is v and

1
IF=elPo _ e_j;dv = g 109X
F=1
X

The solution of the given equation is

ie., VIF=[(QLF)dx+C
—= —jllog xLdx+c
X X

Vxt = jx‘zlog X dx+C

L= | logx[x2 - [X([x2d d} c
X [ongx J'X(IX x) X |+
i -2+1 -2+1
=—| logx _ l.x - .dX:|+C

| -2+1 °“x -2+1
=- Iong—j——dx}rC

2
= Iogxx_le+C

_logx  x7#

X -2+1

logx x°t
:L+—+C
X

+C

y_lx_l :Ioﬂ_{_i_{_c
X X

y! =logx+1+Cx

which is required solution.

g
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Q41. Solve %+ xsin2y = x®cos®y . ve' :%[tj.e‘ —_[lje‘dt dt]+C

Sol : v et :%[tet_et}c

The given equation is,

dy . 3 2 2 1 t
— 4+ Xxsin2y = x° cos ve¥ ==e'[t-1|+C
dx Y y 2 [ ]

divide b 2 both sides 2 2

Ivide by cos“y On tanye* :%ex [x2—1]+C
1 dy+xsin2y:X3

cos’y dx  cos’y

Which is required solution.

Q42. Solve y(2xy+ex)dx—exdy= 0

sec? yd—y+ 2xsm);cosy e
dx cos“y Sol :
' The given equation is,
sec’ yj—y+ 28Iy _ s g g
X cosy y(2xy+ex)dx—exdy:0
sec? yd—y+ 2xtany = x° Which-can be written as
2 X _ aX —
Put tany = v (2Xy +e y)dx e*dy =0
seczyd—y:d—v e*dy = (2xy* +e"y)dx
dx dx
xd x
LUV e d—y:2xy2+ey
dx X
Which is a linear differential equation dy  2xy? N ey
X x.dx 2 dax e* e*
IF = ejpd :ejz e
. The solution of the given equation is j_y = 2xe*y? +y
X
VIF = [(QLF)dx +C
I 1dy oY .Y
2 2 — - =2Xe" S+
ve* :J‘xa.eX dx+C y® dx yoy
veX :jx.xzexzdx+C y‘zd—y:2xe‘x+1
dx y
Let x* =t
-2 dy -1 _ -X
2xdx = dt y d_x_y = 2xe
1 -1
2 =|=te'dt+C puty™ =v
ves = [
_Llr — -Zﬂ :d_V
Vexz_ajteduc Y T o

g
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—d—V—v =2xe”"
dx

d_v+ v =-2xe”

dx

which is a linear equation in v,
. The solution of the given equation is

VIF = [(QLF)dx+C
But, |F _ edex _ ej-dx _ eX
ye* :—J.er‘x.eX dx +C
y*te :—ijdx+C
2

X
Ter=2"_4C
y 2

1o wsc
y

which is required solution.

dy _x*+y"+1
Q43. Solve ax 2xy
Sol :
_ ody  xXP+yi+l
The given equation'is ax —ny

Rewrite the given equation

dy 2 2 dy
2Xy—=X"+y +1—
ydx y dx
2xyd—y—y2:1+x2
dx
Divide by ‘X’
2
2yd—y—y—:l+x
dx X X
dy dv
Py 2y =—
Put Y = ydx dx
dv v 1
— ——=4X
dx x X

dv
which is in the form of d—X+PV =Q
-1 1
where P=—, Q=—+X
X X

S LE= edex = e_jidx - e—logx _ =

.. The solution of the given equation

VIF = [QILFdx+C

yz.lz [lerJl dx +C
X X X

y2xt= j[X—J;+1JdX+C
y*xt=-xt+x+C
y? ==14+xXx+Cx

y? =(C+x)x-1

which is required solution.

Q44. Solve x(%\}+ylogy = xy e~

X
Sol :
The given equatio is
X d—y+ylogy= xye*
dx
divide by ‘xy’
—d—y+—logy =e"
ydx X
put logy =v
ldy v
y dx  dx
dv 1 «
—+=v=e
dx X

which is in the form of S—V =Pv=Q
X

g
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where PZE’Q:ex
X

1
S F= ede =e" = x
. The solution of the given equation is

V.X :jex.xdx+C
logy.x :jex.xdx+C
logy.x :xjeX —Iljexdx.dx+c

logy.x =xe*—e* +C
logy.x =e*(x-1)+C
which is required solution.

Q45. Solve (l+ y2)+(x_etan‘1y)% _o

Sol :

an~! d
The given equation is (1+ y2)+ (x —gt y)d_z(’ -0
Rewritting the given equation

tanty

ﬂer.e
dx 1+y?

dy 1 e—tan’lx
=+ X =
dx 1+y? 1+y?

d
which is of the form d_2<1+ Px=Q

—tant x

e
1+vy?

Q=

P =
Where 1+y2:

1
TR S
. The solution of the given differential equation

XLF =[(QIF)dy+C

B e—tan’lx .
xe®Y = | — " *dy+C
Jl+y2 Y
. 1
xe®™" Y = dy+C
-[l+y2 Y

xe® Y =tanty+C

Which is required solution.

4
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I 1.7 ExacT DIFFERENTIAL EQUATIONS

Q46. Define exact differential Equations.
Ans :

If M and N are functions of x and y the equation Mdx + Ndy =0 is called exact. When there exists
. . of of
a function f(x,y) of xandy > d[f(x,y)]=Mdx+Ndy . ie., a—xdx +6—Xfy = Mdx + Ndy .

Prove That

The Necessary and sufficient condition for the differential equation Mdx+ Ndy =0 to be

M _oN
exact is that ay = ox -

Proof :

Necessary Condition
Suppose that the differential equation Mdx + Ndy =0 be exact
By the definition

There must exists a function f(x,y) of x and y

such that d[f(x.y)]= (?Xj dx + [%} dy = Mdx + Ndy ————(1)

Equating coefficients of dx and dy (1)

=)

We have M = ~ Y
and

To remove the unknown function f(x,y)

We differentiate partially (2) with respect to y and x respectively.

oM 0 (afj o0°f

oy oylox) axoy
N_ofat)_ o
ox ox\oy) oxoy
, of o
Slnceayax ox oy
oM  oON
:>_:_
oy oOXx

4
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Sufficient Condition

oM _ oN

Let us suppose that =~ oy P

To show that Mdx+Ndy =0 is an exact equation we must find a function f(x,y) such that

0°P M

oP
P= jde then — =M so that =
OX

But =~

oN
ox

533/

_omM _ o%P [ j
ay 6y6x 6x6y 6x

Integrating both sides with respect to x we get

N=P

+o(y)

Where ¢(y) is a function of y only.

oP
Md Nd =—d d
XN = Lﬁy d’(y)}y

=dP +dF(y)

where dF(y)=¢(y)dy

=d[P+F(y)]

Which shows that Mdx + Ndy is an exact differential and this proves the sucifficient part.

1.7.1 Working Rule for Solving an Exact Differential Equation

Q47. Explain the working rule for solving an exact differential equation.

AnS :

Compare the given equation with Mdx + Ndy =0 and find out M and N

oM oN

Then find out E and x

oM _oN
f = oy ox e conclude that the given equation is exact.
If the equation is exact
Step 1: Integrate M with respect to x treating y as a constant.
Step 2: Integrate with respect to y only those terms of N which do not contain x.
Step 3: Equate the sum of these two integrals [found in step 1 & 2] to an arbitary constant. and

thus we obtain the required solution.

i.e., Mdx+Ndy =0 is

jde +I(containing x)dy =C

(Treating y as constant)

Rahul Publications
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Q48. Solve xdx+y dy+M _

0
X2 +y?
Sol :

The given equation is xdx +y dy +M _

0
x? +y?

and which can be written as

y X
X — ax +| y + =0
(- Joe v ez

Which is in the form of Mdx + Ndy =0

Here, M =x— y N =

x? +y?’ _y+x2+y2
M_x3+xy2—y I\I_x2y+y3+x
- X2+ 2 - 2 2
y X" +Yy

Partial differentiation with respect to ‘y’

M [xz +y2][2xy —1]—[x3 +xy? —y][Zy]

Now oy (X2+y2)2
267 X0+ 2077 -y - 27 - 2x3° + 2y’
(x2+y2)2
_ —x2+y2
(x2+y2)2

Partial differentiation with respect to ‘x’

oN _ [xz erz][2xy+1]—[x2y+y3 +x][2x]

ox (x2+y2)2
_;xa§+x2+;xf(+y2—;xa§—;xff—2x2
B (x2+y2)2

N —x*+y?

28 (x2+y2)2

oM N

oy ox which is exact equation.

Now jde =J'(x— y zjdx=jxdx—yj 1 dx

(yasconstant) x* + y x? + y2
2
X y(lj tan™? X
2 y y
2
=X _tant2
2
|' 39 ||
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2

X o fudy Y
yzdy—jydy—75

j Ndy:Iy+

Only y terms

. The required solution is
[Mdx+[Ndy=C

X2 +

2 2
%—tan’1§+y—=c

y

x? — 2tan‘1§+y2 =2C
y

dy ax+hy+g _0

Q49. Solve 0+

Sol :

dx hx+by+f

_ ~dy ax+hy+g
The given equationis -+~ by+f 0

Which can be written as

dy -ax+hy+g
dx  hx+by+f

(hx + by +f)dy = —(ax + hy + g)dx
(ax+hy +g)dx +(hx + by +f)dy=0
which is of the form Mdx +Ndy =0
here M =ax+hy+g, N=hx+Dby+f

Now, partial differentiation of M, N with respect to y and x respectively

M N

oy ox

oM oN

oy ox which is exact equation.

h

Now, [Mdx + [Ndy=C
(y constant) (terms not having x)

j(ax+hy+g)dx+_[(hx+by+f)dy:Cl

2 2
+hxy +gx + b; +fy=C,
ax® + 2hxy + 2gx + by® +fy = 2C, +C=2C,

ax® + 2hxy + 2gx + by’ +fy =C
Which is required solution.

Rahul Publications
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Q50. Solve (sin XCOSY + ez") dx +(cosxsiny +tany)dy =0

Sol :
The given equation is (sinxcosy +e* )dx +(cosxsiny +tany)dy = 0
Which is in the form of Mdx + Ndy =0

Here M =sinxcosy+e® , N =cosxsiny +tany

M sinxsiny
Now, = =~
oy

N _ —sinxsiny
OX

oM oN

- E T x which is a exact equation.

Now, [Mdx + [Ndy=C
(y constant) (terms not having x)

j(sinxcosy+e2x) dx +_[(cosxsiny+tany) dy=C

2x

92 }rlogsecy:C

{—cosxcosy +

—cosxcosy+%e2x +logsecy =C

Which is the required solution.

Q51. Solve (1+ex’y)dx+ex’y(1—§]dy=0
Sol :
X X X
The given equation is (1+ e /y)dx +e [1—§jdy =0

Which is of the form Mdx +Ndy =0

Here M=1+¢e"Y, N=¢" [1_§j

y
Now, %zex’y.x._—j
_ AXxly X xly
N =¢ —e
y

g
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@:_Xe—xly.i
oX y?
. OM 0N
Ty X

Now, [Mdx + [Ndy=C

(y constant) (terms not having X)

1 xly d x/y_i x/yd j
J( +e )X-‘:—I[G ye y

xly
1

y

x+ye’’ =C

X + +0=C

. The required solution is x +ye*Y =C.

1.8 INTEGRATING FACTORS

Q52. Write the methods for finding the Integrating Factors.

AnS :

Method |
In some case the integrating factor is found by inspection.

Using the following few exact differential we can easy to find the integrating factor.

o GOy (g

(c) d(xy)=xdy+ydx @ d %}:M
© d[yyzj :%;yzdx o d §_jjz 2xy? dx — 2x°y dy
(i) d[logazw g d |Og§j: ydx —xdy

(k) d[tan1 gj = 3“3()2(—:(:3’ o d (tan'l %} _ xdy—ydx

'l 42 ',
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e’ ) ye‘dx-e*dy e’ | xe‘dy-e’dx
mg)ecrn 2] e

1) xdy+ydx 1 2 2\ |_ Xdx+ydy
0 A5 e ety

Q53. Solve (1+xy)ydx+(1-xy)xdy =0
Sol :

The given equation is (1+xy)ydx+(1-xy)xdy =0

Which can be written as

ydx +xy? dx + xdy —x’ydy =0
(ydx+xdy)+(xy* dx —x*ydy)=0
divide by x?y?

ydx+xdy xy? X%y
dx — dy=0
X2y2 + XZyZ X2y2 y

Since d[ij = _xdyz;)zldx
Xy Xty

d(_—lj+1dx—1dy=0
xy) X y

By integrating we get
—J‘d[i}rj‘ldx—.fldy: 0
Xy X y
1
——+logx—-logy=C
Xy

_ 1 ogX-c
Xy oy

Iog£:C+i

y Xy

Which is required solution.

g
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Q54. Solve (xseX - my? ) dx+mxydy =0
Sol :

The given equation is,

(x""eX - myz)dx +mxydy =0

Which can be written as

x3e* dx —my?® dx + mxydy =0

x*e* dx +m(xydy-y®dx)=0

dividing by 3

3 m(xydy —y? dx
o g, V)
X X

.m x?2ydy —2xy*dx

0
xx3

e* dx

e* dx 0

.m x?2ydy —2xy®dx
2

X4

2

2
eXdX-i-lmd[y J:O
2 X

2 2 N 2
since d[%J: 2X ydyX42xy dx

By Integrating

J‘exdx+%mjd[i—ijzo

2x%e* + my® = 2Cx*

Which is required solution.

Q55. Solve xdy —ydx = a(x2 + yz)dy
Sol :

The given equation is,

xdy —ydx =a(x* +y*)dy

Rahul Publications

g

Which can be written as

since d| tan ¥ :M
X x*+y

d [tan‘l XJ =ady
X

By Integrating

jd [tan‘l %} = jady

tan‘lx—ay =C
X

Which is required solution.
Method II

If the given equation Mdx+ Ndy =0 is

homogeneous and (Mx+Ny)#0 then
1 - - -
NMx+Nv Ny is integrating factor.

Q56. Solve xzydx—(x3 + y3)dy =0
Sol :
The given equation is,
xzydx—(x3+y3)dy:0 ------- (1)

Clearly the equation is homogeneous
differential equation.

Comparing with Mdx +Ndy =0
where M =x°y, N =—(x*+y°)

@:XZ, %:_3)(2

oy OX

oM ON
S— =
oy oOx
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Which is not exact.

Mx+Ny:(x2y)x+(—x3—y3)y=}}§_}}§_y4 #0

1

1
Then I.F m = _y_“

Multiply I.F to equation (1)

_%(x"‘y)dx - [;—}j(ﬁ + y3)dy =0

y

2 3 3
_X4ydx+[x—4+y—4jdy—0

y y y

oM  ON
=>—=—
oy  ox
The resulting differential equation is exact.
Then [Mdx + [Ndy=C

(y constant) _(terms not-having x)

J—i—idx+j[§—j+%}dy: C

_X3

3y?

+logy=C

x* =3y*(logy-C)

Which is required solution.

Q57. Solve (xzy - 2xy2) dx — (x3 - 3x2y) dy=0

Sol :
The given equation is (Xzy - 2xy2)dx - (x3 - 3x2y)dy =0-————-— (1)
Clearly the differential equation is homogeneous

Then M = x%y —2xy?, N = —(x3 — 3x2y)

{ 45 |
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Mx + Ny = (x%y - 2xy2)x +(—x*+ 3x2y)y

= x%y - 2x%y? — x%y + 3x%y?

=x’y* %0
~ Mx+Ny=0
1
Then the I.LE = Mx + Ny Xzyz

Multiply I.F to equation (1)

—— | Xy - 2xy* |dx - le [x°-3x?y]dy =0

x?y?
X’y 2xy? x®  3x%y
- dx — dy=0
|:X2y2 X2y2:| |:X2y2 X y y

(o3
y X y-y
Which is of the term Mdx + Ndy =0
LT o
y X y-y
M_-1 oN_-1
o vy oxy?
oM _ N
'6y X

- The differential equation is exact
Then [Mdx + [Ndy=C

(y constant) (terms not having x)
f(2-ZJon (22
y X yoy
X
——2logx+3logy =C
y

5—Iogx2+Iogy3 =C
y

3

XilogL =c
Yy X

Which is required solution.

g
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Method 111

1
If the equation Mdx +Ndy =0 is of the form f (xy)ydx+f,(xy)xdy =0, then Mx—Ny is an

integrating factor of Mdx +Ndy =0 provided (Mx—Ny)=0.

Q58. Solve y(1-xy)dx—x(1+xy)dy =0
Sol :
The given equation is y(1-xy)dx —x(1+xy)dy =0
Here M=yf,(xy) =y(1-xy)
N =xf, (xy)=—X(1+xy) =—x—Xx%y

= Mx—Ny =[y(1-xy) [x—[ x(1+xy)]y

=xy - X5 +Xy+ X397

=2xy =0
N S
= ThelFis MX—Ny  2xy

Multiplying the given equation by IF

zixy(y —xy*)dx —2—)1(),(X +x?y)dy =0

2 2
VX g [ X XY g0
2xy  2xy 2xy  2xy

(i—xjdx—[iJréjdy:O
2x 2 2y 2

Which is of the form Mdx +Ndy =0

M:i_x, N=- i+£
2x 2 2y 2

(M _N
oy ox

Which is exact

S
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Then [Mdx + [Ndy=C

(y constant) (terms not having X)

3oty 2Jor-e

1 xy 1
—logx——=—-=logy =C
2 J 2 2 9y

Which is required solution.

Q59. Solve (x“y4 + X%y + xy) ydx+ (x“y4 —x°y% + xy) xdy =0.
Sol :

The given equation is (X*y* +xy? +xy)ydx +(x‘y* -x°y* 4 xy)xdy =0 )
Here M = (x“y4 +Xx%y? +xy)y, N = (x“y4 —x%y? +xy)x

_
Mx — Ny

Then the IF is =
= Mx - Ny = [(x“y4 +x%y% + xy)y]x - [(x“y4 —x2y% 4+ xy)x]y
=x°y* + x°%y° +x%y? = x°y® + x°y® - x’y?
=2x°%y°
- MxiNy :{iny:‘}t 0

Multiply IF to equation (1)

1 1
WDAW +X2y2 + xy]ydx +W[X4y4 - X*y% + xy]xdy =0

3

r X4y5 Xzya xy2 X5y4 X3y2 X2y
2X33+233+ 33dX+ 303 Huss T 33dy:0
| 2X°y xX7y®  2X°y 2x7y® 2x%y? 2X%y

[ \,2 2
&+i+ 1 dx + u—i+ 1 dy=0
2 2x 2%y 2 2y 2y

{ 48 }
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Which is of the form Mdx +Ndy =0

2
M :i+i+ 12 , ﬂ_i 1 5
2 2x 2x%y 2 2y 2xy
oM 2xy 1
v =XY-2 57
oy 2 '2x%y? y? 2X°y
oN _2xy 1 Xy
ox 2 2x%y? 2x%y?

oM aN
"6y 6 Which is exact.

Then [Mdx + [Ndy=C

(y constant) (terms not having X)

2 2
(5 aiy o5 e
y y 2xy

2.,2
Xy +1Iogx—i—llogyzc
2 2yx 2

Xy 1 1
i/ —2—Xy—§(logy—logx):C

Which is required solution.

Q60. Solve (xy+ 2x2y2)ydx+(xy—x2y2)xdy =0
Sol :

The given equation is (xy +2x°y?)ydx +(xy —x*y*)xdy = 0

Here M =(xy +2x%y?)y, N = (xy —x*y*)x

Thenthe IFis 0 — Ny

Mx — Ny = [(xy + 2x2y2)ny —[(xy —xzyz)ny

= x2y? + 2x%y® —x2y? £ x°y°

'| 49 |
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Mx — Ny = 3x’y* # 0

1 = 1 #0
Mx —Ny  3x°y®
Multiply IF to the equation (1)

IF =

3 §y3[xy +2x%y° ]dx+3xly [xy X%y ]dy:o

2 2,,3 2
[—XZ 3 +2X3yajdx+[ X3y3 _X y jdy—O
3xX°y®  3X%y 3x°y xy®

= iz-i-i dx + t 1 dy=0
3xy  3x 3xy? 3y

Which is of the form Mdx +Ndy =0
1 2 N = 1 1

= auzo TR - 2
33Xy  3x 3xy° 3y

@ -1 6N -1
6X 3X2y2 ay 2y2

M _oN
: oy ox Which is exact.

Then [Mdx + [Ndy=C

(y constant) (terms not having x)

J 12 +£dx+j L 1dyC
3x%y  3x 3xy* 3y

1
—+—Io X |—=lo C
{3xy 3 9 } 9y=

1 2 1
———+—logx—-=logy=C
3xy 3 3

—%X—];/-i- =[2logx—logy]=C

1 11
—[2logx —lo =——+C
3[ g gy] a3y O

1
2logx-logy =—+3C _
g gy Xy 1 where 3C, =C

2Iogx—|ogy:%+c

Which is required solution.

g
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Q61. Solve (X*y* +xy +1)ydx+(x*y* —xy+1)xdy=0.

Sol :
The given equation is (X*y’ +xy +1)ydx+(x*y* —xy +1)xdy = 0 - 1)
Here M =(x*y* +xy+1)y, N =(x?y* -xy+1)x

1
Then the IFis 0 — Ny

Mx — Ny = [(xzy2 +xy+l)y}x—[(x2y2 —xy+1)x Jy

= X3 + X2y 4 — X3 X2y -
— 2X2y2

1

T Mx—Ny  2x2%y?

Multiply IF to the equation in (1)

%Zyz[(xzy2 +XY + 1)y]dx+ %Zyz[(xzy2 —Xy-+1)x ]dy =0

2,,3 2 3y,2 2
Xzyz+ X)2/2+ )2lzdx+ Xzyz_ X2y2+ )szy:O
2xX°yc 2x°y°  2X°y 2X°ys 2xX°y° 2X°y

X+i+ 12 dx + 5—iJr 12 dy =0
2 2x 2x%y 2 2y 2xy

Which is of the form Mdx +Ndy =0

1 x 1 1
+ —— N=2-—+
2x  2X%y 2 2y 2xy?

oM 1 1 oN_1 1
ox 2 2xy? oy 2 2x*y?

oM ON
<+ —=— == Which is exact.

oy 0oX
Then [Mdx + [Ndy=C

(y constant) (terms not having x)
J X+i+ 1 dx+j 5—iJr 1 dy=C
2 2x 2x%y 2 2y 2xy*
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Xy

1 1 1
—+=logx———-=

logy=C

2 2 2xy 2 9y
xy 1 1
——-———+—|logx-lo =C
2 2xy 2[ g gy]
ﬂ_i+l|og 5 =C
2 2xy 2 y
—(xy+|og[§j—ij 1C

y) xy) 2
xy+|og[§j—izc

y) Xy

Which is required solution.

Q62. Solve (xysinxy +cosxy)ydx+(xysinxy —cosxy)xdy =0.
Sol :
The given equation is (Xy sinxy +cosxy )y dx + (xysinxy —cosxy)xdy =0 .. (1)

Here M = (xysinxy +cosxy)y; N =(xysinxy —cosxy)x

Then the Then the IF is Mx =Ny

i.e., Mx—Ny =[(xysinxy +cosxy)y |x —[(xysinxy —cosxy)x |y
= Xy (Xy.sinxy + cosxy ) — xy (xy sinxy — cosxy)
:Wﬂycosxy— X2Y2S8ifiXy + Xy COSXy

Mx — Ny = 2xycosxy # 0

1 1
. = #0
- Mx—-Ny 2xycosxy

Multiply in I.F to the equation (1)

(xy? sinxy +ycosxy)dx + Xy’ sinxy —xcosxy )dy =0

2Xy CoSXy 2Xy COoS Xy (

xy? sinxy L _ycosxy | xy®sinxy  Xcosxy dv -
2XyCOoSXy  2XycCosXxy 2XyCOSXy 2XyCOoSXy

y 1 X 1
=tanxy +— |dx +| —tanxy —— |dy =0
{2 y+2X} {2 g Zy} Y

{ 52 |
Rahul Publications Sl



UNIT - | DIFFERENTIAL EQUATIONS

Which is of the form Mdx +Ndy =0
y 1. X 1
M==tanxy +—; N =—tanxy + —
Here M =5 tamXy v oy g ATy

LM _oN
"6y x Which is exact.

The solution of given differential equation

Then J‘de+J'Ndy:C

(y = constant) (term not having x)
y 1 X 1
=tanxy+— |dx+ || =tanxy—— |dy =C
J(z Y 2xj J[z Y 2yj g
%(Iogsecxyﬂogx)—%logy:%Iogc

log sec xy + log [éj =logC
y

[ij secxy=C
y

Which is required solution.

Q63. Solve (xay3 +X°y% 4 Xy + 1)ydx + (x3y3 —X%y? —xy + l) xdy =0.

Sol :
The given equation is (X°y® +Xy? +xy +1)ydx +(x%y® = x’y* = xy +1)xdy = 0-——(1)
Comparing the given equation with Mdx + Ndy =0
M = (x°y°® +x%y? +xy+1)y; N = (x°y® —x?y? —xy+1)x

o Mx =Ny = xy(x°y® + x?y? +xy+l) —xy(x°y® —x?y? —xy+1)

=%+X3y3+x2y2+ﬂ—%+x3y3+x2y2—ﬂ
= 2xy(X?y* +xy)

=2x%y? (xy +1)#0
On multiplying the given equation by its IF
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We have

XzyZ(Xy+1)+(Xy+l)de+(xy+1)(X2y2 _Xy+1)_xy(xy+1)

dy =0
2x?y? (xy +1) 2x%y? (xy +1) xdy

2
ydx+xdy 2x ydy:O

d d
(yaxexdy)+ == ==y

d(xy)+M 2dy:O

(xy) ¥

1 2
d(xy)~+ (Z—zjdz _[yjdy =0 Pputting xy =z

By Integrating

xy—E—ZIogy:C
z

xy—E—ZIogy:C
z
Method IV:

jf(x)d

If i[aM QN “is an integrating factor of

N ———j is a function x alone say f(x), thene

oy

Mdx+Ndy = 0.

Q64. Solve (x2 +y2)dx—2xydy =0

Sol :
The given equation is (x* +y?)dx —2xydy =0 - (1)
Comparing (1) with Mdx + Ndy =0

We get M =x*+y?, N=-2xy

oM ON
ooy, T80
Here 2y y ox y
oM ON
'.———: —_ —2 :4
5y oY (-2y) =4y

g
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. 1[@&} 1 (4y)

Nloy ox) 2xy
-2 L .
=? Which is a function of x alone

- |F = ej-f(x)dx

— e—2 logx

—log x?

=€

1
X2

IF =
Now, multiply the given equation by IF
1 2 2 1
Then we get X—Z(X +y )dx —X—2(2xy)dy =0

2
= [l+y—2jdx —Qdy =0
X X
Which is of the form Mdx + Ndy =0

y* 2.4y -
Then J[1+X_zjdx_f - y=C
y = constant term is not having x
y2
jdx+j7dx=c

2
x-Y =c
X

Which is required solution.

1 3 1 2 1 2
+ =y + =X [dx+ = x+ dy=0
Q65. Solve (y 3)/ > \J l( XY) y

Sol :

1 1 1
The given equation is (y +§y3 +EX2JdX +2(X +xy*)dy =0

Comparing (1) with Mdx + Ndy =0

. (1)
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1 3 1 2 l 2
M=y+=y +=X"; N=—(X+X
We get y 3y 5 4( y)

oM 3y? oON
Here =1+, <
oy 3

2
_1y
X 4 4

M N _ . 1y

oy ox Y a2

e E )
Nl oy ox g(x+xy2)4
43

- x(l+y2)4(ler )

oy oX

N == which is a function of x alone

1(oM oN)_3
X

X

f(x)d
LIF=el™
J-de
=e X

9 e3logx
Iogx3

=€

IF =x°
Now, multiplying (1) with IF

X3 [y Jr%y3 +%x2de +x° [%(x +xy2)dy} =0

33 5 4 4,2
(x3y+y; +X?de+[x7+xi/ jdy:O

Which is of the form Mdx +Ndy =0

2

4 4

33 5
M:x'°‘y+y AN S VR
2 4 4
which must be exact equation
So, its solution is
'l 56 ',
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Then [mdx + [Ndy=C

(y = constant) (term is not having x)

33 5 4 4.,2
J[x3y+y; +X7de+.|‘[xj+%jdyzc

'y +x'y*+x®=C

Which is required solution.

Q66. Solve (x2 +y° 4+ 2x) dx+2y dy=0.

Sol :
The given equation is (X2 +y2+ 2X)dx +2ydy=0 .. (1)
Comparing (1) with Mdx + Ndy =0

Here M =x*+y*+2x; N=2y

1({oM ON 1
= N[___j =2—(2y-0)=1 which is alone [Let us say f(x)]

IF =¢
Multiplying (1) with IF we get

e (x2 +yi+ 2x)dx +e*(2y)dy =0
Which is of the form Mdx +Ndy =0

which must to be exact equation,
So, its solution is

j(exxz +ety? +e 2x)dx + Zjexy dy=C

jexxzdx Jr_[exy2 dx + Zjexxdx =C

{ 57 '
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xzjeX —IZx(IeX dx)dx+exy2 +2[e"(x-1)]=C

x’e* — 2J‘xeX dx +e*'y? +2e*(x-1)=C
x%e* — Z[eX (x —1)} +e*y?+2e*(x-1)=C
x’e* +e*y* =C
ex(x2 +y2) =C

Which is required solution.

Q67. Solve (x3 —2y2)dx+ 2xy dy=0.

Sol :

The given equation is (X° - 2y2)dx +2xy dy=0
Comparing (1) with Mdx + Ndy =0

Here M = x°® — 2y?; N = 2xy

oM oN
Sy, =2
- x Y

oM N
E # X which is not exact

1(oM ON 1
=| —=—|=—(-4y-2y)
Nley ox) 2xy
-6y -3 .
- 2xy =~ Which is a function of x alone.
F = ej-f(x)dx
ax
e L

_ e—3|ogx

— e—logx3

1
IF = &

Multiplying (1) with IF we get
1

X3

(x3 - 2y2)dx +Xi3(2xy)dy =0

Rahul Publications
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2
[1— 2{ de+2—¥dy =0
X X

Which must to be exact equation.
So, its solution is

f[2-

(y = constant) (term not having x)

2y? 2y
X3 de +JX—2dy =C

2
x+2y2 =C
2X
2
x+y—2:C

X

Which is required solution.

Method V
¢ L[N _om
M{ox oy

Mdx + Ndy = 0.

j is a function of y alone say f(y), thene

Q68. Solve (3x2y4 + 2xy) dx+(2x3y3 —x2) dy=0

Sol :

The given equation is (3x°y* + 2xy)dx +(2x°y* —x*)dy =0

Comparing (1) with Mdx + Ndy =0
We get, M = 3x%y* +2xy, N = 2x°y® —x*

oM

=— =12x%y® + 2x, N _ 6x°y°® — 2x
oy oX

LY

— —— =6x%y® —2x-12x*y* -2

X oy
= -6x°y°® —4x

1(oN_oM)__ 1
M{ox dy ) 3x%y*+2xy

- o[y
2,,3

y|3x X

X

[—6x"‘y3 - 4x]

“ is-an integrating factor of

. (1)
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1(oN oM -2 .
| 30~ = | T Which is a function of y alone.

M{ox oy y
IF =l
2

ol

— e’zmgy

— e—logy2
IF= iz

y

Multiplying (1) with IF we get

y—12(3x2y4+2xy)dx+y—12(2x3y3—x2)dy=0

2
[Sx"‘y2 +§jdx + [2x3y —X—zjdy =0
y y
Which must to be exact equation
So its solution is
Then jde + dey:C

(y = constant) (term not having x)
2
J[sx"‘yz +%j dx + j[2x3y—x—zj dy=C
y y

3,,2 2
33Xy +2x _

—=C
3 2y

2
X
x}y?+—=C

x’y?+x*=C
Which is required solution.

Q69. Solve (xy3 +y) dx + 2(x2y2 + X+ y“)dy =0.

Sol :
The given equation is (xy® +y)dx+2(x*y* +x+y*)dy =0 .. (1)
Comparing (1) with Mdx + Ndy =0

Here M=xy®+y, N :2(x2y2+x+y4)
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@:3xy2+1, %:4xy2+2
oy OoX

.'.@—@:4xy2 +2-3xy* -1
ox oy

=xy’+1

oxX oy

LL[GN amj:: 3 (xy? +1)
M Xy® +y
Xy ¥ 1

y(xy2+1

1
= ; which is a function of y alone

IF =l

d
eyy:elogy:y

Multiplying (1) with IF, we have
y[xy3 +y]dx +y2[x2y2 +X +y4]dy =0
(xy* +y?)dx +2(x%y° +xy+y®)dy =0

which must to be exact equation.
So, its solution is

I(xy“ +y2)dx+2I(x2y3+xy+y5)dy:C
(y = constant) (term is not having x)

2

X2 a2 oY
—Y +xy*+2—=C
2y y 6

3x%y* +3xy* +y°® =6C

Which is required solution.

Q70. Solve (Xy2 —xz)dx+(3x2y2 +x%y—2x° +y2)dy =0.
Sol :

The given equation is (Xy2 - xz)dx + (3x2y2 +x%y—2x° + yz)dy =0

Comparing (1) with Mdx + Ndy =0
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Here M = xy? —x?, N = 3x%y? + x’y — 2x° + y?

oM oN 2 2
— =2Xy , — =6Xy° + 2Xxy —6X
oy y o y y
@—@ = 6xy’® + 2xy — 6X* — 2xy
oxX oy
= 6xy’ — 6x?
= 6x[y2 —x}
LN M) 1 Tgp )] . |
Ml x oy M = 6 which is a function of y alone

f(y) d
IF=el®¥ :ej6dy _ @by

IF =e®
Multiplying (1) with IF, we have

e [xy2 — xz]dx +e% [3x2y2 + X%y —2x° + yz]dy =0

which must to be exact equation.
So, its solution is

jeey [xy2 - XZ]dx +J‘e6y [3x2y2 +x’y - 2x°% + yz]dy =C
j(eﬁyxyz —e¥x?)dx + jeey 3xy2dy +Ie6yx2y dy— 2je6yx3dy +je6yy2dy =C

2

X?yze6y —%eey +[yzjeey —J.Zy(J.eeydy)dy} =C
Xzzyz e®” —geﬁy {yz.%—JZy.%dy} =C
e® {Xzzyz _g}réyzeﬁy _%[yjeﬁy _J‘l(J‘eﬁydy)dYJ =C

1 1
eﬁy _X2 2 _ =
it

Which is required solution.

1 1 1
x*+>Zy*——y+—|=C
6 18’ 108}
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Method VI

If the given equation Mdx + Ndy = Ois of the form x®y® (my dx + nx dy) +x°y° (py dx +
gx dy) = 0, where a, b, c, d, m, n, p and g are constants then x" yk is the integrating factor,
where h, k are constants and can be obtained by applying the condition that after multiplying
by x" y* the given equation is exact.

Q71. Solve (y2 + 2x2y) dx+(2x3 —xy) dy=0.
Sol :
The given equation is (y* +2x?y)dx +(2x° —xy)dy =0 . (1)
Let x"y* be the integrating factor, multiplying the given equation by this factor
x"y¥ [yz + 2x2y} dx +x"y* |:2X3 —~ xy] dy=0
[x“yk+2 + 2xh*2yk*1}dx + [Zx“*ayk -~ xh*ly"”]dy =0

hy k+2

Here M =Xx"y

h+2, ,k+1

+2xX"y

N — 2Xh+3yk _Xh+1yk+1
Which is exact, we must have
M _aN
oy 0oX
io. % = (k+ 2)x"y D L ok )Ryt
=(k+2)x"y"* + 2(k +1)x™?y"
aN h+3-1, ,k h+1-1, ,k+1
and = =(h+3)2x" >y —(h+1)x"*y

=2(h+3)x"?y“ - (h+1)x"y*“*
= (k+2)x"y"" +2(k +1)x"?y* = 2(h+3)x"?y* - (h+1)x"y*"

Now equating the coefficients of x"y** and x"+2y*

k+2=-(h+1) 2(k+1)=2(h+3)
k+h=-3 2k-2h=4
k+h=-3 (i) k—h=2 (ii)
by solving above equations
2k=-1
-2
2

substitute k = _71 in (i)

g
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—1+h:—3
2
h——3+1
2
h="2
2
5 -1

IF=x"yk=x2y?

. S -1
1e., ”:szyz

multiplying (1) by IF, we get

-5 -1

x2y? [yz + 2x2y] dx +x2y2 |:2X3 - xy]dy =0
5 3 41
{xzy2 +2x2y2}dx+{

Which must be exact.

So its solution is

3 -1 1

-5
J.{xzy2 +2x2y?

y constant

-3 3 11

_—:x7y5 +2.2x2y2 =C

-3 3 11

_—:x7y5 +4x2y2 =C

Which is required solution.

term is not having x

Q72. Solve (2y dx+3x dy)+2xy(3y dx+4x dy) =0.

Sol :

The given equation is (2y dx +3x dy) + 2xy(3y dx +4x dy) =0

. (1)

We can rewrite the given equation into 2y dx + 3x dy + 6xy” dx + 8x’y dy =0

(2y +6xy?)dx +(3x +8x°y)dy =0
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Let x"y* be the integrating factor, multiplying the given equation by this factor.

x"y¥ [Zy + 6xy2]dx +x"yk |:3X + 8X2y]dy =0
|:2thk+1 i 6Xh+1yk+2i|dx I |:3Xh+1yk i 8Xh+2yk+1] dy -0
Here M — 2thk+1 +6Xh+1yk+2

h+1,,k h+2,,k+1

N =3x""y" +8x""y
Which is exact, we must have

M _oN
oy o
%: (k+l) 2thk+1—1 +6(k+2)xh+lyk+2—l

=(k+1)2x"y* +6(k + 2)x" "y

Z—N:3(h+l)xh+l_lyk +8(h+2)xh+2—1yk+1
X

= 3(h+1)x"y* +8(h+2)x"y**

M _oN
= 8y  ox

(k+1)2x"y* +6(k +2)x" "y =3(h+1)x"y* +8(h+2)x"y*"*
Now, equating the coefficients of x"y* and x"*ty***
2(k+1)=3(h+1) and 6(k+2)=8(h+2)
2k-3h=1___ (i) 6k-8h=4____(ii)
(i) x 3—(ii)
= BK-9h=3
oK -8h=_4
h=1
sub h=1 in (1)
2k-3(1)=1

2k=4
k=2
~h=1 k=2 |F=x'y? =xy?

g
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Multiplying (1) by IF we have
xy? [Zy + 6xy2]dx +xy’ [Sx + 8x2y] dy=0
[ny3 + 6x2y4}dx + [szy2 + 8x3y3]dy =0

which must to be exact.
S0 its solution is

(2xy* +6x°y* )dx + [(3x*y* +8x°y*)dy = C
y constant term is not having x

2x? v 6x°
2 3

x?y®+2x%y* =C

Which is required solution.

1.9 CHANGE IN VARIABLES

Q73. Define change in variable.

AnS :

By suitable substitution we can reduce a given differential equation which does not directly come
under any of the forms discussed so far to_one of these forms. This procedure of reducing the given
differential equation by substitution is called the change of dependent (or independent) variable.

Q74.

Sol :

a®(xdx-ydy)

Solve xdx+ydy= >
X“+y

a’(xdx —ydy
The given equation is XdXx +ydy = %
X" +y

Let X =rcos0 (|)
y =rsin0 (ii)

by (i) and (i) x? +y? =r?cos®0+r’sin’0
x?+y?=r?___ (i)

ino
(i) and (i) =" tang

X rcoso

.-.X:tane
X

differentiating (i) and (ii), we get
dx =—rsin6 do+ drcos6, dy =rcos0 db +drsin6

Rahul Publications

. (1)

'l 66 ',



UNIT - | DIFFERENTIAL EQUATIONS

Substituting the corresponding in (1)

= rcos0(-rsin0do +drcos6)+rsin0(rcos6 do +drsino)

a’(rcosO(rcos0 do+drsin®)—rsin®(-rsin0 do +drcoso))

r.2

- WﬂcoszedHWHdrsinze
az(rzcoszed6+W+rzsin26d6—rdr' ose)

r2

a’ [rz (sin2 0+ cos? e)de]

r.2

= r dr[cos2 0 +sin? 6} =
rdr=a?do
By integrating

jrdrzjaz do+C

e,
—=a0+C
2

r’ =2a’0+C

But r? = x? +y2

0=tan™ LXJ
X

-, The required solution is

x?+y? =2a’tan™ LXJ +C
X

Q75. Solve sec? y(%] +2xtany = x°.
X

Sol :

d
The given equation is SeC” YLd—iJ +2xtany = x° . (@)

We can rewrite the given equation into by dividing “sec?y”

Let tany =v (i)
Ay _dv
sec de = i (ii)

g
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Let us sub (i), (ii) in (i)

dv

o 2x.v =x* which is linear differential equation.

Where p-2x, Q=x3

|F _ edex _ eJ.Zde _ exz

-, The solution of the given differential equation is

VIF = [(QIF)dx+C

ve' = J(x3.eX2 )dx +C

Let X2 =t
2xdx =dt

v.eX :sz.x e dx+C
:lj.x2 e¥ 2xdx + C

2
=1jte‘dt+c

2
~Zei(t-1)+C

x? 1 X2 2

tanye - 5e (x*-1)+C

tany :%(x2 —1)+CeXz

Which is required solution.

xdx+ydy [a®—-x*-y?
xdx —y dy X4y

Q76. Solve

Sol :

xdx+ydy [a®-x®-y?
x dx —ydy x*+y? - (1)

The given equation is

Let x =rcos@., y =rsin®

Then 1? =x*+Yy?, G:tan‘1¥.

g
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dx =rcosO—rsin® do; dy = rcos06do +drsin6

substituting corresponding values in (1)

rcoso(dr cos6—rsin6 do)+rsin6(rcos® do+dr sing) B \/az —r2cos20—r%sin%0

rcoso(rcos0dé +drsin®)—rsin6(drcos®—rsin6 do) — r2

 r?cos?0d0 +rsin0cos0dr —rsin@cosOdr +r?sin?0do 2

r
r(cos®0+sin®0)dr [z _y2
r?(cos® 0+sin’ 0)do N

_ rcos?0dr —r?sin@cosO do + r’ cosOsin0dO +rdrsin’ 0 \/az —1?(cos?6+sin’6)

rdr  [a®-r?
r2do \ 2
1dr_Va'or
rdo r

dr _ do

NJa® -r?
By Integrating
dr
J‘ﬁ = Ide +C

sint—=do

r
a
ro.

—= 0+C
" sin(6 + )

r=a(sin0+C)

7 07 ain] gart[Y
. The general solution (1) is X —y? = asm{tan 1(;j+c]

I 1.10 TortAL DirrereNTIAL EQUATION

Q77. Explain the working rule of total differential equation.
Ans :

An equation of the form Pdx + Qdy + Rdz =0, where P, Q, R are functions of x, y, z is called a total
differential equation in three variables.

The differential equation Pdx +Qdy+Rdz=0 (P, Q, R are functions of x, y, z) to be integrable is

(-5l )
oz oy oxX oz oy oOXx

{ 69 }
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* Working Rule to solve total differential equation of the form Pdx+Qdy+Rdz=0 -------- 1)

Verify the condition of integrability of (1).

After verifying the condition of integrability of consider one of the variable say z to be constant
dz=0-

Then (1) becomes Pdx+Qdy =0 -------- (2
3. After integrating (2), Let the solution be U(X,y)=¢(z)------ (3)
where ¢(z) is an arbitary function of z.
4. Now differentiate (3) totally w. r. to X, y, z and compare the result with (1)
If the coefficients of dz involve functions of x and y, remove then by using (3)
5.  Then solve the equation got in (4) to obtain ¢(z) Using any method discussed in the previous
concepts.
Putting this value of f in (3) we get the required solution of (1)
Q78. Solve (y2 +yz)dx+(z2 +zx) dy+(y2 —xy) dz=0.
Sol :

The given equation is (y* +yz)dx +(z* +2x)dy +(y* = xy)dz =0 .. (1)
Which is of the form Pdx + Qdy +Rdz=0 .. (2

here P=y*+yz; Q=2 +2x;R=y* =xy

-. the equation of (2) is integrable, when

(2 S 2ol )
oz oy oxX oz oy oOXx

@:22+x; %:Zy—x;%:—y
oz oy oX
@:y;£:2y+z;@:z

oz oy OX

sub all the above values into (3)

(y2 +yz)(22+x—2y+x)+(z2 +zx)(—y—y)+y2 -xy(2y+z-2)=0
- Let z be a constant so that the given equation takes the form.
(y2+ yz)dx +(2+ zx)dy =0

dx N dy 0

2(z+x) y(y+2)
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By integrating

1 1
.[z(z+x)dx+J.y(y+z)dy_

log(z+x)(1)+logy—log(y+z)=C

logy(z+x)-log(y+z)=C

y(z—+x) ¢(z)

y+12 -

y(z+x)-¢(z)(y+2)=0

Differentiate with respect to X, vy, z to obtain

ydx + [z +X— (I)(Z)] dy + [y - (y + z)¢' (z)— ¢(z)(1)}dz =0
comparing the above equation with given equation

y +yz 2t +zx y? —xy
y z+x—-9(z) y—-(y+2)¢'(z2)-9(2)
yi+yz 7P +2x

y z+x—¢(z)

reduces to (4) and thus given no information about ¢(z)

LYy y* —xy
y  y-(y+2)¢'(z)-4(2)
simplify to get

Y -xy =y’ -xy-(y-2)"¢'(z) [~ Byusing(4)]
Which gives ¢" (z) =0 and ¢(z)=C
Hence the required solution is

y(z+x)=(y+z)C

Q79.
Sol :

Solve (y+z)dx+(z+x)dy+(x+y)dz=0.

The given equation is (y+z)dx +(z+x)dy +(x+y)dz=0
ydx +zdx +zdy + xdy +xdz+ydz =0

After regrouping of the form
(xdy +ydx)+(ydz+zdy)+(zdx +xdz) =0
d(xy)+d(yz)+d(zx)=0

By Integrating

jd(xy)+_[d(yz)+_[d(zx) =C

Xy +Yyz +zx = C Which is the general solution of (1)

. (1)

UL
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Q80. Solve xdx+z dy+(y+2z)dz=0
Sol :
The given equation is xdx +z dy +(y + 22)dz =0 . Q)

xdx +(ydz+zdy)+2zdz =0

By regrouping the term 2 can be written as
xdx +(ydz+zdy)+2zdz =0

xdx +d(yz)+2zdz=0

By Integrating

jxdx+jd(yz)+j22dz:c
x? 27°

—+yz+—=C
2 y 2

Which is required solution of (1)

1.11 SimuLTANEOUS ToTAL DIFFERENTIAL EQUATIONS I

The equation

Pdx+Qdy+Rdz=0 } (1)

Pldx +Q'dy+R'dz=0
Where P, Q, R and p' Q' ,R' are any functions of ‘x’ , are called simultaneous total differential
equations.

(@) If each of the above equation is integrable and has solution ¢(x,y,z)=C and ¢(x,y,z)=C'
respectively then taken these equations together form the solution of (1).
(b) If one or both of the equation (1) is not integrable then we write them as
dx dy dz

QR -RQ' RP'_PR' PQ —QF'

dx_dy _dz

1.12 EqQuATiON OF THE FORM o~ R

1.12.1 Method of grouping
Q81. Write the step for method of grouping method of grouping.

AnS :

Given equation are F—a, P RQ R T (1) consider tge three sets of equation
d¢ _dy dx_dzdy
P QP RQ R O

dx_dy dx _dzdy _dz

{ 72 |
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In set of equation (2) any one can be
obtained from the remaining two equations so we
can take any two equations of set (2) as equivalent
to the set (1)

Case (1)

If any two equation of the set (2) are
integrable, we can find their solutions by using the
method of variables separable the pair of such
solutions given the general solution of the given
equation in the system (1)

Case (2)

If one equation only of the set (2) is integrable,
we can find its general solution by the method of
variables separable. This solution may be used to
find the solution of another set. The pair of these
solution gives the complete solution of the system(1).

dx dy dx
Q82. Solve 22y © 22x | yPx
Sol :
: dx _dy _ dx
The given that 2y 22X yX
taking 9% _ dy.
7’y 7%
xdx =ydy
xdx-ydy=0

By Integrating

jxdx—jydy:C

dy _de
Now take 2% y2X
y? dy = 7% dz

y?>dy—-z°dz=0
By Integrating

jyz dy—.[z2 dz=C

Y_r_¢
3 3
y3—z3:C'

. The complete solution is

x2—y2:C, y3—Z3 -

1.12.2 Method of Multipliers
Q83. Write the step of method of multipliers.

Sol :

By a proper choice of multipliers I, m, n which

are not necessary constants we write
dx dy dz _ldx+mdy+ndz
P Q R IP+mQ+nR

mQ + nR = 0. Then Idx + mdy + ndz=0 can be

such that 1P+

solved giving the ¢(x,y,z) = C ---(1) Again look for
another set of multipliers A,u,y such that
AP +pQ+yR =0 giving Adx+pdy+ydz. Which
on integrating, Then which gives the solution as
o(x,y,z)=C'-----(2)

(1) & (2) are taken together form the required
solution.

Q84.Solve X __dy _ d

x(y2 - zz) - —y(z2 +x2) z(x2 +y2)
Sol :

The given equation is,
dx dy o az

x(y2 —zz) B —y(z2 +x2) z(x2 +y2)

choose the multipliers X,y,z

B Xdx+ydy+zdy
xz(yz—zz)—y2(22+x2)+22(x2+y2)

B xdx +ydy +zdy
x2y2—x222—y222+y2x2+22x2+22y2

_Xdx+ydy+zdz
0

g
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Thus xdx+ydy+zdz=0
By integrating

jxdx+jydy+jzdz:c
x*+y*+2°=C

- O e
Again using the multipliers , 2 vz

1dX - 1dy - 1dz
each fraction = X y z

;.x(yz —zZ)Jr)l/.y(z2 +x2)—%.z(x2 +y2)

1dx—ldy—}dz
X y z
y2—22+22+x2—x2—y2

1dx—ldy—}dz
_X y z
0

Thus ldx —ldy —ldz =0
X y z
By Integrating
Jldx—jldy—_fldz:c'
X y z
logx —logy —logz=C'

logx —(logy +logz) = C'

logx —logyz = C'
log > = log C'
yz
X _ c
yz
yz =C'x

Hence the solution of the given equation is

x*+y?+2°=C, yz=C'x

— 'l 74 ',
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dx dy dz

Q85. Solve mz — ny T nx-1z ly — mx

Sol :

_dy  dz
mz—-ny nx-Iz ly—-mx
choose the multipliers I, m, n

The given equation is

[dx + mdy + ndz
I(mz—ny)+m(nx—Iz)+n(ly —mx)

[dx + mdy + ndz

" ImZ — Jpg + ANk — Atz + ply — K

_ldx+mdy+ndz
0

sldx+mdy+ndz=0

By Integrating
[tdx+ [mdy+[ndz=C

IX+my+nz=C
Again, choosing X, y, z as multipliers, each fraction of the given equations.

_ X dx+ydy+zdz
x(mz —ny) +y(nx —Iz) + z(ly - mx)

\ X dx+y dy+zdz
MXz — Nxy + nxy — lyz + lyz — zmx

_Xdx+ydy+zdz
0

“ Xdx+ydy+zdz=0
By Integrating

dex+jydy+jzdz:c' where 2c — ¢!

Hence jxdx+jydy+jzdz:c'

2 2 2
X_ + y_ + Z_ — Cl
2 2 2
x> +y*+22=C'  where 2c =
Hence \ ‘ are complete solution

L)
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Sol :

choose y, x, -1 as multipliers, each fraction of
the given equation

By Integrating

Now, again choose[ ] as multipli
fraction of the given equation

By Integrating

complete solution.

Rahul Publications
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Sol :

The given equation is -

Taking the first two fractions.

By Integrating

| ,\0(\5
\

again, choose as multipliers each

fraction of the given equations.
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By Integrating

By Integrating

<
2@
Ill%/

The required general solut

Q88. Solve

By Integrating
Sol :

Given that,

choose . as multipliers, each fraction

Hence, the complete solution consists of

@I
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o ]

Taking last two fractions

By Integrating,

]
\?\ﬁg\é
]

. (4)

ing ;y, !vas multipliers, each fraction Hence, the complete solution consist of

in (1)

. ()

Combining the third fraction in (1) with
fraction (2), we get

{ 78 }
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‘ Multiple Choice Questions I

1. 3extan y dx + (1 — e¥) sec® y dy = 0, Then the solution is [b]
(@ tany=C-¢* (b) tany =C(1 -e¥?
(c) tany=C (1-¢9 (d) tany =C(1 - e¥)?

2. (X*-y)dx+2xydy =0["] [a]
(@) (y*+x%) =Cx (b) (y*-x?) = Cx
© O +x)= CD (@ @ +x)=Cx

3. xDzy(logy—logx+1)then [d]
@ [ o [
o @ [

4. | Then L.F is [a]
(@) D (b) D
©f ] @ [

5.  LFfor [b]
(@) x (b) D
© [] (d) y

6. [a]
(@) (b)
(© (d)

7. Integrating factor for is [a]
(@ [ o ]
(c) (d) None of these

()
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8. Bernoullise equation

(@)

(©)

(@) ]

(©)

(@)

(©)

Then

(b)

(d)

(b)

(d)

(b)

(d)

None of these

None of these

[b]

[a]

[c]

Rahul Publications
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‘ Fill in the blanks I

1.
2. If , Then whichis —____ equation.
3. If is a function of y alone Then IF is
4.  Afirst order differential equation is called
5. The linear differential equation is . Then the L.F is
The solution for linear differential equation is .
If the differential equation| | if‘ ‘and‘ ‘Then is an
integrating factor.
8. Ifthe differential equation| lishomogeneousand[ | Then is
the integrating factor.
9. Then — _ and
10. If the given equation is exact then the solution will be calculated as
ANSWERS
1.
2. Exact
3. :
4. Linear differential equation
5.
6.
7.
8.
9. ,
10.
{ 81 }
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Differential Equations first order but not of first degree: Equations
Solvable for p - Equations Solvable for y - Equations Solvable for x - Equations
U N I T that do not contain x (or y) - Equations Homogeneous in x and y - Equations

of the First Degree in x and y - Clairaut’s equation. Applications of First Order.

I
T T
T P T PP TP T
0 A
I A I I A
T T T T T T T

|1 Differential Equations: Growth and Decay-Dynamics of Tumour Growth -
Radio activity and Carbon Dating - Compound Interest - Orthogonal
Trajectories.

\\

I 2.1 INTRODUCTION TO DIFFERENTIAL EQUATIONS FIRST ORDER BUT NOT OF FIRST DEGREE

The general first order differential equation of degree n = 1 (or not of the 1st degree) is,

d_y n d_y n-1 d_y n-2 d_y B
(dxj + Pl(de +P2(OIX + ... +P dx P =0 .. (1) (or)

P,P"+P P™+P P+ .. +P P+P =0where P= d_y and P, P, P,..... P _are functions
n— n dX n
of x and y
This can also be written as .. (2)

The above equation however cannot be solved inthis general form. We will discuss here the situation
where a solution of this equation exists. Let-us consider two case.

Case - |
The first member of equation (1) can be resolved into rational factors of the first order.
Case - 11

Here the member cannot be thus factored.

2.1.1 Equations Solvable for P

Q1. Derive equations for solvable for P.

AnS :

LetPP +P P +P P2+ ... +P _ P+P =0..(1) be the given differential equation of first
order and degree n > 1. Since (1) is solvable for P, it can be put in the form [P —f (x, y)] [P = f.(x, y)] ......
[P-f(x,y)] =0 ... (2) equating each factor to zero we get equations of first order and the first degree.

Let their solutions be ¢,(x,y, C) =0, ¢,(x, ¥, C,) =0, ...... » 0.(x, y, C) = 0 with out any loss of
generality, we can write
C,=C,=... = C_ = C asthey are arbitrary constants.

Therefore the solution of equation (1) can be put in the form.

o, y,C)=0,¢(x,y,C) =0, ... ,0X,y,C)=0

{ g2 |
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Q2. Solve (P -xy) (P-x?) (P-y?) =0. 1
Sol : X+2+Cy=0
Solving for P Y
If P=xy (P—yz):x+l+C3
y
d—y:xy:d—y:xdx
dx o d Since C, =C,=C, =C
By Integrating . Lo
g The required solution is
:>J.—y:jxdx+cl 2
d X 1., 1
logy——-C [y——x —Cj X+=+C|=0
. 2 3 y |
logy =—+C,
2 Q3. Solve P2-7P + 12 = 0.
| X o o Sol :
= ogy—7— e Given P2—- 7P + 12, resolving into linear
) factor.
X
(P—xy)=logy-=-~C, P? _7P+12=0
If p—x2 = P?-3P-4P+12=0
j_yzxz = P(P=3)-4(P-3)=0
X
=dy = x’dx (P=38)(P-4)=0
By Integrating Its component equations are p_3 -0 and
:>J‘dy:_|‘xzdx+C2 P-4=0-
, fp_3=0=>P=3
y=—+C,
:>d—y:3
dx
=y-=x*-C, =
y 2 = dy = 3dx
By Integratin
pox)=[s-Le-c) y st
3 = [dy = [3dx+C,
If P:y2
=y=3x+C,
dy
dx_y =y-3x-C=0
:>d—)2/:dx fP-4=0=>P=4
y
By Integrating =y
y dx
1
.[dezj.dx+c3 = dy =4dx
1 By Integrating
_§:X+C3 :>J‘dy:.|‘4dx+C2
{ 83 )
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=y=4x+C,
=>y-4x-C=0

Hence the required solution is
(y-3x-C)(y-4x-C)=0,

C being arbitrary constant.

Q4. Solve P +2xP? —y*P? - 2xy’P =0
Sol :
Given equation is.
P +2xP? —y?P? - 2xy’P =0
can be rewritten as

P(P?+2xP-y*P - 2xy*)=0
P[P(P+2x)-y*(P+2x)]=0

P(P+2x)-y*(P+2x)=0
Its component equations are,

P=0,P+2x=0,P-y*=0

y+x>-C=0
fP-y*=0

2

=>P=y

:>d—y:y2:>d—)2/:dx
dx y

By Integrating

:>x+1—C:0

Ifp=0
dy Hence the combined solution of the given
=>—==0 equation is
dx
—=dy=0 (y—C)(y—XZ—C)[X-‘r%—Cj:O_
By Integrating
. Ive x?P? —2xyP +(2y*-x*)=0
:jdyzcl Q5. Solve Yy ( y )
Sol :

=y-C=0

Given equation is,
TPr2x=0 %P2 _2xyP +(2y* -x*) =0

X°P°—2xyP +(2y° —x° )=

=P =-2x

can be rewritten as
dy = —2x dx

y x?P? :2xyP—(2y2—x2)

By Integrating

x2P2—2xyP+(2y2—x2):0
Idy:—zjxdx+cz L

2Xxy + [4x2y2 —4x*? (2y2 - x"’)]E
2 P =
y+2 _c-o 2x*
2
{ 84 |
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dy 1 2 2E
— =—|2xy+2 -y )2
dax 2X|: Xy X(X y)

Putting Y_vor y =Xy
X

(lex =+ L dv

X V1-v?
By Integrating

logx —logC = £sinv

Iogi —+sintY
C

sintY

+
x =Ce x

Q6.
Sol :

Solve (p+y+Xx) (xp+y+x) (p+2x) = 0.

Given that
(p+y+x) Xp+y+x) (p+2x) =0 ... (1)
Here we have,

P+y+x=0,Xxp+y+x=0,p+2x=0

|fp+y+x:0:>d—y+y+x:0
dx
dy dv
X+y=v=>1l+—=—
Put y dx  dx
:d—y:d—vz—l
dx dx
:>d—v—1+v:0
dx

d—Vzl—v

dx
:izdx

1-v

By Integrating
dv
E = IdX + Cl
—log(1-v)=x+C,
—(1-v)=e"

1-v=—e"

1-x-y-Ce* =0 (2)

|fxp+y+x:0:>x.d—y+y+x:0
dx
d—y+£y+l:0
dx x
:>d—y+1y:—1
dx X
dy 1

——+—=y =-1 which is a linear equation.
dx X

Then the integrating factor

IF = "

J-ldx
=e X
log x

IF=x

Then its solution is y.IF =J‘Q(IF)dx+C2

yX = j(—l)(x)dx +C,

2
yX = —|:X—:|+C2

2
2xy+x*-C=0____ (3)
If p+2x=0 =p=-2x
:%:—ZX

g
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=dy = -2xdx
By Integrating

:Idy:—zjxdx+c3

_=2x?
2

=Yy +C,

=>y+x’-C=0 (4)

Hence the combined solution of the given equation is

(1—x—y—Ce‘X)(2xy+x2—C)(y+x2+C):O

Q7. Solve P? + 2Pycotx = y?.
Sol :

Given that p? + 2Pycotx = y® which can be written as p? + 2Py cotx —y? =0

Solving this for p, we get

—2ycotx + \/(Zycotx)z -~ 4(1)(—y2)
2

-2y cotx + \/4y2 cotx? +4y?
2

—2ycotx £ 4y~cot? x +1

2

—2ycotx + 2y~/cosec’x
2

_ =2y cotx * 2ycosec X
2
P =—ycotx +ycosec x

creo{ ol
SInX SInX

[—cosxil}
=>P=yl——
sinx

:p:y{w} or :p:y{ﬂ}

sinx sinx
sin? X —2ycos25
=P= 2y—2 or P= 2
. X . X X
2sin— cos— 2sin— cos—
2 2 2 2
{ 86 '
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:>P=y+tan% or P=—y00t§ :>Iogy:—2log[sin§}rlogc2
P=vy+tan> 2
If P=y+ anE :Iogyzlog(sinzj +logC,
:>d—y=ytan£ )
dx 2 = logy = log [Cz sin2 EJ
:>d—y=tan5dx
d 2 c,
=>y= ~
v X sin® =~
J.F—J.tanEdXJrC1 5
- 2X
Iogy:2Iog(sec§J+logC1 = y=sin E:c:2

=y(1-cosx)=2C,=C

2
X
logy =| ol
- o Og[seczj”gcl = y(1-cosx)-C=0___(2)

X Hence the combined solution of the given
=logy =log [Cl secZEJ equation is

(y(1+cosx)-C)(y(1-cosx)-C)=0.

X
= y=C, sec’=
y ! 2 Q8. Solve x*p® +xyp-6y*=0.

Sol :
= y ~ =C,
sec” 5 Given that x*p® + xyp — 6y* = 0 which can be
written as,
X
= ycos? 5" C, x?p? + 3xyp—2xyp-6y* =0 (1)
= y(1+cosx)=2C, =C xp[xp +3y] - 2y[xp+3y] =0
=y(1+cosx)-C=0 (1) [xp+3y][xp—2y]=0
X Xp—-2y=0, xp+3y =0
If P=-ycot—
y Xp—-2y =0
d X
:>—y:—ycot— :>xd—y—2y:0
dx y dx
:d—y:—cotidx :d_y:ﬂ
dx 2 dx x
By Integrating
:ﬂ :gdx
d x

J& =-Jeot3ax+C,

By Integrating,

8
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jj'(fj_yzzj'idx+cl Q9. Solve xyz(p2+2)=2py3+x3.
X
Sol :
=logy=2logx+logC
9y ‘ 9™ Given that,
2 j—
=logy —logx® =logC, xy* (p® +2) = 2py® +x* . Q)
— log [LZJ “logC, Which can be written into,
X xy® + 2xy? = 2py°® +x°
y adding and subtractin 2
X _c-o0 (2) g 9 xy’p
X 2.2 2 2 2 3 3 _
XYy pT —XYyp+XYyp+2xy  —-2py° —-x° =0
Xp+3y =0 xy’p? —x’yp + x’yp — x> + 2xy* — 2py°® =0
:x[—yJ+3y:0 xyp[yp —x]+x*[yp—x]-2y*[yp-x]=0
X
(yp—x)(xyp+x*—2y*)=0
a3y
dx  x (yp—x)(xyp+(x2 —2y2))=0
dy 3 Its components equations are yp—x=0;
=>—=——dx
y X xyp+(x2—2y2):0
By Integrating If yp-x=0
dy 1
:J—:—Sj—dx+cz dy o
y % :>de
= logy =-3logx +logC, dy x
B} Xy
= logy =log* +logC,
= ydy = xdx
= logy —log*” =logC, By Integrating
dy = | xdx
:>Iogl3:logc2 :>Iy y I
X
=y*-x*-C=0 (2)
y
:>X_3:C2 If xyp+x*-2y?=0
dy 2 2 _
—Syx*-C=0 (3) :>xyd—x+x -2y° =0
Hence the combined solution of the given dy 2y?
equation is =Y P =0
y J 5 o) dy 2
—-C|(yx*-C)=0 Loy
L-clve-o) v 2,
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multiplying by "2’ Q10. Solve 4y?p® +2xy(3x+1)p+3x>=0.

= ZyS—y—iy2 = -2 Sol :
XX Given that,
Let v =y 4y%p? + 2xy(3x +1)p+3x* =0 (1)
dv dy Which can be written as,
X X 4y°p® + 6x°yp +2xyp+3x> =0
jg_v_i_\,:_gx 2yp(2yp+3x*)+x(2yp+3x*) =0
X X

: 2 2 ?)=0
Which is a linear equation, Then the IF is ( yp+x)( yp+3X )

differential Its component equations are 2yp+x=0;
[4ax 2yp+3x*=0
Foe »
2yp+x=0
— e—4logx
. :>2yd—y+x =0
— glogx dx
1 . VA WS
Tt dx 2y
Then its solution is, =2ydy = —xdx
v(IF):jQ(IF)dX+C2 By Integrating

= 2J‘ydy:—.|‘xdx+C1

V%Z—J‘ZX.%dX-FCZ
X X 2 2
2y° =X c
= = .
1 1 2
y .)(—4:—2.|‘X—3dx+C2 ,
X
:>y2+?—C1:0
4
2
y_4:_3+c2 2,2
x*  2x =2y*+x*-C=0 (2)
X e 2yp+act -0
4 2
:>2yd—y+3x2:0
y2=X2—X4C=0 dx
2
y? —x*+x*'C=0 (3) :QZ_BX
dx 2y

From (2) and (3) the combined solution of

1) is =2y dy = -3x* dx

(y*-x*-C)(y* -x*+x‘C)=0 = 2[ydy =-3[x*dx +C,
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2 a2
:>2y: 3X C,
2 3

=y’ +x*-C,=0

=y’ +x*-C=0 (3)

From (2) and (3) The combined solution of
given equation is,

(2y2+x2—C)(y2+x3—C)=O.

Q11. Solve yp®+(x-y)p—x=0.
Sol :

Giventhat yp? +(x—-y)p-x=0 (1)
Which can be rewritten as
yp* +xp-yp-x =0
yp[p—-1]+x[p-1]=0
[p-1][yp-x]=0
Its components equations are p-1=0;
yp-x=0
If p-1=0

4
dx

=
= dy =dx

By Integrating
:jdy:IdX+C1
=>y=x+C,
=>y-x-C=0___ (2

If yp—x=0

_dy_x
ax vy

=ydy = —xdx

By Integrating

:>.|‘ydy:—_|.xdx+c2

= y*+x°-2C,=0

=x*+y*-C=0 (3)
From (2) and (3) The combined solution of

the given equation is (y -x—C)(x* +y*-C)=0.

Q12. Solve x°p® +y(1+x%y)p? +y°p=0.
Sol :
Given that,
x°p* +y(1+x%y)p* +y’p=0___ (1)

Which can be simplified as
p[pzx2 +y(l+x2y)p+y3J =0
p[P*X* +yp+Xx7y*p+y*|=0
p[x*p[p+y* |+y[p+y*]]=0

p(p+y*)(x*p+y)=0
Its components equations are,

P=0,p+y*=0,x’p+y=0
If p=0

:>d—y:0

dx
=dy=0
By Integrating
=y=C,

—y-C=0 )
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=-1+xy+C,y=0

=Xxy+Cy-1=0 (3)
If x?p+y=0
dy
x>=L4+y=0
dx+y
dy -y
dx x?
:ﬂ:—%dx
y X

By Integrating

:>.[d7y:—.|.x—12dx+c3

Iogy:1+C3
X

1

y=ex+C

1
ye *+C=0

4
- From (2) (3) and (4) The combined
solution of equation (1) is

(v-e)0 sy~ ye s o

2.1.2 Equation Solvable For Y

Q13. Define equation for solvable for y.

AnS :

If the differential equation f(x, y, p)=0 is
solvable for y, then y =f(x,p) ___(1)
Differentiating with respect to x, gives
p =% = [x,p,g—EJ_(Z)
Which is an equation in two variables x and
p and it will give rise to a solution F(X,y,p)=0

The elimination of p between (1) and (2) gives
a solution between x, y and e which is required
solution.

Q14. Solve y+px = x"p®,
Sol :

Giventhat y + px = x*p’>__ (1)

d
Where p = &y
dx

Solving 1 for y
=y=x'p’-px__(2)
Differentiating (2) with respect to ‘x’ and

i ¢ dy
writing p for

dy 3.2 .. dp dp
— =4x 2X'p.——|p+xX—
dx P P dx P dx

2ot
dx dx

p=4x3p®+2x*p
3.2 dp 4. _

p+p—4x°p +d—X(x—2x p)=0
3.2 dp 4.\ _

2p—4x°p +d—X(x—2x p)_O

2p(1- 2x3p)+ x%(l— 2x3p) =0

(1- 2x3p)[2p + xg—sJ =0___ (3)

Neglecting the first factor which does not

d
involve d_f() Then equation (3) reduces to,
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dp
2 X| —|=0
- (de

X—=-2

dx P
d_p:_ng
p X

By Integrating

.[de:—ZJ.%dx+Cl

logp =-2logx +logC,
logp +2logx =logC
logp +logx® =logC
log px* = logC
px®=C

C
X2

p:

Now substitute p in (1)
Then the required solution is,

2
(A
X X

erE:C2
X

xy +C = C?x

Q15. Solve y =3x+logp.-
Sol :

Given that y = 3x+logp Where,

_dy
p= dx (1)

differentiating (1) with respect to ‘x’ and

d
writing p for =4

dx
d_y: 3+1@
dx p dx

:>p:3+%3—5
~pog- it
:pm—)=$
= dx = p(sriB)

By resolving into partial fractions

1 A B

; —+
consider p(p—3) p p-3

1=A(p-3)+B(p)
If p=0
1=A(0-3)
=1=-3A
_

:dx:l{—l —i}dp
3Lp-3 p

By Integrating

1 1 1
dx==||———-|—|d
/ 3UI0—3 p} P

jdx :%[Iog(p—S)—log pl+logC,
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1 p-3
X=—|log] —— | |+logC
3{ o[ j} oC,

Putting p in (1) then the required solution is y = 3x +log [%) :

1-Ce

Q16. Solve Y = yp® + 2px .

Sol :

Given that y = yp2 + 2pX (1)Where p= g—i
solving (1) fory,

y—yp° = 2px

y(1-p®)=2px

2px
= 2
y l— p2 ( )

differentiating (2) with respect to ‘x’

dp dp
1-p?)| 2p+2x %P | 2px| -2p PP
d_y:( p)[ p+ de} DX[ pdx}

o ap)

p(l—pz)2 = 2p(1—p2)+2x(1—p2)3—5+4p2x£j—@

0

p(l—pz)2 —2p(1—pz)—2x(1—p2)3—5—4p2x£3—)®

p(1—p2)[1—p2 —2]—2x3—§(1—p2 +2p*)=0

p(p?*-1)(-p —1)—2x$(1+ p*)=0
d
—p(p2 —1)(p2 +1)—2xd—5(1+ pz):O

(v +l){p(p2 _1)_2x[3_5ﬂ 0 (3)
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Neglecting first factor which does not
: dp
involves —
dx

Then (3) becomes
dp
2_1)-2x| == |=0
p(p?-1) [dXJ

p(p+1)(p—1)_2x(g_pj:o

X

ZX(E—SJZ p(p+1)(p-1)

_dp  _dx
p(p+l)(p—l) 2X

By resolving into partial fractions

(4)

1 A B C
=—4 +
p(p+1)(p-1) P p+1 p-1

1= A(p+1) (p-1) + B(p-1) p+C(p) (p+1)

fp=0
=1=A(1)(-1)
=>-A=1
=A=-1
fp=1
—1=C(1)(2)
=2C=1
:>C:1

2
fp=-1

1=B(-1-1)(-1)

=2B=1
:>le
2

1 I S S
p(p+1)(p-1) P 2(p+1) 2(p-1)

.. By4

2_—l+ 1 + 1 d _ &
P 2(p+1) 2(p-1) P=

{—2 1 1 } dx
—+ + dp=—
P p+1 p-1

By Integrating

Lo |1

—2Iogp+|og(p+1)+|og(p—1): logx +logC

dp+ j dp= j dx+C

—logp? +[log(p+1)+log(p—1)]=logx +logC

(p+1ﬁ 1)

=logxC
1 _
(p+ ép 1 e
2
:>pp2_1:Cx
=p°-1=Cxp
= p®(1+Cx)
1
2
=P 1+Cx
1
= p =
(1+cx)"”
Sub pin (1)
2
y=y 1 +2 1
(l C )1/2 (l C )1/2
y 1 2X
(1-Cx) (1 CX)“Z

2X ~ [1_ 1 }
(1_CX)1’2_y 1+Cx

2X

:y[l'i‘CX—l]:m
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Cxy

=2
(l_CX)llz

Cy=2(1-Cx)"
Squaring on both sides

Cy?=4(1+C,Y

Q17.Solve y= 2px+tan‘1(xp2)

Sol :

Given that y = 2px + tan™* (xp) (1) Where p=

Differentiating (1) with respect to ‘x’

d d 2 d
d—i: 2p+2d—s+“(i)(—pzf{(p2)+x(2p)d—s}

2

dp p 2xp dp
dx 1+x%p* 1+xp* dx

P dp P
O=p|l1+—— |+ 2Xx—|1+—
p[ Jrler"‘p“jJr de{ +l+x2}

0:[x+ pz j+[p+2x$j_(2)

p=2p+2X

1+x%p*

d
Neglecting first factors which does not involves d_f()

Then (2) becomes

dp
+2x—=0
P dx

=2X—=—
dx P

dp _-p
dx 2x

d_p__dx

P 2x
By Integrating

dp  1dx
-[?_ 27 X

dx

g

Rahul Publications



B.Sc

| YEAR Il SEMESTER

logp :%Iogx+logC

-1

logp =logx2 +logC
logp = logx *2C
-1
p=x2C
Substituting p value in (1)

y= z(lecj tan™ (x)(lecj

y=2x2C+tanC
Which is required solution.

Q18. Solve y=sinp-pcosp
Sol :

Given that y =sinp—pcosp 1)
Differentiating (1) with respect to ‘X’ we get

dy dp . dp dp
—= =cosp——| p(-sinp)—+cosp—
dx pdx {p( p)dx pdx

—cosp=x+C
cosp=C-x
=p=cos " (C-x)
by (1)
=pcosp=sinp-y
pcosp =+/1-cos’p-y
_yJl-cos’p-y
cosp
1-cos’p -y
cosp

1-cos’p -y
cosp

cos*(C-x)=

C-x :cos(

Cox :COS{\/l—cz—szrZCx—yJ

cosp

Which is required solution.

2.1.3 Equation solvable for x.

Q19. Define equation for solvable for x.

AnS :

:%ﬁd_ﬁ_g_ psin%_y{fd_ﬁ
dx dx dx >  When the differential equation F(x,y,p)is
dy _ psin pd_p solvable for x, then we have x =f(y,p)
dx dx >  Differentiating with respect to y, gives
. dp 1 d
p=psinp—= _:¢[y,p,_pj
dx p dy
b~ psin pd_p 0 > From which a relation between p and y may
dx be obtained F(y,p,C)=0
p[l— sin p@} -0 > Between this and the given equation p, may
dx be eliminates or x and y expressed in terms
Neglecting ‘p’ of p.
Codp Q20. Solve x(1+p?)=1.
sinp— =
dx Sol :
sinp dp =dx
PEw . Given that X(1+ pz):l
By Integrating L
jsinpdp:Idx+C :>X21+p2
{ 96 }
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= (1+ pz)f1 Where p = S—i

Differentiating (1) with respect to y.

d_X:_—IZpd_p dX_l
dy (l+p2)2 dy where@—g
1__=2p
P (14+p?) O

_2p2
dy =
ey

By Integrating

de J‘4dp+C

l+p )
Letp =tan®
dp =sec’0de
2
y=-2 mn—ezseczedeJrC
(1+tan’6)
2
y=C-2[— "9 czqdo
(1+tan0)
“co 2_[ tan’ 0 do
sec’ 0

:C—2jsin26d6
=C—I(1—C0526) do
y:C—6+%sin29

1 2tan0

y=C+0+=—-—
21+tan6

y:C—tan‘lerlerp2 (2)

From (1) and (2) together from the solution

in parametric form.

Q21. Solve y*logp = xyp + p*
Sol :

Given that y?logp = xyp+p° (1)
Which can be written as
xyp +p* =y*logy
xyp =y*logy - p*
_y’logy p?
oy
_ylogy p

p y

X

x:lylogy—E
p y

Now, differentiating with respect to ‘y

dx 1 ylogydp ldp p

—_ +logy —

dy -( )p > dy ydy Yy

1_—+1Iogy+%—{ylogy+l}%

P p P y p yJdy

0=—+=—+=logy+ pz {ylogerl}@
p y p y Jdy

E{MAHMAF_FJ_
2 2 -
yL p y p y |dy

{&gyﬁ}{ﬂ_@}:o_@)

p™ ylly dy
Neglecting first factor from (2) which is does

: dp
not involves dy

D)
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By Integrating on
dp _rdy

oty
logp =logy +C
p=Cy

eliminating p from (1)
y?logy = x(Cy)er(Cy)2
y?logy = xCy? + C?y?
logy = xC +C?

The general solution of (1) is logy = xC + C?

Q22. Solve xp® =a+ bp

Sol :

Given that xp® =a+bp

Can be written as
a b
o

Differentiating (1) with respect to ‘y’

dx _ . [=31)dP , [ =2{dpP
dy p* Jdy p* )dy

Li[%ﬂ_bj%

X =

p  plp® p?)dy
p [Sa 2bjdp
LI _3+_2 —
p p®  p?)dy
1=— %+2_b %
p° p?)dy

dy+[3—?+2—tjjdp =0
p= P
Integrating
de+[
3a 2b
+—+

2pf
Which is required solution.

%+§—Ejdp+c

c

Q23.
Sol :

Solve x =y +alogp

Given that x =y +alogp (1)
Differentiating with respect to ‘y’

By Integrating

a
de—j—l_pdp+c
=y=alog(1-p)(-1)+C

y=C-alog(1-p)__ (2)
Substitute y in (1)
x=C-alog(1-p)+alogp

Which is required solution.

Q24.
Sol :

Solve x=y-p?

Giventhat x =y -p*____ (1)
Differentiating (1) with respect to ‘y’
dx_y pdp

=1-2
dy — Pay
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lzl_Zp%

p dy

l_l:_Zpd_p

p dy

L1p_ ,dp
p dy

1-p__dp

2p®  dy

By separating variable

2p°

dy =— d

y={ 2 Jor
2p?

dy = d

y 1-p p

By Integrating

[P
jdy_zjl_pdp
de: 2j[p+l+ﬁjdp

2
y= 2{%+p+log(p—1)}+c

y:[p2 +2p+2log(p—l)}+C
Subyin (1)

x:[pz+2p+2log(p—1)]+C—p2

x=C+2p+2log(p-1)

S Xx=C+ 2p+ 2log (p - 1),
y =C + p? + 2p + 2log y(p-1)
Which is required solution.

Q25. Solve p®-p(y+3)+x=0

Sol :

Given that p®—p(y+3)+x=0 (1)

Which can be written as

(2)

x=p(y+3)-p°

Differentiating (2) with respect to ‘y’

3—§:p+(y+3)3—5—3p23—5
%—p=g—5[y+3—3p]
%.S—Z:y+3—3p2
a3
ay__p 3PP

Which is linear equation.
Then its Integrating factor

A

IF=e

—%Iog(l— pz)

1
IF =(1-p°)?
Then the solution of (3) is

y(IF)=[Q(IF)dp+C

y(l—pz)% :J‘Sp(l—pz)%derC

put 1-p®=v
= —2pdp=dv
-1
dp=—dv
pap 5

L 11
y(l—pz)2 :JSVZ.Edv+C

+C
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y(l—pz)% = —{VEJ+C

V(1-p') =~(1-p)> ~(1-F")

y=ca-p) v
Let substitute (4) in (2)

X = p{c(l—pz)2 —(1—p2)+ 3}—p3

1

x=Cp(1-p®) 2 -p+p*+3p-p°

(4)

x:Cp(l—pz)%Jer (5)

(5) and (6) together form the solution of (1) in parametric form p being treated as parameter.
2.1.4 Equation that do not Contain x (or y)
Q26. Write Equation that do not Contain x (or y).

AnS :

> If the equation has the form f(y,p)=0 and is solvable for p, = j_y = ¢(y) which is integrable.
X
> Ifitis solvable for y, then y =F(p).
d
> When the equation is of the form f(x,p)=0, it will gives = d_i = (x), which is also integrable
But, if it is solvable for x, then x =F(p).
> It may be mentioned that in equations having either of properties, and not solvable for p, on
solving for x or y; the differentiation is made with respect to absent variable.
> By differentiating the equation given, we have a chance of obtaining a differential equation.

> These two relations will then be used either for the elimination of p or for the expression of x and y
term of p.

2.1.5 Equations Homogeneous in x andy
Q27. Explain the procedure for equations homogeneous in x and y.

AnS :

When the equation is homogeneous in x and y it can be written as F(S—y,XJ =0.
X X

d . . .
It is then possible to solve it for d_i and proceed as Homogeneous differential equations, or solve

it for % and obtain y =x f(p) which is given in equation solvable for y.
Proceeding as solvable for y and differentiating with respect to x, we get

o ox_fp)ch

p:f(p)+xf1(p)dx "X p-f(p)

where the variable are separated.
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2.1.6 Equations of the first degree in x and y - Clairaut’s Equation.

Clairaut’s Equation Definition: An equation of the form y = px+f(p) is known as Clairaut’s
equation.

Q28. State and prove General solution of Clairaut’s equation.
Sol :

Statement

Show that the general solution of Clairaut’s equation y = px +f(p) is y=0Cx +f(C) Which is
obtained by replacing p by C, where C is an arbitrary constant.
Proof:

Given Clairaut’s equation is y = px +f(p) (1)

Differentiating (1) with respect to ‘x’

dy dp o, \dp
& P pp) 2R
dx erdeJr (p)dx
dp 1/ AP
= _— f _—
p=pex{ G2 1 01
dp .\ AP
PirmEPoo
de+ (p)dx
dp
X + f —/=0
[ ! (p)]dx
. A . . dp
Neglecting x + f*(p) which does not involve ax
:%:0
dx
dp=0

By Integrating
p =C, C being on arbitrary constant putting the value of p given by p=C in (1)

Then we get required solution is y = Cx +f(C).

Q29. Write a Working Rule for solving Clairaut’s equation
Ans :
1. The given equation can be written in the form y =xp+f(C)____ (1)
2.  Replace p, by C in (1) to obtain the general solution (1) C being an arbitart constant

3. Putting p = Cin (i) we get y =Cx+f(C).
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Q30. Solve p = log(px-y)
Sol :
The given equation is,
p=log(px-y)____ (1)
This can be written as e” = px -y
y=px-e’"_____ (2

Which is of the form y = p(x)+f(p) which
is called as Clairaut’s form.
Differentiating (2) with respect to ‘x’

We get
%:p(l)m%—e”j—i
p:p+(x—e”)$
Oz(x—e”)g—s

Neglecting x — P, which does not involves

ap_g
dx
:%:0
dx
=dp=0

By Integrating p =C, C being an arbitrary
constant.
Putting the value of p in (1)

Then C=logC(x-vy)

Which is required solution.

which is of the form y = p(x)+f(p).

Differentiating (2) with respect to ‘x’

dp _dp
(P=1) 4~ ax P
d—y:p(1)+xd—p+ dx de
dx dx (p-1)

_ d dp
dp /pdx dx Bxp
Pp=p+X—+ 5

dx (pP-1)

dp

dp | _dx
P=p+X—+| —"—
dx | (p-1)°

0:%[)(_ 1 }
dx (p—l)2

: 1
Neglecting X—-———,
p-1

which does not

d
involves P_o )
dx

dp
_:0 =
X =dp=0

By Integrating p=C
C being an arbitrary constant.
putting the value of p in (1)

(y-Cx)(C-1)=C

Which is required solution.

Q31 Solve (y—px)(p-1)=p Q32. Solve sinpxcosy = cospxsiny +p
Sql Sol :

' Given that

Given that (y-px)(p-1)=p____ (1) sinpxcosy = cospxsiny+p_____ (1)

sinpxcos p—cospxsiny =
which can be written as y — pX :Ll ) g P P y=p
. p- sin(px—y)=p
= pXx 2
y=pxi T —2) y=pxsintp____(2)
{102 )
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which is in Clairaut’s form 2ydy dv y
Differentiating (2) with respect to ‘x’ xdx du _xP=P
d_y — p + X%— l = _ _V
dx dx J1-p where P = qu
o r 2p 7 Hence the given equation becomes
P=p+ X+ Y v=pu+f(p).
B ) Which isin Clairaut’s form and so its solution
p—pzﬁ (. 2P is v=Cu+f(C) (or) y* =Cx*+f(C), C being an
dx|  J1-p? | arbitrary constant.
g ) Q34. Solve axyp2+(x2—ay2—b)—xy=0 by
Pyt P =0 ; 2
dx 1-p? putting y=x2, v=y~.
(OR)
2p Use the transformation x> = uand y> =v
Neglecting ' Which does not to solve the equation axyp? + (x* - ay? -
1-p? —
b) - xy = 0.
. dp Sol :
involves ax
X Given that,
dp 2 2 2
F_0 axyp®+(x“—ay“—-b)-xy=0 1
= yp? +(x* —ay?* —=b)—xy (1)
—dp=0 Putting x> =u and y*=v
p=C 2xdx =du and 2ydy =dv
sinCxcosy = cosCxsiny + C We get YWY 2ydy _dv
(Or) 2xdx du
By (2) we can sa int Yp—p where p-v
y Yy y=Cx-sin~C X du
Which is required general solution. _xP
2.1.7 Equations Reducible to Clairaut’s form y
Q33. Write a short notes on reducible to replacing P by xP in (1)
clairaut’s form. ) y
Ans : axy(ﬁj +(x2 —ay® - b)(ﬁj —xy=0
y y
2 _[PY py 2,2
To solve ¥ _[ JX +f( J put x2 —y axy Y +(x2—ay2—b)[£j—xy:0
y y
and y>=v
ax®P® +(x* —ay’ ~b)xp-xy’ =0
x?=y and y* =y
2xdx=du and 2ydy=dv X[axzpz“L(Xz_ayz_b)P_szzo
& Rahul Publications
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ax’P® +(x* —ay* -b)P—y* =0
as y2=yand y?=v

auP?+(u—-av-b)P-v=0

uP(aP+1)-bP =v(1+aP)

uP(aP +1)-bP
l1+aP

V =

. uP(l+aP) _bP
~ 1+aP  1+aP

Which is in clairaut’s form so replacing P by
arbitrary constant C,

v=uC- bC
1+aC
y? =Cx* - bc
1+aC

Which is required solution.

Q35. Reduce xyp’ —(x2 +y° +1)p+xy= 0
Sol :

Given
xypz—(x2+y2+1)p+xy:0 (1)
at x2—y and y? =v
By Differentiating,
2xdx =du and 2ydy =dv
2ydy _dv
We get 2xdx du
Yp-p where p _dv
X du
xP
p | pp—
y

replacing P by % in (1)

2
xy(in ~(x*+y? +1)(£Pj+xy =0
y y

2

Xy X—ZPZ—(x2+y2+1)£P+xy=0
y y
PZ
x3——(x2 +y? +1)xp+xy2 =0
y
x[szz—(x2+y2+l)P+y2J=O
XZPZ—(szry2+1)P+y2 =0
as  x?=yand y’=v
uP? —(u+v+1)P+v=0
UP?—UP -VP-P+Vv=0
uP(P=1)-v(P-1)=0
(p-1)(uP-v)-P=0

(p-1)(uP-v)=-P

—VZL—UP
P-1

P
v=u er_1 ()

Which is in clairaut’s form.
Differentiating with respect to u.

d d
(1)P+ud—p+ (P_l)dE_P(dEj
du (P-1)°

p/%_dp_p d
dp du u du
_1)2

dv _
du

d
P=P+u—+
du (p

Rahul Publications

g



UNIT - 11 DIFFERENTIAL EQUATIONS

:u%Jr 1 dp Q36. Solve xy(y—px)=Xx+py.
du (|:>_1)2 du Sol -
1 Jdp Given that xy(y — px) =X+ py (1)
(P —1)2 du Which can be written as xy* — x’yp = x + py
To get the singular solution, xy® = px’y + X + py
we consider, )
. gy Py X py
_ -0 X X X
-
yZ:px2—+l+pX (2)
1 X X
=u
(P-1)° Putting x2 =y and y2 =v
By Differentiating,
1 2
_E:(P_l) 2xdx =du and 2ydy =dv
2ydy ~dv
1 yEy 70
:>ﬁ:p_1 We get 5ydx ~du
y o _dv
jp:iJrl ;p—P where P—a

N

Substitute p in (2) Using (3) and (4) in (2)

V=uP+1+P

L ja+1 v=uP+(1+P)
V= _U{ﬁJFl}L 1 which is in Clairaut’s form.
Ju +1-1 so replacing p by arbitrary constant C,
v=uC+(1+C) as x*=u and Y=V
1++u
Ju y? =x’C(1+C)
Ju_usu o .
1 which is required general solution.
Vu Q37. Solve (px-y)(py+x)=h’p.
v=+Ju+u+1+Ju Sol :
veoJususl Given that

(px-y)(py +x)=h?p 1)

Which can be written as

y?=2 (x2)+x2+1

y2=2x+x*+1 p2Xy + px2 — py® —xy = h’p
2 2
] v
which is required solution. X

&
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@
(oY)
X
Putting x> =uand y>=v (3)
By Differentiating,

2xdx =du and 2ydy =dv

2ydy _dv
2xdx du

X |<
geo]
I

We get P __ 4

Using (3) and (4) in (2)]

2

h“P
v =Pu? - which is Clairaut’s form.
1+P

So, Replacing P by C

v=Cu’- h"c

2

y2:X2c_ h C
1+C

which is required solution.

Q38. Solve Yy = 2px +y*p®,

Sol :
Given that y = 2px+y®p®___ (1)
By multiplying the equation by ‘y’

y* =2px+y’p’

1
v =x(2py)+<(20)
Puty?=v

2yd_y = d_V
dx dx

i
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here P =¥
2yp=P where X

Then the (2) becomes

1 3 . . . -
v =XxP +§P (8) which is in clairaut’s form.

So replacing P by arbitrary constant C in (3)
Then the required solution is

v=xC+lcs
8
As V:y2

= y? ZXC+%C3

Q39. Solve x°y* + yp(2x+ y) +y? =0, by reducing it to Clairaut’s form by using the substitution

y=Uand xy=Vv,
Sol :
Given equation is x?y* +yp(2x+y)+y* =0
Given y=u and xy =V (2)
Differentiating (2)
dy=du and xdy+ydx=dv

xdy +ydx _dv
dy du
Jax_dv o
dy du where ~ix
X+X=P
p
putting P = Y in (1)
P-x
=y=P(P-x)

(PijXZ)Z +y. P)—,x(2X+y)+[P(P —x)]2 =0

(PijXZ)Z +y. P)—,x(2X+y)+[P(P —x)]2 =0

xP2 +P?(P—x)(2x+y)+P(P-x)" =0

'| 107 |

Rahul Publications



B.Sc

| YEAR Il SEMESTER

pZ[x+(p_x)(2x+y)+(p_x)z]:o

x+(P—x)(2x+y)+(P—x)2 =0

XX+ 2PK +Py - 2% —xy+P2+ x¥ — 2PX =0
Py—-xy+P?=0

asxy=vandy=u
Pu-v+P?=0
v=uP+P’___ (3)

(3) is in Clairaut’s form,

So, by replacing P by C,

Then its general solution is
v =uC+C?

xy = yC +C?, C being an arbitrary constant

Q40. Solve (x2 +y2)(1+ PZ)— 2(x+y)(1+P)(x+Py)+(x+yP)*=0.

Sol :

Given that (X2 +y2)(1+ Pz)—2(x +y)(14P)(x+Py)+(x +yP)2 =0

Let x2+y?=u and x+y=u (2)
Differentiating (2)

2x dx +2y dy =du dx +dy =du

du  2(xdx+ydy)
dv  dx+dy

w ola)

" ()
dx

du _ 2(x+yP)
dv 1+P

1 x+yP

2P 14P

_1+P
B 2(x+yP)

@

H
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and rewriting the given equation.

1+P 1+P

(xr“+y2)—2(x+y)(x+yl:>)+(X+ypj2 =0

Which required solution.

Q41.
Sol :

Solvable for x for y = 2px + p’y

Giventhat y =2px+p%y_ (1)
Solving for x, We get

—2px =-y+p’y

—2X = —[X—ypj (2)
p
Differentiating (2) with respect to ‘y’ we get

ZQZ—L%-FE—[F)-Fyd—pj

dx p*dy p dy

1 dp ydp 1 dx 1
2= =—p-y—-2-% —-=
p dy p*dy p ¥dy p

1 dp 1
p[“ﬂ”(d—yj{“ﬂ:"
1 dp
1+— —|=0
S et

Neglecting the first factors which does not

_dp
contains dy

:>p+yj—5:0

d
:>—p=yd—5

Oy y

dp- = p

:ﬂ+d—p:0
y P

By Integrating

(2

logy +logp =1logC

p=C
Cc

p - —

y

Substitute P in (1)

A5l

2

c C
y=2—X+—Yy
y y

y? = 2Cx +C?

y

Which is required solution.

B
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Q42. Find the general and singular solution of the differential equation y = px + y/a’p® + b?

Sol :

(1)

Given differential equation is y = px +/a?p? + b?
Differentiating (1) with respect to ‘X’ we have

dp dp

dy 1 2
D (1) x=F had
dx P )+XdX+,Z [a2p? + b? Zpa dx

B dp a’P  dp gy
P=prx+ 27+ b7 O asd—x=p

dp =2

dp
—-p=x—+a’p(a’p®+b*)2
p-p=x_+a’p(a’p’+Db’)

dx

-1

x+a2p(a2p+b2)2}j—§:0 (2)

7 d
The component equations [x + azp(aZp +b? )] -0 and d_s =0

Neglecting the first factor i.e x + azp(azp + b? );21 =0
Lo
dp=0
By Integrating
p=C
Substitute p=C in (1)

y = Cx ++/a’p® + b’

and also from (2)
-1
x+a’p(a’p+b*)2 =0

bx
P=—F—
ava® - x?
Using this value of p and equation (2)
The singular solution is obtained as

yzaz (az _Xz) _ bz(xz +a2)

Rahul Publications
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Q43.
Sol :

Solve Y = 2px+yp?

Given that y = 2px+yp?____ (1)
multiplying both sides by ‘y’ we get

y* = 2pxy +y*p’
2 1 2
y* =x(2py)+ - (2py) (2)

Put y2 =V

_dv
~dx

Then by substituting corresponding values in (2)
Then we get

2yp=P P

1 2
v x+4()

1
v =xP +ZP2 which is clairaut’s form

so replacing p by an arbitrary constant ‘C’
Then the required solution is

1
2 _xC+=C?
¥ 4

Q44.
Sol :

n-1.n

Solve Y = 2pX+Yy ' ™p

1)
Multiplying both sides by ‘y’ we get

y?=2pxy+y"typ"

y* =2pxy +y"p"

1 n
y* =x(2py) +(2yp) (2)
Put y2 =V
dx dx
{ 111 }
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_dv
dx

Then by substituting corresponding values in (2)

2yp=P P

1. .
V=Xp+ on P" which is Clairaut’s form
Replacing p by C

V= xC+iCn
2[’1

1 ..
- The required solution is ¥* =xC +?C

Q45. Solve p*(x+2y)+3p°(x+y)+(y+2x)p=0

Sol :
Given that p*(x+2y)+3p*(x+Yy)+(y+2x)p=0 (1)
p[pz(x +2y)+3p(x+y)+(y+ 2X)] =0
Then its component equations are

0

p=0, pz(x+2y)+3p(x+y)+(y+2x)

0

Consider p?(x+2y)+3p(x+y)+(y+2x)

~ —’3,(x+y)i\/9(x+y)2 —4(x+2y)(y+2x)
P= 2(x+2y)

—3(x+y)i\/9(x2 +y* + 2xy)—4(xy+ 2x° + 2y? +4xy)

2(x+2y)

-3(x+y)+ \/9x2 +9y® +18xy — 4xy —8x” —8y” —16xy
2(x+2y)

—3(x+y)£yx*+y* —2xy

2(x+2y)

—3(x+y)+4/(x —y)2
2(x+2y)

3(x+y)£(x-y)
2(x+2y)

p:

§
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-3(x+Yy)+(x-y)

L p=

p_
_ —2x-4y
- 2(x+2y)

_ -2(x+2y)
2(x +2y)

p=-1

Consider p=0
Y _o
dx
dy=0

=

2(x+2y) (or)

_ 3X-3y+X-y
2(x+2y) (or)

—3(x+y)~(x=y)

p:

p_

—4x -2
(o) P=Sriav) Y
(x+2y)

_ -2(2x+y)
(or) P= 2(x +2y)

_—(2x+y)
(or) P= W

By Integration

y=C =y-C=0

If p=-1
:g—z =-1
= dy = -dx
By Integrating
y=-x+C

=y+x-C=0

—(2x-y)

tP=—"%y

_, gy 2x+y
dx x+2y

0 (2)

Which is a homogeneous differential equation.

Put y = vX

By (1) = v+xd—v+
y (1) ax

2X + VX _0
X + 2VX

_ 3X-3y-X+Yy

&
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2 2.2 2 _ )=
v+x%+ X(l +2V) 0 Q46. Solve X*p” - 2xyp+(2y* -x*) =0.
X x(1+2v) Sol -
dv  2+v
V+X— = - 20,2 2 _ 2\ _
* dx+l+2v Given that X°p 2xyp+(2y x) 0
2y,2 2 2 2
Xd—v+£v+ 2+VJ:0 p:2xyi\/4x y? —4(x*)(2y* -x*)
dx 1+2v Ve
Xd_erv+2v2+2+v 0 _2xyi\/4xzy2—8x2y2+4x2
dx 1+2v = o
Xd_v+ 2VE+2v+2 _0 _nyim
dx 1+2v = v
By Variable separable
2xy + . [4x? (x2 —y2)
(#} dv+Ldx =0 B 2x2
2v°+2v+2 X
By Integrating 2yt 2X\x* —y?
2x?

1 1+2v 1
= v+ |—dx=0

2Iv2+v+l -[x ZX[yim]

B 2x?
%Iog(v2+v+1)+logx:logc
y+ z_yz

X
logvVv2+v+1+logx =logC - X
logx+v? +v+1=logC Lo YHYXE-y?
.o —f
XvVv?+v+1=1logC
p_ Y X -y
X

2
x4/y—2+x+l:C
X X 2,2
¢ poY VY
/y2+xy+x2 X
X X—z:C Which is a homogeneous differential

equation.
JY2 +xy+x* =C Put y =vX
LAY EXy+xP-C-C=0 d_yzv+xd_v
dx dx

-, The required complete solution is

dy y+X—
(y—C)(y‘FX—C)(\/m—C):O &:f

- - '| 114 '|
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dv  vx+vx* - vix?

V+X
dx X
VX +XV1-V?
X
2
v x(v 1—v)
V4+X—=
dx X

)/erg—\/:)/Jr\/l—v2

X

By variable separable
dv dx

V1-v? T x

By Integrating

By variable separable

dv dx

V1-v? "X

By Integrating
J.d—V:_ %+C
V1-v? X

sintv=—logx+C

sin‘{%}rlogx—C:O (2)

By using (1) and (2) the required complete
solution is

o e o g

Q47.Solve X* +p°X=yp.

sin?v=logx+C Sol :
Sin‘l [XJ_IOQX_C =0 (1) Given that )(2 +p2X =yp (l)
X -
Which can be written as,
2 2
If p=Y~VX =¥ whichisahomogeneous y = x* +p X (2
X
differential equation. dp dp
Put Y = VX {2x+p +2pxd} (x +p X)dx
Yy x d
dx dx d d d
p° —p[2x+p + 2px d)F() st pzxd_ﬂ
dy _y—-vx*-y*
dx d d d
dx X p® =2px +p° +2p2xd—5—x2d—s—p2xd—s
dv  vx+x*—Vv2x? d d d
V+X—= 3_p3 = 2px 4 2p2x 2P _ 2 8P _ 2, OP
dx X PP P P dx dx P dx
VX —Xv1-V?2 0:2px+p2x@—x2d—p
= dx dx
X dp
2px+x(p° —x 0
dv x(v—\/l—vz) ( )dx
v+xd—:— 2px __ d_p
X X p? —x dx
+x—_)/—\/1 v? dp _ —2p
dx p®-x
{115 }
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d 2 -1
d_f():x—ppz x:?\/ﬁ. p/p ++/pC
2
QKZX—pZ x:—E—+JEE
dp 2p 3
d x-p’ x=-2 cp__ (3)
dp 2p 3
Substitute (3) in (1)
dy x _p° )
dx 2p 2 —p’ —p?
x 2 2 {gwﬂ +p{g+cﬂ
dx_x __p y= p
dp 2p 2
Which is line as differential equation in _p? $
U BRI
Then the IF is e'ffpdp y = > +p[ :S +C\/BJ (4)
1
—e 2™’ Equation (3) and (4) constitute the required
o solution.
_ @logp 2
¢ Q48. Solve xp®>-2yp+ax=0.
=eoh? Sol ;
1 -
IF :ﬁ Given that )(p2 -2yp+ax=0 @
. p , . . Which can be written as
The required solution for linear differential
equations. 2yp = xp® + ax
xJF=[Qx(IF)+C Xp? +ax
- 2p @
1 -p 1 d
X—== I__ p+C differentiating (2) with respect to ‘X’
p "2 p
dp 2 dp
2p| 1.p° +2px——+a |- (xp® +ax)2—
Xi:-l.__pdp_kc d_y_ p|: pr+ep dX+ :l (p + ) dx
p 2 dX 4p2
L:—lf\/ﬁdmc 21 0%+ 2p2x P 4 ap—xp? dP _ 9P
\/E 2 4 P P dx P=Xp dx dx
1 1302
%:7“)3 e 1 dp dp __dp
p e 3 _ 2l oxp2 2P 4 3 _yp2 Yl up
2 P 2{ X TP TER TRy axdx}
L:_l_ﬁps/z_i_c 2p3_p3:2szd_p_szd_p+ap_aX@
b 22 dx dx dx
{116 )
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dp dp
xp’—-p’+ap-ax—=0
P dx P P dx

x(p? —a)%—p(p2 —a):O

(p? —a)[xj—i—pJ: 0

neglecting first factor i.e., p> -a

consider

dx x
By variable separable
dp _dx
p X
By Integrating

:Jd—F?:IC:(—X+C

logp =logx+1logC

Q409.
Sol :

Solve y = 2p + 3p?

Given that y = 2p+3p?_(1)
Differentiating (2) with respect to ‘x’

dy_,dp, ¢ dp

dx dx dx
dp
=—(6p+2
P dx( P )
By variable separable.

dx =P (6p+2)
p
.[dx:.[l(6p+2)dp+c
p

:j@+3dp+c
p P

=j6dp+2j1dp+c
p
x=6p+2logp+C

x =logp® +6p+C
Which is required solution.

p=xC Q50. Solve (x-a)p’ +(x-y)p-y=0.
Let substitute p=xC in (2
P \ \ ¥ Sol :
y = x(xC)—+ax Given that,
2(xC) (x-a)p’+(x-y)p-y=0___ (1)
x(x2C2)+ax xp? —ap? +xp—-yp-y =0
- 2xC xp(p+1)-y(p+1)—ap®=0
x°C2 +ax xp(p+1)-y(p+1)=ap’®
2xC (p+1)(xp-y)=ap®
22 2
:X(XC +a) xp—y =P
2xC p+1
2
x’C*+a y:px—ap
RPTS P
«C  a Which is in Clairaut’s form
y= > toc So, By replace p by C
Then its general solution is
2y =x2C+2
y C y = Cx— aC?
Which is required solution. C+1’
{117 )
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I 2.2 APPLICATIONS OF FIRST ORDER DIFFERENT EQUATIONS I

2.2.1 Growth and Decay
Q51. Define growth and decay.

AnS :

The rate at which the substance changes is proportional to the quantity od substance present at ant
time.

dx _
dt
By variable separable

k x

Xyt

X
Where x = Quantity of substance present at any time
t = time
k = Proportionality constant
Integration
logx =kt+C

X = ekt+C
x = ek e

x = Ce"

Q52. A culture initially has' N, number of bacteria. At t=1hr, the number of bacteria is

3
measured to be (E] No . If the rate of growth is proportional to the number of bacteria

present, determine the time necessary for the number of bacteria to triple.

Sol :

N, is number of bacteria

0

3
At t =1hr, the number of bacteria is [EJNO.

dN
The rate of growth is proportional to the number of bacteria present o kN subjectto N (0) =N,.

where k is proportional constant
t = time.
By variable separable

AN _
N

g

Rahul Publications



UNIT - 11

DIFFERENTIAL EQUATIONS

triple

By Integrating
N fkdt+c
N

IogN:kIdt+C

kt+C

e
ekt_ec Where eC =C
kt

z Z2 Z
I

Ce

Att=0
N=Ce” =ce’=C(1)=C

s0, N(t)=Nge"
Att=1

k =log (g} =0.4055

SN (1) = Noeo o

We have to find the number of bacteria to

3N _ N eO.4055t
0o~ "Yo

By Integration
dWN = [Kdt+C
logN =Kt+C
= N =¢"e®
Where e° =N,
N = N,e"
Since N =1000 when t=0
N, = 1000
Since N =2000 and t=1
2000 =1000e""
2=¢"
Thus N(t) =1000e") =1000(e, )
i€, t=15
N(1.5) =1000(2)"*
N(1.5) = 2828.43

. =2828.43 are present at the end of 105 hours.

Q54. In a culture of yeast, the amount A of
acting yeast, the amount A of active
yeast grows at a rate proportional to the

3= @O4055t amount present. If the original amount
| A, doubles in 2 hours, how long does it
0.4055t = log 3 take for the original amount of triple.
t=1%93 _ 5710 Sol :
0.4055
Q53. Bacteria in certain culture increase at The differential equation is dA _ KA
a rate proportional to the number dt
present. If the number N increases from dA
1000 to 2000 in 1 hour. How many are By variable separable — =Kdt
present at the end of 1.5 hours? A
Sol : By Integrating
dN logA=kt+C
. . o AN N
The differential equation is at A = gkt
Variabl I
ariable sedp[\?rab e A = el
W = K dt A — Aoekt
{119}
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The amount A of active yeast grows at a rate
proportional to the amount present A,

A=Age"__ (1)

The original amount A, doubles in 2 hours

A=2A, (2 when =2
Equating (1) and (2)

2A, = Ae"

2=¢

t

A=A A=A, (e*)

t

A=A, =A,(2)
A=3A,

t

3A, = A, (2)
3=22
t
log 3 = log 22
log3= lIog 2
2

2log 3 =tlog 2
2log 3 “t

log 2

2(0.4771)
0.30103

0.9542
:—
0.30103

t=3.1698 hr

Q55. Bacteria in certain culture increase at
a rate proportional to the number
present. If the number doubles in one
hour. How long does it takes for the
number to triple?

Sol :

Let y denote the number present at time t,

Then the function denoted by y =f(t)

Satisfies the differential equation
dy
Rt AP 1
™ (3)

and the condition =g, y =Y,
If the number doubles in one hour

t=1:Y=2y,

Ky

dy
By (1) 5 ~KY=0

Which is a linear differential equation
By Integrating factor

—kdt
IF=el

— e—kt
-, It’s solution is

yIF = [QIF dt+C

ye M = J‘O.e‘kt dt+C

ye“=C
y=Ce"_ (2
as we have condition t =g, y=Y,
y= ce
y=C = Yo = C—(B)

Ift=1 = y=2y, (4) is now used to
find the constant of proportionality k
By using (3) and (4) in (2)

2yo:yoekt

as t=1 = 2y; = y;e¥
2=¢"
k =log 2

Hence y =y e**' which is a condition for

number double in 1hour
Now we find the number to triple.

i.e., y=3y,
3% _ %etlogz
3 — et|0g2

log 3 =tlog 2

Rahul Publications
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Hence the number will be triple

. log3
log 2
_ 047712 4 sesn
0.301030
t=1.5850 hr.

2.2.2 Dynamics and tumour Growth

Q56. Derive dynamics and tumour growth.
Ans :

It has been observed experimentally that free
- living dividing cells, such as Bacteria cells grow at a
rate proportional to the volume of dividing cells at
that moment.

Let v(t) denote the volume of dividing cells
at time t.

dv
Then E:kv_(l) for some positive
constant k.

By variable separable

d—V= kdt and
\%

By Integrating
av_ [kdt+c
v

logv=kt+C

V= ekt+C

= v=e“e°
—y gklth)
V=ve ®
Where v, is the volume of dividing cells at

time to (initial time).

Thus, free living dividing cell grow exponen-
tially with time, whereas solid tumours do not grow
expotentially with time.

As the toumor becomes larger, the doubling
time of the total tomour volume continuously
increases.

v(t)=v, exp[g(l —e™ )}
k and a are positive constants

((jj_\t/ = v ke exp [E(l —e™ )}

dv
—:k —at 2
g oletv—(2)

dv
— =(ke™)v
o (ke ™)
dv
— =k(e v
g - ke
with these arrangements of (2) two theories
have been evolved for the dynamics of tumour
growth.

2.2.3 Radioactivity and Carbon Dating

Q57. State and explain half life of a radio
active substance.

Sol :
Half Life

Half life is defined as the time taken by the
radio active substance to disintegrate by half of its
initial amount. It is used to measure the stability of
radioactive materials.

Examples

(i)  Half life of radium (Ra — 226) ~ 1700 years
(disintegrated to Radon (Rn — 222)).

(i)  Half life of uranium isotope (U — 238)~ 4.5
billion years (disintegrated to lead (Pb — 206)).

(iii)  Half life of iodine — 131 ~ 8.1 days.
(iv) Half life of carbon — 14 ~ 5568 years.

Q58. Itis found that 22 percent of the original
radiocarbon in a wooden archaeological

specimen has decomposed, use the half-

life T = 5568 yrs of 1*C to compute the
number of years since the specimen was
a part of living free. [This should yield a
good estimate of the time elasped since
the SP]

'| 121 l'
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Sol :

Let C be the amount of 1#4¢ (Carbon-14)
present at time t.

C, the amount present at t = o

If k denotes the decay constant 4 ¢

. dC
(half life 5568 years), then —— =kC

dt
dC _ at
C

d—C:jkduc

C

logC =kt+C

C:ekHC

C=¢e"e

C=C,e" Where C, =¢°
C=C,e" give 0.78C, =C,e"
0.78 =e"
log 0.78 =kt

~1og0.78
7

t
2
From T = ~log-- = 5568

We obtain k = -log

5568

_ 55681l090.78
—log 2

t =1996yrs

Its arbitrary time t

C=C, exp[_longt

5568

—t

C=C, (2)5s

Q59. It is found that 0.5 percent of radium
disappear in 12 years

(&) What percentage will disappear in
100 years?

(b) What is the half life of radium?
Sol :

Let A be the quantity of radium in grammer,
present after t years.

Then
en dt

integration of radium

represents the rate of dis-

According to the radius activity decay

dA dA
—aA —=aA
We have at o 4t
Since A is positive and-is decreasing then
d_A <0
dt

We see that the constant of proportionality a
must be negative.

a=-k

dA

— =-kA
dt

Let A, be the amountin grammes of radium
present initially.

Then 0.005A, g disappears in 12 years.
A=A, attoand A=0.995A, at t =12
Since A=A att-p0and C=A,
Hence A=Ae™
Alsoat t —12 and A=0.995A,
Then 0.995A, = A,e ™
0.995A, = A,e ™
e =0.995
e =(0.995):2

k =-0.000418
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t

A=Ag™=A,(e*) =A,(0.995):

t
A=A,(0.995)w (1)
A — A e—0.000418t (2)
0 -
(@ When t=1000

1000

by (1) = A=A,(0.995) 2

A=A,(0.6584)

So that 34.2 percent will disappear in 1000
years.

(b) The half life of a radioactive substance is
defined as the time it takes for 50 percent of
the substance to disappear.

1
We have A :EAO and using (2)

~ 1
0000418t _ E = t=16721770 years.

Q60. A fossilized bone is found to contain

1000
Determine the age of the fossil.

Sol :

We have the first differential equation is
A(t) = A"

the original amount of 4c.

The originalamount of 4 ¢ is t = 5568 years

A
A(t) = 7" from which we can find the value

of k as
A(t) _ iek(%ﬁs)
2

k=_1992 _ 4 0001244
5568

. A(t) =A e—0.0001244t
.o 0

1
Alt)=——
Where ( ) 1000
= _ log2 =55489.32 years
0.0001244

Q61. A breeder reactor connects the relati-
vely stable uranium 238 into the isotope
plutonium 239. After 15 year it is found
that 0.043 percent of the initial amount
A, of the plutonium has disintegrated.
Find the half-life of this isotope. If the
rate of disintegration is proportional to
the remaining amount.

Sol :

Let A(t) denote the amount of the plutonium
remaining at any time.

Then the solution of the initial value problem

dA
dt ! A(O) AO

is A(t)= A" = A(t)=A,e ™

If 0.043 percent.of the atoms of A, have

disintegrated then 99.957 percent of the substance
remains.

To find k, we solve 0.99957A, = A e“**)

0.99957 = g***
log(0.99957) = k15
. _ 109(0.99957)

- 15
k =-0.000028

Hence A(t) - Aoe—O-OOOOZBt
Now, the half-life is the corresponding value

of time for which A(t) = 70

Solving for t,

A
-0.000028t
2 =A.e

2

B log 2
0.00002867

t=24176.741 years

B
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2.2.4 Compound Interest

Q62. Define compound Interest with example.

AnS :

Interest is defined as a charge for the borrowed money. It a principal of p rupees, invested at an

interest rate r per annum grows to p(1+r) rupees in 1 years.
p(l+ r)2 rupees for 2 years

p(1+ r)t rupees for t years. r is called the rate of interest per annum compounded annually.

If the interest rate per annum is r and interest is compounded twice year.
If p rupees intrested at interest rate r per annum with interest compounded k time per year,
then the amount a of the original investment at the end of t year is

a- p(l+£jkt ~f(t)___(1)

r
The quantity K is the interest rate applied at each compounding, and gk is the total number of

compounding in t years.
For example,
1 rupee invested at 10 percent per annum compounded annually.

p=1 t=1 r=10

t 1
a=p[1+—| =1[1+ 20
100 100

=1(1+0.1)

—1.01 rupeesin1 year
For fixed values of p, r and t, the value of a in equation (1) increases as k increases.

As k— s« the value of a does not increase without limit.

kt
lima= lim p(l+£}

k—o0 k—+o0

; kir | ; kir
:kaLer{(lJrEj :IZpLILer(lJFEj :l

=pe" Where e=2.71828
In order to have a continuous model for continuous compounding defines A as

o o o dA e
A = pe" =F(t) equation fir differentiation ol

oA _
dt

rA
{ 124 '
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Q63. If Rs. 10,000 is invested at 6 percent
per annum. find what amount has
accumulated after 6 years, if interset is
compounded

(@ Annually
(b) Quarterly and
(c) Continuously.

Sol :

(@) p=10,000isinvested atr = 6% per annum.
The amount has accumulate after 6 years of
compound interest is for annually

rY 6 )
p|1+—| =10000|1+—
100 100

=10000(1+0.06)°

=10000(1.06)°
=10000(1.41852)

Rs.14,185.19

(b) Rs. 10000 is invested 6% per annum the
amount accumulated after 6 years if interest
is compounded for quarterly (k = 4)

it 4(6)
a= p(l+£} - 10000(1+¥J

r=6% = i=0.06
100

A =10000(1+0.015)*
=10000(1.4295)

A =Rs.14295.03

(c) Rs. 10000 is invested 6% per annum the
amount accumulated after 6 years if interest
is compounded for continuously

A =Pe"
P=10000: r=6%:.
= i=0.O6
100
t=6

A= 10000(e(°'°6)6)

=10000e**
A =Rs.14333.29

Q64. How long does it takes for a given
amount of money to double at 6 percent
per annum compounded,

(& Annually and
(b) Continuously

Sol :
(@) We know that the compound interest is
r rt
1+—
p( 100}
But, the amount of money to double at 6%
per annum.
t t
r 6
2p|1+—| =p|1+—
p( 100} p( 100j
2p =p(1.06)

log 2 = log (1.06)'
log2 =t log(1.06)

_ log 2
log(1.06)

. 0.30103
0.02531

t=11.89375 yr

(b)  The given amount of money to double at 6%
per annum compound for continuously

6
2p=pe" r=6%—= —=0.06
P=p °~ 100

0.06)t

2p = pe'
2 — eOAOGI

log 2 = 0.06t

. _log2 _ 062347
0.06  0.06

=11.5523 yrs

g
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Q65. Find the time required for money to
double when invested at 7 percent
annum compounded continuously.

Sol :

The continuous compounding is A = pe"

The time required for money to double when
invested at 7%per annum componded continuously.

0.07)t

.
2p = pe' r=7%= —— =0.07
P=Pp 100

0.07)t

2p = pe'
2 — eOA07I
log2 =(0.07)t

,_log2 _ 069313
007  0.07

t=9.9021 yrs

2.2.5 Orthogonal Trajectories

Q66. Define orthogonal trajectories.

AnS :

A curve which cuts every member of a given
family of curves in accordance with some give law
is called trajectory of the given family of curves.

If a curve cuts every member of given family

of curves at right-angles, it is called orthogonal
trajectory.

dy .

—=C ii

& = C—(i0)

i) and (i) =Y differential equation of
dx x

the family.

Hence a differential equation of the required
family is

dy__ 1
dx Yy
X
dy _—x
dx vy

By variable separable
ydy = —xdx
By Integrating

jydy+jxdx:c

y? +x?=2C

X2 +y2 =k? where k? = 2C
Q68. Find the orthogonal trajectories of

x* +y? = Cx.

Sol :

To find the orthogonal trajectories of a given
family of curves we first find the differential equation. Given that x2 1 y? = Cx

d . . . o,

d_i =f(X,¥) which describes the family, The differentiating with respect to ‘x
differential equation of the second and orthogonal we get 2X+ ZyS—i =C

. dy -1
family is then dx f(x,y) . ;j_y _ C2—x (l)
X —

Q67.Find an equation of the family y

orthogonal to the family y = Cx. But x* +y*-Cx =0
Sol ; We can solve C interms of x, y

Given family is y = Cx co x*+y?

y : X

eliminating C from Yy = CX = C__ (i) putting C in (1)
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x? +y?
oy x
dx 2y
X2 +y2 _9y?2
- oy
X +y?
2xy
ﬂ B y2 _XZ
dx 2xy
Thus the of the orthogonal trajectories satisfy
dy -1~ -2xy
dx yz _x? yz _x?
2xy
—2Xy
_(Xz _ yz )
dy 2xy
dx x*-y?

B0
dy 2/
dx  1-(y/x)’

By change of variable

y:vx:>v=¥
X

Yy x

dx dx

The above differential equation can be
transformed into

dv 2v
V+X— =
dx 1-v?
dv 2v
V+X— =
dx 1-v?

d_v_ 2v
dx 1-v?2

dv 2v—-v+Vv?
dx 1-v?
dv _—v+ve
dx 1-v?
By variable separable and integration

J J.—+C
v+v3

.[l_—VdVZJ.%—i-k

v(l+v2) X

Solve 1-v by partial fractions

1+v? yp

l—VZ_A+B+DV_A+AV2+BV+CV2
1+v> v 1-Vv2 v(l+v2)

1- V2 :A(l—v2)+Bv

Ifv=0
1=A(1-0)+B(0)
A=1, B=0, D=-2
The original problem reduces to
dv
— —+k
I \Y 1+v? I ’

= Iogv—log(1+v2): log x +k

Y,
lo =logx + k
g1+v2 g

v
1+v?

= kx

y

—X — =kx
1+(yJ
X
Xy
X% +y?

y
x? +y?

= kx

=k

x? +y? = kx whichis required solution.

g
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Q69. Find the family orthogonal to the family
y = Ce™ of exponential curves. Deter-

mine the number of each family through
(0, 4).
Sol :

Given family of curve is y = Ce™
differentiating with respect to ‘x’
dy _ —Ce™
dx
We obtain y* = —y a differential equation of
the family of exponential curves solving

d—yzlz>ydy:dx
dx vy

By Integrating
jydy = _[dx +K

2
y—:x+K
2

y? =2(x+K) a one parameter family

of parabolas.
The parabolas are orthogonal to the
exponents curves.

Putting x =g and y =4
and y=ce*and y* =2(x+K)

u=_=_Ce

C=u and 16=2(0+k)
2K =16
K=8

The required family member through (0, 4)

1 .
are —u aNdE respectively.

Q70. Find the orthogonal trajectories of the

C
family of rectangular hyperbolas y = ?1
Sol :
Given that the family of rectangular hyperbola

oc .
sy=2_ @

By eliminating C, = C, %

differentiating (1) with respect to ‘x’

dy o -1
dx ' x?
dy _Cl
o 2
dx x? —(2)

By (1) C, =xy

Sub C, in (2)

dy _—xy_-y

dx x? X

dy -y

dx X

The differential equation of the given
orthogonal family is

dy_-1
dx -y

X
dy _x
dx vy

Solving by variable separable
ydy = xdx

By Integrating
Iydy :IXdX+C2

2
—:X?+C2

2 2

y°—x°=2C,
—(x2 —yz) =2C,

x*-y?*=C,

Which required equation of the family of
orthogonal trajectories.
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Q71. Find the orthogonal trajectories of
family y = x+Ce™ and determine that

particular member of each family that
passes through (0, 3)

Sol :

The given equationis y = x + Ce™ 1)
differentiating (1) with respect to ‘x’

dy -

—=1-Ce™ 2

dx — )

By (1) eliminating C

y—x=Ce™
ijX =C
e

Sub C value in (2)

)

So, it’s solution
XIF = [Q(IF)dy+C
xe’ :J‘(y—l)ey dy+C

xe’ :J.(yey ~e’)dy+C

xe’ =y|e’ —Il(jeydy)dy—jeydy+c
xe’ =ye’ —e’ —e’ +C

xe’ =ye’ —2e” +C

xe’ =(y-2)e’ +C

xe’ —e’(y-2)=C

The required curve passing through (0, 3)
found to be y = x +8e™, x~y+2+e™¥ =0.

Q72. Find an equation of the orthogonal tra-
jectories of the family of circles having
a polar equation r = f(@) = 2a cos®.

=1-y+X Sol :
dy C1tx-y Given polar equations is r = f(e) = 2acos6
> f' (0 2asin®
=—2asin
Thus, the differential equation for the family ( )
of orthogonal trajectories. f(6) 2acos6
BNV =)~ “2asine
dy (6) —2asin
dx 1 cos0
T+x—y =_Sin6:—cot6:g(9)
-1
dx tany = ——
@y~ (Lx-y) 9(6)
tany = —
dl:_l_x+y (—Cote)
dy
tany =tan0
d—X+x =y-1
dy {@J _1
. . . . dr) g(0)
Which is linear differential equation
Then the IF is S[1% _ o r? =tan@
r
IF=¢ is differential equation of the required family
{ 129 }
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S ti iabl —de —ﬂ
eparating variables @ane T
 dr_cosog,
r sin@

By Integrating

ﬂ_J‘cose "
r sin®

logr =log(sin6)+logC
logr =log(sin6)C

r=Csin®

The required family of circle.

Q73.Find the orthogonal trajectory of

Sol :

r=C,(1-sino).

Given that r=C, (1-sin@) (1)
Differentiating (1) with respectto ‘g’

%:Clcose (2)

(3)

By (1) Cll—sine_

Substitute (3) in (2)
dr _ —rcos@

dé 1-sin6
ldr _ cos6

rdo 1-sin6

de _ cos6
dr 1-sin6

r@— tan
dr v

do dr

cosoO r
1-sin0

1—smede:ﬂ
coso r

By Integrating

J-l—smede: ﬂ
cos0 r

dr
I(sece—tane)de :IT

J.secede—.ftanede:ﬂ

r

logr =log(sec 6+ tan6)—(-logcosx)+logC,

logr =log(sec 6+ tan 6) +logcosx +logC,

logr =log(C,(1+5in0))

r=C,(1+sin0)
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‘ Multiple Choice Questions I

1. Solution for p? -5p+6=0 [a]
(@) (y-3x-C)(y-2x-C)=0 (b) (y-3x+C)(y+2x+C)=0
) (y+3x+C)(y+2x-C)=0 (d) (y+3x-C)(y+2x-C)=0

2. Solution for p? + 2pycotx = y? [c]

(@ y(l-cosx)-C=0
(b) [y(1+cosx)+C][y(1-cosx)-C]|=0
() [y(1-cosx)-C][y(1+cosx)-C]|=0

(d) [y(1+cosx)+C][y(1+cosx)-C]|=0

3. Solution for x?p® +xyp—6y> =0 [d]
@ (y-cx*)(yx*+C)=0 (b) “(y+Cx*)(yx*+C)=0
) (y+ox?)(yx*-c)=0 () (y-Cx*)(yx*-C)=0
4. Bacteria in certain culture increase at a rate proportional to the number present, if the number
doubles in one hour then how long does it takes for the number to triple [a]
(a) t=1.5850hr (b) t=2.5850hr
(c) t=0.0580hr (d) t=0.5850hr
5. Compound Interest [a]
rY ro
A=p|l+— A=p|ll-—
(@) p( 1ooj (b) p( 100}
A= p_tr d N
© A=105 (d) None
6.  Which is the half life of radium if it is found that 0.5% of radium disappear in 12 years [b]
() 16721.70 years (b) 1672.1770 years
(c) 16.72170 years (d) None
7. If Rs 10,000 is invested at 6 percent per annum accumlated after 6 years if interest is compounded
for quarterly [c]
(@) Rs. 1433.029 (b) Rs 1433.29
(c) Rs 14333.29 (d) Rs 143.29
{131 )
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8. How long does it takes for a given amount of money to double at 6 percent per annum com-
pounded [b]
() 10years (b) 11.89375 years
(c) 11.00937 years (d) 12 years
9. The orthogonal trajectories of x? +y? = Cx [c]
@ x*-y?’=k (b) x*-y? =kx
(©) x*+y® =kx (d) None
10. The orthogonal trajectories of the family of rectangular hyperbola is [d]
(@) x*+y?’=cC (b) x-y=C,
C, C
X=—t =
© *x=7 @ y==
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‘ Fill in the blanks I

1. When the differential equation F(x,y,p) =0 is solvable for x, then we have
2. If the differential equation f(x,y,p)=01is_—_ then y=f(x,p).
. : L . dy i
3. If the equation has the form f(y,p)=0 and is solvable for p, it will then give O o(Y) which is
4, The equati F(x,y,p) =0 is of the first order degree in x and y then
5. y=xf(p)+f,(p) is known as
6.  Solution for (y—px)(p-1)=p is
7. The rate at which the substance changes is proportional to the quality of substance present at any
time is
. dx .
8.  The solution for T KX is
9. percentage will disappears in 100 years if it is found that 0.5% of radium disappear in
12 years.
10. If Rs. 10,000 is invested at 6%/annum. Then the C.| is
ANSWERS
1. x=f(y.p)
2. solvable fory,
3. integrable
4. y=xf(p)+f,(p)
5. Lagrange’s equation.
6. (y-Cx)(C-1)=C
dx
— =KX
7. at
x = Ce"
34.2
10. Rs. 14,185.19.
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Higher order Linear Differential Equations: Solution of homogeneous linear
U N IT differential equations with constant coefficients - Solution of non-homogeneous
differential equations P(D)y = Q(x) with constant coefficients by means of
I I I polynomial operators when Q(x) = be*, b sin ax/b cos ax, bx¥, V e - Method of
undetermined coefficients

I
T T
T P T PP TP T

0 A
T
I EEEEEEEEEEEEENEEEEEEEEEE}

3.1 SoruTtioN oF HoMoOGENEOUS LINEAR DIFFERENTIAL EQUATION OF ORDER ‘N’ WITH
ConNsTANT COEFFICIENTS

Q1. Define non homogeneous linear differential equation and homogeneous linear
differential equation.

AnS :

A linear differential equation with constant coefficients is that in which the dependent variable and
its differential coefficients are only in the first degree and are not multiplied together and the coefficients
are all constant.

The general form of the equation is

d"y d™ty dy
B gxr A gt T A g T Y = Q) ()
where

a, a,, ... 8, and Q(x) are-continuous real functions on a common interval and a (x) # O
[This can also written as by using symbols a D"y +a_ D'y +a ,D™?y+ ..+ a y=Q(X)]
The equation (1) is called the non homogeneous equation
If Q(x) is identically zero. Then (1) will be becomes
dny dn—ly
+a
dx" m1odx"t

which called a homogeneous linear equation of order n.

dy
a +...+a1—X+a0y=O

Q2. Write a short note on auxiliary equation and complimentary function.
Ans :

The differential equation is,

d"y d"ty dy
B T gt T A g TRY=0 e
When

a, a, ..a areall constant& a_ = O
Suppose that the solution of equation (2) is
y ey emx

{ 134 |
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. dy 2y "y .
Sine — = me™ ., =m2e™ ... = m"e™ by equation (2
dx dx? dx"
ame™+a mte™+ ... +a me™+ae™=0 .. (3
n n-1 1 0

ase™ =0 v me X

Divide (3) be e™. Then we get

a,m"+a mt+.+am+a=>0

Which is an algebraic equation in m of degree n and which is also called “Auxillary equation” or
“characteristic equation”.

By fundamental theorem of algebra it has at least one and not more than n distinct roots.

We denote by roots m;, m, ... m_where ‘m’ is need not all be distinct.

Then each function
y,=e™,y,=e™. ...

y = e™ is a solution of equation (2).

By Auxillary equation, we can obtained the equation by replacing y' with.-m, y" with m? and so on
and y™ with mn.

By solving the auxillary equation the following three case may. occur.
Case (1) :

If the n roots m,, m, ... m_of A.E are distinct and real. Then the solution of A.E. is

y,=e™, y,=e™ ..y =™
But these n solutions are different and
Linearly independent and the general solution of equation (2) is
y,=y=c,e™+c,e™ + .. +c e™
Where
y, is known as the complementary function
Case (2)
If the characteristic equation (3) has a root m = a which repeat ‘n’ times.
Then the general solution of equation (3) is
y=(c, +Cc, X+, X+ ..+ x)e™

> One real root m, then the nature of roots of A.Eis y = c e™

»  If one pair of complex roots a. + i
Then the nature of rots of A.E is
e™ (c, cospx + c, sinpx)
»  If two pairs of complex and equal roots
o * i, o = i Then the nature of root of
A.Eis e [(c, + ¢, X) cosPx + (c, + c, X) sinpx]
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Q3.

Sol :

d’y d’y dy
o T8 T1lax

Solve +6y=0

The given equation is
&y
dx®

Then the A.E is

m+6m+11lm+6=0

d’y dy
NE + 11 dx

+6 +6y=0

Ifm=-1
= (1)pP*+6(-1+11(-1)+6
-1+6-11+6=0
m=-1 1 6 11 6
0 -1 5 -6
|1 5 6 |0

m2+5m+6=0

m2+2m+3m+6 =0

M+2)(m+3)=0
m=-2,-3

d’y _ dy _
Q5. Solve i -3 dx + 2y =0.
Sol :
The gi ti 3 3 dy +2y=0
e given equation o 3 dx y =

Thenthe AEism®-3m+2=0

fm=-1= (-1*-3(-1)+2
-1+3+2=%0

fm=1 = (1P*-3(1) +2
=1-3+2=3-3=0

10 -3 2

-2

01 1

m*+m-=2=0

m +2m-m-2=0

mm+2)-1(m+2)=0
m=1, -2

S The root are 1, 1, -2

The solution isy = (c, + ¢, X) &* + ¢,

The real roots are -1, =2, -3 which are d?y dy _
distinct. Then the general'solution is Q6. Solve 16 dx? +24 dx +9y=0.
Y. Sy =cer e +ee™ Sol :
d?y dy . oo d’y dy _
Q4. Solve A -2a dx + a%?y =0. The given equation is 16 vl + 24 Pl 9y=0
Sol - Thenthe AEis 16 m> +24m+9=0
' . - (4m + 32 =0
The given equation is (4m + 3) (4m + 3) = 0
d’y dy -3 -3
-2a——- +ay=0 = — —
dx? 2 dx y Mm="47
The AEis m*-2am+a*=0 o 3
(m-ap=0 The solutionis  y =(c, +c,x) e*
(m-a(m-a)=0 d?y _ dy
. m=aaq Q7. Solve A -3 dx + 2y =0.
which are some roots. Sol :
Then the general solution is ) dy
y,=y=(c, +¢,x) e* The given equation is NG -3 dx +2y=0
{ 136 |
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Then the A.E is

m>-3m+2=0

m> -2m-m+2=0
mm-2)-1m-2)=0
m-1)(m-2)=0

m = 1, 2, which are two distinct roots,
Then the solution is

y =ce*+ce”

3

d’y  d% dy

Q8. Solve NI -6 ax = 0.
Sol :
The given equation is
d? d? d
Sy By g
dax dax dx
Then the A.E. is
m>-m?2-6m=20
m({m?-m-6) =0
m=0 m-m-6=0
= ~b++/b? —4ac _ 1+{(1-4(0)(6)
2? 21
_ 1+\1+24. _1%425
N 2 \ \*
_1%5
m="3
m=3, -2
The roots are real and distinct
Then y =ce>*+ce*+ce?™

— 3x —2X
y,=c,+c,e¥+c.e

2

Y
. |
Q9. Solve e

+ 4y = 0.

Sol :

. . dYy
The given equation is NG +4y=0

Thenthe AEis m*+4=0
m? = -4

m=+ 2i

The roots are imaginary roots
Then the solution is
y, = €% (c, cos 2x + ¢, sin 2x)
y = ¢, C0S 2X + ¢, sin 2x

d4y d2y
. + + 16y =
Q10. Solve i 8 A 6y =0
Sol :
. .. d d?y
The given equation is procy +8 o +16y=0

The AEis m*+8m2+ 16 =0
(Mm)P+m>+16=0
(m?2+4)2=0
(m+4)m*+4)-0
m= =+ 2i, m= t 2i

These roots, imaginary roots

y ={(¢, + C,X) c0s 2xX + (c, + C, X) sin 2x

3

d’y
. Sol
Q11. Solve NE

+y=0

Sol :

The equation is ﬂ +y=0
q dX3 y -
The AE.is m*+1=0

mM+1)(mM-m+1)=0

m=-1, m-m+1=0
_ (D £VJED) - 40
o 2(2)
_1+1-4
B 2
1+/31i
m = >

The roots are real and imaginary
The solution is

y =cex+ e%x czcosgx +c3sin§x
|

g
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dy 2 (d?%y i
= + =
Q12 Solve (dx YJ [dxz YJ 0]

Sol :

Th ioni ﬂ—yz d2y+y2_
e equation is ax B =0

Then the A.E is
(m-212mM+12=0
M-1)M-1)(M*+1)(m*+1)=0
m=211&M+1)(M+1)=0
m==+i =i
Therootsare 1,1, £ i, £ i
The solution is
y = (c, + ¢, X) & + (c, + C, X) COSX

+ (C, + ¢, X) sinx

2

d d
 +(@+b) g +aby=0

13. Sol
Q olve -3

Sol :

The given equation is

2

d%y
dx?
Thenthe AEE.is m*+ (@a+b)ym=ab=0

+@+b d—y+ab =0
@+b) 4o y

_ —(@a+b)£y(@+by - 41)(ab)
2(2)

—(a+b)£+/(a+b)* —4ab

2
_ ~@+b)ta-by
2

_ —(a+b)+(@-b)
m = > ,

—(a+b)—(a—b)
2

-a-b-a+b
2

_ -a-b+a-b
m= > ,

_—2b -2a
m="2""2
m = -a, -b which are the distinct roots
The solution is

— —ax —bx
y=ce*+ce
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3.2 SoLutioN oF NoN-HoMoGENEOUS
LINEAR DIFFERENTIAL EQUATIONS WITH
ConNsTANT CoOEFFICIENTS BY MEANS OF

PoLynomiaL OPERATORS

Q14. Write a short note on solution of
homogeneous equation to solve
particular integral.

AnS :

The general solution of a non homogeneous
linear differential equation
dny dn—ly

dy
an an +an—1 an—l ++a1d_x +a0y:Q(X)

a #0 Qx)=0
& a,a, .. a areconstantis
Y=Y, tYy,
Here y_is known as complementary function
y, is known as Particular Integral (P.)

where

Q(x) cansists of such terms as b, x*, e, sinax,
cosax and a finite number of combination of such
terms. Where a & b are constants & k is positive
integer.

3.2.1 When Q(x) = bx™ and m being a
Positive Integer
Q15. Write working rule for evaluating

Q(xX) = bx™ where m being positive

integer.

AnS :

Short method to find PL.
Working rule for evaluating
(D-a)y=bx"

Step | :

Bringout the lowest degree term from f(D)
so that the remaining factor in the denominator is
of the form [1 + ¢(D)]" or [1 — ¢§(D)]", n being a
positive integer.

Step 11 :

We take [1 + ¢(D)]" or [1 — ¢(D)]" in

numerator so that it takes the form
[1 + §(D)I" or [1 - ¢(D)I™
Step Il :

We expand [1 + ¢(D)]" by the binomial

theorem.
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* In particular some of binomial expansion 1
should be remembered. — -1 X2 4=
Yo 4 2
1. A-XtT=1+x+x2+x>+ ..
2. AH+XNT=1-X+X+X+ .. - The general solution is
3. (1-X2=1+2x+3C+ 43+ ... Y=Y +Yy,
4. QA+x)2=1-2x+ 3 -4+ ... 1 [, 1
=ce®+cer- — X +E
Q16. Solve (D2 -4)y = x2. 4
Sol : Q17. Solve (D3*-2D + 4) y = x* + 3x2—-5x + 2.
The given equation is (D? - 4) y = x? Sol :
The AEis m*-4=0 The given equation is
m=4 > m=+2 (D°-2D+ 4)y=x"+3x*-5x + 2
Thus which roots are two distinct real roots Then the A.E is
Thus, mi-2m+4=0
y, =g +ce (m+2)(m-2m +2)=0
1 M+2)=0= m=-2
Now, PlI= = 7~ X
%>~ (D) m2—2m +2 =0
_ 1 x2 «4-4DQ  2+-4 _ 242 _ L
D*-4 21) — T T 2 T+
1 ( Therootsare m=-2, 1 =i
= T 2 X
4{1_DT Sy, =ce® 4+ e (c, cosx + c, sinx)
4
Now
N { DT 1 To find Y,
= — _T X2
) Pl= Y= proapaag 35 2)
[-[1-X]"=1+x+x>+.]
-1 3
= — |1+—+|— | +..| 2 4 l_@JFE
4 4 4 4 4
—1_2 D, D222 1. o D
= X +T(X)+ VR = 1—2+4} (x* + 3x?2 - 5X + 2)
1[,0,2 1], 1. D
=7 x2+z+0..} =7 1—2[D—2H (x* + 3x*-5x + 2)

g
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1], 1 ) 1. DY
= = |1+3D—— [+=|D——| +..| (x* 2_
2 1+2[D 2j+4{ 2) + }(x + 3x? - 5x + 2)
1| 1 D*
=7 x4+3x2—5x+2+5 D(x4+3x2—5x+2)—7(X4+3x2—5x+2)

1 D°®
+ 2 [D? (x* + 3x2 - 5x + 2) + vy (x4+3x2—5x+2)—D4(x4+3x2—5x+2)]}

:% {x4+3x2—5x+2+% {(4x3+6x—5)—% (24X)} + % [(12X2+6)]+0—(24)}

1 5 3
= — | X*+3X®-5x+2+2+3x- 7 -6x+3x2+ - -6
4 2 2
1
=7 [x* - 2x3 + 6x* - 8x — 5]
y =Y. *tYy,

1
— — i i 4 3 2
= c,e> + €*(c, Cosx + Csinx) + 1 [x* + 2x3+ 6x° — 8x — 5]

Q18. Solve (D? + 2D + 1) y = 2Xx + X2,
Sol :
The given equation (D? + 2D + 1) y = 2Xx + x?
The AEis m>+2m+1=0
(m+1)2=0
= =1, -1 are the roots
y,=(c, +c,X) e~

Now
1
Pl = y,= ﬁ (2x + x?)
1
= m (2x + x?)

= (D + 1)2 (2x + x?)
=(1-2D + 3D* + ...) (2x + x?)
= 2x + x2-2D (2x + x?) + 3D? (2x + x?)
= 2X + x2 - 2[2 + 2x] + 3[2]
=2X+X>-4-4x+6
Y, = X2—2X + 2
The general solution is
y =Y. *tYy,
=, +c,X)e*+x-2x+ 2

'l 140 ',
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d?y dy d’y d%
19. Solve + —— = X%+ 2x. 20. Solve - = 2x3.
Q dx? = dx Q dx®  dx?®
Sol : Sol :
The given equation is 3y d?y
, The given equation is pcliiel 2x3
dy + dy = X? + 2X ;
dx*  dx ie., D’-D?=2x3
i.e., (D*>+ D)y =x?+ 2x ThegA.E '25
The AEis m>+ m=0 mz(_ml_)oo
m?>(m-1) =
+ 1) =
m(TO )_01 m>=0, m-1=0
m = ,m.—— m=0 m=1
Thg roots are m =0, -1 which arerealand | . y =c, +c, e
distinct ¢
Now,
y,=ce>+ce”™
— X 1
y.=¢ tce Pl =yp=W2x3
Now,
PI B :_D211D 2x°
1Y, = fpy X+ 2 N
= [1-D]*2¢
_ : =i
D2+ D X2 + 2X
1 :§[1+D+D2+D3‘]2x3
—_ — 2
= D+D) X2 + 2X
1 = # [x® + D(x®) + D*(x®) + D3(x%)]
=5 (I +D)'x*+ 2x
-2
1 IF[X3+3X2+6X+6]
=D [L-D+D2-..]x*+ 2x
—2 | x* 3x® 6x°
1 S ——— T+ 3 + > + 6X
=6[x2+2x—D(x2+2x)+Dz(x2+2x)] D
1 £+ﬁ+ 3x° + 6x°
=S [e+2x-2x-2+7] ==2120° 4 3 2
5 4
:l [x7] =2 X—-i——+X3-‘:-3X2
D 20 4
_ x3 —x5 4 , ,
=73 o= 1o —?—ZX—GX
The general solution is The required solution is
x3 X X,
y :yc+yp:>cl+cze-x+? y=yc+yp:>cl+cze—f)—3—2x—6x
{141 }
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Q21.Solve y"+y +y=x?

Sol :
The given equation y" +y' +y =x?
The AEis(m*+m+1)=0

_ 114 _ -1£41-3
2

2

142

= n+@+07 X
=[1+ (D + D)J* x?
=[1-(D + D? + (D + D?)] x?

Y, = X2—2X -2
The required solution is
Y=y, tYy,

o (c cosix+c sinixj
y=¢e 2T T2

+X2-2x-2

Q22. Solve y" + 3y'+ 2y = 4.
Sol :
The given equation y" + 3y'+ 2y =4
The AEis
m*+3m+2=0
m+2m+m-+2=0

Now,
Pl =y = : 4.x°
% T bPr3pr2 ¥
1
=4 21 X
21+£+D—
2 2
1
=211 £+2_D 0
2 2
| (3D D?) (3D D?Y
=2 |1+ —+— |+| —+— X0
2 2 2 2
=2 [x°+ 0]
=2
y, =2
The required solution is
Y=y, Y,

y=cex+c,e*+2
Q23. Solve (D*-D?-6D)y =x*+ 1.
Sol':
The given equation (D*-D?-6D)y=x*+1
The AE s
mé —-m?-6m =20
m(m?>-m-6) =0
m=0, m-m-6=0

_ ~(DEVED’ -40)(-6)
2

1+v1+24

2

m

-4

2

1+5
2
m =3, -2
The roots are real and distinct
Then
y, = Clem 4+ CZE'ZX 4+ 0363x
y,=c¢ +c,e®+ce*

6
2 )

Now,
mM+2)y(m+1)=0
— 1
m=-1, -2 — — 24+ 1
y = ce+c e A=Y= ps b7 6D
c 1 2
{142 )
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1 Now,
= DZ D3 (X2 + l) 1
6D| 1+ ————— —y=—— 2
{ "D GD} Pl = %= b 2p?+ 2D X
-1 p p?\| 1
~ 6D “[e‘eﬂ 0+ 1) ~ DD+1)(D+2)
1| (D Dzj [D Dzjz 1| ) D\*
= — |~ |H =z = 2 4 — — |@+D)Y1+—=
60 | 6 6)6 6)|C+D) = 5 _( ) ARES
= -1 x2+x—D(x2+1)+D2(x2+1)+D2x2} 1 [ D D?
6D | 6 6 K - (1—D+D2+...)[1—++... X2
2D | 2 4
-1 | 2x 2 2 }
= — [ X +l-——+—=+—
6D { 6 6 36 _ 1 [1_+D2_D+D2_D3+D2_D3 D“} 2
2D 4 2 4 2 4
— __1 |:X2_£+£+i:| 1 1 1 2
6D 3 3 18 - = {xz—f(2x)+—(2)—2x+7—0+2—0+0}
2D 2 4 2
-1 |:£_X_2+§X:|
=6 3 6 18 CA {xz—x+l—2x+l+2}
. L 2D 2
The required solution is
y=y. .ty
i = 1 [xz -3x +ZJ
_ " b LX X 25 2D 2
=C tcem+cet- g 3 6 18
. ] 1 [x® 3x? L TX
dy dy dy =5 | =" -
_ ) oY _ o 213 2 2
Q24. Solve FNE 3 e 2 ax =X L
Sol : 1 [ 4x3-18x% +42x
The given equation 2 12
d’y d’y dy
—+ +2— =x2 1
dx® 3 dx? ax X = 1 [2x3 — 9x? + 21X]
i.e., DP+3D?+2D)y=x? . Lo
T(he AE. is )y The required solution is
m3 + 3m? +2m =20 Y=Y.* Y,
m(m?+3m+2)=0 1
m=0 m+3m+2=0 y =cl+cze'x+cge'2X+E [2¢-9%* +21x]
m+2m+m+2=0 ]
Mm +2)(m+1)=0 3.2.2(i) When Q(x) = be® & f(a) # O
m=-2,-1,0 In this case f(D) y = Q(x) becomes f(D)
The roots are real and distinct y = be™
y,=¢C, +Ccer+ce™ Then the particular integral is
kﬁ) Rahul Publications
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1 be™ The AEis m*+3m+2=0
e 2 —
- — pex — —— m +2m+m+2=0
Y, = o) P& @ - @70 Mm+2)(m+1)=0
..  eeax _ m = -1, -2 which are real and
(i1) Whgn QW) = be. & f(a) =0 distinct roots
In this case (D — a) is factor of f(D) y, = ce*+ce
Suppose that (D — a)" is a factor of f(D) Now,
We can write f(D) = (D-a)". f(D) ; f(D) = O 1
Pl =y = = 12e*
1 1 bxe™ Yo = fD) ~°°
Y, = 1D) P&" = 0—ay'1D) P& = i) 1
=12 5——— &
Q25. Solve (D?2-2D + 5) y = e™. D*+3D+2
Sol : 1
=12 % .o €
The given equation is (@) +3D+2
(D2_2D+5)y:e_x _121 X
Onethe AEis m?-2m+5=0 — 6 °
y = 2e*
_ (2£v4-40)06) " The required solution
2(2) Y=y, +Y, = cer+ e+ 2
2+-16 _ 2+4i Q27. Solve y" + y = 3e.
-2 T2 Sol :
=1+ 2 The given equation is y" + y = 3e™*
. ) _
Thus C.F =y = e*(c, cos2x + c, sin2x) The AEis E:; :_11) =0
Now, m= =i
1 Which is a complex root
PI=Y,= %p) &~ Thus y, = €% (c, cosx + ¢, sinx)
y_ = C, COSX + C, sinx
1 1 Now,
= 2 e_X = 2 e_x
D>-2D+5 D" -2A-D+5 1
—_ —_ — —2X
L Pl = Y,= (D) 3e
T 1+2+5 ¢ ,
L =3pi1®
Y=g e~ 1
. . . =3 2 g
The required solution is (-2 +1
Y=y, tYy, 1 ,
. 1 a1 ®
= e* (c, cos2x + ¢, sin2x) + P 3
— — a2
Q26. Solve y" + 3y + 2y = 12¢". =5 °©
Sol The required solution is
' : o y =y, +y
The given equation is P 3
y' + 3y + 2y = 12¢* y = ¢, cosx + ¢, Sinx + 5 e,
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Q28. Solve y" + y' + 2y = 3e 2,

Sol :
The given y" +y' + 2y = 3ex
The AEis m*+m-2=0
-1 1-40)(-2)
B 2(2)
_ -1+v1+8
N 2
_ —1+4/9
T2
_ -1+3
m="
_ -1+3 -1-3
m=""5" "7
m = 1, -2 which are real and distinct.
y, =ce+ce™
Now,
Pl =y = D) e
J— 3 —1 —2X
~°p?2+D-2 °©
P A\
=3 2¢+2.2°¢
— 3 l —2X
= 2 e
j— E —2X
yp_ 4 €
The required solution is
Y=Yy.*tYy,

3
— X —2X — pa—2X
y =c et e+ e

Now,
1
PI =y, = ) 2
— 1 2 X
~ p2_1 “®
_2 1 X
—cpi_1 °©

1
2 o+nD-1 ¢
2 X

“ D1 1 °©

2
~ @1+ *°®
=Xxet
The required solution is
y=y . +y =(c, +C, X) e +xe*

Q29. Solve y"-y = 2e~.
Sol :
The given equation is y" -y = 2e*
The AE. is m>-1=0
m>=1
m=11
yc = (Cl + CZ X) eX

Q30. Solve y"-2y'+y=7ex
Sol :
The given equation is y" —2y' +y = 7¢*
Thenthe AE.is m?-2m+1=0
(m-1%=0
m=11
Thus the roots are same real roots
y,=(, +¢,x) €&
Now

1 1

Pl = yp=ﬁ e :7—D2—2D+1D=1 e

1
=T D-17-20-1+1 ¢

1
D2+1-2D-2(D-1)+1

=7

1
=7D'i1-2D_2D+2+1°¢

X

1
=7 Db _ap+4 ©

X

g
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The required solution is
Y=y, tYy,

-
y=(cl+czx)ex+5x2ex.

Q31. Solve (D*-D?-4D + 4)y = e
Sol :
The given equation is
(D*-D2-4D + 4) y = e*
and the AE.ism>-m?-4m+4=0
(m-1)(Mm*-4)=0

m=1,2 -2
Thus C.F=ce*+ce*+ce™
Now
Pl=y = ! A
=Y T D _p?_4D+4 ©

1 1
— X — —— Aadx
T EP-@r-43+4°% T10°
The equation solution is
Y=y, tYy,

1
— X 2X —2X — a3
=CE et +ceT+ e

Q32.Solve (D*+3D?2+ 3D+ 1)y=e>X
Sol :
The given equation is
(D*+3D?+ 3D+ 1)y =e*
andthe AEis m*+3m?+3m+1=0
(m+132=0
m=111
The roots are same and real
Thus y =(c, +c, X+, X% €

Rahul Publications

'l 146 |

=% &

The required solution is
Y=y, ty,

3

X
— 2 X — @aX
=(c, +Cc, X+, x) e+ 5 e

d? d
y +3—y + 2y = 12~

Q33. Solve A dx

Sol :

The given equation is

2

gxi' + 3 g—i + 2y = 12¢~
i.e., (D*+ 3D + 2)y = 12¢*
and the AE is
m+3m+2=0
m+2m+m+2=0
mM+2)(m+1)=0
m = -2, -1 are the real and distinct roots

Thus y =ce*+ce™

Now,

1

Pl=y, =12 1o ¢

1
D?+3D+2 ©
(Put D=1)
1
1+31)+2 ©

X

=12

=12

_r
—66—6

The required solution is
Y=y, ty,
y =ce*+ e+ 2
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3.2.3 When Q(x) = bsinax (or) bcosax

Q34. Derive particular integral when Q(x)=b
sinax or bcosax.

Ans :
When f(D)y = Q(x) where Q(x) = bsinax or
bcos ax.
- l - l
Then Plis @bsmax or ﬁbcosax
Case(i)
In this case put D? = - a2
l - l -
Then y, = @ bsinax = mbsmax;
f(-a?) #0
Similarly
1 1
Yy, = @bcosax = mbcosax;
f-a?) #0
Case(ii)

When f(-a?) = 0

1
Then 7= bcos ax or bcos ax becomes,
f(D)
we know that
e = cosO + isin®
let 0 =ax = e® = cos ax + isin ax

1 .
—5 5 cosax = Real part of giax

D*+a D? +a?

1

— eiax

D? +a?

1 .
(D—ai)(D+ai) ©
1

— — piax

ai+ai 1!

e — eiax

2ai

I .
= —— (cosax + isin ax
oa ¢ )

X . .
= 2 (- icos ax + sin ax)

Equating the real part, we have

X .
———C0SsaX =—sSInax

D? +a* 2a
Simillarly
—1 H — | l iax
D2 g2 Sinax = Im——se
1 1 .
D?+a’C — (D+ai)(D-ai)®
— i — alax
2ai 1!
— X iax
= 2ai®
S A
= 5 (cosax + isinax)
1

. X . .
—> 5 €% = — (-~ Icosax + sinax
D? + a2 2a ( )

Comparing imaginary part we have

——Sinax = % cosax
D° +a 2a
Q35. Solve (D?-3D + 2) y = 3sin 2x
Sol :

The given equation is

(D? - 3D + 2) y = 3sin2x

Thus the A.E is
m>-3m+2=0
m>-2m-m+2=0
mm-2)-1(m-2)=0
mMm-1)(m-2)=0
m = 1, 2 which are real and distinct
y, = C€e* + ce*

Thus
Now,

1
Pl =y = ﬁ 3sin2x

=3 sin2x

D2-3D+2
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(Put D2 = - 22)

1
=3 m sin2x

1 .
=3 m Sin2x

1
-2-3D
Multiply and divide by 3D -2

=3 sin2x

1 3D-2
3 (3D +2) x 3D%2-2

sin2x

-33D-2) . )
= —(—~z ;5 Sin2x
9D? -4
put D? = - 22

-3@8D-2)
= m sin2x

3@D-2)
—40 SINZX

3 . .
20 [3D (sin2x) — 2sin2x]
3

= 20 [6cos2x — 2sin2x]

6 .
= 20 [3cos2x — sin2x]
3
20
. The required solution is
Y=y, tYy,

[3cos2x — sin2x]

3 .
y=ce +ce*+ 20 (3cos2x — sin2x)

Q36. Solve (D*®*+ 1) y = cos2x.
Sol :
The given equation is
(D®* + 1) y = cos2x
and the AE is
m+1=9
mM+1)(mM-m+1)=0
m+1=0, m-m+1=0

Rahul Publications

g

_ —(ED+y1-40)@)

2

1+-3 143
2 2
i3

1
= - :—i—
m 1 m 5 2

B

(e B e
Thus,y, =ce™+ e/2 | CC0S—X+C;SIN—7X

Now,

1

Pl = Y, = ﬁ C0S2X

1
D®+1

C0S2X

1
= b1 O

Put D> =-22

1
= m C0S2X

4D +1 €0S2X

Multiply and divide by 1 - 4D

1+4D 1

= 1-4D " 1-4p OO

1+4D
= —I32 COS2X

1-16
1+4D
= m COS2X

1+4D

= 1+64 €0S2X

1
=— @1+
65 (1 + 4D) cos2x

1 .
= 55 [cos2x — 4 sin2x . 2]
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= %5 [cos2x — 8 sin2x]

The required solution is
Yy =Y. tYy,
2

3 .
—ceX+ (czoos\/;xmssmzx
1

L P
65 (cos2x — 8 sin2x)

Q37. Solve (D*+ D?-D - 1) y = cOS2xX.
Sol :
The given equation is
(D*+ D?-D -1) y = cos2x
and the AE is
If m=1 =

m+m’-m-1=0
17+ 1) - (1) -1
1+1-1-1=0

11 -1 -1
M=101 2 1

_1 1 Dp-1
= 5 (D+l) D_1 C0S2X

-1 D-1
5 D*-1
Put D? =-2?2

C0S2X

-1 D-1
= ? ﬂ COS2X

-1 D-1

= ? _—5 COS2X

Y= o5 (-2 sinx2x — c0s2x)
The required solution is

Y=Y, +Y,

1 .
=ce*(c,+c, x)ex+ o5 (=2 sin2x — cos2x)

Q38. Solve (D*-1) y = sinx

Sol :
The given equation is
121 |0 (D*-1)y = sinx
m*+2m+1=0 andthe AEis =m*-1=0
m+1)=0 =(m?)?-(1%) =0
m=-1,1 =m?-1)(Mm>-1)=0
-. Therootsarem=1, -1, -1 m= +1, +i
Thus, 'y =ce*(c, +c,x) e~ Thus, y_ = c,e*+ C,e™ + C,C08X + C,sinX
1 Now,
PI = Y,= D+D2-1 C0S2X 1 |
. P.I=yp=D4_1smx
= DD? 4D 1 SO 1 _
Put D2 = - 22 = O*-1(D2+1) ™
1 Put D? =-1?
1 T (1)-1 pPy1
= ————————~ C0S2X
-4D-4-D-1 -1 1 _
1 ~ 2 D241 ™
= ep_s COS2X .
Multiply and divide by D - 1 .= 5 {@COSX}
{ 149 }
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The required solution is The required solution is
y =Y.y, Y =YY,
X X —X 1 1
=, + C,7 + C,CosX + C,SinX +7, CosX =Ce e -5 sinXx
Q39. Solve (D? + 4) y = cos2x. 2
Sol - Q41. Solve el —Y = COSX.
The given equation is Sol :
(D? + 4) y = cos2x 2
& the AE.is m?+4=0 The given equation is a2~V = cosx
m? = -4
. andthe AEis m*-1=0
m= = 2i -
Thus, y =, COS2X + C, Sin2x m==
N c 1 2 yc e Clex + Cze—x
ow Now
_ 1
PI=1Y,= D?+4 cos2X Pl =y = D2 _q COSX
X Put D? = -1
= 5o Sin2x
2(2) 1
= Tz, COsX
X 1° -1
Yo =12 sin2x _
. . = — COsX
The required solution is 2
\ Y=y, ty,
y =, COs2X + ¢, sin2x + 7 sin2x ) 1
y =C + e~ cosX
040. Solve j;’ _y =sinx. which is required solution.
d? d .
ol : Q42. Solve y -3 & + 2y = 3sinx.
dx? dx
. N _ Sol :
The given equation is —5 —y = sinx.
i dy dy
andthe AEis m?2—1=0 The given equation is o -3 ol 2y = 3sinx.
(m-1)(m+1)=0 andthe AEis m>-2m+2=0
m=1,-1
y, = C,e" + Ce* m = 25J4-400)
Now 2
1 . 2+4-8
P.I=yp=D2_15|nx 2
Put D2 =-12 _Zi /_4 _2i2|
S S 2z 2
= gz Six = sinx m=1 4
{ 150 }
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y, = €*(c,cosx + ¢, sinx)
Now,

Pl = 3sinx

Yo = D?i2D+2
Put D> =-12

1
=3 () 20+ 2 ™

_ 3 .
= 1_oD+2 ™

2D+1 X

Multiply and divide by 2D - 1

3 2D-1
2D+1 " 2b-1

sinx

D7 1 (2D - 1) sinx

Put D? = -1?

3
= 2C19-1 (2D - 1) sinx

3
Yo = 5 (2cosx — sinx)

The required slution is

3
y =e*(c,cosx + ¢, sinx)—g (2cosx — sinx)

Q43. Solve y" + 3y' + 2y = 8 + 6e* + 2sinx.
Sol :

The given equation is y" + 3y' + 2y = 8 + 6e* + 2sinx

andthe AEis m*+3m+2=0
mM+1)(M+2)=0

m=-1, -2
y, =ce*+ce?™
Now,
Pl = —;8+6X+2'
T =Y T D2y3D2 & osinX
= 8+ —————e*+ 2 —5———— sinx
T D*+3D+2 D?+3D+2 D?+3D+2
Put D2=-1 Put D? = -1?
{ 151 }
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1 046 1 ) 1 ,
i ——— N + —_— X + _—_—
3D D2 | X TP @32 TS 1?v3pr2 ™
2114+ —+—
2
-1
1 1+ 3D+D2 0 6 _1 ;
== -+t + — e+
5 5> 5 X G © 3D 11 SinX
-1 1] + e+ 3D - i
—2[] e 9p? _1 SiNX
Put D2 =-1°
_1_ ., 80-1_
=5 *e 10 SIX
_ 1,3 .1
Y, =5 + €=y cosx+ o sinx
The required solution is
— X —2>(_|_ 1 + ex i + i i
y =ce c,e 5 T g cosx+ oo sinx
Q44. Solve y" + 3y' + 2y = 2(e* + x?)
Sol :

The given equation is y" + 3y' + 2y = 2(e™ + x?)
andthe AE.is m+3m+2=0
(m+2)(m+1)=0
=-2,-1
The roots ae m= -1, -2
Thus, y =ce®+ce™

1

— - —2X 2
Yo = D?raps2 & T X

Pl =
1

_ —2X+
DZ+3Dr2 &t 2

=2

x2 1
=2 e+ —F— < X?
21 (BD DJ
14 242
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3(2x)

= x2 @2 4 x2 — 9
o 2 4

29
2

9
=xPe*+x-3x-1+ 5

7
y,=x*-3x+ 5 + x* e

The required solution is

7
y=ce>+ce?+x-3x+ 5 X? e

Q45. Solve (D?+ 6D + 9) y = 2e73,
Sol :
The given equation is (D? + 6D + 9) y = 2e™*
andthe AEis m>+6m+9=0
m2+3m-+3m+9=0
mM+3)y(mM+3)=0
The roots are m = -3, -3
Thus y = (c, +¢c,x)e>
Now,

1
J— e —-3X
Pl =Y.~ b7 6pso %©
2e73x
(D-3Y +6(D=3)+9

1
D?*+9-6D+6D-18+9

— ze—3x

s 1
:Ze—x DZ (l)

XZ
— -3x | —
- %

y — e—3x XZ
p - - -
The required solution is
— —3x 2 A-3x
y=(c, +c,x)e> + x*e¥,

Q46. Solve (D2 + 4D + 4)y = e — e,
Sol :

The given equation is (D? + 4D + 4) y = e* — g

andthe AE.is m2+4m+4=0
(m+12=0
m=-2,-2
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Thus,
y,=(, +c,x)e*
Now
Pl — — 1 2X 1 —2X
T YT D?iap+4 ¢ T D?214D+4 ©
1 , 1
= 2+4@)+4 €T D-27+4D-2+4 D
1 1
e er_e—Zx >
16 D?+4-4D+4D-8+4
— i eZX_ e—Zx (l)
16 D?
1 x?
— — a2X _ @2x
T I
The required solution is
1 2
y=(c, +c,x)e>+ 6 ¥ — e )
Q47. Solve (D?-4D + 4) y = 8(x2 + e* + sin2x).
Sol :
The given equation is (D? — 4D + 4)y = 8(x? + e + sin2x).
The A.Eis m?—-4m+4=0
(m=22=0
m=2,2
Thus,
y, =(c, +c,x)e*
Now
Pl = y= S S 8(x? + 8e* + 8sin2x)
' P D’-4D+4
—;8x2+8;ezx+8 - 2 sin2x
o 7 D2y (D-2) (D-2)
1 1
o — —-_— = 2X + — 1
8 sz 8(D+2—2)2 e 8D2+4—4D sin2x
4l1-=
2
DT* 8 1
=2/1-—| xX*+—e*+8——————sin2x
2 D -4+4-4D
{ 154 }
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M 2
=2(1+2 b +3 b x2+8ezxi(1)—£sin2x
2 2 D 40

2C0S 2X
2

r 2
=2 x2+2x+§(2) +8ex2. 14
I 4 2

Yy, = 2x% + 4x + 3 + 4e* x* + c0s2X
.. The required solution is
y = (C, + C, X) > + 2x* + 4x + 3 + 42 X* + COS2X.
3.2.4 When Q(xX) = e*v where v is function of x
Q48. Working Rule for Q(x) = e* v is a function of x.

AnS :

To find particular integral when Q(x) is contains e* v where v is a function of x [x may be any
polynomial or sinax, cosax]

follows the below steps

1
Step (i) Write in ﬁ eV

Step (ii) Substitute D = a in the given f(D)

1

Step (iii) Check the function of x and as per the rules continue the derivation to get PlI.
49. Solve (D?2+4D-12)y =(x-1)e*.

Sol :
The given equation is
(D*+4D-12)y = (x - 1) >
andthe AEis m?*+4m-12=0
m2+6m-2m-12=20
mim+6)-2(m+ 6) =0
m= -6, 2
y,=c e*+c,e™
Now,
PI o —_ ; l 2X
=Y, T prapop X be
, 1
=€ D127 +4D+2)-12 *-1
— a2x 1 l
= D7 a+4D+aD+8-12 ¥
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Il
o | ®
ol X
7~ N\

x

I

| ©
N—
(00} mm

x
1
|\J|><N

I

|

x
| |

1
Yo = 62 e [4x? — 9x]

The required solution is

1
c,e*+c, e™+ o e% (4x* — 9x)

Q50. Solve (D?2-2D + 1)y = e*x2.

Sol :
The given equation is (D?-2D + 1)y = e*x?
The A.E. is m?>-2m+1=0
(m-1*=0
m=1,1
Thus y, =(c, +¢c,Xx) e
Now,
Pl = L ex x?

Yo = D?_2D+1

1
— AaX 2
—® D+’ -2D0+1+1 X

1
DZ+112D-2D-2+1 *

— X 2

g
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1 2
:eX DZ (X)

X4
= eX JR—
Yo 12

The required solution is

1
y =(,+c,x)er+ — eef

12
d’y _ dy
Q51. Solve A + dx +y = 3x%ex.
Sol :
The gi tion i 2+d_y+ = 3x* &
e given equation is v ax Fy=3e
andthe AE.is m*+m+1-0
_ -1x1-40)@)
B 2(2)
_ 1+J-3  1+43i
N 2 N 2
-1
m=— = ﬁ i
2 2
— a2 |cC cos£x+c sinﬁx
Thus y =e 1 2 2 2
Now,
PI —_— j— ; 3 2 aX
TN T piiper KF

1
—_ X 2
=3 Dr1p+(D+n+1 ¥

1
D211+2D+D+1+1

= 3¢~ 2

—_ X - 2
=3¢ 57, 3p3 X

1

=3 T 7 X
3{1+D+D}
3

g
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eX

eX

= X

Il
@D
<

w|F

Y, =

e (3x2 — 6x — 8)

The required solution is

o

NG

3

C,COS—X+C, Sin—X
2 2

1
J+ 3 ex (3x2 - 6x - 8)

Q52 Solve (D?-2D + 5)y = e? sinx.

Sol :

The given equation is (D?-2D + 5) y = e sinx

andthe AE.is m?-2m+5=0

_ 2:4-4(1)(8)

o 2(1)

_ 2+4-16 - 2+4i

- 2 T2
m=1z=

2i

—_ X 1
y, = e*(c, cos2x + c, sin2x)

Now,

Pl =Y. =57 2015

1

e sinx

putD?=D + 2

1

1
— @a2x 1
© D?+414D-2D-4+5 ™
J— Zx; 1
¢ priop+s ™
put D? = - 1?2

2X 1
¢ D+27-2(D+2)+5 M

Rahul Publications




UNIT - 111

DIFFERENTIAL EQUATIONS

2x

=2 (2D - 4) sinx
T _4-16 -

er
= 50 (2 cosx — 4 sinx)

2x
e .
Yy, = 10 (cosx — 2sinx)

The required solution is

2x

10

y =e*(c, cos2x + c, sin2x) —

(cosx — 2sinx)

d? d
y 5—y = X2 eX.

Q53. Solve 4 oz 2 dx

Sol :
The given equation is (4D? - 5D) y = x? e*
and the AEis “4m*-5m =0

m?2 Em—O
-gm=
m[m—Eszo
4
Come B
m= ,m—4

J— -_— @ 2 aX
PI=Y%= 4p7_sp ¥°®

1
= ¢ 3D+17-50+1) X

g
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1
— AaX 2
=& 4D’+1+2D)-5D-5 *

1
4D’ +4+8D-5D-5 %

2

= eX

1
4D’+3D-1 "

:ex 2

_€ [;} :
~ 1 |1-3D-4D% ) *
=e*[1- (3D + 4D?)]* x?
=e*[1 + (3D + 4D?) + (3D + 4D??] x?
= e [x% + 3(2x) + 4(2) + 9(2)]
=e*[x? + 6x + 8 + 18]
y, =€ [x? + 6x + 26]
The required solution is

y=c, +c, &%+ X2 [x2 + 6X + 26]

Q54. Solve (D% + 1) y = xe?,

Sol :

The given solution is (D? + 1) y = xe*

The AE. is m>+1=0
m2 = -1
m=+i

Yy, = C, COSX + C, sinx
Now
— — 2X
Pl = Y, = D7 11 xe

1

— a2X —m———————
=& D+12+1 X

1
D?+414D+1 "

— er

-1
2x 2
— e 1+ £+D_ X
5 5 5
2 2?2
s [f2h 2],
5
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< [

1
Yo = o5 e* [5x - 4]

The required solution is

1
y = ¢, COsX + C, sinx + —— e*[5x - 4]

25
Q55. Solve (D? + 1) y = e™ + cosx + X3 + e* COsX.
Sol :
The given equation is
(D? + 1) y = e™* + cosx + X3 + e* COsX.
andthe AEis m*+1=0
m2=-1
m= =i
Yy, = C, COSX + C, sinx
Now
1
Pl =y = D11 e + cosx + X3 + e* cosx
R EEEPIVNS. N ST
= D2s1 & T DI OXt pp g X e (D7 +1) +1 COX
1 X . 1 . 1
=77 5 e+ = & il G S Al e ——
1 +1 & S o X T b2 opgg O
-3 + 4 sinx + [1 + D?]* x® + e* S S COSX
22 D®+2D+2
= e’ + 2 sinx + [1 - (D?) + (D?)?] x* + & —5 < 5 COSX
2 2 -1 +2D+2
—e_x+£inx+x3 6X] + e* X
= 5 S [—]e2D+cos
— e_X + i 1 + 3 6 + eX 2[)—_
= 5 Sinx [x®*-6x]+e 4DZ_1 COSX
o X . __2D-1
- + 5 sinx + [x*-6x] + e —4(_1)2_1 COSX
=& + X sinx + [x® — 6x] e [2 (-sinx) —2 cosx)
2 2 5
=& + X sinx + [x® — 6x] + ¢ [2 sinx + cosx)
=" T2 - 5
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The required solution is

—-X X

. e .
+ - sinx + (x® - 6x) + r3 [2 sinx + cosx]

2

. e
y =€, CosX + C, sInX +

Q56.
Sol :

Solve (D? + 1) y = cosx + xe® + e* sinx.

The given equation is
(D? + 1) y = cosx + xe* + e* sinx
andthe AEis m*+1=0
m=-1 = m=z+i

y, = C, COsX + C, sinx
Now
Pl=y = D? 11 60X + xe? + eX sinx
= D2.q COSX + DIl xXe¥ + D211 ex sinx
put D=-1 put D=D + 2 put D=D+1
X , 1 1 .
=7 sinx+e (D+2)2+1X+e D+17 +1 sinx
—i 1 + 2x; + x; 1
M e s ap+1 ¥ T ¢ DPi1a2D+1 ™
— é 1 + ZX; + x; 1
2T 52 apes X ¥ brrapt2
x [ 2\
= X% +ex 1422, 2 X + eX 1 inx
— 2T T s ® iz’
S 1_(£+D_2] e L
= 5 sinx 5 | 5 5 ||X*e€ 55 SinX
X e 4 2D-1
= — gj + X——(l):|_|_ ;
5 Sinx 5 "5 e 4 pz_q SinX
D2__12)
_ i ] . er [X_EJ . 2D—1 .
= 5 sinx = 5 e ——— sinx
X ] 2X X_i ex ]
=5 sinx + 5) "5 [2cosx - sinx]

The required solution is

X .
= sinx +
2

. 4 e* .
y =€, COsX + c, sinx + X 5% [2cosx - sinx]

Rahul Publications
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3.2.5 When Q(xX) = xv where v is any function of x
To find Yy where Q(X) is consists of xv where v is any function of x
Then Y, is

1 1 f(D)
Here y = f(D) (xv) = x fo) ¥V~ [FO)F ¥

57.50lve 9 2 M L sy
Q57. Solve o2 2 dx y = X sinx.
Sol :
. o dy_dy .
The given equation is NG -2 X + y = X sinx
andthe AE.is m*-2m+1=0
(m-1*=0
m=1,1
y,=(c, +¢c,x)e
Now,
PI = S S
=Y, = 57 _op g XSIX
1 2D-2

=X 'D—2 “oD+1 SInxX — (Dz —2D+l)2 Sinx

_ 2D-2 _
X —12——2D+1 SINX — (_12 —2D+l)2 SINX

1 2D-2
=X T, SinX=(Topy SinX
X1 -2

= p Sinx= " 5z sinx
_ X -

= 5 COSX = 3 [cosx — sinx]

= - COsX~ [-cosx + sinx]

X 1
Y,= 7 COSX + 5 (cosx — sinx)
The required solution is

X 1
y=(,+c,x) e+ 7 Cosx + 5 (cosx — sinx)
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58. Solve d’y + 2 dy + y = X COSX
Q58. dx? dx YT '
Sol :
The given tioni d2y+2d—y+ = X COSX
e given equation is e qx Ty =xcos
andthe AE.is m>+2m+1=0
(m+12=0
m=-1,-1
y,=(c, +¢c,x)e”*
Now,
Pl=y=— o —
1= YT priopgg XX
1 2D-2
L 2
1 2D +2
=X 55 COSX = =, 7 COSX
X2
=5 SiX - 755 [-sinx + cosx]
_ ) N
Y, = 5 Sinx -5 [sinx + cosx]
The required solution is
_ L X 1
y =(,+c,x)e*+ 5 sinx -3 [sinx + cosx]
Q59. Solve (D?-2D + 1) y = xe* sinx.
Sol :

The given equation is (D? - 2D + 1) y = xe* sinx
andthe AE.is m*-2m+1=0

(m-1?=0
m=1,1
y, =(c,+¢c,x)e
Now,
1 .
Pl = Y, = DI _2D+1 Xe* sinx
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1
= D+12-2D+1)+1 XSINX

1 i
~® D?i1+2D-2D-2+1 X

1 .
= e* F X SINX

y,=¢€" (=X sinx — 2cosx)

The required solution is
y = (c, + ¢, X) € + e* (=X sinx — 2c0sX)

Q60. Solve (D? + 1) y = x2 sin2x.

Sol :
The given equation is (D? + 1) y = x? sin2x.
andthe AE.is m*+1=0
m= =i
Y, = C, COSX + C, sinx
Now,
= = 2 gj
Pl Y, D7 11 X? Sin2x
— 2 [Q2ix
Im D7 11 X% e
1

—_ 2iX —m8m8 ¥ — 2
=1me™ D21 X

1
DZ_4+4iD+1 ¥

= Im of e%* 2

1

= Im e?* X2
—3[1—4@—102}
3 3

e [ (4iD+D?\]"
=Im — 1_T X2

2ix 4iD 13
— 1+—-=—=p?
Im 3 3 9 }x
2ix 4i2x 13
=im & |x? ———(2)}
-3 L 9

B
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= 1m = (cos2x + sin2x) || %2 - 22 |+i8x
—m3(cosx sin2x) 9 3

_18 1[%_@} -
=3 3 XC0s2x- 7 g9 | sin 2x
Q61. Solve (D?-4D + 4) y = x*> + e + sin2x.
Sol :
The given equation is (D?-4D + 4) y = x? + e* + sin2x
andthe AEis m?’-4m+4=0
(Mm-22=0
m=2,2
y,=(c, + ¢, x) >
Now,
Pl = y = ———— x2+ &+ sin2
I =Y, = 5z _apag X F €+ sin2x
— 1 2_|_ 1 x+; 2
~ D?-4D+4 X T D?-4aD+4 © T D2 _aD+4 "
D=1 D?2=-22
I SV SR N
- DT T 1-aw+4a & 2 apig N
4l1-=
2
L[ D ol
=472 X2 + €= 70 sin2x
1 [ %>, 1 (—cos2x
= = |1+D+-D 2 x_ —
a4 }X“’ 4( 2 J
1 (.2 3 1
= = | X +2x+—(2 X =
2 | 4()}+e+80052x
1| 3 1
Yo =7 X2+2X+ﬂ+eX+gc052x

The required solution is

1 2 3 1
y =(c, +¢c,x)e*+ 2 [X +2X+Z} +tet+ o COS2X

Q62. Solve (D®-D)y = 12e* + 8sinx — 2x.
Sol :

The given equation is (D° — D) y = 12e* + 8sinx — 2x
andthe AEis m*-m=20

m(m*-1) =20

m=0, (m?)?—(1?> =0
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(m-1)(m>+1)=0
m=0 m=+1 =i
j— X —X 4 5 Q1
y,=¢, +C, e +c, e>+ c*cosx + c°sinx
Now,

Pl=y = 12e* + 8sinx — 2x

P D°-D

1 1 . 1
=12 5o po+no?+1) €8 DD+ )D*+1) ™ -2 p_1DD+1)D?+1) X

Pl. to corresponding 12e*

1 1
= 2o ppo+npoi+y T2 pomarna+n ©
1
=12 2p_q) ©
— 3 X
=3 1 e
PI. corresponding 8sinx
1 1

= 8 D-1DD +1)(D’ +1) 8 sinx = 8 (D? —1)D(D” + 1) 8sinx

1
(D? +1)D(-12 —1) 3MX

=8

1
m sinx

8
-2

1 1 .
= _4 ——— | =sinx
D?+1 | D

=4 COSX

D?+1

=4 — sinx = 2x sinx

X
2
PI. corresponding to (-2x)

1 1
= 2 pp’_1D’°+1) X~ 2 DU-DY)(1+D?) X~

1
25 (1-DY)* (1 + DY) x

1
1+ D? (1-D?x 225 [L+D?2-D*+ ..]x

Il
N
Ol
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Ly, = 3xer+ 2x sinx + X
The required solution is

y=cl+czex+cge‘x+c4cosx+cssinx+3xex+2xsinx+x
Q63. Solve (D? + 1) y = x? sin 2x.

Sol :
The given equation is (D? + 1) y = x? sin 2x
andthe AEis m*+1=0
m= =i
Yy, = C, COSX + ¢, sinx
Now,
PI = =1 s 2
L=y, = pzq Xsin2x
— 2 Q2i
Im D2 1 X e x
_ 1
= Im e*

_— 2
D+2i+1 %

1
= Im e* X2
—3(1—4iD—1D2j
3 3

g7 4D +D?\|
=m S 1 ]| e

» Al 13
[x +§(2x) 9 (Z)J
1 , 26) .8
=1Im — (cos2x + i sin2x) Kx __jﬂ_x}

9 3

=2 S (0B
Y, = 3 -3 C0s2x- 3 g ) sin2x
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The required solution is

1
y =, COSX + C, Sinx — 57 [24x cos2x + (9x* - 26) sin2x]

Q64. Solve y"-y' -2y = ¢e*

Sol :
The given equation is y" —-y'—2y = e*
andthe AE.is m*-m-2=0
m-2m-+m-2=0
m(m -2) + 1(m - 2)
m+1)(m-2)=0
m=-1,2
y,=¢C, e*+ e
Now,
1
Pl=Y,= 5 p2 ¢
D=1
p— —1 X
11 2°
-1
Y, = 5 €

The required solution is

1
— —X 2X — aX
y =¢ertcer-e

Q65. Solve y"+ 3y' + 2y = 12¢e*

Sol :
The given equation is y" + 3y' + 2y = 12¢*
andthe AE.is m*+3m+2=0
m+2m+m+2=0
mM+2)(m+1)=0
m=-2,1
y,=C e+ e
Now,
1
RI=Yy,= D?>+3D+2 12e*
j— 1 X
12 57 3p+2 ©
D=1
1
=12

173012 ¢
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12
=% ex = 2e*
Y, = 2e*
The required solution is
y =c e¥+ce + 2
Q66. Solve (D?-2D - 8) y = 9xe* + 10e™
Sol :
The given equation is (D? - 2D — 8) y = 9xe* + 10e™
andthe AEis m?-2m-8=0
m?2—-4m+2m-8=0
(m-4)(m+ 2)
m=4,-2
y, = e+ ce”
Now,
Pl = Y, = DI_2D_8 9xex + 10e~
1 1
= Oe* D2_2(D)-8 —2D)-8 X+ 10 DI_2D_8 e
put D=D+1 put D=-1
1 1

=% Dyy-20+1-8 X T 10

1 1
=% e 1. 28 012 g¢
_9)( +10i —X
=9 57 g X e
-1

—9¢* D?
= l—— — —X

9 { 9} X —2e
T
=73 © [X] - 2e

y, = —xe* - 2e~

The required solution is

— —2X 4x X —X
y =ce®+ce”—xe-2e

)P -2(-1)-8 ¢

Q67. Solve (D*+ D? + 16) y = 16x? + 256

Sol :
The given equation is (D* + D? + 16) y = 16x? + 256
andthe AEis m*+m2+ 16 =0
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CF

and

Pl

(D + 47 - (D7) =0
(D> + D7 +4)(D>-D\7 +4) =0

D2+ D+7 +4=0, D’-D+7 +4=0

J7+J7-16  JT+7-16
’ 2

2

2

7 3 7
2 2

= -Xf/ ccos—+c sm?’x _,_exﬁé c3cos%+c4sin§x
2 2 2 2

1
= D' 4D?+16 (10X + 256)

= } (16x2 + 256)

2 4
16| 1+ D—+D—
16 16

1
= = — (16X2 + 256)

1 [, (p* D*
= — 1—(—+—H (16x? + 256)

== _(16x2 +256)—%(2)}

= — [16X? + 256 — 2]

1
—_— 2
= 16 [16x% + 254]

The required solution is

_Xﬁ . 3X 7 3x .3 1
% [c cOS— > +c25|n7J + e % [c,& cos7+c4 smExJ + 6 [16x2 + 254]

'| 171 I|

Rahul Publications



B.Sc. | YEAR Il SEMESTER

3.3 MEeTHOD oF UNDERTERMINED COEFFICIENTS I

Q68. Define method of undermine coefficients
Ans :

a

Method of undertermined coefficients for solving linear differential equation, with constant coefficients
f(D)y = X.

We know that the general solution of the differential equation

dny dn—ly
a +a
ndx" m1odx"t

where a #0, and QX) = 0 is y=y + Y,

where y, is complementary function, is the general solution of the related homogeneous equation.

Here we shall now give yet another method of finding Y, of equation (1). This method is known as
the method of undetermined coefficients. Here Q(x) can only contain terms such as b, x¥, e® sin ax, cos
ax and a finite number of combination of such term.

Case (i)

No. term of Q(x) in equation (1) is the same as a term y ,

In this case Y, will be a linear combination of the term in Q(x) and all its linearly independent
derivatives.

Case (ii)

When Q(x) in equation (1) contains a term wifh is x times a term f(x) of y , where k is zero or a
positive integer. Here, the particular integral Yo of equation (1) will be a linear combination of x<** f(x)
and all its linearly independent derivatives (ignoring the constant coefficients) If Q(x) contains terms which
correspond to case |. then the proper terms required by this case must be included in Y,

Case (iii)

If (i) the A. E of equation (1) has an r multiple root.

+..+a d—i +a,y = Q(X) . (@)

(i) Q(x) contains a term which (neglecting the constant coefficients) is x* f(x), f(x) is aterminy_and
is obtained from the r multiple root, then y, , will be linear combination of x**"f(x) and all its linealy
independent derivatives

If Q(X) contains terms that belongs to case (I) and (Il) then the proper terms, which these cases
demand, must also be included iny .

Q69. Solve (D? + 4D + 4)y = 4x2 + 6e*. by method of undermined coefficients.
Sol :

The given equation is (D> + 4D + 4) y = 4x> + 6 & (1)
andthe A.Fis m>+4m+4=0

(m+22=0

m=-2,-2

sy, =(c, +cx)e™

Since Q(x) = 4x* + 6€* has n0 term common with y, Y, will be linear combination of Q(x) and all
its linearly independent derivatives
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[ Which are neglecting the constant coeffients x?, x, 1, e¥)

yp:Ax2+Bx+C+DeX
Where A, B, C, D are to be determined

diffentiating (2)

ypl = 2AX + B + De*

again differentiating (3)

ypll = 2A + De*
equation (2) be solution of equation (1)
We make use of (2) (3) (4) in (1)

.(2)

..(3)

..(4)

2A + De* + 4(2A x + B + De¥) + 4 (Ax*> + Bx + C + De*) = 4x? + 6e*
2A + De* + 8AXx + 4B + 4De* + 4Ax? + 4 B x + 4C + 4De* = 4x? + 6¢e*
Simplifying & equating the coefficients of like term in two members of the above equation, we get

—  Coefficient of x?

4A=14
A=1
— Coefficient of x
S8A+4B=0
A=1=81)+4B=0
4B=-8
B=-2

— Coefficient of 1
2A+ 4B + 4C =0
21) + 4(-2) +4C =0

4C=8-2
c= 8
T4
3
T2

— Coefficient of e
D+4D +4D =6

9D =6

p=6_2
9 3

oo 2
3

.. Substituting these values in (2)
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y =x2—2x+§+g e
P 2 3

2 3
~. The general solution of (1) isy = (c, + ¢ x)e™ +x* - 2x + gex +E

Q70. Solve (D?- 3D + 2) y = 2x? + 3e*
Sol :
The given equation is (D? — 3D + 2) y = 2x? + 3e* (1)
andthe AEism*>-3m+2=0
m>-2m-m+2=0
m-2)(m-1)=0
m=1,2
Sy, =c e +c,e”
Since Q(x) = 2x% + 3e* has no term common with Yoy, will be linear combination of Q(x)
yp=Ax2+ Bx + C + D x e* ..(2)
Where A, B, C & D are to be determined differentiating (2)
yp1=2AX+B+Dx2e2X+ D e*
again differentiating (3)
yp11:2A+ D 4 e*x + D 2 e> + De*
ypll = 2A + D xe? + 4De*
We make use of (2), (3) & (4) in (1)
= 2A + 4D xe*™ + 4 De* — 3 (2A x + B + 2x De* + De®) + 2 (Ax?> + Bx + C + D xe%)
= 2x% + 3e¥
= 2A + 4D xe* + 4De* — 6 Ax — 3B — 6x De? — 3De?* + 2Ax? + 2Bx + 2C + 2Dxe*
= 2x% + 3e¥
Comparing Coefficients
Coefficients of x?
2A =2
A=1
Coefficient of x
-6A+2B=0
-6(1)+2B=0
2B=6
B=3
Coefficients of 1
2A-3B+2C =0
2(1)-33)+2C=0
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2C=9-2
2C =
-
=3
Coefficient of e
4D-3D =3
D=3

.. Putting above values in (2)

7
— 2 — 2X
y, =X + 3x + > +3xe

.. The complete solution is

7
— X 2X 2 2X —
y =ce*+ ce* + x*+ 3x + 3xe +2

Q71. Solve (D? + 2D + 5) y = 12e* - 34 sin 2x.

Sol :
The given equation is (D? + 2D + 5)y = 12e* — 34 sin 2x
and the AEism?+2m+5=0

—2+,4-4(1)(5) _ -2++/4=20

2 2

-2++/-16

2

-2+ 4i
2

=-1=+ 2i
y, = e>(c, cos 2x + ¢, sin 2x)
Also, Y, = Ae* + B sin 2x + ¢ cos 2X
differentiating (2)
y,! = Ae* + B cos 2x (2) + ¢ (-sin 2x) (2)
ypl = Ae* + 2B cos 2x — 2 C sin 2x
again differentiating (3)
y,'t = Ae* + 2B (- sin 2x) 2 - 2C cos 2x (2)
yp11 = Ae*- 4B sin2x — 4C cos 2x
By using (2), (3), (4) in (1)

(1)

(2)

..(3)

..(4)

Ae* — 4 B sin2x — 4C cos 2x + 2 (Ae* + 2B cos 2x — 2 (C sin 2x) +5 (Ae* + B sin 2x + C cos 2X)

= 12 e¥—34 sin 2x
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Ae*—4Bsin2x—-4Ccos2x + 2 Aex+ 4B cos2x—4 Csin2x + 5 Ae*+ 5B sin 2x + 5 C cos 2x

= 12 e— 34 sin 2x

Comparing coefficients
Coefficients of xe*

A+2A+5A=12

8A=12

12
8
Coefficients of sin 2x

-4B-4C+5B=-34

B-4C=-34
Coefficients of cos 2x

-4C+4B+5C =0

A= =

3
2

C+4B=0
4C+16B=0
-4C+B=-34
17B=-34
B= o —_;
=17 =-

C+4B=0= C+4(-2)=0

cC=8

Sub all above values in (2)

3
Y, = Eex—z sin 2x + 8 c0s2x

.. The complete solution is

3
y = e™>(c, cos 2x + ¢, sin 2x) + 5 ex—2sin 2x + 8 cos 2x

Q72. Solve (D? - 3D + 2) y = xe* + sin x
Sol :
The given equation is (D? — 3D + 2) y = xe* + sinx
andthe AEis m*-3m+2=0
m>-2m-m+2=0
m-2)(m-1)=0
m=1,2
y,=¢c e +c,e>
1

m Xe? + sinx

Now PRI =y, =

(1)
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1 1

L1
DZ_3D+2 X

1 1
(D+2)-3(D+2)+2 1" “1°-3D+2

sinx

1
— Aa2x + I
® D?+414D-3D-6+2" " —3D+1 ™
1 1 3D+1
® p2bp* 3p-130+1"™
1 3D+1

:_eym X—m sinx

—_‘32X1+D+D2 +i3 + si
= D[ 1 X 10( cosx + sinx)

S S PR R +si
= [x +1] 10( cosx +sin x)

2
y =-—e¥ {X—+X}+ 2 (3 cos x + sinx)
2 10

p

.. The required solution is

2 2 X—2+X 1 i
y=ce +ce”-e” |, +B(3cosx+smx)

Q73. Solve (D? + 4D + 4)y = 3xe™*
Sol :
The given equation is (D?+ 4D + 4) = 3xe™*
and AEism>+4m+4=0
(m+22=0
m=-2,-2
Y, = (c, + e
y, =ce> +c,xe >
Note that
the A.E has a multiple root m = — 2 and Q(x) contains the term xe=>
Which is x times the term e iny_
Hencer=2and k=1
y, must be a linear combination of x® e > and all its linearly independent derivatives.
We can reglect e & xe ad they are already iny,
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y,=Ae*+Bx’e?
After calculating ypl , ypll and sub in Y,
6 Axe>+2Be >+ 2Be>=3xe*

-1
Which gives A = o B=0

y — £X3 e—Zx
P2

.. The required solution is

1
— —2X —2X — v3 a-2x
y=¢¢€ +CZXE +2XE

Q74. Solve (D? + D) y = x2 + 2x
Sol :
The given equation is (D? + D) y = x? + 2x
andthe AEis m*+m=20
m(m? +1) =0
m=0,+ -1

— —X
y,=c¢, +c,e

Now
Pl=y = D2+DX2+2X
1
—_ = /2
= D[I+D] X+ X
1
25[1+D]'1x2+2x
1
= 5[1-D + D7 + 2x
1
IB[XZ—ZX—ZX—2+2]
_ 1.
- D[X]
yp—g
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Q75. Solve (D? - 3D) y = 2e* sinx

Sol :
The given equation is (D? — 3D) y = 2e% sinx
andthe AE=m?-3m =0
m(m-3)=0
m=20,3
Ly, =c +c,e¥
Now
Pl=y = ——— 2ensi
1=y, = pz_gp 26¥sinx
1
= 26" (D+2) —3(D+2) SN
— 2 2X 1 1
~ " b?i4:4D-3D-6 "™
— 2 2X ; H
=26 a5, SinX
put D? = -1
— 2 2X ; i
=28" T 5, SinX
— 2 2X 1 1
=2e% §T5 sinx
— 2 2X ﬁ 1
=28 57 g SinX
— 2 2X i d + 3 H
=28 T, ( ) sinx
_ 2X
= cos X + 3 sinx
10\ )
-1 .
y, = ?ezx (cosx + 3sinx)
. L 1 .
~. The required solutionisy = ¢, + c, e* - 5 (cosx + 3 sinx)
d’y  dy ,
Q76. Solve A + ax +y =X
Sol :
d’y dy
The given equation is +—=+y =x?
9 q a2 dx Y
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andthe A.Eis m?+m+1=0

1+ I aDD) _ -1

2 2
_ —144/3i
2
_ 1,3
27 2
Ly = e %2 {clcosgwrczsin@xj
N Ploy = =y
ow =Y =bpripi1”
—1 2
= X
[1+(D+D2)]

= [1+(D + D)7 x?
=[1-(D+D?)+ (D+ D?»?]x?
=[x2-2x-2+ 2]

yp=x2—2x

V3 \/§j

. The required solution isy = e 2 [cl cos7x +C, sin7x

Q77. Solve (D*=2D? +1) y = X — sinx
Sol :
Given equation is (D* — 2D? +1) y = X — sinx
andthe A.Eism*-2m2+1=0
(m-12 =0 = m=+1+1
Sy, = (c,+ cx) e+ (c, + c,X) e*
Since

(1)

No term of y_is same as that of Q(x), we write y, as Linear combination of Q(x) and its Linear

Independent derivatives.
yp:Asinx+Bcosx+Cx+D
differentiating (2)
ypl = Acosx—-Bsinx+C
again differentiating (3)
ypll = — Asinx — B cosx
Similarly yp111 = — Acosx + B sinx
y,"=A sinx + B cosx

.(2)

..(3)
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Substitute the values of y ', y ', y 't ,yin in the equation (1)
A sinx + B cosx — 2 (A sinx — B cosx) + A sinx + B cosx + Cx + D = x —sinx
A sinx + B cosx + 2A sinx + 2B cosx + A sinx + B cosx + C x + D = x — sinx
Coefficient of sinx
A+2A+A=-1
4A =-1

ao oL
T4

Coefficient of cosx
B+2B+B=0
B=0
Coefficient of x
cC=1
andD =0
Sub all above values in (2)

Y, = _7 sinx + 0. cosx + 1.x + 0
-1
Y, = 7 Sinx+x

1
-. The complete solution is y = (c, +¢,X) & + (c, + C,X) ™ - Zsinx +X

Q78. Solve y'* + 3y! + 2y = xe* by the method of undetermined coefficients.
Sol :
The given equation is y** + 3y + 2y = xe*
andthe AEism?+3m+2=0
mM+2)(m+1)=0
m==-1,-2

. —X —2X
sy, ceX+c,e
Since

No term of y_is same as that of Q(x) we write y, as linear combination of Q(x) and its linear.
Independent derivative,

LY, = Axe+Be ..(2)
differentiating (2)

yplexeX+AeX+BeX ..(3)
yp“:AxeX+AeX+AeX+ Bex

ypllexeX+2AeX+BeX ..(4)

By using (2), (3), (4) in equation (1)
Axe*+ 2Ae* + Be* + 3 (Axe* + Ae* + Be) + 2(Axe* + BeX) = xe*
Axe* + 2Ae* + Be* + 3Axe* + 3Ae* + 3Be* + 2Axe* + 2Be* = xe*
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Comparing coefficients
Coefficient of xe*
A+3+2A=1

1
A = = —
6 1= A 6

Coefficient of e~
2A+B+3A+3B+2B=0

5A+6B=0
5(1J+6B=0

6
6B=

T 6
-

36

Sub A & B in equation (2)

1 x 5
yp = EXE —£e
~. The complete solution isy = ¢,&™ +c,e™ +gxex —£ex
d?y  Ldy . oo . : .
Q79. Solve e +3d—x+ 2y =sinx by using undetermined coefficients.
Sol :
The given equation is d’y + 3d—y+ 2y =sinx (1)
dx? dx

andthe AEism>+3m+2=0
(m+2)(m+1)=0
m=-1, -2
Ly, =cer+c, e
Since Q(x) = sinx has no term common with y, Y, will be linear combination of Q(x)

yp=Asinx+ B cosx ..(2)
Differentiating (2)

ypl = A cosx — B sinx ..(3)
again differentiating (3)

yp11 = — Assinx — B cosx ..(4)

By Using (2), (3), (4) in (1) then, we get
— A sinx — B cosx — 3 (A cos X — B sinx) + 2 (A sinx + B cosx) = sinx
— A sinx — B cosx — 3A cosx + 3B sinx + 2A sinx + 2B cosx = sinx
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Comparing the coefficients
The coefficient of sinx
-A+3B+2A=1
A+3B=1
The coefficient of cosx
-B-3A+2B=0
-3A+B=0
Solving (i), (ii)

1 . 1
SUbA—BIn(I): 10+BB—1

3B—l_—l
T 710

-9 1

B=—Xx—

5o =2
- 10

1

: -3 .
Now substitute A = 10" B= 10 N 2

o= L, 23
Yy = g SIMX 7 cosx

. . - _2 .
. The complete solution isy = ¢, " +C,e™™ +Esmx —ECOSX

(i)

...(ii)

Q80. Solve y** + y* +y = x? by using undermined coefficients.
Sol :

The given equation is y** +y* +y = x?

andthe AEism?+m+ 1

-1 i3

= — +

2 2

N - N
" Y, = €77 €005~ X+C, Sin——X
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Since
Q(x) = x* has no term common with y , Y, will be linear combination of Q(x)

differentiating (2)
y,=2AX+B .. (3)
again differentiating (3)
Y =2A s (4)
By using (2), (3) & (4) in (1)
2A +2AX + B+ Ax2+Bx + C =x2
Coefficient of x?
A=1
Coefficient of x
2A+B =0
21)+B=0=B=-2
Coefficient of 1
2A+B+C=0
20+ (-2)+C=0
cC=0
Sub A, B, Cin (2)
y, = 1x2-2x+0
y, = X2 — 2X

J3 V3 j+x2—2x

. The required solution is y = e [cl cos7x +C, sin7x

Q81. Solve (D?+ D) y = x2 + 2x By using undetermined coefficients

Sol :
The given equation is (D? + D) y = x2 + 2x . (1)
andthe AEism*+m=20
m=20,-1

Sy, =c +c, e
The term of Q(x) are x? & X
above the 1* term of y. = ¢, =c..1 = ¢, f(x)
we have x*(term of Q(x) ) = x*.1 = x?, f(x)
k=2

Similarly x (term of Q(x) = x%.1 = x*f(x)

= k=1
A is writter as Linear combination of x?** & x'*!
Y, is written as Linear combination of x3, x2 &its Linear Independent derivative

LY, = AX3 + Bx? + Cx ..(2)
Differentiating (2)

y'=3Ax*+ 2Bx + C ..(3)
p

again differentiating (3)

g
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yp11 = 6AX + 2B
Using (2), (3) & (4) in (1)
6AX + 2B + 3A X+ 2Bx + C = x2*+ %
Coefficient of x?
3A=1

Wk

A=

Coefficient of x
2B+6A=2

1
= ZB+6[§J=2

2B+2=2
B=0
Coefficient of 1
2B+ C=0
200+ C=0
cC=0
Sub A, B,Cin (2

1
LY, = 3 X2+ D.x2 + 0.x

Ll
yp_3X

1
~. The required solutionisy =c¢, +c,e> + §x3

..(4)

Q82.
Sol :

Solve y' + 2y + y1 = 2x + sinx + COsX.

The given equation is (D° + 2D3 + D)y = 2x + sinx + c0SX
and the A. Eism® +2m®+m =20
m(m*+2m?+1) =0
m (m? +1)? =0
m =0, m =+i,=£i
=~ Yy, =c¢, + (c, + c.,X) cosx + (c, +C, X) sinx

Now, Pl = Y, = D 2X + sinX + cosx

*+2D°+D
= 1 2X + sinx +
T D°+2D%+D D® +2D*+D D®+2D°+D
() (b) (c)

COS X
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1

X = ZD[D“ +2D2+1]X

(a) Consider D°12D°+D

2 1 2 1
51+(D4 +2D2)X - B[H(DA +2D2)] X

_ 2 4 2
= B[1—(D +2D%)x
— E[X] =2 X_2
DY T2
_X2
Consider (b) and (c)
Consider 5555 (MK + 005K) = ——— (snx + cosy)
onsider —s——=—3 = (Sinx + cosx) = ——— (SinX + COsX
D®+2D*+D D(D2+l)2
1 1 .
= —— = sinx + Ccosx
(p?+1)" D

1
= ——— (-C0sx + —sinx)

(D2+1)
:_ﬁcosx+ ﬁ sinx ..(4)
+ +

(b,) (b,)

1
. —— COSX=——— COS X
Consider (b,) (Dz +1)2 D? +1{D2 +1 }

Consider X Sinx

1
D?+1

1 .
= m g7 xe”

1

=M D

&
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1

=Imer 5 oni 11X

o
=Im e piip2 *

1

D? X
2Di|1+—
{ ZDJ

= ix il+271
R i

= Im e*

1 1
X__
ZD{ 2&

li 2ix-1
=Ime - 2i

=Im _71 (cosx.+isinx) (ix2 — x)

1 -1
D21 X sinx = 2 (X2 cosx — X sinx)

By (B)
ﬁcosx = %[%(xz COSX —xsinx)}
D°+1

-1 .
= ?(XZ COSX — X SINX) ........ (B)

1
Consider (b)) = —— 7 sinx
D? +
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-1

5 D21 XGOS X s (c)
Now consider D? 11 X COS X
= R.P D7 11 xe

1
= R.Pj(cosx + i sinx) (ix? - x)

-1
=7 (=x cosx — x2 sinx)

1
=7 (X cosx + x2 sinx)

-11
" SinX = —— (X cosxX + X2 sinx)
2 2 4
(D*+1)
. -1 .
Wsmx =5 (x cosx + x2:8inX) ......... (o)t
D°+1

Sub (BY) & (C) in (A)

; m(sinx +COSX) = _El(xzcosx —xsinx)—%(xcosx +x*sinx)

1 . 1 .
oy w2 T(y2 _ _t 2
Y, =X 8(X COSX xsmx) 8(xcosx+x smx)
.. The required solution is

) 1 , 1 .
y =c¢, + (c, + ¢,X) cos X + (c, + CX) sinx + X* — s (X2 cosx — X sinx) — 8 (xcosx + X2 sinx)

X 3x
Q83. Solve (D? + 1) (D? +4) y = cos 5 €0s -
Sol :
. _ X 3x
The given equation is (D*> +1) (D> + 4)y = Cos~, €OS —~

and the A.Eis (m? +1) (m? +4) =0
m+1=0m"+4=0

m=+i: m==% 2i

{ 188 }
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2.y =C, COSX + C_Sinx +c_ cos 2X + ¢, Sin2x
c 1 2 3 4
Now PI = Y,

2(D2+1) D2+4)

= 2(D2 +1) D? +4) [cos 2x + cosx]

1 1
=2 (D? +1)(D? +4)COS2X+ (D +1)(D? +4)COX}

1
- - 2
(c4+1)D? 44 (-1+4)(D*+1) COSX}

N |-

N |-

1 1 1
——5——<C0S2X +—————COSX
-3(D? +4) 3(D2 +1)

-1 1
= —| =5 - C082X+—;
6 | D +4 D +1

-1 —-x . X .
—| ——=sin2X +—sinXx
6 {2(2) 2 :I

Cos X:|

1| x . X .
y == —sin2X +—sinXx
P 6|4 2
.. The required solution is

, , 1/ x . X .
y = €, COSX +C, SiNX +C, COS 2X + C,, SN 2X +—[—sm2x +—smx}
64 2

Q84 Solve y** — 3y + 2y = 32 x® by using method of undeternied coefficient.
Sol :

The given equation is y** — 3y* + 2y = 32x3 (1)
mMm-2)y(m-1)=0
m=1,2

Sy, =c e +c,e¥
Since Q(x) has no term common with y_, Y, will be linear combination of Q(X)

{ 189 }
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yp=Ax3+Bx2+Cx+D
differentiating (2)
yp1=3Ax2+ZBx+C
again differentiate (3)

yp11 = 6AX + 2B

By using (2), (3) & (4) in (1)

B6AX + 2B - 3 (BAX2 + 2Bx + e)+2(Ax® + Bx? + Cx + D) = 32x?

Coefficient of x3

2A = 32
32
- =
Coefficient of x?
-9A+2B=0
—9(16) + 2B =0
—144+23=0
2B = 144

A

16

g= "% =7
==

Coefficient of x
6A-6B+2C=0
6(16) -6 (72) +2C =0
96 -432+2C =0

2C =432 -96
2C = 336
C—@—lGB
= =

= Coefficient of 1
2B-3C+2D=0

2(72) - 3(168) + 2D = 0
144 -504 + 2D =0

-360+2D=0
D_360
T2
D = 180

LY, = 16x3+ 72x? + 168x + 180
.. The required solution is
y =ce*+ c,e” + 16x° + 72x* + 168 x + 180

Rahul Publications
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‘ Multiple Choice Questions I

1.

If m = 2,2 then the complimentary function is

(@) y.=(C,+C,)e*

(¢) y.=(C,+2Cx)e"

(b) vy, =(C,+C,x)e*

(d) y, =Ce*+Ce*

A homogeneous linear differential equation of n is

(@) (D*-3D)y=0

© ()" -pJy=o0
Solution for (D3 -3D- 2)y =0
(&) y=(C,+Cx)e* +C,e*
(c) y=(C,+Cx)e™+C,e™

Solution for y!' 4+ 3yl + 2y = 4
(@) 4
(c) 2

Solution for y! — 2yl — 3y = 2e**
3x -X 2 4x
(@) y=Ce” +Cue +§e
—3x X 2 4x
(c) y=Cem +Cue +§e

Solution for (D +2D +1)y = 2x +x°

@ x*+2x+2

() x2-2x-2

y, for (D4 —1)y:sinx
lxsinx
@ 5

1X COS X
© 5

(b) (D*-3D)y=3

(d) None
(b) y=(C,+C,x)e™ +C,e*
(d) y=(Cy+C,x)e*+C,e*

(b) 3
(d) None

(b) y=Cee¥+Cze* Jrée4X

(d y=Ce™+C,e” +§e‘lx

(b) Xx*-2x+2
(d) None

b —Excosx
(b) -5

(d) L cosx
2

[b]

[a]

[b]

[c]

[a]

[b]

[c]

g
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10.

Y, for(D2 - 2D +1)y = xe* sinx
(a) e*(-xsinx—2cosx)

(c) e*(—xsinx+2cosx)

y, for yl 43yl + 2y =4

(@ Ce®+Ce”

(c) Ce®+Ce
2

dy 5 dy

NG &+y = Xsinx

(@) Y=(C,+Cx)e" +%(xcosx +COSX —sinXx)

(b) Y= (C,—C,x)e" +%(xcosx —sinx)

(b)
(d)

(b)
(d)

) Yy=(C,+Cx)e™ +%(xcosx +C0s X +Sinx)

(d) y=(C,+Cx)e™ +%(xcosx +C€0sX —sinx)

Rahul Publications

e (xsinx + Zcosx)

e (—xsinx + 2cos x)

2X X
Ce”+C,e

None

[a]

[a]

[a]
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‘ Fill in the blanks I

1. Ifall the roots are distinct and real then vy, is
2. Alinear differential equation of order n is
3. Solution for (D°—D?)y =2x° is
4. [1-D]'x*is— .
5. Binomial expansion for [1+X]" is
6. y,for (D*-2D+1)y=e"x"is
d?y .
7. y, for NG —Y =CO0SX is
d’y d .
8.  Solution for )2/ + Sy = 3xze s
dx dx
9. Yo for y! +y| —2y =3 s .
dy _ 3 .
10. vy, for d—X—3Y—X +3X-5 is
ANSWERS
1. (Co+Cx+Cxnn, C,x")e™
d"y d"ty dy
2. X)—= X)—2 4. +a,(x)—<+a,(x X
0T v ) Y (0D 2, (x)y =Q(x)
5 4
3. - XX e 3x?
' 20
X2 +2X+2
S0 1-xX+X2 =X+,
6 e*x*
' 12
7. —=cosX
g =& (3x2 - 6X +4)
9.  _xe~
19,3 2
10. E(gx +9x” +33x - 34)
{ 103
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Method of variation of parameters - Linear differential equations with non
constant coefficients - The Cauchy - Euler Equation - Legendre’s Linear
Equations - Miscellaneous Differential Equations. Partial Differential Equations:
Formation and solution- Equations easily integrable - Linear equations of first

0 A
T
I EEEEEEEEEEEEENEEEEEEEEEE}
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I 4.1 MeTHOD OF VARIATION OF PARAMETER I

Q1. Write Working Rule of method of

variation of parameter

AnNS:

> Consider the second order Linear differentiate

d’y dy
dx? Ta gx TAY=

equation given by a,

Q(x)
> The related homogeneous equation is
obtained by putting Q(x) =0

d’y dy
dx? A ux *ay=0

Which gives a,

> Let the complimentary functiony = cy, +
c,y, where c,,c, are constants and y, and y,
are Independent solutions

> Now assume y,asuy, +vy, where u and v
are function of x which are given by the
formula

Q(x)y,

u=-| (

a,(Yoys - Ya¥1)

V=l

> Substituting the values of u, v are obtain
y, = uy, +vy,
> the general solution is given by y=y_+y_

Q2.

ylyz yzyl)

Solve y** + 3y* + 2y =12 e* by using the
method of variation of parameter.

Rahul Publications
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Giventhaty* + 3y + 2y = 12 e* ... (1)
comparing the given differential equation
with the standard equation

d’y dy
2, 2 T g Ay =X
here a, =1,.a, =3, a,;= 2 and Q(x) = 12¢*
To find y_

The AEiIsm>+3m+2=0
m +2m+m+2=0
mM+2)(m+1)=0
m=-1,-2

Ly, =ce*+c, e

compare (2) withy. =c, y, +¢c,y,

herey, =e>, y, = e

. (2)

Now,y'=-e>,y'=-2e*
y, = uy, +vy,
X
hereuz—J Q(l)yz o ax
a,(y.Y," —Yoyi')
&v= Q(x)y: dx

A (AR

-y, Y, = e (-2e) - (&) (—e7)
— ze—3>( + e —3x

y. Y, =Y,y =-e

_ I12e )

AN

-3x

L ve= .[129 e

_e—3x

dax
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= le_e d =- leeXe‘Xe3de
= IlZeZde = _J‘12e3xdx
e3x
j— 2x j—
_12je dx _—12{3}
eZX
J— —_ 3x
=12 { 2 } V =-4¢e
u=6e*
LY, = Uy, vy,

e GeZX (e—x) + (_ 4e3x) (e—Zx)
= ge@¥) _ 4 g Bx-2x
= 6e* - 4¢&*
Y, = 2e*
. The complete solutionisy = c, e* + ¢, e + 2¢*

Q3.
Sol :

Solve y** + 2y* + y = x2 e> by using method of variation of parameter

The given equation is y** + 2y* +y = x2 e~ o (1)
2
2% +a, g_y +a, = Q(X)
herea,=1,a,=2,a,=1;Q(x) =x* e~
Tofind y
The AEism?+2m+1=0
(m+1)2=0
m=-1,-1
Yy, =(c,+c,x) e
= y,=c, e* +c,xe™ - 2
Compare (2) withy =c y, +¢c,Y,
y,=e* & y, = xe~
= yll =_e y21: X[—E'X] + g~

Compare (1) with a

y21 — Xe—x + e—x
Now find Y,
ie., y, = uy, +Vvy,

Q(X)y.,
=_ dx;
T I NAAR ”

lety, y," =Yy, y,' = e (-xe*+e™) - xe™ (- &)
= _Xe**+ e¥eX + xex e~

= e +xe™ 1o

{ 195 }
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y, Y, -y, y,f=e* Q4. Solve y'* +y = 4x sinx.
x’e ™ (xe ™) Sol :
u=- J e dx The given equationis y** +y = 4xsinx ...(1)
S Lo dy dy
— _JX 2_25 d Compare (1) with a, e +a, e, = Q(x)
herea,=1,a, =0,a,=1& Q(x) = 4x sinx
- _ X3e—2x+2xdx .
I Tofindy :
J-3 The AEism?+1=0
= — | x°dx
m>=-1
x* m=x=i
U="14 .y, =C, COSX + C, SiNX ......... 2)
Consider Compare (2) withy =c y, +¢c,Y,
oY, = COSX, Y, = sinx
QX Y, ' ’

V= a0,y -vh)

24X

e JX e (e’x)dx

—2X

— J‘Xze-2x+2xdx

= szdx
X3
vV = —
3
X x3
"yp_7y1+ ?yz
IR S
= T(e )*g(xe )
_ X4e—x X4e—x
4 3
_ 3x'e* +4xe”
B 12
_ X4e—x
o = 12
.. The complete solution is
4e—x

—_— —X —X
y=cer+ocxer+ —o

Rahul Publications

&

=Yy, =-sinx, y,' = cosx
To find Y,
y, = Uy, + W,

Q(x)y,

X &
J A AAEAN ”

Q(x)y,

- ~dx
Y ABES AN

v:jaz(

(Y, Y, - Y, Y,)= cosx (cosx) — sinx (- sinx)
= c0s? X + sin? x
v.Y -y, Yyt =1

_ J4xsinx(sinx) y

1

= —J.4xsin2 xdx

—4JX (1-cos2x) dx

= —ij dx+2jxc032x dx

) . .
_ _2x i Xsm2x_-[l.sm2xdx
2 2 2

—E +§{xsin 2x + 298 ZX}
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. COS 2X
U =—-x2+ xsin2x + >
V= Q(>1<) Yo g
a,(y, Y, — Y2 Y1)
V= J-4xsmx .cosx dx

1

= 4jxsinxcosx.dx

. . . 1
[ -+ 2sinx cos x = sin 2x. sin X cos X = 5 (sin 2x)
= 4jx.lsin2x dx

2
= ZIXSiHZX dx
= | x[ 202X —jl.ISInZde.dx

2 2

{—xcost 1(—coszxj }
=2 - dx

2 2 2
2 sin 2x
— —| —XCO0S2X +
2
sin 2x
V = — X C0S2x + 5
. COSs 2X sin2x .
LY, = (= x2+ xsin 2x + ) cosx + (—x cos 2x + ) sinx
. COS 2X COS X . sin2xsinx
= —X?COSX + X Sin2X COSX +T — X SINX COS 2X + T

1 . . . .
= —Xx?cosx + 5 [cos 2x cos x + sin2 x sin X] + X(Sin 2X cosx — c0S2 X Sin X)

1
= — X? COSX + 5 (cos(2x —x)) + x sin(2x — x)

1 .
Y, =~ X2 COSX + % CcosX +X sinx

.. The complete solution is

1

Yy = ¢, COSX + C, SinX — X* COSX + 5 COS X + X sinx.
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Q5 Solve y** + 2y! +y = e log X
Sol :

The given equation is y** + 2y* +y = e*log x

2
jx)zl +a, g—i +a, = Q(X)
here a, =1,a, = 2,a, = 1, Q(X) = e™log x
Tofindy :
The AEis4m?>+2m+1=0
(m+1)?*=0=> m=-1,-1

Sy, =ce*+c, xe~
Compare (2) with y =c, y, +cy,

here y,=e*, y,=xe*

. yllz_e—x, yzlz_xe—x+e—x

Compare (1) with a,

To find Y,

Q(x)y, Q(x)y,

. (@)

. (2

ax

u=- dx &v:J

J a,(y.y,' —¥.y1)
Sincey, y,'-vy,y,!
= e (-xe™ +eX) — xe™* (- e7)
= - xe*eX+ exeX + xexeX

= —xe ™ e e
ylyzl_yzyll =g
u =\ J-e‘ log x.xe"

e—2x

dx
. A Ie‘x log x.xe™.e**dx

=_- leogx.dx
=_ :Iong‘x—j%(_[xdx)dx}

I x> 1 x*
= _ |logx.——|=.—dXx
2 X 2

_Iogx Z—EX—Z
7| 22
_ —X’logx  x*
2 4

A AAEANS

g
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e *logx.e™
v= J% e?*dx

dx = jlog xe >
= j(logx)dx
Using by parts

1st function f(x) = logx & 2" function g(x) = 1

Weknowthatff(X) x)dx = f(x Ig x)dx — j(

; I(Iog x).1dx = log x_[ldx —j[dd—x(log x)jldx}dx

= logx. X — J‘[%jl dx}dx

1
=X |ogx - J.;X dx

= x logx — IdX

v =Xxlogx - x

)Ig(x)dx)dx

—x*logx  x?
Yy =T o Ty + (Xlogx = x)y,

2 2
—X“logx x
[_9+

2
—X

_ —X’logx
2\ \2

— 2' —X E 2 a—X
Y, = 5 logxer— xe

.. The complete solution is

2

X 3
— —X —X - X — y2 a—X
y=cer+c,xer+ o log x e —gxe

X
Jrje‘X +x*logxe™ —x’e

2 TJ e*+ (Xlog x — x) x e*

24X

Q6 Solve y** -2y +y =¢e* log X.
Sol :
The given equation is y** — 2y* + y = e* logx
2
compare (1) with a, jxy +a, j_y +a, = Q(X)
herea, =1,a, =-2,a,= 1, Q(x) = e* logx
Tofindy :
The A. Eism2—2m+l=0
(m-2)° =

. (1)
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m=1,1
Ly, =( +c,x)e .. (2
compare (2) with 'y, =cy, +¢c,y,
y, =€, y, = xe*
yi=e yi=xer e

To find Y,

X)Y, Q(x)y,
=_ dx, v = d
'[ Y1y2 - yzyll) oV J a, (ylyzl - y2y11) ”

Since y,y,' -y,y,' =e*(xe*+ ¢e)-xe*(e)
= Xe 2>(_|_ er_XeZX

Y, y21 _ yzyll = e

e log x. xe*
u= _J—ezx dx

J-xlogx

= —Ix log x dx

Using by parts
st function f(x) = logx, 2nd function g(x) = x
We know that

[F(x)g(x)dx = f(x)[g(x)dx - j[—f )[9(x) }
—[Iongxdx—][ij‘x dxj dx

2 2

—x*logx  x?
— —xlogx X

2x

V= Je logx.e dx

g
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log x.e*
= .[ 9 ™ dx
e

= jlogx dx

Using by parts
1st function f(x) = logx, 2nd function g(x) =1

— Jf(x) g(x)dx = [f(x)J.g(x)dx —I(f'(x)_fg(x) dx)}dx

log x_[ldx —j(%.jdx}dx
log x.x —I[%.x}dx

= log x.x—jdx

v = x logx — x

. _ [—x*logx  x* |
A e y, +(xlogx —x)y,

2 2
_ [%ﬁ%}ex +(xlog x=x)xe*

2 2
—X“log x X
:Tgex + Zex_'_XZIngeX_XZeX

_l X EZX
yp—zlogxe—4xe

.. The complete solution is

1 3
— X X —_ X 2 aXx
y =c, e+, xe + 2Iogxe—zx e

Q7. Solve (D?-3D + 2)y =sine™

Sol :
The given equation is (D? - 3D + 2) y = sin e
d’y _dy .

—-3—=+2y=sine™ ... 1

= dx? dx y @)
. d?y _ dy
Compare (1) with alﬁ+ ald_x+ a, = Q(X)
Wherea, =1,a, =-3,a,= 2, Q(x) =sin e~
Tofindy
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The A.Eism?>-3m+2=0
m-2m-m+2=0
mm-2)-1m-2)=0
(m-1) (m-2) =6
m=1,2

Ly, =c ef+c, e . 2

Compare (2) withy =c y, +¢c,Y,

herey =e*,y, = e*
yll =g, y21 = Qe

Tofindyp

Q(x)y,

Q(x)y,
ylyzl - yzyll)

a,(y1y," —Yoyi')
Hereyy,' -y, y,' = e (2e*) -e* (&)
= 2e¥ X —eX> X
= 23 _ X
VY, =Y, Y, =e¥

dax

u= - dx ;V:'[az(

sine™.e*
e

= —Isine‘x.ezxe‘3xdx

= _I(sine‘x)e‘xdx

= I(sine‘x)(—e‘x)dx
Lete™ =

—e*dx =dt

= Isint.dt

=-—cost
U = -cos e

sine™*.e* . _
V= Jde = Isme e e dx
e
= fsine’x.e’zxdx
= je‘x sine™ (e‘x)dx

- —Ie‘x sine™ (—e‘*)dx

Lett= e
dt = —-e>*dx
= —jtsintdt

{ 202 |
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= | t[sintdt - [(1)[(sint d)dt
— —[—tcost—f(—cost) dt}
= - [~tcost+sint]

= —sint +tcost [ e = t}

= —sine™ + e*cos e~
- V=-sine*+ e*cos e*
Y, = (-cose™)y, + (-sine™ + e *cose)y,
= (- cos e*) e* + (- sin e + e™ cos ™) e
= —e*cos e* — e*sin e™ + e*cos e
y,=- e sin e~
.. The complete solution is
— X 2X 2X Q1 —X
y =c, e+ c,e*—e*sine

I 4.2 LINEAR DIFFERENTIAL EQUATION WITH NON CONSTANT COEFFICIENTS

Q8. Derive Reduction of order of method.
Ans :

Consider the general linear differential equation.

£ (X)STX+ £ () gx_n}l’ n ....+fl(x)g—i+fo (x)y = Q(x) 0

and its related homogeneous equation

dn—ly

. ()Yt (x)y=0 . ()

dX
1:n (X)d_x)n/ + fn—l (X)

where f (x) , f_(X) ...... f.(x), f, (x) and Q(x) are continuous function of x and f; (x) =0

Let us consider

d’y dy _
Oz T H M g XYy =K - (1)
and its related homogenous equation

d’y dy
f, (x) e +f (X) dx +f (x)y=0 .. (2

Let y, # 0 be a independent solution of (2)
=, satisfies equation (2)

Ly +f x)y'+y =0 .. (3)
Let the second independent solution be defined as

Y,(0) = y,(X) IU(X)dX ... (4) (where u(x) is function x to be determined)
@ Rahul Publications
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Now differentiate y, = yljudx

y,t=y,u +judx Yy,
Again differentiate

y =y ut+uyt+ J‘u dx y," + ylu

y211 =y, ut + 2u yll + J‘u dx y111

Since y, is a solution of equation (2)

we have f,(x) y,** +f, (x)y,' +f,(x)y,=0 .. 5
Now substitute the values of y,, y,* , y, ™

we get in equation (5)

f, (x)[ylu1 +2uy* +_[udx.y1“] +1, (x)[ylu + Iudx.yll] +1, (x)[y1 (X)Iu(x)dx] =

= £, (%) y,ut + 2f, () uy, + [u dxy,™ (0 + £ (X)y,u +£,00 [udx. v, + £, .y, () Ju(x)dx =0

= IU(X

)[fz(x)yl11 +H(x)y,' +1, (x)yl]Jrf2 (X)y,u* + u[2f2 (xX)y," +f (x)yl]

By using (2) we get
judx[0]+ f,(x)y,u' + u[Zfz(x)yl1 +f1(x)y1] =0

dx

uy,f, (x)

Multiple the above equation by,

1 1
Yax+ 2Yidx + 1(X)dx:o
u A f,(x)
du dy,
Replacing u* by —— X VY bya
du dx 2 dy, o (X)dX—O
dx u 'y, dx f,(x)
—u+£d Al )dx=0
y

By variation separable and Integrating Both sides

Rahul Publications
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JdTu+2inldyl+Jf:EX)dx=0

f,(x)
(

L(x) dx
f

2(%)

logu +2logy, = —j

f(x)
! logy? = [+~ d
ey = 2o
f(x)
og (uy,) = 7 5 o
_fl(X)
uylg f(x)
fi(x)
_J.fz(x) q
u= X
2

Substituting this values of u in equation (4)
we get required solutions
Q9. Solve x*y**-xy'+y=0giveny, =xas
a solution . By using reduction of order
of method.

Sol :
Giventhatx*y* —xy* +y =0 ... (1)

2

d’y
dx?

Comparing. (1) with f,(x) +f, (X)

d—y+f =0
dX o(X)y_

here f, (x) = x*,f (X) = -x
and alsoy, =x

_exp[logx] " x

o NG NG x?2

Lu=xTt
Since y, =y, ju(x)dx

= xjx‘ldx

= xj.%dx

y, = x logx
~. The required solutionis y =c, y, +¢,Y,

= C, X + ¢, X logx

Q10. Given that y, = x is a solution of

,d%y _dy

X +X—-y=0, i

Ve ax y x=0 find the

L d’y . _dy
X —ZH+Xx—=-y=X,
general solution of S ax y
Sol :

Given thaty, (x) = X
Thusy, (X) =y, (X) Iu(x)dx
yz(x) = XIU(X)dX (l)
differentiating (1) it twice
yzl(x):xu+ju(x)dx .. (2)
y," (X) = xu' + u + u(x)
y,' () = xu* + 2u .. (3
and also given that

d’y  dy
x? FX—=—y=X

ax’ ax Y @
Since y, is a solution of equation (4)
we have x*y, 't +xy,t -y, =x .. (5)

Now substitute the values (1), (2), (3) in (5)
x? [xu1 +ZUJ+x[xu+_[u(x)dx}—x_[u(x)dx =X

x3ut + 2x?u + X2 u +

ij—xIde:x

'| 205 |
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x3ut + U [2x% + x°] = X
divide by “ x3’

X
V3

u
ut + —5 [3x9 =
[ =

3
ut+u_=x?
X
Which is a linear equation and which is of the

f %+PU—
orm dx =Q

Then the Integrating factor is

. 3
ie. LLF :ejp dx _ EJ-; dx _ eBIogx

— elog >(3
=x3
The solution of the given differential
equation is
U. LF =[Q(x)(1F)dx +c

Uxd = jx‘z X3dx +c

UX3:jxdx+c

2
U= > +¢
2

U—X—+cx-3
)

Now substitute u value in equation (1)

y, = XJ[X—;+cx3jdx
- X|:jz—];(dX+CIXi3dX:|

X 1Iogx —ci
-2 2x°

_ X, X~
=5 ogx-—cC >

Rahul Publications

~. The required solutionis y =c, y, +¢,Y,

-1

X
y=clx+czalogx—c7

U

2 2
Q11. Solve yll_;y1+x_2y:01 y, = X by

using reduction of order method

Sol :
Given that y** —gy1 +£2 y=0,
X X
y,=x .. (1)
d?y

d
Compare (1) with f,(x) = +f,(x) d—i

dx?
+f(x)y=0

=2
here f(x) =1, f(x) = e

and, alsoy, =x

exp{—]

U=

-2
exp—j%dx

X2

exp“ﬂdx
X2

eprZIogx]
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.. The required solution is
Yy=0¢y, + C.Y,
y=¢ X+ X
Q12. Solve x* y** +xy' -y = x* e, y, = x By using reduction of order method.
Sol :
Given that x? y** +xy* -y = x? e . (1)
y, =X
Compare (1) with f(x) y* +f (x) y* + fo(x) y = Q(X)
f,)=x*, f(x)=x, f, (x) = -1
We know that y, =x

Theny, (x) =y,(X) Iu(x)dx

= y,(X) = xju(x)dx .. (2)
differentiate (2) it twice
Y,M(X) =X u +ju(x)dx . (3)
y," (X) =xut+u+u
y,t (X) = xu* + 2u o (4)

Since y, is a solution of (1)
we have x*y ' +xy ' -y, = x’%e™
Now substitute (2), (3) & (4) in above equation

X[ xu'+2u] +x[xu + _[u(x) dx] —xju(x)dx =x%™*

x3u® + 2x2u +x2u +xjude—xjﬁ(x)dx = x2e™*

x3ut +3x°u=x2e*

divide by x3
) . 3 X2 XZe—x
u —Su=
x? x?
3 x’e™
ut+ —u= —3
X X

3
ut+ —u=xte*
X

du
Which is a linear equation and which is of the form x Tt Pu=Q (x)

3
Then the L.LE= efpdx - ef;dx _ gloox®

IF=x3

g

Rahul Publications



B.Sc | YEAR Il SEMESTER

.. The solution of the given differential equation is

U (IF) = jQ(X)aF) dx

— J‘X—l -X

U = sze‘xdx

= xzfe’X —JZXUe’de]dx

= —x%*+2 xjeX 1Ie dedx}

— —x% +2{ }
Uxd = —x?e>*-2x e*-2e"
U —x? Lo2xX .
= eX— —F eX— — e
X3 X3 X3
U =-xte*X-2x2e*X-2x°%eX

Now substitute u in (2)

Y, (X)=x[(=x"e™ - 2x "™ - 2x %™ ) dx

2 2
Q13. Solve y** — ;yi + BY=X log x, y, = x by using reduction of order method.

Sol :
. . 2 2
The given equation y** — ;yi + BY=X logx, . (@)

Yy, =X
We know that y, = x

Theny, (x) =y, (X) Iu(x)dx

y, (X) = XIU(X)dx @
Differentiate twice
y,: () =xu+ [u(x)dx e
Rahul Publications 1208 |
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Y, (X) =xu'+u+u
Y, (X) = xu' + 2u ........... ()]
Since y, is a solution of (1)

unu 2 1 2 _
we have Y, ——Y, +—Y, =xlogx
X X
substitute (2), (3), (4) in above equation

xu' + 2u —%(xu +Iu(x)dx)+%(xju(x)dx) = xlogx

xu' +2u—§xu—§j%dx +X£2.x_[de = xlog x

2
xu' + 2u—-= Xu = xlogx
X

xu! = x log x

u =log x
oy

ax = logx
du = logx dx

By integrating
jdu = jlog xdx

u = X. logx — x
Substitute-u in (2)

y,(x) = xj(xlogx—x)dx

XUX log x dx—Ix dx}
= x[long‘x dx j%jx dx—_[x dx}

x> 1 x* x°
= X|logx——-|=.——-—
2 X 2 2

g
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3 X3 X3
= —logx ————
2 4 2
_ 3|0 « 3_2X3
= g 2
x3 3x3
X) = —logx — —
Y, (X) 5 109 4

- The required solutionisy =cy, +¢c,y,

3
=c, (x) +c, [%Iogx—%xﬂ

3
_ © 3.
y—ClX'|'C2 2 ogx—czzx

Q14. Solve (2x2 +1) y** — 4x y* + 4y =0,
y, = X.
Sol :
Given that (2x% +1) y** — 4xy* + 4y=0 ....(1)
compare (1) with f,(x) y** + . (x) y* + f (X)
y=20
her f, (x) = 2x* +1, f (X) = - 4x and 'y, = X

N exp{—.[::g;:ldx

Vi

-4x
_ EXp[_I 2x2+1}dX
= >

4x
_ EXpUZXZJrJdX

X2

{ | %):)) = log f(x):l

exp[log (2x2 + 1)] dx

X2

elog(sz +1)

Rahul Publications

1

Uu=2+ NE

Substitute U iny, (x) = y,(X) ju dx
1
= xj[2+x—2de
= X[Z.[dXJrJ'X—lzdx}

:wa§}

X
=2x2 - —
X

y,=2x*-1
.. The required solution-is
y=0qy, + G, Y,
y=c x+c, (2x*-1)

2 2
Q15. Solve y** - ;yi + ZY= 0,y,=x
Sol :

2 2
The given equationy** - ~y* + ~7y =0

Compare (1) with f,(x) y** + f.(x) y* + f (x)
y =0

-2
here f,(x) =1, f,(x) = o

andy, = X
exp —Ifl(x) dx
U — f2 (X)
2
=2
exp —J‘%
= v dx
exp{zj‘)l(dx}
= X2

g
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_exp[2logx]

u=1

Substitute U in y, ()=, ju(x) dx

= XJ‘]. dx
= X.X
y,(X)=x*
.. The required solution is
y = Clyl + CZ y2
y=c¢ X+, X

4.3 THe CAucHY - EuLER EQuATION

Q16. Define Cauchy Euler Equation.
Sol :
An equation of the form

n n-1
axnd Y a x”‘ld y

n an n-1

dy
o Ay = QM)

where a, a,, a, ...... a., ,a, areconstantis
called a Cauchy Euler equation of order ‘n". Let us
consider second order Cauchy. Euler equation as

d’y dy
ax? NG + ax dx +ay=0Qx ..(@1)

Take x = e' = log x =t

dy _1d(dy +d_yi[£J
dx?  xdx\ dt dt dx \ x

1(d’ dy
— x2\ dt?  dt

dy _dy ,d%y _ d’y dy
Thus, X dx_dt’x X didt

hence from (1) we obtain

d’y _dy dy t

& | g dt ) T g Tay=QE)
d’y dy

A gz TA G TAYERO )

where A,=a,A =a -a,, A,=a,
and R(t) = Q(e)

Equation (2) is a linear differential equation
with constant coefficients

d’y  dy
2 =2 _ — 2
Q17. Solve x Ve + X dx 4y = X
Sol :
d?y dy .
H 2 - _ — 2
Given that x NG X 4y 4y = x%is a

Cauchy Euler’s equation.
d
Putx = €' = t=log x and Dlza
The given-equation is
x2 D%y +x Dy — 4y = x?
Now, xDy = D,y and x = €'
x*D?*y=D, (D, -1)y

Then the given differential equation can be
written as

D,(D,-1)y+ Dy -4y =(e)
(D2-D,+D,-4)y=¢e*
(D2~ 4)y =&
Now, the A.Eism?-4 =0
m>-22=0
m=42
Ly, =ce*+c e

Now, the particular Integral is

= e (D1+2)2 _4 (l)

1
=e" pzi4p +4-4 D

8
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.. The required solution is

Y=Y, +Y,

1
=Ce*+C, e+ " X2 logx.

Q18. Solve x? D2y —'x Dy — 3y = x? logx

Sol :
Given that x? D?y —x Dy — 3y = x?logx ....(1)
Putting x =e' = t=log x and D, :%
and xDy =D,y
x*D?*y=D,(D,-1)y
Then the equation (1) becomes
D, (D-1)y-D,y -3y = (et
(D?-D,-D,-3)y=¢*1t
(D,?-2D, - 3)y =te*
Thenthe AEiIsm?-2m-3=0
m-3m+m-3=0
mm-3)+1m-3)=0

Rahul Publications

M-3)y(m+1)=0
m=-1,3

Sy, =ce*+c,e¥

Now,

1
PI :yp = D12_2D1_3 teZt

(D,=D+2)

1
(D+2)2—2(D+2)—3t

= p2

= et 1 t
D?+4+4D-2D-4-3

= e = t
D?+2D-3

= e ! t

|
|m
N
[EEY
+
7\
w|q,
+
I N
O
N—
—+

—X—zlo x+E
Yo = 3 g 3

~. The required solutionisy =y +y,

— —X 3x X2 2
y=c e*x+c,e —?(Iogx+§)
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Q19. Solve x3D*y + 3x2 D?y + x Dy + y = x + logx
Sol :
The given equation is
x*D3y +3x2D*y +xDy+y =x+ logx
Putting x =e' = t=log x and D, = af
andx’D’y = D, (D,-1) (D,-2)y
x*D?*y=D,(D,-1)y
xDy =D,y
Then the equation (1) can be written as
[D,(D,-1) (D,-2)+3[D, (D,-1) + D, +1]y =e' + t
[(D2-D)(D,-2) +3D?-3D, + D, +1]y=¢e'+t

[D,*-2D} D} +2D, +3D,”-3D, +D, +1]y =€' +t

[D13—}Dl/[+§Dl/+;D{—§Dl/+l}y:et+t

DP+1)y=e'+t

o Thenthe A.Eism*+1=0
(m+1) (M -ml)+1)=0
(m+1) (M -m+1)=0
m+1=0m-m+1=0

m=-1,m= 2(1)
1443
2
_ 1+4/3i
)
27 2
1 3.

.. Therootsare m = -1, —+—i
2 2

V3 ﬁj

Ly —ceti o2 -
Ly, =cet+ e? czcos7t+casln7t

w

— ce % ¢ X2 {cz cos(?log xj +C, sin(élog xj}

1 213 ]
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y, = 01%+ \/;(Cz cos(%log xj +C, sin(Tlog XD

Now,

1
Plyp: D13+1 et+t

1

=Df+18F D71

t

.1
=€ 1+1 (1+D7)1

t -1

= %+[1+D13] t

=S +1-0) +DY1

et

N

X
Y, =5+ logx

ﬁlog ij-ﬁ-g-ﬁ- log x

.. The required solution is'y = 01§+ x/;(cz cos (%Iog XB +C, (sin( >

2
d_y_ xﬂ+y: 2logx

20. Solve x°
Q olve dX2

Sol :
2
d y—xd—y+y=2Iogx ............... 1)

The given equation is X°
g d dx? = dx

Putting x = €', t = logx

andx*D*y = D,(D, -1)

I
Todt

1

xDy= Dy,

Then equation (1) becomes
D,(D,-1)y-D,y+y=2t
(D2-D,-D, + 1)y =2t

(D} -2D, +1)y =2t

g
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then the Auxiliary equation is
m-2m+1=0

(m-12=0
m=1,1
sy, =(c,+c,x) e
Now
1

LP=y = —————2t

P D,”-2D, +1

_, b
(Dl_l)

= 2[(1-D)]*t
=2[1-2D, + 3D ]t
= 2[t - 2(1)]
=2t-4
y, =2 logx — 4
~. The required solution is y = (c, + ¢, x) €
+2logx-4

d’y _dy
NG -x—=+ 2y = xlogx
Q21. Solve a2 Cdx y g
Sol :
d? d
Given that Xzﬁ—xd—i+ 2y =xlog x ...(1)

Putting x = et and t = logx
x*D?*y=D,(D,-1)y

xDy=D,y

Then the equation (1) can be written as
D,(D,-1)y-Dy+2y=¢e'it
(D’-D,-D, +2)y =te

(D?-2D, +2)y =te'

Thenthe A.Eism?>-2m+2=0

~(-2)+ 242

ieem=1+i
sy, =e'(c cost+c,sint)
y, = X(c, cos (logx) + c, sin (log x)
Now

1
PI=Y,=p2z 2p +2!¢

1

t
D, +1)° - 2(D, +1)+2
(D, +1) .

= gt

1
=¢ D12+1+;B{—;B{—Z+Zt

1
—t
D,”+1

= gt
=e'[1+DA"t
=e'{1-D>+ (D]t
=e'[t]
=te
Y, = log Xx. X
- The required solutionisy =y _+ Y,
y = X(c, cos(log x) + ¢, sin(log x) + x log x

Q22.

Sol :

2
Solve x* 27)2/+4x%+ 2y =e*

The given equation is

2
2d y+4xd—y+2y:eX

X
dx? dx

Putting x = e'and t = logx, D, = at

andx*D*y=D, (D,-1)y
xDy=D,y

then the equation (1) becomes

D,(D,-1)y+4Dy+2y=¢

(D?-D,+4D, +2)y =¢

(D2+ 3D, +2)y=¢

Thenthe A. E is

g
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m>+3m+2=0 . .
m>+2m+m+2=20 :x-lex—x-z[xe—_[edx}
mM+1)(m+2)=0 =xte-x?[xe -e]
m=-1 -2 =xleX—xte+ x2e

Ly,=c et +ce? Yp =xTer .
=c, () +c, ()2 =c, X +c,x? Trf required solution is
Now Y=y, *ty,

1
P1=Y,=Dbz2y3D,+2 ¢

1
(D, +1)(D, +2) &

1 A
Consider (p . 1)(D, +2) = D, +1

B
T D, +2
=AMD,+2)+B(D, +1)
If D,=-2
1=B(2+1)
1=-B
= B=-1
= IfD, =<1
1=AF1+2)
1=A
1 1 1

= (D,+1)(D,+2)~ D,+1 ~ D, +2

1 N O S
(D,+1)(D,+2)® T |D,+1 D,+2

1 1
~D,+1%"D+2°¢

=x1 I x+1 ex dx — x? I x%1 e* dx

=x1 I e*dx — x? I xex dx

=xte —x2 [x Jex —jl(jexdx) dx}
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=cXt+CX?+ x7e
> Key Points

_ 1 d
> Definition of {_f(Dl)} X, where D, = g

x = etand X is a function of x.

The function { } X is defined to be that

f(D,)

function which when operated upon by f(D,)
gives X

1
To find the values of D, -a X

d
where D, =XD = X d_x

1
Let D, -a X=Uor (D,-a)v=X

du
X —— =au+ X
dx

du _a _
ax ~a o
Which is linear differential equation in

variables u and x.

X
X

Its integrating factor = &% = grarn
= X2
and solution is

Ux?a = _[()%) X7 dx

U=x I X231 x dx

Thus X =x? I X271 % dx

D, -a
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Replacing a by —a in the above result

1
D, +a

X=x3 I X271 x dx

> An alternative method of getting P.I of homogeneous equation f(D,) y = X

d
where x =¢', D, = a and X is any function of X

1
Pl = _f(D ) X can be obtained in either of the following two ways
1

(i)  The operators may be resolved into factors then

f(D,)

1 1 1 1

"= %0) T 0,-a) ©,-a,) " O,-ay

1
(i)  The operator _f(Dl) may be resolved into partial fractions

1 AL
PI_f(Dl)x_ D,-a, D,-a, ) D;-a

73171 *32*1 —an—l
=AX ™ JX < dx + A X2 Jx xdx + ..+ AX Jx x dx

3

d’y , d% dy
e X e dx

Q23. Solve x*

Sol :
The given equation is
d® d? dy

dTZ + d_x)zl dx

Which can be written as
x*DP+2xD?-xD+x)y=1
Xx(D¥+2x2D?-xD+1)y=1
(x*D®+ 2x?D?-xD+ 1)y =x*

X4

Let x=-¢€'= t=log x and IetDlza

x*D*y=D,(D,-1)(D,-2)y
x*D*y=D,/(D,-1)y
xDy =Dy

Then (4) becomes

g
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[D,(D,-1) (D,-2)+2(D,(D,-1)-D, + 1]y ="
[(D? -D,) (D, -2) +2D? - 2D, - D, + 1]y = ¢
[D} -2D? - D? + 2D, + 2D? - 2D, - D, + 1] y = e
[D? —3D? + 2D, + 2D? - 3D, + 1]y = e
[D} - D?-D,+1]y=e"

Then the A.E is

m-m>-m+1=0
m=-1= (-1*-(-1)*2-(-1) + 1

=-1-1+1+1

=0

1 -1 -1 1

m=-11o 1 2 1

1 -2 110
m>-2m+1=0
(m-12=0
m=1,1

Therootsarem=-1,1, 1
y,=(, +cte +ce'

y,=(c, + ¢, log x) x + cx*

Now
1
— - —
Pl =Y, =0 +1D,-17 ©
1

= 0, +)(C1-1? €

1
=40D,+1 ¢ -1

1 1
— -t ———
=% ¢D 1411

1
et 5 M

NG

e (1)

N Y

Y, = x7* log x

The required solution is

g
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1
y =(cl+czlogx)x+ch-1+Zx-llogx

Q24. Solve x? d’y + 2x ay -20y-(2+ 1)?
' dx? dx y
Sol :
The given equation is
d? d
X2 dx)zl +2xd—§(/—20y=(x+1)2 . (@)

Let x=¢e'= t=logx
rewriting (1) = x* D% +2xDy-20y = x2 + 1 + 2X
Let x*’D?% =D,(D,-1)y
Xy=Dy
= D/MD,-1)y+2Dy-20y=(e) + 1+ 2¢
[D,(D,-1)+ 2D, -20]y = e* + 1 + 2¢'

[D? —D, + 2D, - 20] y = e? + 1 + 2¢'

[D? +D,-20] y=e*+ 1+ 2¢
Thenthe AEis m*+m-20=0
m?>+5m-4m-20=20
mm +5)-4 (m+5)=0
(m+5mM-4)=0
m=-514
y,=ce™+ce
y, = C X+ c X!
Now

1

PI=y,= 57 p g0 € +1+2¢

1 1 1
=DZiD,-20 " * D?4D,-20 €+ 2 D2 1D, 20 ¢

1
— 2t + t_|_ - t
222 20 T 0020 %1120 ¢
-1 a2
“14 20 * _18
_ -1, 1 1
14 % 207 9°¢
1., 1 1
14X 20 9
219
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oo x 1
Y= 12 9 20

The required solution is

=c X—5 +C X4 X_ é i
y==6 2714 "9 20
I 4.4 LeGENDRE’S LINEAR EQUATIONS I
Q25. Derive Legendre’s Linear Equations.
Ans :
An equation of the form
d"y d"y

K (ax +0) o ¥ K., (@x+Db)™ 71

X

+ ...+ ky=Q(X)

Where Kk, k;, ... k_are constants and Q(x) is a
function of x, is called legendre’s linear equation.

S d’y dy
T (ax+by L dt* dt

—  (ax+ by SZ = a [ziz —%J
(ax + b)? SZ =aDD-1)y
Similarly
(ax + b)? j% =a°DMD-1)(D-2)
and so on.
d’y

dy
2 —_—
Q26. Solve (1 + x) Ve + (1 +x) dx +
y = 2 sin logy (1 + X)
Sol :

The given equation is

Such equations can be reduced to linear 2 d? d
(1+x) y +(l+x)—y+
equation with constant coefficients by the %2 dx y
substitution. .
t I =2sin (log (1 + X) wveeneee. 1)
ax+b=¢e, t=log(ax +b) Put 1+ x=¢ = t=log (1 + x)
gt = a dx and Also (1+x)D= (1D, =D,
ax+b (L +x)D?= (1) D, (O, ~1) =D, (O, ~ 1)
d Then equation (1) becomes
Then isza (D,(D,-1)+ D, +1)y=2sint
] ] ] (D?-D,+D,+ 1)y = 2sint
d_i/:d_}t/d_:( (D2 + 1)y = 2sint
Which is linear equation with constant
dy a dy coefficient
dx — (ax+b) * dt Thenthe A.Eism?+1=0 = m2=-1
m==x=i
dy dy .
(ax + b) TS .y, =cC, cost + c, sint
y, = ¢, cos [log (1+x) ] + ¢, sin [log (1+X)]
d
(ax + b) - a Dy
dx Now,
dy _d a dy 1
dx? ~ dx ax+b dt PI=Y,= p74+1 25Nt
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—t
=2 2 cos t

= —t cost
y, = [log (1 + x)] cos (log (1+Xx))
. The required solution is
y =c¢, cos log (1 + x) + ¢, sin log (1+x) - log (1 + x) cos (log (1 + X))

27. Sol 2+32d2y 22+3ﬂ 12y =6
Q27. Solve (2x+3) FNCh (2x )dx_ y = 6X.
Sol :
. N d?y dy
The given equation is (2x + 3)? i 2(2x + 3) ax 12y = 6x
Then the equation in the operator formis [(2x + 3)2D?2-2 2x +3) D -12]y =6x  ...... 1)
d
Let2x +3 =¢' = t=|og(2x+3)&a =D,
and2x =e'-3
e'-3
X =
2

Also, (2x + 3) D = 2D,
(2x + 32 D?*=2°D, (D, - 1)
Then the (1) can be written as

[22D, (D~ 1) - 2(2D,) - 12] y = 35[623’}

[4D2-4D, - 4D, - 12]y = 3e'-9
(4D?-8D, -12)y = 3e' -9

1
(D?-2D,3)y = 7 (3et-9)

Then ALEis m?-2m -3 =0
m -3m+m-3=0
(mM-3)(m+1)=0
m=-1,3
Ly, =cet+c, e
Ly, =c¢ (2x+ 3yt +c, (2x + 3)?
Now,
1 1

PI=y=p7 ,p 3 4(3et -9)

{ 221 '
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1

y, = Z[—Z(Zx +3)+1

.. The required solution is

3(-1
y=c, (2x+3)*+c,(2x + 3)° +Z[I(2x+1)+1}

Q28. Solve (x + 3)?

Sol :

2

dy
dx?

The given equation is (x + 3)?

Then the equation in the operator form is

d
4 (x+ 3) d—i+6y=log x+ 3)

d
4(x + 3) d—i + 6y =log(x+3)

((x + 32 D24 (x + 3) D + 6) y = log (x + 3)

Let=x+3=e'=t=log (X + 3)
and also (x + 3)*D*= (1)°D, (D, - 1)
(x+ 3 D*=D, (D, -1)
(x+3)D =D,
Then the equation (1) can be written as
[D,(D,-1)-4D, +6]y =t
[D,>-D,-4D, + 6]y =t
[D2-5D,+6]y=t
Then the A. Eism?-5m + 6 =0
m?2-2m+3m+6 =0
mM-2)(m-3)=0

m=2,3
Sy, =c e*+c, e

Rahul Publications
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y,=c, (x + 3y +c, (x+3)°
Then, the PI.

Y, =~ (0

Il
ol
[EEY
7\
ul
| O
o
|
O
o
N
N——
~—+

=2 t+—(1)}

1 5
Y, = g l0g (x+3) + oo

.. The required solution is
y=c, (x+3)2+c, (x +3)°

+1| + 3 +i

2

Q29. Solve dy _ xex
' dx?

Sol :

2
dx?
By Integrating the given equation, we get

Jj—zzjxexdx

Given that

= X e*

S—i = XJGX—Jl(IeXdX)dX+C1

=xe—e +c

ax e* (x-1) + ¢,

Integrate again, Ij—i = Iex (x-1)+c,
y = [exdx - [e*dx + [c,

y = x[e" —fl(jexdx)dx—ex +C,X+C,

= Xe'-e-e+c X+¢,
=xe*-2e+c X+,
y =(x-2)e*+cx+c,
Which is required solution

4.5 MisceLLANEOUS DIFFERENTIAL EQUATIONSI

2

3

d’y
Q30. Solve PFech x + logx

d .
4.5.1 Equation of the form de = f(x) Sol :
3
Integrating with respect to x, we get Given that S—Z = X + logx
X
j_izj‘f(x)dXJrc _ F(x) (say) By Integrating,
. . d’y
again  Integrating , we have Pl I[x+logx]dx
y :J‘F(x)dx+cl
dy _ jx dx+IIo x.dx
In general, the solution of a differential dx? gx.
, dy : : 2 2
= d 1
equation of the form e f(x) is obtained by dx)2/ _ X? + logx jl—_f;(jldx)dx
integrating it n times successively
(223 )
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dx?

d’y x? 1

= = + logx. x- I;.xdx
d2y X2

== + X logx — jldx
dZy_ X2

= + xlogx-x+c¢,

Again Integrating

dy

dx

dy
dx

JS_Z:IX_;+IXIOQX_IX

X 1

X + log X X .[lx—deJrc X+C
6 9T 17T
x® X2 X

€+7 |ogx_J.de+clx+c2

X + X [ lxz + +

5 > ogx—2 > c,Xx+c,

3 2 2

X +X log x X +C,X+C
B 2 "\ W

6

again, Integrating,

dy x° x? x? 2
Jd—x_J.de+.|.7logxdx—_|.7dx+clx +C,X+C,y

x* 1re, x3 )
§+EUX log x dx]—EJrclx +C,X+C,

ﬁ+1_logxfx2—jl(jx2dx)dx —§+c X% +C,X+C
24 2| X 12 o
ﬁ+1 Iogxﬁ—j1 X—adx —X—3+c X? +C,X+C
24 2| 73 ‘x '3 2 0
x* 1 x® 1 x°
—+=|logx—-=|x*—dx |- =—=+cX* +C,X+C
24 2| 973 3J } 2 0
x* x® 1x* x® )
—+—logxX—=.———+C, X" +C,X +C,
24 6 3 3 12
(224 )
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UNIT - IV
N s 3 Then we get
= —+—logx ———+cxP+CX+C,
=2(y* +y)
x*  x® 4x°® —3x? dX dx*
y—§+—| X — +C, X2 +C,X+Cy
dy d? d
&Y
N 3 dx dx dx
Ly = ZJrEI 9%~ 25 +C, X2 +C,X+Cy

Which is required solutions

2

d
4.5.2 Equation of the form dXZ

=f(y)

dy
Multiplying both sides by Z(d—xj .

X2

dy(d’y)_ ,dy
We have 2d [d j— ax )

Integrating with respect to x, we get

d 2
(d—ij =2Jf(y)dy+c = F(y)

dy
ax = VF(9)

Now, separating the variables and integrating
we obtain,

.f /_ = X + ¢, which gives the required

solution.

2

d
Q31. Solve d_x)zl = 2(y® + y) under the

d
condition y =0, d—i =1,whenx=0

Sol :
d’y
dx?

Given that =2y +y)

2

d
Which is of the form d_x)zl = f(y)

d
Multiplying both sides by Z[d—g

dy d%y 2 dy
— =2 +V)—
dx dx? (y y) dx

By Integrating, with respect to x

dy d? dy
-[d_idx)zl - IZ(yhy)d_x

2 4 2
(d—yj :2y—+2L+C
dx 4 2

d
As—y=lfory=0

dx
1=0+20)+c
c=1

dy2
= |gx) =V +ry+l

d 2
2]

dy_2
dX_y+l

Now, Separate the variables
= dx

h _ay
Then, we get vi il

1 jdx+c

tan'1y=x+cl
Asy=0forx=0

g
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tan™ (0) =0 +c,

c,=0
stanty =x
y = tanx

Which is required solution

d’y )
Q32. Solve el = x2 sinx

Sol :
2
dx?
By Integrating given equation,

Given that

= X®sinx

2
ij)zl = szsinx+cl

dy o[ .

ax =X Jmnx—ij(Ismx dx)dx+c1
= — X2 COSX —2.|.x(—cosx)dx+c1
= —Xx? cosX + 2Ixcosx dx +c,
= — X% COsx +2[xjcosx—jl(jcosx)dx dX:|+C1
= — X2COosSX + z[xsinx—Jsinxdx} +c,
= — X2 cosx + 2[xsinx +cosx] + c,

dy ) .

ax =X COSX+2X SinxX + 2 cosx + ¢,

Again , Integrating

J‘j—i = —Ixz cosxdx+2jxsinx dx+2_[cosxdx

y = —[xﬁcosx—ij(Icosx)dx dx}rz[xjsinx—J.l(jsinx)dxdx}+ 2sinx +¢,x +¢,
y = —[XZSinX—ZIXSinXdX]-F2|:—XCOSX+J.COSXdX:|+28inX+C1X+C2
= —x? sinx + Z[X.[sinx—.[l(].sinx dx)dx}—2x003x+2'sinx+25inx+c1x+c2

=-x*sinx + 2[—xcosx+]cosx dx}—Zxcosx— 2sinX.+2sinX +¢,X +C,

'l 226 ',
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= — x2sin X — 2X €0S X + 2 SinX — 2X COSX
+ 2sinX + 2sinx + ¢ X + C,
y = —X?sinXx -4 x cosx + 6 sinx + ¢ X + ¢,
Which is required solution

4.6 PasTIAL DIFFERENTIAL EQUATION

Q33. Define Partial differential equation .
Ans :

A differential equation which contains two or
more independent variables and partial derivatives
with respect to them is called a partial differential
equation

Let x and y represents the independent
variables and z the dependent variable so that z =
f(x,y) . We will use some rotations.

oz oz 0%z 0°z

ox Poy Th 5% T axoy
0z

=s, W: t

4.6.1 Formation and solution of Partial
Differential equations

Q34. Solve By elininating the constant, obtain

the partial differential equation from the

2 2

. y
relation. 2z :a_2+ b7
Sol :
. . x? y?
Given equation is 2z = ¥+? ......... Q)

differentiate the equation (1) partially with
respect to x,

, 2 _ 2
ox  a’
1_1la
a?  x ox
0z
But we know that — =P
OX
1_1,
a? X

Now, differentiate the equation (1) partially
with respect to ‘y’

2 _ L
oy b2
P2 _y 2 _y
oy b Ty b
1 _1oa
b> —y oy
0z

1 1
Substituting P & b in equation of (1)

F}z Lalye
Zz—xp x+y y

2z = xp + yq
Which is required partial differential equation

Q35. Form a partial differential equation by
eliminating the constant h and k from
(Xx=h)2+ (y-k)?+ z2=c2

Sol :

The given equation is (x — h)? + (y - k)?
+22=c ... @
differentiating the equation (1) partially with

respect to x

2 h) (1) + 2 g—0
(x-h) @) +2 =

oz
2[(x-h) +zp] =0 But o =P
x-h)y+zp=0
x-h=-2zp

differentiating the eqution (1) partially with
respect to ‘y’

oz
2y-k+2z— =0
(y -k >

'| 227 I|

Rahul Publications



B.Sc

| YEAR Il SEMESTER

2ly-k+2z29] =0
y-k+2z20=0
y-k=-z1q
By substituting x—-b & y-kin (1)
(-zpy® + (-zq) + 2 = ¢?
72 pz + 72 qz +72 = 2
72 (pz 4+ qz +l) =2
Which is requird partial differential equation

Q36. By eliminating the arbitray functions.
Obtain the partial differential equations
form

(@ z=1f(x*+y?)
(b) z=f(x+ ct) + g(x-ct)
Sol :
Given that z = f(x* + y?) . (@)
Differentiate partically with respect to ‘x’

0z
- = f(x* + y?) 2x

OX
p = 2f(x® + y?) X .. (2)
Differentiate partially with respect to ‘y’
oz
ay =f0e+y)2y
g=2f(x2+y?)y .. (3

p2AP+y)x P
q T2 +y)y T gy
yp=xq = yp-xq =10
Which is required differential equation.
(b) z=f(x+ct) +g(x-ct) . (1)
Differentiate (1) partially with respect to x

| <

o’z _ . )
ra = c? f'(x + ct) + c? g"(x — ct)
=c[f" (x+ct)+g'(x—ct)] by (2)
o’z _ , 01
- e
The required partial differential
equation is

o’z _ , 0
ot? ox*
Q37. By eliminating the arbitrary function

z = eV ¢(X — y) obtain, a partial
differential equation.

Sol :
The given equation is z.= eV ¢(Xx — y)... (1)
Differentiating with respect to ‘y’

0z

oy = e ox —y) + e” §(x - y)(-1)... (1)

0z

5 = nevw d)(X - y) - eV ¢'(X - Y) (2)

Differentiate with respect to ‘x’

0
5 = 0=y () = & 6k -y)... ()

By (2)
= q=n-p
p + q-nz = 0 as the required solution.

Q38. By eliminating the arbitrary constants

z = (X2 + a) (y*> + b) form the partial
differential equation.

Sol :
74 . .
Pl fi(x + ct) (1) + g'(x — ct) The given equation is
z=(Xx*+a)(y*+b) . (@)
d’z . Rewrite, the given equation. then we obtain
dx? _f(X+Ct)+g (X_Ct) (2) z:x2y2+x2b+y2a+ab
Differentiate (1) partially with respect to ‘t’ Differentiate partially with respect to x’
z 2~ uyr + 20
P fi(x + ct) (c) + g'(x — ct) (-¢) x Y X
= cf(x + ct) — cg'(x — ct) p=2x[y* + Db] - (2)
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Q39. Solve

Sol :

Differentiate partially with respect to ‘y’

0z
5 = 2yx* + 2ya
g=2x [x* + a] .. (3
24 ph= P i
By (2) = y*+ b= o o ()
q .
By 3) > x*+a= 2_y ... (i)

Multiply (i) and (ii)

) (5)-

P = 4xyz

I 4.7 EqQuaTIiONS EASILY INTEGRABLE I

Some of the partial differential equation can be solved by directiintegration. The usual constant of
integration consists of an arbitrary function of the variable considered constant during the integration.

3z

ox2oy

+ 18 xy? +sin (2x-y) =0

%z
x>0y

Now, keeping -y fixed and integrate with respect to ‘x’ the equation (1)

The given partial differential.equation is

0°z NG ) 1 ) —
oxdy +18? y? — 5 cos (2x —y) = f(y)
0°z

1
22 . — — =
ooy 9 x?y 5 Cos 2x-y) =1(y)

Again Integrate

0z X3 1(1 .
- 2_ = | =sin2x | =
y o3y 2(2 J x f(y) +9(y)

g 3 \/2 1 H f
oy + 3x A sin 2x = x f(y) + g(y)

Now, keep x as fixed, and Integrate with respect to ‘y’

7+ X yR - % cos (X —y) = Xjf(Y)dy+Ig(y)dy+h(X)

+ 18 xy? +sin(2x-y) =0

'| 229 I|
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Denoting [f(y)dy =u(y), [a(y)dy = v(y)
We can write required solution as
1
2= 7 €os(2x=y) =x°y* +xu(y) + v(y) + h (x)
where u,v and h are arbitrary functions.
4 | o'z oz _ 4
Q O'Sovey6x6y+ax =4xy
Sol :
he ai iy 2L o
The given equation is oxdy + x adxy ... @
equation (1) can be written as
oo &
oy ox + x 4xy

We k thtg—
e know that — = p

0 op
y@ p+p:4xy:>y5+p=4xy

which is in the form of linear differential equation of the first order if x is taken as a constant.

i.e. 6—p+1p:4x
oy

1
~d
.. The Integrating factor er Y — glogy = y

ie.IF=y
~. The solution is P (IF) :IQ(X)(IF)der u(x)

py = I4x.y dy + u(x)

2

py = 4x y?+ u (x)
py = 2xy* + u (x)
g —_ 2 2 +
=Y 5 T2y tu ()
Integrating it (keeping y contant)

Iyg—)z( = _[nyzdx +ju(x)dx +V(x)
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2
yz = 2)(7y2 + u,(X) + V(X)

yz = x?y? + u,(X) + V(X)
yz = X% y? + u,(X) + V(X)

z=x%y +% u, (x) + v(x)

Where u,(x) :jU(X)dX & v(x) are arbitrary functions,

Q41. Find the differential equation of all planes which are at a constant distance r form the
origin.
Sol :

The equation of the family of all the plane which are at a constant distance r from the origin is
given by ax +by +cz=r
wherea? +b>+c2=1 ... (A)
differentiate partially w.r. to ‘X’ we get
oz

a+b o =0

a+bp=0.... 1)
Again differentiate partially with respect to ‘y’
Then we get

0z

b+c oy =0
b+cq=0..... 2

by (1) => a=-cp

by (2) = b= +cq

Substituting-a, b.in (A)
(~cpy + (- ca) + c* = 1
czp2+02q2+02=l
cP+o+1)=1

1 1

O a1 20T g
Substituting the value of ‘c’
1 9
T AL
Now substituting a, b, & ¢ values in the equation of plane ax + by +cz=r
_PX kil L__=r-px-ay+z=rfplagil

- +
\/p2+q2+l \/p2+q2+1 \/p2+q2+1

z=px+ay + ryp®+qg’®+1

which is required solution

thena = -
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Q42. Form the differential equation by Differentiate partially with respect to ‘y’ we
eliminating the arbitrary function F form | get
Fx2+vy?,z-xy)=0

(x*+y y) . L L

Sol : oy T FE + Hlogy v

Given that F (x2+ y?,z - xy) =0 (1)
Rewrite the equation (1) then we have q=2y+ 2F 1+Iogy 1 )
Z-Xy = ¢(x* +y?) X y
differentiate partially with respect to ‘x’
1
oz —Px2 =2Ft | —+Io
> oy= $0¢ + y?) (2%) by (2) = - Px*> =2F (x gy)_ 4)
p-y = ¢ + y?) (2%) ) Substitute in (3)
Again differentiate partially with respect to ‘y’ 1
q=2y+(-px)
0z
o x =90 + yI)(2y)
oy ox?
q-x=¢' (x+y)2y ..(3) = q=2y- "
o (2 oy ElEy)x ay = 2y~
ow, (—3):> q-X ¢1(x2+y2)2y px2+qy=2y2
Which is required solution
P-y _ 2 Q44.Form the differential equation by
q-Xx 2y eliminating the arbitrary function from
y(p-Yy) =x(@-x) z=xy+y,(x*-a*) +b
py —y*—xq + x*
py —gx =y* - X Sol :
which is required solution . —

Q43. Form the differential equation by Giventhatz = xy +y,/(x* —a®) +b... (1)
eliminating the arbitrary function from Differentiate partially with respect to X’
7=y + 2F[§+|ogyJ Then we get

@ _ + 2
The given equation is
X
1 = ——
7=y?+ 2F (;HOQYJ . (1) P=YFY e _a
Differentiate partially with respect to ‘X’ we [ x |
get DZY_1+ %% _a2
g = 2FL [14_ |og y}(__lJ _ B
ox X x° Jx? —a® +x
. B p—y_ x-a | - (2)
o (o2
p=2F [X x? @ Differentiate partially with respect to ‘y’
{232 )
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oz
=X e -a?

q:)(+ X2_a2

Substitute (3) in (2) then we get

_ _q—X+X}
p=y|———
| 9-X

|
P=Y|q-x
= p(@-x)=yq
= Ppg - px =yq
= px + gy =pq

Which is required solution

4.8 LINEAR EQUATIONS OF THE FIRST ORDER I

Q45. Write Working rule of Lagrange’s, Linear partial differential equation.

AnS :

A linear partial differential equation of the first order is of the form Pp + Qq =R
Where P, Q, Rare functions of x, y, z. This equation is known as Lagrange’s Linear partial differential

equation and the solutionis ¢(u,v) = 0 or u = f(v)

To obtain the solution of Pp + Qq = R
We have following Rule
, , . dx dy dz
Write the given equation in form of ) :6 =R
Solve these Simultaneous equation by the method of grouping .
Then giving u = a & v = b as its solutions
Write the solution as ¢(u,v)=0 or u = f(v)
In the same way, we can obtain the solution of the linear partial differential equation involving more

than two variables.

p, —+p, — + ... +p — = . (1)

First find the equations

o _dx, _ o _ d )
B = = e =5 : )

1 2

and obtain an n independent solution of above equation

{ 233 }
2 Rahul Publications



B.Sc | YEAR Il SEMESTER

Let these solutionbe u, =c,u,=¢,....u =¢

Then ¢(u,,u,, ...u )=0 is the solution of (1)

Where ¢ is any arbitrary function

Equation (2) is called subsidiary equation
Q46.Solve (y+z2)p+ (x+2z)g=x+Yy
Sol :

The given equationis (y +2)p+ (X+2)q=x+Yy

Which is of the form Pp + Qq =R

Where P=y+2,Q=Xx+zZ&R=x+Yy

Then X = WY _dz
NP T Q7R
d dz
) S N

y+z X+Z o X+y

Which can be written as By choosing 1, 1, 1 as multipliers, each fraction of (1)

dx +dy +dz _d(x+y+7)
= (y+z)+(x+z)+(x+y)_ 2(x+y+z) ............. 2
Choosing 1, -1, 0 as multipliess, each fraction of (1)
_  dx-dy+0 _ _ dx-dy
(y+2)-(x+2)+0 y+id=x=/
= dx-dy _d(x-y) @3)
y-x —=(x-y)
Again, choosing 0, 1, =1 as multipliers, each fraction of (1)
. 0+dy-dz __dy-dz
C0+z+x—(x+y)  ZEX=X-Y
B d(y-z)
=Ty
_dly-29) (4)
-(y-2)

From (2), (3) & (4)

dx+y+2) _d(x-y) _dy-z) (5)

= 2(x+y+12) _—(x——y) —(y——z)

Now taking last two fractions of (5)

d(x-y) -d(y-z)

~(x-y) T y-z

g
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UNIT - IV
d(x-y) _ dly-?)
= X-y y-z
By Integrating
J d(x-y) = i(y—z)+c
X—y — Jy-—z !

log (x-y) =log (y - 2) + log c,
¢, being an arbitrary constant

log (x—y) —log (y —z) = log c,

X-y
log [EJ =log c,

Now, taking the first and second fraction of (5)

d(x+y+2) _—d(x—y)
2(x+y+2) (x-y)

By Integrating,

1
JZ(Terz)d(XJFyJFZ)__J.x_—yd(X_y)JFCZ
1
:>§ log (x +y +2) ==log(x —y) + log c,

llog (x+y+1z)+log (x-y)=logc,
2

log(x +y+2)+ 2log (x-y) =log c,
log (x +y +z) + log (x-Yy)* = log c,
log(x+y+12)(x-y)>=logc,
LXFYyFD)X=-Y)P=C, (7)

from (6) and (7) the required general solution is

X-y
y-12

4{()( +y+12)(x —Y)z, }:0. ¢ being an arbitrary function

Q47.Solve (y-z)p+ (X-y)g=z-X.
Sol :
Giventhat (y-2)p+ (X-y)g=2Z—X ....... 1)
Which is of the form Pp + Qq = R
WhereP=y-z,Q=Xx-y,R=2z-x
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Then X _ Ay _ dz ,
en Y1 x—y  z-x (2
Choosing 1, 1, 1 as multipliers, each fraction of (2)
dx +dy +dz _ dx+dy+dz
Y—Z+X-y+Z-X 0
dx +dy +dz=0
By Integrating
jdx+jdy+jdz:cl
X+y+2=C ... (3)
Choosing X, z, y as multipliers, each fraction of (2)
xdx + zdy + ydz _ xdx + zdt + ydz
x(y-z)+z(x-y)+y(z-x) ~ Xy —XZ+2X— 2 +yz— YK
xdx + zdy + ydz
IR ARAS
0
= Xdx+zdy+ydz=0
Since d (yz) = zdy + ydz
xdx+d(yz) =0
By Integrating, we get jx dx +Id(yz) 2V
X2
7+yz =C, i 4)
From (3) & (4) the required solution is
X2
¢[7+ vz, x+y+zj =0
Q48. Solve (X2 —y2-122) p + 2xyq = 2xz.
Sol :

The given equation is (x> — y? — %) p + 2xXy q = 2XZ ...... 1)
which is of the form Pp + Qq = R here p = x? — y? — 22,
Q=2xy & R = 2xz

The Lagrange’s auxillary equation of the given equation

Rahul Publications

a4y _ dz @
X2 _y2 _ Zz 2Xy 2XZ ...............
Taking Last two fraction of (2)
&y
2xy  2xz
'l 236 ',
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By Integrating, .[dVy = J.%+ c,

logy = logz + log c,
logy - logz = log ¢,

y _
log S = log c,
y
TG 3)

Choosing X, v, z as multipliers, each fraction of (2)

xdx + ydy + zdz
-y? —zz)+y(2xy)+z(2xz)

x(x2

xdx + ydy + zdz
- o
= xdx+ydy+zdz=0
By Integrating x> + y> + 22 =10¢? .......... 4
from (3) & (4) the required solution is

q{x,x2 +y? +22J
z

Q409.
Sol :

Solve (my - ny)p + (nx =1z) g = ly - mx.

The given equation is (mz —ny) p + (nx —1z) g = ly — mx
which is of the form Pp + Qq = R

Here P=mz-ny, Q =nx-1lz, R=1ly-mx

The lagrange’s auxillury equation for the given equation are

dax dy dz

iy = el = yomx 1)

Choosing X, y, z as multipliess each fraction of (1)

x(mz-ny)+y(nx—lz)+z(ly-mx) — 0

= xdx+ydy+zdz=0

xdx +ydy + zdz xdx + ydy + zdz

By Integrating dex +_[ydy+_[zdz =C

X2+ Y+ 22 =C 2
Again choosing I, m, n as multipliers, each fraction of (1)

'| 237 I|
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l[dx + mdy + ndz _ldx +mdy + ndz

I(mz—ny)+m(nx—Iz)+n(ly —mx) 0

= ldx+mdy+ndz=0

By Integrating, II dX+Im dy+_[n dz=c

IX +my +nz=c, ......... 3)
From (2) and (3) the required solution is

O +y*+2%, IX + my + nz):O

50. Sol ++@+++ﬂ+++@—++
Q.ove(wyz)ax (sz)ay (ny)az—xyz.

Sol :

_ ow ow ow
leenthat(w+y+z)a—x+(w+x+z)g+(w+x+y)gzx+y+z ......... 1)

Here the auxiliary equation of the given equation are

dax dy dz dw
WHY+Z  WaxX+z WHX+Y  X+y+z o 00 (1)
Taking first and last fraction of (1)
dx dw
W+y+zZ =~ X+Yy+2Z
dw —dx dw — dx dw — dx
x+)/+/—w—)/—;/ = x-w  —(w-x)
Taking second-and last fraction of (1)
dy dw dw —dy dw-dy dw-dy

=

WHX+Z X+y+2Z X+y+z-w-x—z = y-w — (w-y)

Taking 3rd and last fraction of (1)

dw dz dw —dz dw —dz dw —dz
X+Y+Z  W+X+Y 7 X+Yy+Z-W-X-Yy = 7-w —(z—w)

Choosing 1,1,1,1 as multiplies, each fraction of (1)

dx +dy +dz+ dw dx +dy +dz + dw
WHY+Z+WHX+Z+W+X+Y+X+Y+2Z = 3(x+y+z+w)

.. The each fraction of (1) is

dw —dx dw-dx  dw-dz _ dx+dy+dz+dw

—(w-x) = —(w=y) " —(z-w)  3(w+x+y+2)
Taking first and fourth fraction of (2)
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dw +dx +dy +dz _dw-—dx
3(W+x+y+z) —(w-x)

dw + dx +dy + dz dw — dx
3(WH+X+Yy+2) T T w_x

1

By Integrating, Im d(w-x)=c,

d(w+x+y+z)+_[

1
3 log W+ x+y+1z)+log (W-12)=log c,

log (W= x+y+2)"+log (w-2)=logc,
log W+ x+y+2)"+log(w-2z)=logc,

W+x+y+7)Bw-20=c, ... (3)
Simillarly W+ x+y+2) " (w-y)=c, ......... 4)
W+x+y+2)®(x-2)=c, .. (5)

from (3), (4) and (5) the required general solution is

PlwHx+y+2)PWw-2) W+x+y+2PW-y) W+ x+y+2¥(x-2]=0

Q51.
Sol :

Solve xp+yq=1z

Giventhatxp +yq =12z ........ 1)
Which is of the form Pp + Qq =R

. _dx . dy  dz
The subsidary equationis — = — = — .......... 2
X y z
Consider first two fraction of (2)
& _ & By Integrati
x = y By lIntegrating
1 1
—dx=|=dy+c -
-[x Iy y+C; =log x -logy + log c,
log x—log y = log c,
X X
log v =Iogclz>§ =c,
Let choosing last two fractions
Y _ % By integrat
y = ; = By Integrating
.[ldy :J.ldz = logy =logz + log c,
y z
= logyy-logz=logc,
@ Rahul Publications
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y _
log S = log c,
y _
7~ G
Xy
The required general solution is ¢ v'7)=0
Q52. Solve (X2 -yz) p + (y>—2zx) q = 22— Xy
Sol :
Giventhat (X -yz2) p+ (Y?=2X) Q =22 = XY wevevenen. 1)

Which is of the form Pp + Qq = Rwhere P = x?-yz, Q = y* —zx, R = 22 — xy.
The lagrange’s auxillary equation for the given equation are

dx dy dz

xz—yz:yz—zx:zz—xy ......... )
Taking first two tractions of (2)

dx-dy _ dx-dy _  d{x-y) o @A)
X?—yz-yrax XP-yitz(x-y)  x2-y?+z(x-y)
Taking Last two fractions of (2)

dy-dz _ __ dy- & INNW-Y (@)

y—zx—=22+xy  y -z2ix(y-z) y? -2 +x(y-1)

by (3) and (4)

dix<y) . dly-2)
x*—y*+2(x-y)  y* -2 +x(y-2)
d(x-vy) d(y-z)

(x=y)(x+y)+z(x-y) = (y-z)(y+2)+x(y-2)

d(x-vy) _ d(y-z)
(x=y) (x2¥77) — (y-2) (y+277)
By Integrating

d(x-y d(y-z

jreen ey

= log(x-y)=log(y-z)+logc,
log (x - y) —log(y-z) = log c,

| M—I
% (y-z2) =95

g
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X—-y
y-z =%
Since the system (2) is invariant under the cyclic interchange of variables x >y —»z — x.

- - Xy -
There exists two integrals y—z =G 4 =5

X |IN

. L X—-y y-z
Required solution is ¢ y—z' S_x] =0

Q53.
Sol :

Solve x (z2-y?) p + (X2 -22) g = z (y? - X?).

Giventhat x (ZZ-y)p + (xX*-2) g =1z (y* - x?)
Here the subsidiary equations are

dx _ dy _ dz 1)
X(Zz_yz) y(XZ—ZZ) Z(yZ—XZ)
Choosing X, v, z as multipliers, each fraction of (1)

xdx + ydy + zdz xdx + ydy +zdz

X - + o - o+ 2 - 2R 0
= xdx+ydy+zdz=0
By Integrating

jxdx+jydy+jzdz=cl

X2+ Y2 +22 =C e, )
111
Choosing b} ; 7 as multipliers, each fraction of (1)
1
—dx+ydy+ dz —dx+ dy+ dz
X (2 oy Y- ) d(y ox) | 2 f x’ 7+ f X
a y z
1dx+1dy+}dzx
X y z
=
0

= ldx+ldy +£dz =0
X y z
By Integrating,

.[%dx+.|%dy+_|.%dz:cz

g
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logx + logy + logz = log c,

log xyz =logc,

XYZ = C, woveraninn (3)

From (2) and (3) the required solution is f (x> + y? + z2, xyz)=0

Q54.Solve x> (y-2)p+y2(z-X)g=22(x-Y)
Sol :

Giventhat X2 (y-2)p+y?(z-X)g=12>(Xx-Y)

Here the subsidiary equation are

dx  dy  dz W
XZ(y_Z) _yZ(Z—X) - XZ(X—y) ............
111 N |
Choosing X'y'73 multipliers, each fraction of (1)]
1 1 1
“dx+-dy+-d
dx dy dz o X+ y y + , z

= 2 =2 = 2 =
0D EA T T Ly Ly e ey

1dx+1dy+}dz
X y z

X(y=2)+y(z-X)+2(x-Y)

)1(dx+§dy+idz
3~y gl 5

1dx+1dy+1dz
_ X y 2
0

= ldx+1dy+£dz:0
X y z
By Integrating
1 1 1
—dx+|=dy+|=dz=c
Eace Loy [rar=c,

logx + logy + logz = log ¢, = log (xy z) = log c,

= XYZ=2C, ... (2
- l l l - - -
Choosing X_ZFZ_Z as multipliers, each fraction of (1)
1 1 1
—-dx+-—=dy+—--dz
dx dy dz x? +y2 YT
:> = = =

X(x=y) )(12_X2(y_z)+y12_y2(z_x)+lezz(x—y)
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izdx+i2dy+idz
X y z

2

ST AA

Xlzdx+y12dy+zlzdz

0

1 1 1
- x_deJererz_de:O

By Integrating .[Xizdx+.|.y—12dy+_|.zi2dz =c,

= —(Xt+yl+zh=-¢
XTHyt+7r=0¢, i, 3)
From (2) and (3) the required solution is ¢(xyz, x* + y* + z71) =
Q55. Form the differential equations by eliminating the arbltrary function from

z :?[\y1 (r-at)+y, (r+at)]

Sol :
. 1
Given that Z =?[w1(r—at)+w2(r+at)] ........... (1)
Differentiate partially with respect to ‘t’
0 1
a_i_ ;[wl (r-at)(-a)+y, ' (r+at)(a)] ... @)

Again differentiate partially with respect to ‘t’

2 L e a) v a)a)(a)]
ZTZZZ - a—:[wlu(r—at)+w2“(r+at)] ........... @)

Differentiate partially with respect to ‘r

% = %[Wln(r—at)+\}f21(r+at)]—riz[\y(r—at)+\yz(r+at)]
2Ly (et e ()L

Again differentiate partially with respect to r
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0°1 1r 11 1r 1
—== ?[\y (r-at)+vy, (r+at)]—r—2[\y (r—at)+y,' (r+at)]

1 2
—r—{\yf(r—at)+w21(r+at)+r—3[\|/1(r—at)+\|/2(r+at)}

= %[wll(r—at)+w211(r+at)]—r%[\llll(r_at)“lle(r*at)] + %[Wl(r—at)+w2(r+at)] 0

Using (1), (2), (3) in (5) we get

F1_101 ofa 2], 2
At T 5+? (2 2
0%z 1 0%z 200 27 2

— = A+

o2 a? ot? ror AP 2
o’z 200 1 o2

N

> + P e which is required solution.

Q56. Find the differential equations of all spheres whose centre lies on the z - axis.
Sol :
Equation of spheres whose centre lies on z-axis is given by X2+ y? + (z-c)> = d? ........ 1)
This represents a surface of revolution with z-axis
First differentiate (1) partially with respect to ‘X’

oz
Weget, 2x + 2z-¢) =0 .ocveenine. 2
OX
Differentiate (1) partially with respect to ‘y’ we get
2y+2(z—c)g—0 ............ (3)
oz
By (2) > Z(Z—C)a—x =-Zx

(z—c)j—)z(z—x S (=) p =X o)

or

By (3) :Z(z—c)g——z(y

oz
(Z—C)gz—y S Z=C) g =y (i)

By (i) & (ii) eliminating (z — c)

-Tp_—x

= =-Yp=-xq

(z~€ja -y

g
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qx-yp=0
Which is required partial differential equation.

2

Q57. Solve the differential equation m = cos(2x + 3y)

Sol :

2

om0 9
Given X’y cos (2x + 3y) ....... 1)

On Integrating (1) with respect to ‘x’ and keeping y constant we get

o’u in(2x+3
oy = w;y) T 2)

Again Integrating (2) with respect to x, keeping y constant, we get

ou _ —cos(2x+3y)
oy 4

Now, on Integrating (3) with respect to y keeping x constant, we get

+ x f(y) + g(y) ......... (3)

—sin(2x+3

7= %B;Fy)+ xjf(y)dy+jg(y)dy+y(x)
—sin(2x +3y)

z :T + X afy) + B(y) +v(X)

Which is required-solution

Q58. Solve the differential equation

0°z oz
szwhenyzo, z=e*and 5:9X
Sol :
. 04
In the given equation y =Z, 1)

If we treat z as pure function of y only,

We could slove it like an ordinary differentiate equation with auxiliary equation as
D?’=1=D=%1

yiz=c e +ce V. ... 2

Here z is a function of both x and y

Since we are dealing in partial differential equations

Thus, in z=¢(x) c, & + y(x) c, e
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Where c, and c, are arbitrary constant
Sine y=0, z=¢*

= e =¢(x) e’ + y(x)e°

e =0X) + y(X) e 3)

oz
Again for y =0, 5 = e i.e. from equation (3), we get

e =[0)e - w(x) €], _,

1
e = 900 &= i) g

e = o(X) — W(X) .orreene 4)
Now solving equation (4) and (5) for ¢(x) & w(x)

(3) + (4) = e + e* = ¢(x) + whx) + ox) - H (x)

e+ e = 2¢(x)

ox) = e’ = coshx .... (i)
(3)- @)= e — e = o] + y(x) - o] + w(x)
e —e> = 2y(x)
v =< —Ze-x = sinhx .........(ii)

By (i) & (ii)in (3)
z = cosh x e¥ + sinhx e
Which is required solution.

Q509.

Sol :

2

0z
+z=0whenx=0,z=¢e¢"and —=1

Solve o %

If z were a function of x alone, the solution would have been
D2+1=0
D2=-1
D=x%i
Yy, = C, COSX + C, SinxX
Where ¢, and c, are arbitrary constants
Since here z is a function of both x and y
-. ¢, and ¢, be choosen arbitrary function of y
= z =1, (y)sinx + f, (y) cosx ....... 2
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Partial differentiating with respect to ‘x’

oz .
x =f,(y) cosx — f,(y) sin X ......... 3)

Whenx =0,z=¢" = e =f (y) sin(0) + f, (y) cos(0)
e =1, (y) oo 4)
also, x =0, 2—)2( = 1= 1 =1 (y) cos(0) - f, (y) sin(0)

By (4) and (5) the required solution is z = sinx + €Y cosx

Q60.
Sol :

Solve (yz) p + (zx) g = xy

Given that (yz) p + (zx) q = xy

h : . dx dy dz
Hence the subsidary equation is VI T Xy
Choosing first two fractions

dx _dy dx _ dy

vz 2537 —7:}XdX:ydy

By Integrating Ix dx :Iy dy

x> y? C, A\
Z L = o2 =0 1

Choosing second and third fraction

dy dz dy dz

X xy oz Y
=ydy=1zdz
By Integrating
:>.|‘ydy:_|‘zdz+c2

= y?-17*=g¢,

.. The required solution is ¢(x*> —y?,y?-22)=0

g
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‘ Multiple Choice Questions I

1. 3;’ = xe* [a]
(a) y=(x-2)e*+Cx+C, (b) y=(x+2)e*+Cx+C,
() y=(x+2)e*+Cx*+C,x+C, (d) y=(x-2)e*-Cx+C,

2. (ax+bf £Y = [b]
(@ D(D-1)y (b) a*.D(D-1)y
(c) a*D(D-1)(D-2)y (d) None

3. y”—fy'+x—22y=0, y, =X is [b]
(&) y=(C,+C,x)e" (b) y=Cx+C,x?
(c) y=Cx+C, (d) y=(C,+C,x)e*

4. (2x2+1)y”—4xy'+4y:0,y1=X [c]
(@ Y¥=Cx+C,(2x*+1) (b) y=Cx-C,(2x*-1)
(c) y=Cx+C,(2x*-1) (d) None

5. x¥'ixyl—y=x%*, Yy, =X [b]
@) y:C1x+C2x2+x2Iogx—%x3 (b) y=Cx+Cx*'+e™(1+x7?)
(c) y=Cx+Cx* (d) None

6. j;/ =x?sinx [a]

(@ y= —x? sinx —4xcosx+6sinx+C,x+C, (b) y= x?sinx +4xcosx+6sinx+C,x+C,

(€) y=-x"sinx+4xcosx—6sinx+C, (d) None
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UNIT - IV

DIFFERENTIAL EQUATIONS

10.

(D2+D)y:x2+2x

3

(@ y=C +C,e” +X?

3
(c) y=Ce*+Ce™ +X?

y, for yl 12yl y =x%e™ is
(@) y,=(C,+C,x)e"
(c) y =Ce*+Ce™
y, for yl +y =4xsinx

(@)  x2cosx+xsinx

() —x*cosx-—sinx

(D*-2D-8)y = 9xe* +10e ™ is
(a) Ce¥+C,e® —xe* -2~

(c) Ce*+C,e™ +xe*-2e*

(b)

(d)

(b)
(d)

(b)

(d) —x?cosx —xsinx

(b)
(d)

y=(C,+C,x)e” +%

y=(C,+C,x)e" +%

y. =(C,+Cx)e™

—x2 COSX + X SinX

Ce™ +C,e ™ +xe* +2e

[a]

[b]

[b]

[a]

X

g
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‘ Fill in the blanks I

1. Equation of second order linear differential equation with constant coefficients is
2. Homogeneous equation of second order linear differential equation is
3. Solution for (D2 +4D+ 4)y =3xe™ is
4. Equation of Legender’s equation is
. d’y :
5. Equation of the form - =f(y) is
6. (D4—2D2+1)y:x—sinx then
7. (DZ—ZD—S)yzgxe* +10e ™ then y, is
8. (D*-3D)y = 2¢*sinx then vy, is
9, y' + 3yl + 2y = sinx then the solution is

10. yH + 3y| +2y =12¢* then

ANSWERS
d’y  _ dy
1. azWJrald—XJraoy:Q(x)
d’y _ dy
2. azWJrald—XJraoy:O
-2X -2X 1 342X
3. y=Ce™+Cyxe +EX e
n dny n-1 dn_ly
.k (ax+b +k . (ax+b) —=+......... +k.y=0(x
4 ﬂ( ) an ﬂ—l( ) an—l Oy Q( )
5 j dy =x+C,
' F(y)
5 . sinx
) 4
7. _xe* -2
er
8. = (3sinx +cosx)
9. y=Ce®+C,e"+2¢
10. y, =-2¢"
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FACULTY OF SCIENCE

B.Sc. Il - Semester (CBCS) Examination

DIFFERENTIAL EQUATIONS
MODEL PAPER - |

Time : 3 Hours ]

[Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

d_x _d_y _dz
2. Solve X2 y? _nxy

3. Solvable for x for y = 2px + p’y

4. Solve (p+y—+x) (xp+y—+Xx) (p+2x) = 0.

5. Find an equation of the orthogonal tra-jectories of the family of circles

having a polar equation r = f(8) = 2a cos6.

2

dx?

6. Solve — Y = COSX.

7. Solve y"-2y' +y = 7eX
8. Solve (D> + D) y = x* + 2x

9. Solve(y-2)p+Kx-y)g=z-x.

10. By eliminating the arbitray functions. Obtain the partial differential

equations form

@) z=1f(x*+y? (b) z=f(x + ct) + g(x —ct)

d_y:O

11, Solve (L+y?)+(x-e*™) >

12. Solve (D?-3D + 2) y =sin e*

ANSWERS

(Unit -1, Q.No. 51)

(Unit -1, Q.No. 87)

(Unit - 11, Q.No. 41)

(Unit -1, Q.No. 6)

(Unit-11, Q.No. 72)

(Unit - 1Il, Q.No. 41)

(Unit - 1Il, Q.No. 30)
(Unit - 11, Q.No. 74)

(Unit -1V, Q.No. 47)

(Unit -1V, Q.No. 36)

(Unit -1, Q.No. 45)

(Unit -1V, Q.No. 7)

g
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| YEAR Il SEMESTER

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer any Four of the following questions

13. (a) Define exact differential Equations.

(OR)
(b) Solve (xy2 - xz)dx + (3x2y2 +x%y—2x° + y"’)dy -0
14. (a) Solve p?+2Pycotx =y’
(OR)
(b) Solve p®(x+2y)+3p*(x+y)+(y+2x)p=0

15. (a) Solve (D?-2D + 5)y = e* sinx

(OR)

2

dy

d . . -
(b) Solve —+ 3d—i+ 2y =sinx by using undetermined coefficients.

dx?

2

dy

16. Ive (2x+3)? -
6. (a) Solve (2x+3) NG

d
2(2x+3)d—i ~ 12y = 6x

(OR)
(b) Solve (my —ny)p + (nx —1z) g = ly — mx

(Unit -1, Q.No. 46)

(Unit-1,Q.No. 70)

(Unit-11, Q.No. 7)

(Unit - 11, Q.No. 45)

(Unit - 1Il, Q.No. 52)

(Unit - 1Il, Q.No. 79)

(Unit -1V, Q.No. 27)

(Unit -1V, Q.No. 49)

§
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SOLVED MODEL PAPERS DIFFERENTIAL EQUATIONS

FACULTY OF SCIENCE
B.Sc. Il - Semester (CBCS) Examination
DIFFERENTIAL EQUATIONS
MODEL PAPER - Il

Time : 3 Hours] [Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

ANSWERS

1. Solve (y+z)dx+(z+x)dy+(x+y)dz=0 (Unit -1, Q.No. 79)
2. Solve y(1-xy)dx—x(1+xy)dy =0 (Unit - 1, Q.No. 58)
3. Define growth and decay. (Unit - 11, Q.No. 51)
4.  Solve p*(x+2y)+3p*(x+Yy)+(y+2x)p=0 (Unit - 11, Q.No. 45)
5. Bacteria in certain culture increase at a rate proportional to the number

present. If the number N increases from 1000 to 2000 in 1 hour. How

many are present at the end of 1.5 hours? (Unit - 11, Q.No. 53)
6. Solve (D® + 1) y = cos2x. (Unit - 11l, Q.No. 36)
7. Solve (D*-D?-6D)y =x*>+ 1. (Unit - 1, Q.No. 23)
8. Solve (D*-2D + 1)y = e* X2 (Unit - lll, Q.No. 50)
9. Derive Legendre’s Linear Equations. (Unit -1V, Q.No. 25)
10. Solve(y+2)p+(X+2)q=x+y (Unit - 1V, Q.No. 46)

dy dy

11. Solve y_Xd_x:a(yZer_xJ (Unit -1, Q.No. 8)
12. Solvex*(y-2)p+y*(z-xX)g=22(X-Y) (Unit -1V, Q.No. 54)
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| YEAR Il SEMESTER

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer any Four of the following questions

13. (a)
(b)
14. (a)
(b)
15. (a)
(b)
16. (a)
(b)

X+y-ady x+y+a

Solve X+y—-bdx X+y+b
(OR)
xdy —ydx
xdx+ydy+————=0
Solve y ay X2 1y
Solve x*p? +xyp—6y? =0
(OR)

Solve (X2 +y2)(l+ PZ)— 2(x+y)(1+P)(x+ Py)+(x+yP)2 -0

(i) Solve (D?-4D + 4)y = x*> + e* + sin2x
(i) Solve (D*-1)y = sinx
(OR)
Solve (D? + 4D + 4)y = 4x? + 6e*. by method of undermined
coefficients.
Solve x? D%y — x Dy — 3y = x? logx
(OR)

Write Working Rule of method of variation of parameter

(Unit-1,Q.No. 11)

(Unit -1, Q.No. 48)

(Unit - 11, Q.No. 8)

(Unit - 11, Q.No.40)

(Unit - 11l, Q.No. 61)

(Unit -1, Q.N0o.38)

(Unit -1, Q.N0.69)

(Unit -1V, Q.No. 18)

(Unit -1V, Q.No. 1)

Rahul Publications

g



SOLVED MODEL PAPERS DIFFERENTIAL EQUATIONS

FACULTY OF SCIENCE
B.Sc. Il - Semester (CBCS) Examination
DIFFERENTIAL EQUATIONS
MODEL PAPER - Il

Time : 3 Hours ]

[Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

dx _dy dz
—y?-7> 2xy 2xz

1. Solve 2

2. Solve (xz—yz)dx+2xy dy =0
3. Solve (x—a)p®+(x-y)p-y=0

4.  Solve y =2px+ tan‘l(xpz)

2

5. Solve (px-y)(py +x)=h’p
6. Solve (D? + 1) y = x? sin2x

7.  Solve (D?+ 4D -12)y = (x — 1) *
8. Solve (D?-2D + 1) y = xe* sinx

9. Solve y** — 2y* +y = e* log Xx.

2

dy
10. I
0. Solve X2

d
= 2(y® + y) under the condition y =0, d_i/:l’ whenx =0

11. Solve x*y* —xy'+y=0giveny, = x as a solution . By using
reduction of order of method.

12. Derive Legendre’s Linear Equations

ANSWERS

(Unit -1, Q.No. 89)

(Unit -1, Q.No. 15)
(Unit -1, Q.No. 50)
(Unit - 11, Q.No. 17)

(Unit-11, Q.No. 37)

(Unit - 1Il, Q.No. 60)
(Unit - 1Il, Q.No. 49)
(Unit - 1ll, Q.No. 59)

(Unit -1V, Q.No. 6)

(Unit -1V, Q.No.31)

(Unit-1,Q.No. 9)

(Unit -1V, Q.No. 25)

i
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B.Sc.

| YEAR Il SEMESTER

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer any Four of the following questions

13. (a) Solve (y*+yz)dx+(2° +2x)dy+(y* —xy)dz=0

(OR)
2 dy B 2 1/2
(b) Solve (1 X )&+2xy_x(1 X )
14. (a) Solve y_|-p)(:)(4p2
(OR)

(b) If Rs. 10,000 is invested at 6 percent per annum. find what amount
has accumulated after 6 years, if interset is compounded
(&) Annually (b) Quarterly and (c) Continuously.
15. (a) Solve (D? + 4D + 4)y = 3xe™*
(OR)
(b) Solve (D?-4D + 4) y = 8(x*> + e + sin2x).
16. (a) Solve (x*-yz)p + (y>—2x) q = 22— Xy
(OR)

d’y dy
(b) Solve (x + 3)? ol 4 (x +3) d—X+6y =log (x + 3)

(Unit-1,Q.No. 78)

(Unit -1, Q.No. 32)

(Unit-1I, Q.No.14)

(Unit - 11, Q.No. 63)

(Unit - 1ll, Q.No. 73)

(Unit - 11, Q.No. 47)

(Unit -1V, Q.No.52)

(Unit -1V, Q.No. 28)
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