TR EEE—
Rahul’s v g PER
Topper’s Voice CBCS SYLLABUS

| Year | Sem
(All Universities in Telangana)

Latest 2022 Edition

MECHANICS AND
OSCILLATIONS

PHYSICS PAPER - |

Study Manual

Solved Problems

Short Question & Answers
Multiple Choice Questions

Fill in the blanks

Solved Model Papers

Solved Previous Question Papers

REREE &R

price
- by - - 369'00
WELL EXPERIENCED LECTURER

i %Q Rahul Publications”

Hyderabad. Ph : 66550071, 9391018098

J

All disputes are subjects to Hyderabad Jurisdiction only



,—_-_—-_—-_-_—-_—-_-_—-_—-_-_—-_—_-\

B.Sc.

| Year | Sem
(All Universities in Telangana)

MECHANICS AND
OSCILLATIONS

PHYSICS PAPER - |

Inspite of many efforts taken to present this book without errors, some errors
might have crept in. Therefore we do not take any legal responsibility for
such errors and omissions. However, if they are brought to our notice, they
will be corrected in the next edition.

@ No part of this publications should be reporduced, stored in a retrieval system,
or transmitted in any form or by any means, electronic, mechanical,
photocopying, recording and/or otherwise without the prior written
permission of the publisher

Price ~. 169-00

Sole Distributors : @ : 66550071, Cell : 9391018098

VASU BOOK CENTRE

Shop No. 2, Beside Gokul Chat, Koti, Hyderabad.

Maternity Hospital Opp. Lane, Narayan Naik Complex, Koti, Hyderabad.
Near Andhra Bank, Subway, Sultan Bazar, Koti, Hyderabad -195.

,-----------------------
\-___--_—_-_—_—-_—_—-_—_—-_—_—-_—_—-_—_-_



e
T

MECHANICS AND
OSCILLATIONS

PHYSICS PAPER -1

STUDY MANUAL

T
T

N

_a

o
T
T

T
LT

I8 1 FAQ’s and Important Questions V- VIl
is i Unit - | 1-64
N Unit- 1 65 - 146
HOEETH Unit- 147 - 190
:T: Unit - IV 191 - 218
T SOLVED MODEL PAPERS |
EEEE: MODEL PAPER - | 219 - 220
HeeH  MODEL PAPER - I 221 - 222
HEENE MODEL PAPER - 111 223 - 224

SOLVED PREVIOUS QUESTION PAPERS I

July / August - 2021
November / December - 2019
May / June - 2019

November / December - 2018
May / June - 2018

November / December - 2017
May / June - 2017

December - 2016

225 - 226
227 - 228
229 - 229
230 - 230
231 - 232
233 - 234
235 - 236

237 - 238




N\
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

4

' SYLLABUS'

UNIT - |
VECTOR ANALYSIS :

Scalar and vector fields, gradient of a scalar field and its physical significance. Divergence and
curl of a vector field and related problems. Vector integration, line, surface and volume
integrals. Stokes, Gauss and Greens theorems-simple applications.

UNIT -1l
MECHANICS OF PARTICLES :

Laws of motion, motion of variable mass system, motion of a rocket, multi-stage rocket, con-
servation of energy and momentum. Collisions in two and three dimensions, concept of impact
parameter, scattering cross-section

MECHANICS OF RIGID BODIES :

Definition of Rigid body, rotational kinematic relations, equation of motion for a rotating body,
angular momentum and inertial tensor. Euler’s equation, precession of a top, Gyroscope

UNIT - 11l
CENTRAL FORCES:

Central forces — definition and examples, conservative nature of central forces, conservative
force as a negative gradient of potential energy, equation of motion under a central force,
gravitational potential and gravitational field, motion under inverse square law, derivation of
Kepler’s laws.

SPECIAL THEORY OF RELATIVITY :

Galilean relativity, absolute frames, Michelson-Morley experiment, Postulates of special theory
of relativity. Lorentz transformation, time dilation, length contraction, addition of velocities, mass-

energy relation. Concept of four vector formalism.

UNIT - IV
OSCILLATIONS :

Simple harmonic oscillator, and solution of the differential equation— Physical characteristics of
SHM, torsion pendulum measurements of rigidity modulus, compound pendulum,
measurement of g, combination of two mutually perpendicular simple harmonic vibrations of
same frequency and different frequencies, Lissajous figures.Damped harmonic oscillator, solution
of the differential equation of damped oscillator. Energy considerations, logarithmic decrement,
relaxation time, quality factor, differential equation offorced oscillator and its solution, amplitude
resonance, velocity resonance.
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Frequently Asked & Important Questions

UNIT - |

1. Explain in detail about scalar and vector fields.

Ans (Dec.-19, June-18(KU), Dec.-19(KU)
Refer Unit-l, Q.No. 14

2. Define gradient of a scalar field funct-ion. Explain the physical significance for the
gradient of a scalar field.

Ans : (Dec.-19(MGU), Dec.-18, Dec.-18(KU), Dec.-17(MGU), Dec.-16)
Refer Unit-l, Q.No. 15

3.  What is called divergence? Derive expression for divergence of a vector field.

Ans : (Aug.-21, June-18(KU), June-17, Dec.-19(KU), Dec.-16)
Refer Unit-l, Q.No. 16

4.  What are line, surface and volume integrals? Explain.

Ans : (Dec.-19, Dec.-18, Dec.-(MGU), Dec.-18(KU)
Refer Unit-l, Q.No. 19

5.  State and prove Gauss’s divergence theorem.

Ans : (Aug.-21, Dec.-19, June-19, June-18(KU, June-17)
Refer Unit-l, Q.No. 21

UNIT - 1l

1. Derive the equation of motion of variable mass system.

Ans . (June-21, Dec.-19, Dec.-16)
Refer Unit-1l, Q.No. 6

2. Describe the principle of motion of a rocket as system of variable mass.

Ans : (Dec.-17)
Refer Unit-1l, Q.No. 7

3.  What are the various stages of the rocket(multistage rocket) in motion?

Ans : (Dec.-19, Dec.-18(MGU)

Refer Unit-1l, Q.No. 8
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FAQ’s & IMPORTANT QUESTIONS MECHANICS AND OSCILLATIONS

4. Explain in detail about collisions in two and three dimensions.

Ans . (Dec.-19(MGU), June-19, May-18, Dec.-17, June-17)
Refer Unit-1l, Q.No. 15

5. Explain the terms impact parameter and scattering cross-section.

Ans . (Dec-19(KU), Dec.-19(MGU), Dec.-18, June-18)
Refer Unit-1l, Q.No. 16

6. Explain about Rutherford’s cross-section. Obtain an expression for the Rutherford’s
scattering cross-section and also number of scattered particles per unit area.

Ans . (Dec.-18, June-18)
Refer Unit-1l, Q.No. 18

7. Define rigid body. Derive an expression for the angular moments of a rigid body and
hence define inertia tensor.

Ans . (Dec.-19(KU), June-18(KU, Dec.-16)
Refer Unit-1l, Q.No. 29

8. Define principal moments of inertia, products of inertia, and principal axes of a rigid
body. Why are they important?

Ans : (Dec.-16)
Refer Unit-1l, Q.No. 30

9. Derive Euler’s equations of rotation of a rigid body about a fixed point.

Ans . (Dec.-19(MGU), Dec.-18, June-18, Dec.-17(MGU)
Refer Unit-1l, Q.No. 32

UNIT - 1l

1. Define gravitational field and gravitational potential. Obtain Expression for gravitational
potential due to a point mass.

Ans . (June-19, Dec.-16)
Refer Unit-1ll, Q.No. 7

2.  State and obtain kepler’s law motion planetary.

Ans . (June-17, Dec.-16)
Refer Unit-1ll, Q.No. 10

3. Define postulates of special theory of relativity.

Ans . (June-19)

Refer Unit-1ll, Q.No. 11
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AnS :

Describe Michelson Morely experiment. What is its significance?
(June-19, Dec.-18, June-18, Dec.-16)

Refer Unit-1ll, Q.No. 15

5. Explain and write Lorentz Transforma-tions.

Ans . (Dec.-16)
Refer Unit-1ll, Q.No. 16

6. Explain the concept of Time Dilation.

Ans : (Dec.-17)
Refer Unit-1ll, Q.No. 17

7. Whatis length contraction? Obtain expression for length contraction.

Ans . (June-19, (Dec.-17)
Refer Unit-1ll, Q.No. 18

UNIT - IV

1. Define simple harmonic motion? Write the Equation for simple harmonic oscillator?

Ans : (Imp.)
Refer Unit-1V, Q.No. 2

2. Write Physical Characteristics of simple Harmonic motion?

Ans : (Imp.)
Refer Unit-1V, Q.No. 4

3. Define torsion pendulum? How do you determine modulus of rigidity using torsion
pendulum?

Ans : (July-21)
Refer Unit-1V, Q.No. 5

4. Discuss the combination of two mutually simple harmonic vibrations of same
frequencies with neat diagrams?

Ans : (Imp.)

Refer Unit-1V, Q.No. 7
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5. What are damped osccillations? Solve the differential Equation of damped harmonic
oscillator ?

Ans : (July-21)
Refer Unit-1V, Q.No. 9

6. Discuss Energy consideration in damped harmonic motion?

Ans : (July-21)
Refer Unit-1V, Q.No. 10

7. Explain forced vibrations?Obtain differential equation of forced oscillator & its solution?

Ans : (Imp.)
Refer Unit-IV, Q.No.12

8. Explain the terms amplitude resonance & velocity resonance?

Ans : (Imp.)

Refer Unit-IV, Q.No. 13
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N ion of Vectors
1.1 VEecTOR ANALYSIS I otation o
- - - Vectors ate generally represented by
Q1. Explain the representation and notation | clarendon letters (letters in bold faced type) and
of vectors. their magnitudes by the corresponding italic letters.
Ans : Thus we may denote Qp by a and its-magnitude

L by a. Since it is very inconvenient to-show the

Definitions

There are two kinds of physical quantities.
The first are quantitities which have only magnitude
and which are not related to any fixed direction in
space. Such quantities are called scalars. Examples
of scalar are mass, length, density, volume etc."If
the unit of measurement is fixed, then a real number
is sufficient enough to represent a scalar quantity.

Second kind of quantities are those which
have magnitude as wellas direction. Such quantities
are called vectors. Examples of vectors are velocity,
displacement, force, acceleration etc.

Representation of Vectors

We shall represent vectors by directed line
segments. Let O be any arbitrary fixed point in the
space and P be any other point. Then the straight
line OP has magnitude as well as direction. Therefore
the directed line segment OP is capable of
representing a vector quantity. We denote this vector

by op or simply by OP and read it as vector OP.

The length OP represents the magnitude of the
vector OP. The point O is called the origin or the
initial point of the vector OP while P is called the
terminal point.

P

/

difference between italic and bold faced letters in
writing, we may-use the Greek letters a., 3, ¥, o etc.
to represent vectors and the letters a, b, c, d etc. to
represent their magnitudes. However, it is more

convenient to represent vectors by 3, b,c,d etc.
and their magnitudes by a, b, c, d etc.

Modulus of a vector. The non-negative
number which is the measure of the magnitude of

a vector is called is modulus or module. Thus the
length of the line segment OP is the modulus of

OP. The modulus a of a vector a is sometimes
written as +|a].

Q2. What are different kinds of vectors ?
Ans :

(i)  Zero or Null Vector

The zero or the null vector is a vector whose
mudulus is zero, and the whose direction is
indeterminate. The null vector is represented
by the symbol O (printed in bold faced typed).
In the case of the null vector the initial and
terminal points coincide. Thus AA, OO, etc.

are null vectors.
(if)  Unit Vector

A vector whose, modulus is unity, is called a
unit vector. The unit vector in the direction

]
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(iii)

(iv)

V)

(vi)

(vii)

of vector a isrepresented by 3. Itis read as
‘a Cap’.

Like and Unlike Vectors

Vectors having the same direction are called
like vectors and those having opposite
directions are called unlike vectors.

Collinear or Parallel Vector

Vectors having the same line of action or
having the lines of action parallel to one
another are called collinear or parallel vectors.

Equal Vectors

Two vectors are said to be equal if, and only
if, they are parallel, have the sense of
direction, and the same are called like vectors
and those having opposite directions are
called unlike vectors.

Collinear or Parallel Vectors

Vectors having the same line of action or
having the lines of action parallel to one
another are called collinear or parallel vectors.

Equal Vectors

Two vectors are said to be equal if, and only
if, they are parallel, have the same sense of
direction, and the same magnitude. The
starting points of the vectors are immaterial.
It is-the direction of magnitude which are
important. To denote the equality of vectors,
the usual equality sign(=) is used. Thus, if a
and b are equal vectors, we write a = b.

If the lines AB, CD and EFGH are parallel
and AB = CD=EF=GH, then we have

AB =CD=EF =GH.

/B H

The equality of two vectors, are discussed
above, does not mean that the quantities
represented by a and b are equivalent in
all respects. For example, if two equal forces
(in the same directions) are applied at
different points of a rigid body, they may have
different medchanical effects.

Rahul Publications

)

(viii) Negative Vector

(ix)

()

(xi)

The vector which has the same modulus as
the vector a but opposite direction, is called
the negative of a.

The negative of a isrepresented by —a. Thus
if AB =a, then BA = -a.
Co-initial Vectors

The vectors which have the same initial point
are called co-initial vectors.

Coplanar Vectors

The vectors which are parallel to the same
plane or which lie in the same plane are said
to be coplanar.

Localised and free vectors

A vector which is drawn parallel to a given
vector through a specified point in space is
called as localised vector. There can be one
and only one such vector. But if the origin of
vectors is not specified, the vectors are said
to be free vectors.

Q3.

What are the properties of vector
addition?

AnS :

Let a and b be any two given vectors. If

three points O, A, B are taken such that

OA =

a»AB = b, then the vector OB (= say c) is

called the vector sum or the resultant of the given
vectors a and b and we write

OB=0A+AB or c=a+b
It should be noted that the terminal point of

vector a is the initial point of vector b and the
resultant vector c is the join of the initial point of a
to the terminal point of b.

B
atb
b
(@) 2 A

The above law of addition is known as the

triangle law of addition.
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Q4.

Explain the Properties of Vector
Addition.

AnS :

(i)  Vector addition is commutative i.e.,
a+b=b+a, where a and b are any two
vectors

Proof :

Let a and b be two vectors represented by
OAand AB

Then by definition of addition of two vectors,
we have

OB = OA+AB=a+b ..(1)
Complete the parallelogram OABC

We have by definition of equality of two
vectors,

OC=AB=b
and CB=OA=a
C a B
b b
o 2. A

Now by definition of addition of two vectors,
we have

OB=0C+CB = b+a
From (1) and (2), we have
a+b = b+a, which proves the statement.
(if) Vector addition is associative i.e,
(a+b)+c = a+(b+c),
where a, b, ¢ are any three vectors

Proof :

Let OA=a,» AB=p ad BC=¢
Complete the quadrilateral

OABC

We have, by definition of addition of two
vectors,

OC=0A+AC
But by definition of addition of two vectors,
we have
C
C
B
(e, Y A

AC=AB+BC=b+c
OC = OA + (AB +BC) = a+(b+c)
(1)
Again we have by definition of-addition of
two vectors,
OC=0B+BC
But OB = OA + AB [by definition of
addition of two vectors]

= a+b.
OC = (a+h)+c .2
Hence from (1) and (2), we have

a+(b+c) = (a+b+c, which proves the
statement.

Note :

From the above property we notice that the
sum of three vectors a, b and c is independent of
the order in which they are added. Hence this sum
can be written as a+b-+c without any doubt.

(iii) For every vector a, a+0=a, where O is
the zero vector

Proof :

Let GA—-a and AK =0

We have by definition of addition of two
vectors

OA=0A+AA=a+0

a = a+0, which proves the statement

{ 3}
=
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(iv) Toeveryvector a, there corresponds the
vector -a such that a+(-a)=0, where
O is the zero vector

Proof :

Let OA=a; then AO=-a
We have by definition of addition of two
vectors
OA +AO =00
a+(-a) = 0. Hence the result
Substraction of vectors

If a, b, be any two given vectors, then we
write a+(-b)= a - b, and call the operation
subtraction. Thus to subtract the vector b from a,
reverse the direction of b and additto a.

Q5. Explain about multiplication of a vector
by a scalar.

AnS :

Let m be ascalar and a be a vector, then
ma is defined as a vector whose modulus is _|m]|
times the modulus of the vector a " and whose
direction is that of the vector a or opposite to the
vector a according as m is positive or negative.

1. From the above definition it is obvious that if
two non-zero a and b are collinear, there
exists-a non-zero scalar m such that a =
mb.

Conversely if there exists a relation of the type
a = mb between two non-zero vectors a
and b, then the vectors a and b must be
collinear.

2. If a denotes the modulus of a non-zero vec-
tor a, then the unit vectorain the direction
of a is given by

a

2 Tl

o |

1
Since a=0, therefore |a] #0 and so m

is a positive real number. Now by the definition of

1
multiplication of a vector by a scalar, ma is a vector

whose direction is that of the vector a. Again, by
the same definition, modulus of the

1 1

vectorma:m times the modulus of a =

1
ia =1.Thus ma is unit vector in the direction

|a
of the vector a.

Hence in order to obtain a unit vector in the
direction of any given non-zero vector we are to

divide that vector by its modulus i.e, we are to
multiply that vector by the reciprocal of its modulus.

Q6. State the Properties of Multiplication of
Vector by Scalars.

AnS :

(i) <The-scalar multiple of a vector satisfies
associative law, i.e.,

m (na) = (mn) a=n (Ma).

(i) The scalar multiple of a vector satisfies the
distributive laws;

ie., (m+n) a = ma+na (1)

and m (a+b) = ma + mb, .(2)

where m and n arescalarsand a and b
are vectors.

To prove (1) let m=+n be positive. Then the
L.H.S. of (1) represents a vector whose modulus is
(m+n) times the modulus of a and which points in
the same direction as a. The R.H.S. of (1) represents
the sum of two vectors of magnitudes |[m]a] and
In] |a] pointing in the directions of a or opposite
to a. The sum of these two vectors is a vector of
magnitude (m-+n) |a] and pointing in the direction
of a.

If (m-+n) is negative, then both the sides of
(i) represent a vector of magnitude | (m + n)|a]|
and pointing in the direction opposite to a.

Hence the result (1) follows.
Now we shall prove the result (2).

Let us first take m positive.

Rahul Publications
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Let OP=a and PQ=h
a

I

I

1
o g P P
9

Then, by definition of addition of two vectors,
we have

OQ=a+bh
Produce OP to P'such that mOP = OP',

Through P' draw a line parallel to PQ in the
sense of pQ to meet OQ produced in Q'. Then

since the triangles OPQ and OP'Q' are similar, we
have

OP' OQ! P!Q!
=——=—<=m [--

E— 0Q = PQ OP' = mOP]

0OQ'= mOQ and thus

0Q' =m OQ=m(a+b)
and P'Q'=mPQ and thus

P'Q'=mPQ =mb

Now intriangle OP'Q', we have by definition
of addition of two vectors

0Q'- 0P + PQ.
m(a+b) = ma+mb.

In the above case we have taken m to be
positive and =>1. If m is positive and less than 1,
then P'Q' will be nearer to O than PQ as shown in
the figure by dotted line P"Q".

It case m is negative, we take points P'and Q'
on PO and QO produced such that

OP'=mOP and OQ'= mOQ.

Now the result can be proved as above.

Q7. Describe scalar product of two vectors.
Ans :

The scalar product or dot product of two
vectors A and B is defined as the product of the
magnitudes of two vectors (i.e., A and B) and the
cosine of the angle between them.

A-B=AB cos9

where 0 is the angle between two vectors

A-B
AB

The product is a scalar quantity. The product
may be positive or negative depending upon the

angle 6. The product is negative when 6 is between
/2 and 37/2.

A-B=ABcos6=A(Bcos0) = (Acos 0)B

Hence, the scalar product of two vectors will
be equal to the product of the length of one vector
and the length of the component of the second
vector along the first vector direction.

cos 0 =

Properties

1. The scalar product is commutative, i.e.,
A-B=BA

2. Thescalar product follows the distributive law,

i.e.,
A-(B+C) = A-B+A.C
3. The scalar product of a vector by itself is equal

to the square of the scalar magnitude, i.e.,
A-A=A2

4.  The scalar product of two vectors vanishes
when the vectors are at right angles, i.e.,

AB=ABcos90°=0

5. When the vectors are parallel, the scalar
product of two vectors is equal to the product
of their scalar magnitudes

AB=ABcosO=AB

> J
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6. The scalar product of unit orthogonal vectors,
i, j and k have the following relations.

7. The scalar product of two vectors is equal to

the sum of the products of their
corresponding X, y and z components.

If A=iA +]A KA

and B-iB,+ jB +KkB,

then A-B=AxBx+ AyBy+A B
Examples :

1. fA=B,thenA-B=A A=A2= |AJ?

Thus the vector dotted with itself gives the
square of its magnitude. This provides a
method of finding the magnitude of a vector.

2. If A-B=0 but A0 and B=0.

then the two vectors i.e., A and B are
perpendicular to each other or the two vectors
are orthogonal.

Example :

Deduce the angle made by the vector 4i - 3j
+ 5k with Z axis.

Sol :

By the definition of dot product, the angle 6
between two vectors is given by

cos 0 =ﬂ
AB

Let the vector B be along the Z axis. Then B
=Bk

Now,

A-B = (4i - 3j + 5k) - (Bk)
= 4Bi-k-3Bj-k+5Bk-k
=0-0+5B=5B

A = 1Al = (A2 + AZ + A2)

= J1a4? + (37 + (5] =542
= [0F+ (O + (B)1=B

Rahul Publications
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1
or 0= COS_{%J = 45°,

Q8. Discuss about vector product of two
vectors.

AnS :

The vector product or cross product of two
vectors is defined as a vector having magnitude
equal to the product of the magnitude of two vectors
and the sine of the angle between them. The
direction being perpendicular to the plane
containing the two vectors.

If A and B are two vectors then their vector
product is A > B which can be expressed as

AxB=ABsin0n

where A and B are magnitudes of Aand B, 0
is the angle between them and n is a unit vector
perpendicular to the plane of A and B. The direction
of A < B is given by the right hand rule.

According to this rule, if a right handed screw
is imagined to be placed at the common tail point
of the two vectors [whose vector product is to be
obtained fig. (a) and is given a rotation from first
vector A to second vector B. then the advancement
of the screw gives the direction of resultant vector R
= A x B. Itis obvious from fig. (b), that if the screw
is rotated from B to A. then the direction of
advancement of the screw will be just opposite.
Therefore

VALAxE AR=AxE
| Bore
:<< T
— oA >
B o
: A ' “R=BxA
(@ (b)
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B < A = vector having magnitude of R but
opposite in direction

=-R.
Thus AxB xBxA
Q9. Explain the Properties of Vector Product.
Ans

i) The vector product is not commutative
AxB zBxA

ii) The vector product is distributive
AxB+C)=AxB+AxC

iii)  The vector product of two parallel vectors is
a null vector i.e.

AxB=ABsin0Onh =AB sin0n=0

iv)  The vector product of a vector by itself is a
null vector (zero)

AxA=AAsin0n=AAsin0nN=0

v)  The magnitude of the vector product of two
vectors mutually at right angle is equal to the
product of the magnitude of the vectors.

AxB=ABsin 6 n=ABsin90° n=AB n

vi)  Thevector product of unit orthogonal vectors,
i, ] and k have the following relations :

|><|:J><J:k><k:0

ixj=-xi=Kk,
jxvk=-kxj=i,
and kxi=-ixk=]j

vii)  The vector product of two vectors in terms
of their x, y and z components can be
expressed in the form of determinant.

If A:iA,+jAy+kAZ

and B=iB,+jB, +kB,
[ ik

then AxB=|A, Ay A
By By B;

viii)  The vector product of two vectors A and B
gives the area of the parallelogram formed
by the vectors. Let two vectors A and B are
inclined at an angle 6 as shown in figure.
OPMQ is the parallelogram formed by the
vectors A and B. QN is the perpendicular
drawn from Q on OP. The area of

parallelogram
= OP x perpendicular distance QN
= OP x0Qsin6
= ABsin0
= AxB.

Q10. Define scalar triple product of two

vectors.

AnNS

The scalar product of a vector A with the
vector product of two other'vector B and C is
termed as scalar triple product. This is written as

A-(Bx<C)

The scalar product A-(B>C) gives a scalar.
This gives the volume of the parallelopiped formed
by vectors A, B and C.

Expressing vectors in their components forms,
we have

A=iA +]jA +KkA,
B=iB,+]B,+kB,
C=iC,+jC,+kC,
A-BxC)=A,(B,C,-B,C)
+A (B,C,-B,C)
+A (B,C,-B,C)

and

In compact form, the above expression can
be expressed as

X z

z

A:(BxC) =

O W >
O o >

Ay
X By
X Cy z

Properties of Scalar Triple Product

1. If the scalar triple product is zero, then the
three vectors are coplanar.

(7 )
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2. The following cylic relation hold gold in scalar triple product
A.(BxC) = B-(CxA) = C-(AxB)
3.  The dot and cross can be interchanged in a scalar triple product
A-(BxC) = (AxB)-C
4. In scalar triple product
A-(BxC) = — A-(CxB)
Q11. Define vector triple product. Write the properties of vector triple product.

AnS :

The vector product of a vector A with the vector produce of two other vector B and C is termed as
vector triple produc t. This is written as

A x (Bx<C)

By the property of vectors products, A=< (B>=C) is a vector perpendicular to A and also'to (Bx<C).
Further (B>C) is perpendicular to plane of B and C. Hence AxB(>C) must be in the plane of B and C.

i i k
A x (BXC) = Ay Ay A,
(By C;,-B; Cy) (B, Cx - By C2) (Bx Cy - By Cx)
Properties
i) Ax(Bx<C) = (AxB)x<C
The associative law does not apply to vector products.

i) Ax(BxC)=B (A-C)-C (AB)
i)  Ax(BxC) =- (BxC) x A
iv)  Ax(BxC) + B x (CxA)+C x (AxC) =0
Q12. Explain the concept of vector area.

AnS :

We notice that, the vector product of two vectors A and B is another vector C and

C=AxB=(ABsin0) n
where, 0 is the angle between A and B and n is the unit vector in a direction perpendicular to the plane
defined by A and B.

AB Sin 0 is the magnitude of C and we know that this mag-nitude is equal to the area of the
parallelogram formed with sides as A and B, having an angle 8 between them. The details that can be
inferred from the vector product about the parallelogram are

a) The location of the parallelogram in space.
b) Relative position of one side with respect to the other, and

c) The area which has got a numerical value equal to the magnitude (length) of the vector C

{ 8 }
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Any plane area of magnitude. AB sin 0, with its positive unit normal n can be visualised to represent
the vector product A x B. This idea leads us to the concept of vector area.

Any plane area such as S shown in the Fig. above can be considered to have got the Vector
Properties, i.e., both magnitude and direction.

The magnitude is equal to just the area and the direction is that of the normal to the plane of the
area. The sign of the vector area is by convention, defined with respect to the order in which the area is
traced out when viewed from an external point as O. If the area is traced in the anticlockwise direction, the
positive direction of vector area will be along the unit normal n. The direction of tracing the area S and the
unit normal n are related to by the Right Handed Screw Rule.

The equation S = S n defines the vector area S

Vector areas can also be resolved into components and added together, just like all the other vector
quantities.

Vector areas are quite useful in physics. In enunciating the Gauss’s Law in electro statics or relating
the macroscopic current i to the microscopic current density J, the vector area concept is quite useful.
Q13. What is vector differentiation? Discuss the rules of vector differentiation.

AnS :

Any change in a vector involves both the change in the magnitude of the vector and also the
change in its direction. Hence, a vector derivative is basically different from the ordinary derivative of a
(physical) scalar quantity.

Let-us consider a particle moving along the curved path AB. Let teh particle be at a point P, on the
curve at time t;, and be at P, at time t,. With respect to the origin O, the position vector of P, is

OP1 =1(t;) and to P,is OP2 =r(t,)

The displacement of the particle in the time interval
At=t,—t, will be Ar=r(t) - r(t)
This follows from the law of addition of vectors and nothing that as At is very small, Ar is also quite
Ar
small. A gives the rate of change of r. The direction of this ratio will be along P,, P,, that is, along the

direction of Ar.

{ 9 }
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When At is very very small, that is At = 0, Ar will be represented by dr and At by dt and

Ar d
AL dt ——and is called the vector derivative of r. We know that dr/dt is nothing else but, the velocity v of
the particle.
y _dr
ence V=1

We should note that, dr is a vector increment and hence involves both a change in magnitude, as
well as change in its direction.

If r is expressed in its rectangular components as

r=xi+yj+zk

then the velocity v = = i+ 2}, &2y 1

en the velocity gt ar T (1)
. _dv_dzr_ d?x ). (d?% ). (d?z K

and acceleration a‘E‘W‘ el I+ el I+ a2 ..(2)

Rules
1. Differentitation of sum of two vectors

If C=A + B, then

dc_da_ de
dt dt dt
A+B dA dB
( )= t dt

Vector differentiation is distributive

2. Differentiation of the scalar product of two vectors

If C=A - B, then
dc (dA dB
dt Udt ) BYA g

dA dB
ie., (A B) = ( J B+A£dtJ

Vector differentiation is commutative

Let us consider a special case where A is a constant vector that is, the magnitudeof A is a constant
andB=A

dA dA
Then —(AA) [ J A+A. ( dt}

{ 10 }
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E(AZ): 2£d_AJ.A
dt dt

d
But, as A is a constant, E(AZ) =0

dA dA

Hence, Z(Ej -A=20 or (Ej-Azo

_(dA) .
That is, (EJ is perpendicular to A.

A is a constant defines the position of a point on the surface of a sphere of a radius a.

dA/dt gives the velocity and it is perpendicular to A. That is, when a particle moves on the surface of

a sphere, its velocity will always be normal to the radius vector. This is obvious in circular motion.
3. Differentiation of vector product of two vectors

If C= A x B, then

dc _(dA dB
dt  Ldt J<BFAX{ g

o d _(9A a8
(i.e.,) at (AxB)= Ko B+ AXx at
4. Differentiation of scalar tirple product

If ' E=A.(Bx=C) (E isascalar)
de _(dn (8 ) on[0x%C)
at —Ldt ) BXOFA g~ A P g

d dA dB dC
i.e., at [A'(BXC)]:LEJ (BxC)+A. [EX CJ +A. [B XEJ

5. Differentiation of vector triple product

If D= A x (BxC) then

d dA dB dC
N R

In general, vector differentiation follows the same rules as of ordinary differential calculus.

But, here we should be cautious enough to note that a vector product foes not follow the commutative

law.

|' 11 |I
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The concept of a scalar field can easily be
I 1.2 ScaLAR AND VECTOR FIELDS understood with the help of the following examples:

Q14. Explain in detail about scalar and vector
fields.

(OR)
What are scalar and vector fileds?

ANS . (Dec.-19, June-18(KU), Dec.-19(KU)

We know that a physical quantity can be
expressed as a continuous function of the position
of a point in the region of space. For example when
arod is heated at one end, then there is a variation
of temperature along the length of the rod. The
physical quantity temperature at any point (X, Yy, z)
can be expressed by a continuous function T (X, Y,
z). Such a function is termed as a point function or
function of position. The region specifying that
physical quantity is labelled as its field. Depending
upon the nature of physical quantity the field may
be scalar or a vector.

)] Scalar Field

If a scalar physical quantity is assigned to.each
point in space then we have a scalar field in that
region of space. The scalar field in three dimensions
can be represented by a scalar point function ¢(x,

¥, 2).
Example

The electronic potential due to a single positive
charge g columns depends on the position of the
point from the charge. Then V(X,, Yo, Z,) and V(x,,
y,. Z,) are the scalar point functions at (x,, Y, Z,)
and (X, ¥,, Z,). Now the region is a scalar field.

In a scalar field, there are a number of surfaces
are known as level surfaces.

The level surfaces, equipotential (gravitational
or electrostatic) etc.

For example, if we imagine sphere of different
radii taking a point charge q as the centre, then we
get equipotential level surfaces. These are spherical
in nature and at any level surface the scalar point
function V (x, v, z) has a constant value. If the level
surface are parallel to each other, then the scalar
field is called as stationary scalar field.

Rahul Publications
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i) Consider a solid block of material whose faces
are maintained at different temperatures.
Now the temperature of the body will vary
from point to point, i.e., temperature will be
a function of position coordinates X, y, z in
rectangular coordinate system. Hence,
temperature is a scalar field.

i) The density at any point inside a body
occupying given region is a scalar field. The
electrical potential is differeent at different
points. Hence, electric potential is scalar field.

I)  Vector Field

When a vector physical quantity is expressed
from point to point in_the region of space by a
continuous vector function A(X, Y, z) then the region
is a vector field. The example of vector field are
gravitiational, magnetic, electric intensity.

The vector point function at any point in the
field is given by a vector having unique value for a
magnitude and direction.

Both magnitude and direction change
continuously from point to point throughout the
field region. Starting from any desired point in the
field and processing throughout infinitesimal
distances from point to point in the direction of field,
we obtain a curved line. So the field can be mapped
out by curved lines known as flux lines or lines of
flow.

The tangent at any point of a line gives the
direction of A at the point. The magnitude of A at
any point of on a flux line is given by the number
of flux line crossing unit area perpendicular to their
direction drawn at any point.

The number of lines passing through unit area
of the surface perpendicular to their direction is
called as magnetic flux. The magnetic flux depends
on the distance of the point from the magnetic pole.
In this way, the magnetic flux at that point. When
the flow lines are parallel to each other, then the
vector field is called as stationary vector field.
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1.2.1 Gradient of a Scalar Field and Physical significance

Q15. Define gradient of a scalar field funct-ion. Explain the physical significance for the
gradient of a scalar field.

(OR)
Explain gradent of a scalarfield.
(OR)
Define gradient of a scalars filed obtain an expression for it.
Ans . (Dec.-19(MGU), Dec.-18, Dec.-18(KU), Dec.-17(MGU), Dec.-16)

In order to consider the gradient of a scalar, let ¢(X, y, z) be a scalar function of position of a scalr
point of coordinates (X, y, z). The partial derivatives of ¢ along the three coordinate axes are

a oo
ox oy N
The gradient of a scalar function ¢ is defined as

N
grad o= |a—i)+15+ ka—i) (1)

We know that vector differential operator v (del).is defined as

—'i+'i+ki
V= oy ™
_ .00 00 3
Vo= 5ty G @)

The equation (2) is the same as equation (1). It is obvious from equation (2) that del operator (V)

is a vector operator and when operated with a scalr (¢) converts the scalar into a vector. The vector (V¢)
is called the gradient of the scalar.

The gradient is a different operator by means of which we can associate a vector field with a scalar
field. For example, the intensity of electric field E, (a vector quantity) is the gradient of potential V (a scalar
guantity) with a negative sign, i.e.,

E=-gradV

The negative sign indicates that the direction of field intensity is opposite to the direction of increasse
of potential.

Let S(x, Y, z) be a scalar point function depending on the three cartesian coordinates in space.
Suppose 0S/0ox,0S/0y and gS/oz be the partial derivatives along the three perpendicular axes
respectively. Now the gradient of the scalar functioon S can be expressed as

PP
grad > =1 Moy 7%
. 0 2
or grad S= v S where v_|ax+16y+ p

13
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Physical significance for the gradient of a scalar field

Consider two such surfaces, very close to each other, as shown in fig. (1). These surfaces-are specified
by constant scalar function S and S + dS respectively. Let A and B are two points on these surfaces and
O is a point outside the surfaces. Let r and r + dr be the radius vectors of points A and B with respect to
origin O respectively. The vector drawn from A to B will be dr (- AB = OB — OA =r+dr —r =dr). Let

the normal drawn from the point A of surface S is AC and n is the unit vector along the normal. Now
certainly AC will be minimum distance between the two surfaces. Suppose the angle between AB and AC
is 6.

e
r+or

o
Now the magnitude of the rate of increase of S at point A in the direction AB is §S/or. Similarly, the
rate of increase of S in the direction AC is §S/on. From AABC, AC = AB cos 6 or gn = on or cos 0

0S ) oS 0S

8_n = Srcoso O Eza—ncose

It is obvious from eq. (1) that §S/or is maximum when 6 = O because now cos 6=1. So the

maximum value of 5S/ar is S/on - In this way the maximum rate of increase of a scalar function S at any
point in-a scalar field is given, in magnitude and direction by the vector

oS -
—n
on

where N is the unit normal vector at that point. The vector is defined as the gradient of the scalar field S
at that point and is written as

ds=2n
gra =
Thus the gradient of a scalar field S is a vector whose magnitude at any point is equal to the
maximum rate of increase of s at that point and whose direction is along the normal to the level surface at
that point. This gives the physical significance of gradient of scalar field.

1.2.2 Divergence of a Vector Field
Q16. What is called divergence? Derive expression for divergence of a vector field.
(OR)

Explain divergence of a vector field and its physical significance.

— 'l 14 ',
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(OR)

oA, OA, BA, _ .
+ + where A is a vector filed.

oX oy 0z

Ans . (Aug.-21, June-18(KU), June-17, Dec.-19(KU), Dec.-16)

Show that the dNA

The operator v can be involved in the multiplication with a vector. The scalar or dot product of

operator v with a vector A (i.e., v - A) is called as divergence. The divergence of a vector field at any

point is defined as the amount of flux per unit volume diverging from that point. The divergence is a
scalar.

Let A be a vector function differentiable at each point (x, y, z) in a region of space. Now the
divergence of A is given by

. o,,.9) .
vV-A= 'a—x+ya+ P (A +]A +KA)

0A
_ OA LBy 0A,
X oy oz

div A= A_anjLaAer@Az
NAZV A= "% "oy &

This is the expression of divergence in cartesian coordinates.
Expression for Divergence of a Vector Field

Consider a small rectangular parallelopiped in vector field as shown in fig. below. Let dx, dy and dz
be the lengths of the sides of parallelopiped parallel to the coordinate X, Y and Z axes respectively.

Let a vector A represents the velocity of a fluid centre C with components A,, A, and A, along the
three axes respectively. Let 0A, /0x represents the rate of change of A, along the X-axis. Similarly aAy/
oy and 0A,/oz will be the rate of change of A; and A, along Y and Z-axes respectively.

Y :
F i Q
dz /|
X '
O E ; P
z L A A Ax+ 3 2%
! Vi m 2 ox
- e N ,c_ *—1—>r
1 aAX N : AZ’/ AX
Ax~—= —=dx ! d
2 ox i ] = R
- G /
H dx S

The value of A, at the centre M of face PQRS
= value of A, at the centre C + increase in magnitude from C to M

= value of A, at centre + rate of change > distance

{ 15 |
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_A+8AXXdX_A+18AXdX
T ax 2 T Tx T 2 ox

Similarly the magnitude at the centre N of face EFGH

1 0A
= - dx
A 2 0x
The negative sign is taken because N is towards left of C.
We know that the value of the fluid flowing per unit time through a face is equal to the product of

the area of the face and normal component of the vector upon it. This is known as flux through the face.

Hence

_ 1 0A,
Flux entering the face EFGH = | Ax =5 — ~dX | dy dz

where dy dz is the area of face EFGH

_ 1 0A,
and Flux leaving the face PQRS =| Ax +E a—xdx dy dz

The excess of flux leaving the parallelopiped over that entering in x-direction is given by

1 0A 1 0A
[Ax 5 axx dXJ dy dz - [Ax -5 a—XXdXJ dy dz

— P dx dy dz

OX
Similarly, the next flux leaving the paralleopiped in Y and Z-directions are

oAy 0A,
—>dx dy dz and p dx dy dz

Total flux leaving or diverging from paralleopiped

—%ddd+a"lddd+%ddd
—axxyzayxyz 82xyz

OX oy 0z

0A
= {aAX +— +6Azjdx dy dz
Here dx dy dz is the volume of the elementary parallelopiped. Hence the amount of flux diverging

per unit volume

OA
_ O0A Py 0A,
OX oy 0z

This is defined as divergence of A.

. 6Ax +6Ay +6Az
Thus div A = ox oy o

g
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1.2.3 Curl of a Vector Field
Q17. What is curl of a vector field ? Obtain expression for curl of a vector field.

Ans . (Dec.-19, Dec.-19(MGU), Dec.-18(KU)

Consider two areas ABCD and A' B' C' D' in a uniform electric field which is represented by straight
parallel lines as shown in fig. The area A' B' C' D' is perpendicular to lines of force. So the contribution of
line integrals is zero. For area ABCD, the line integrals along AD and BC are zero while the line integrals
along AB and CD are not zero. This shows that there is a certain orientation of the area for which the line
integral is maximum.

T

A ,r;‘; i ‘ilB .
—
ol TS
D’ .

The curl of a vector field is defined as the maximum line integral of the vector per unitarea. It is
essentially a vector quantity. The direction is normal to the area.

If A 'is a vector function differentiate at each point (x, y, z) in aregion of a space, then the curl (or
rotation) of A expressed by the cross product of v and A, i.e.,

i i k

CulA=vxA= i i i
oX oy oz

Ay Ay A,

Physical Significance of a Curl

The curl is a closed line integral per unit area as the area shrinks to a point. It gives the circulation
per unit area i.e., circulation density of a vector about a point at which the area is going to shrink. Thus
curl of a vector at a point quantifies the circulation of a vector around that point. In general if there is no
rotation, there is no curl while large angular velocities means greater values of curl. The curl also gives the
direction, which is along the axis through a point at which curl is defined.

The magnetic field lines produced by the current carrying conductor are rotating in the form of
concentric circles around the conductor. Thus there exists a curl of magnetic field intensity which we have

defined as v < H. The direction of curl is along the axis about which rotation of a vector field exists and
the proper direction is to be obtained by right handed screw rule. If the direction of rotation of vector field
about a point reverses, the sign of the curl also reverses.

The water velocity in a river which increases linearly towards the surface, the magnetic field lines
due to current carrying conductor, the body rotating about a fixed axis are few examples of a curl.

Thus if curl of a vector field exists then the field is called rotational. For irrotational vector field, the
curl vanishes i.e. curl is zero.

Another physical interpretation of a curl is about a rigid body rotating about a fixed axis with
uniform angular velocity. Thus if v is its linear velocity then its angular velocity (w) is half the curl of its
linear velocity. The curl v represents the net rotation of a body about the axis.

{ 17 ' T .
| Rahul Publications



B.Sc. | YEAR | SEMESTER

Expression for Curl of a Vector Field

Consider a small rectangular area abcd in a vector field along X-Y plane as shown in fig. Let dx and
dy be the sides of the rectangular area parallel to X and Y axes respectively. Further let the value of vector
field at the centre P be A and its components are A, and Ay along X and Faxes respectively.

% Ax+ = —=—dy
d 2‘ay c
P Hr x
© ! S
kN B 3
(g~} S i ______ D
—|N P —lN
I Ax Q +
> >
< e—ax/i2—T <
a 1 0A b
Ax—‘— —87)(dy
o X

Now we shall consider the values of these components at the middle points Q, R, S and T. It should
be remembered that the rate of change of A, along y-axis can be represented by 6A,/dy and similarly the
rate of change of Ay along x-axis can be represented by aAy/ OX.

The increase in magnitude of A, in going from P to R will be

O0A, oA, (1 _ 10”4
= (PR) = —d
oy oy \2°)72 6y
10
The value of A, at R=V, +§ . Egn. (1)
Similarly,
1
The value of AjatT = A, ~ E dy .. Egn. (2)
_ 10
The value of Ay atT —Ay+5 F™ Y dx .. Eqn. (3)
1 oAy
The value of AjatsS = Ay—2 o dx ... Egn. (4)

Now the line integral along the boundary abcd

= ab > (component of the vector along ab) + bc < (component of the vector along be) + cdx
(component of the vector along cd) + da > (component of vector along da).

16A, 10Ay 10Ay 10Ay
[A _EWdyj dX + {Ay "rE dXJ dy {AX "rEW dX _ Ay —Ea—xdx dy

The last two line integrals are taken as negative because the components of the vectors are in
opposite directions.

Ay oA,
= ax oy dx dy ... Egn. (5)

{ 18 }
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ox oy

OA, JOA
. —XJ ... Egn. (6)

The line integral per unit area 2(

(- area of the rectangle is dx dy)

By definition, eq.(6) represents the magnitude of the component of curl A taken about Z-axis.
Hence, we may write

Ay oA
y X
curl, A = ( x oy Jk .. Egqn. (7)

where k is unit vector along the Z-axis.

Similarly, the components of curl A about Y and X axes shall be

_[OAx OA;).
curly A= 2 ox .. Egn. (8)
oA, Ay,
and curl, A= oy “a ! .. Egn. (9)
Adding egs. (7),(8),(9) we get
. aAz 6Ay . an oA, 6A)/ an
curl A= ( oy  a Il T +k x oy .. Eqn. (10)

In the determinant form eq.(10) can be expressed as

i i k
curl A= o o 9
ox oy oz
Ay Ay A

Curl in Various Coordinate Systems

Asthe curl of A i.e, V x A isa cross product it can be expressed in determinant from in various co-
ordinate systems.

1. Cartesian Co-ordinate System

a, a, g v
— o o8 @
VA= R _
Ac A, A, <A
oA, OAy A, OA, ] |9Ay AL |
{E_F} X+{62_6x}y{6x ay}z

19
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2.  Cylindrical co-ordinate system

a ra, &

_ 1|9 92 @
VxA=Tla a0 &
Ay TA, A,

_ F oA, _aﬂ . {aAr _aAz} . {;60%)_;%
r

r oo 0z oz or r or

3.  Spherical co-ordinate system

r o

a, ra  rsinda,
_ 1 0 0 0
VxA= r?sino 5 % %
Ar  TAg  TSinBA,
B 1 6A¢sin6 Ay | 1]01 OA a(rA¢) B
VxA= Fo o { 0 _a_q)} a'+?Lin6 o }a

k

1

o(rAg) oA, |-
o 09

Q18. What are the properties of a curl?

AnS :

The various properties of curl are,

1.

2.

The curl of a vector is a vector quantity
V>(A+B)=V XA+V xXB
VXV *xXA=V(V.A)-V2A
The divergence of a curl is zero

V x(V <xA)=0
The curl of a scalar makes no sense

v > o = No sense if a is scalar.
The curl of gradient of a vector is zero.

V Xy V=0

VXAXB=A(WV*B)-B (V+A)=(B*V)A-(A*V)B

20
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1.3 VECTOR INTEGRATION I

1.3.1 Line, Surface and Volume Integrals

Q19. What are line, surface and volume integrals? Explain.

AnS :

(OR)
Write a short note on vector integration

(OR)
Explain line, surface and volume.

(Dec.-19, Dec.-18, Dec.-(MGU), Dec.-18(KU)

The integrals which are commonly used are :
1. Lineintegral
2. Surface integral and
3. Volume integral

Line Integral

Integral Jf A - dl is defined as the line integral of A along the curve PQ.

If A denotes the electric field intensity at any point, then the line integral represents the potential
difference between P and Q.

Surface Integral

Consider a simple surface S in a vector field bounded by a curve as shown in fig. Let dS be an
infinitesimal element of the surface. This surface element of area dS can be represented by area

vector dS. If n be a unit positive vector (drawn outward the surface) in the direction of dS, then

dS=n ds

Let A be a vector at middle of the element dS in the direction making an angle 6 with n. Now the
scalar product

{ 21 '
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A-dS=A-ndS=AdScos0
is called the flux of vector field A across the area element dS. The total flux of the vector field across
the entire surface area S is given by

HSA'dSZHSA-ndSZHSAcosedS

This is defined as the surface integral.
3.  Volume Integral
The integral evaluated over a three dimensional domain is known as volume integral.

Consider a closed surface in space enclosing a volume V. If A be a vector point function at a point
in a small element of volume dV, then the integral

I Aov

is called the volume integral of vector A over the surface.

1.4 STOKE’S THEOREM

Q20. State and prove stoke’s theorem.
Ans . (June-19, June-18, Dec.-16)

Statement

The line integral of a vector field A around a closed curve is equal to the surface integral of the curl
of A taken over the surface S surrounded by the closed curve, i.e.,

¢ A-di=f[curla-ds= [[ (v xA)ds

Proof

Consider a surface S enclosed in a vector field A. The line integral of A around the curve PQR
traced counter - clockwise is

cﬁcA-dl

Fat
Closed R N Cul A s
curve
A as — T
S P @
al < <
sy S

Let the entire surface be divided into a large numbr of square loops. Suppose n be a unit positive
outward normal upon dS. The vector area of the element is

n dS=ds
So the line integral of A around the boundry of the area dS is
curl A - dS

{ 22 |
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This applies to all surface element. Hence the sum of the line integrals of A around the boundaries
of all the area elements is given by

J curl A - dS
S
This is the surface integral of A.

The sum of the line integrals on the boundary line of the curve is given by eq. (2) This is also given
by eq. (1). Hence

§ A-di=[[curna-ds=[[(v xA)-ds

This is Stoke’s theorem.

From eq. (3), Stokes theorem gives a method to convert a surface integral into a line integral and
vice versa. When curl A is zero, the line integral of A over the closed path is zero and hence the field is
conservative.

1.5 Gauss’s THEOREM

Q21. State and prove Gauss’s divergence theorem.
Ans . (Aug.-21, Dec.-19, June-19, June-18(KU, June-17)
Statement :

The surface integral of the normal component of vector A taken over a closed surface S is equal to
the volume integral of the divergence of vector A over the volume V enclosed by the surface S, i.e.,

_L_[A-ds = J.ijdivAdV: jﬂ(v LAY dv

Proof :

Let us consider a closed surface S of any arbitrary shape drawn in a vector field A as shown in figure
below.

zZ

Let the surface encloses a volume V.

We know that div A represents the amount of flux diverging per unit volume and hence the flux
diverging from the element of volume dV will be div A dV.

So the total flux coming out from the entire volume is given by

[[[ div A dv
\%
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Now we consider a small element of area dS on the surface S as shown in fig. Let n represents the
unit vector drawn normal to area dS. It should be remembered that outward drawn normal on a surface

is taken as positive. If the field vector A and outward normal i are at an angle 6, then the component of
Aalong n is

AcosO=A-n
The flux of A through the surface element dS is given by

(A-Nn)dS=A-ds
So the total flux through the entire surface S is given by ” A-dS.. (2
S

This must be equal to the total flux diverging from the whole volume V enclosed by the surface S.
Hence from egs. (1) and (2) we get

[[ A ds= [[[divaav .. 3)
S \%

This is Gauss theorem of divergence and may also be written as
[[a-ayas=[[J(v-ayav (@
S \%

(i)  Gauss divergence theorem provides a relation between surface and volume integrals.

(i)  This theorem is applicable for closed surface only.

I 1.6 GREEN’S THEOREM

Q22. State and explain Green’s Theorem applications.
Ans . (June-17, Dec.-16)

Statement :

If ¢ and v are two scalar point functions such that these functions and their first derivatives are
continuously differentiable, in a region bounded by a closed surface S, then we have

[[J@vay + vevy)av = [[@Vy).ds - (@)

and JIJ@V2w —wV2Oav = [[@vy - yve).ds Q)

These equations are known as first and second form of Green’s theorem.
Proof :
Let us take the following mathematical from Gauss’s divergence theorem

jﬂdivAdV:‘gA.dS

'l 24 ',
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Because Vv will also be a vector quantity, ¢ Vy will be a vector quantity.

Let this is represented by vector A. Thus

A= ¢Vy

.oy .oy oy
i i =¢|i—+]—+k—
or IAX+JAy+kAZ—(|)[ ox J j

oy 0z
From this equation we can see that A, = ¢Z\V A = ¢ ay and A, = ¢éﬂ
) oA, GA aAZ
Now divA= ox 8y e

Substituting the values of A,, Ay and A,, we get,

ava= o iw}i(d,a_w}g(d,a_wj
ox\ ox) oy\ oy) oz\ oz
:(¢62u;+@_a_wj+(¢ . _¢_‘VJ [ O’y , 9 5\IIJ
Ox* X X oy’ oy oy 2w @

Oy 52\I! %y ) 0 oy 8 oy 8 oy
— L0 oy op oy &9
d{ﬁx oy* oz° ) ox ox oy oy oz oz =¢Viy +Vo.Vy ..(4)

Substituting the value of div A from equation (4) in equation (3), we get
2
[, wv?0+Vyvg)dv = jsj (OVy).VS 6

This is known as Green’s first theorem.

Interchanging ¢ and y in equation . (a), we have

jij (WV20 + Vy.Vo)dV = jsj (yV4).VS @
Subtracting equation (5) from equation (a), we get,

[ j [@V2y - yv?g)dv = j [@Vy - yve).ds o

This is known as Green’s second theorem.
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PROBLEMS
1. Compute A xBandB x A, when A=10i-6j and B =-4i + 3j
Sol :
We know that
ik i j k
axg = | A Ay A _|10 -6 0
Bx By B, -4 3 0
= k[10 x 3-(-6)(-4)] =6k
Further AxB=-BxA
BxA=-AxB=-6k
2. If Aand B are two vectors givenby A=1A, +jA + kA,
B=iB,+jB,+kB,
show that, AxXxB=-BxA
Sol :
We know that
i i k
AxB— Ay Ay A
Bx. By B;
i i k
_ Bx By B,
Ax Ay A
(- Interchange of rows in determinant produces a negative sign)
=-BxA.
3. Prove that |AxB|2+ |A - B|2 = A2B2
Sol :

We know that
|A><B| =ABsin®
and |A-B] =AB cos6
|AxB|2+ |A-B|2 = (A Bsin 0)2 + (A B cos 0)2
= A2B?[sin20 + cos? 0] = A2B,

Rahul Publications
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4. Express the scalar triple product A-(BxC) in terms of the cartiesian components of the
vectors A, B and C.

Sol :

First of all, we express the vectors A and B>C in their cartesian components. Thus

i k

—

A(BXC) = (iA+]jA+kA) |B, B, B,
Cy Cy C,
=({A+jA +kA) [i(B,C,-B,C)

+J (Bz Cx_ Bx Cz) + K (Bx Cy_ By Cx)]
:[Ax (ByCZ_Bz Cy)+Ay(Bz Cx_Bx Cz)]+Az (Bx Cy_By Cx)

Ac Ay A,
_|Bx B, B,
Ck Cy C,

5. A paraellopiped has edges described by the vectors i + 2j,4j and j+3k. Find its volume.
Sol :
Volume of parallelopiped = A « (Bx<C)

Ay Ay A,
B, B, B
Further, A.-(BxC) = | X ¥ 7t
Cy Cy C,
Given that, A=i+2ie, A =1, A =2 and A,=0

B=4jie B,=0,B,=4 and B,=0
C=j+3kie, C,=0,C,=1andC,=3

A (BxC) = =12

o O -
P AN
w O O

6. Prove that if the scalar triple product of three vectors vanishes, the vectors are coplanar.
Sol :

A-(BxC)=0, ie.,

Given that, A- (Bx<C) =0, i.e.,

Volume of parallelopiped = 0

So, the vectors A, B and C must be in the same plane.

{ 27 '
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7. If A=2i-3j+k,B=3i+4j and C = 3i + 6k, deduce the values of :
i)A-(BxC) and iil) (AxB) - C
Sol :

A, A, A
i) A-(BxC)=|By By B,
Ccy C, C

2 1
=13 4 0
3 0 6

=2(24-0) - (-3)(18 - 0)+1 (0 - 12) = 90
i)  We know that

(AxB)-C = A.(BxC)

(AxB)-C = 90

8. Express the scalar triple product A - (B x C) in.terms of the cartiesian components of
the vectors A, B and C.

Sol :

i i k
A-(BxC):(iAX+jAy+kAZ). B, B, B,

c, C C,
=(A+jA +kA)-[i(B,C,-B,C)+(B,C,~B,C)+k(B,C, -BC,)]
=[A,(B,C,~-B,C,)+A, (B,C,~B,C)l +A,(B,C,-B,C)

9. A parallelopiped has edges described by the vectors i + 2j, 4j and j + 3 k. Find its

volume.
Sol :
Volume of parallelopiped = A « (B < C)
A, A A
Further A.(BxC)=|B, B, B,
¢, C, C,
{ 28 }
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Given that, A=i+2jie,A =1, Ay=2and A, =0
B=4j ie,B, =0, By:4andBZ=0
C=j+3k ie,C,=0,C =1andC,=3

o O -
R AN
w O o

10. Prove that if the scalar triple product of three vectors vanishes, the vectors are coplanar.

Sol :
A + (B x C) = Volume of parallelopiped formed by them
Giventhat, A« (B><C)=0, i.e,
Volume of parallelopiped = 0
So, the vectors A, B and C must be in the same plane.
11. f A=4i-5j+3k, B=2i-10j-7kandC=5i+ 7 j-4k, then deduce,
i) Ax(BxC) and ii) (AxB)xC)
Sol :
(i) (A+ C)=20-35-12=-27
and (A + B)=8+ 50-21=237
AxXxBxC) =(i-10j-7Kk)x (-27)-(Bi+7j-4Kk)x (37)
= (-54i+ 270+ 189 k) — (185 i + 259 j — 148 k)
=239i+11j+ 337k
(i) (Ax<B)xC) =-Cx(AxB)
=[A(C-B)-B(C - A]
=B(A+C)-A(B - C)
(A+C) =(20-35-12) =-27
(B .+ C) = (10 -70 + 28) = -32
(AxB)xC) =Qi-10j-7Kk) (-27)-(4i-5] + 3 k) (-32)
Solving we get = 74 i + 110 j + 285 k.

12. Find the directional derivatives of a scalar point function f in the direction of coordinate

axes.
Sol :
The grad f at any point (x, v, z) is the vector.
B df=i AR k a
=i— +j T +k—
ut gra I X jay e

g
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The directional derivative of f in the direction of i.

= grad f.i

= |a—f Ja—f-l-ka—f |:|2ﬂ
0 oy oz OX

_ o

T oX

of of
Similarly, the directional derivatives of f in the direction of j and k are = and o respectively.

oy

13. Find the directional derivative of f(x, y, z) = x2yz + 4xz2 at the point (1, -2, 1) in the
direction of the vector 2i — j — 2k.

Sol :

f(x, y, z) = x%yz + 4xz2

The grad f at any point (x, y, z) is the vector and is given by

of of
B
=i (2xyz + 472) + j X%z + k (x3y + 8x2)
At the point (1, -2, -1)
gradf=i(@4+ 4) +j(-1) + k (-2 -8)
='8i~j— 10k

I
gra —IaX J

If a be the unit vector in the direction of the vector 2i —j— 2k, then

2-j-2%k _2 1. 2
3'73173

8= Jat1+4 ~

Hence the required directional derivative is

df _ . (zi_zj_zkj
ds—gradfa—(Sl—J—lok) 3' 3173

_6 1, 20 _3

= + + =
3 3 3 3

As this is + ve, fis increasing in this direction.

14. In what direction from the point (1, 1, -1) is the directional derivative of f = x2 — 2y2 + 472 is a
maximum ? Also find the value of this maximum directional derivative.

Sol :

The function f is given by = x2 - 2y2 + 472
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of of of
gradf—l - +J 2y k
=i (2x) + | (-4y) + k (82) = 2xi — 4yj + 8zk
At the point (1, 1, -1)
grad f = 2i — 4j — 8k
The directional derivative of f is maximum in the direction of
grad f = 2i — 4j — 8k

The maximum value of this directional derivative is given by

lgrad f| = |2i-4j-8K| = (4 +16+64

84 = 2421
15. If S=S(x,V,z) =x2-x2y + x y2 z2, then find the value of grad S at the point (2, -1, -
3)
Sol :
We k that grad S S wh 'a+'a+ka
now r = wher =i — X 7
e know that gra \Y ere Vv x gy =y

0 0 0
grad S = [IO_X+JE+|(6 j 2= x2y + x y2 22)

N aix (x2=x2y + xy272) + | % (x2-x2y +xy272) + k % (x2-x2y +xy272)
=i(@x-2xy+ Y2 +j(-x2+2xyz9) +k(2zxy?
Substituting the given values, we get
grad S =i{2 % 2-2x 2 (-1) + (-1)? (-3)% + [ {-(2)? + 2 x 2 (-1) (-3)"} + k{(-3) () (-1)%}
=i (17) - j (40) - k (12).
16. If ¢ = 4x3 + 3yz2 - 73, find v 2 ¢ at (1, -1, -1).
Sol :

0° 0*  0°
V2= 6)(_2+W+6? (4x3 + 3y 72 - 79)

& o G5
= (4x3 + 3y 72 - 29) o (4x3 + 3y 22 - 79) o7 (4x3 + 3y 72 - 25)

0

ax [ (4x3+3y z —23)} _,_%{% (4x3+3y 22_23)}'_8& [% (4x3+3y 22—23)}

Z
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Now
= {& (4x3+ 3y 72 —23)} = (12x%) = 24 <oy {5 (4x°+3y z° _23)} =y (329 =0

o |0 0
and — {E (4x*+3y 2° —23)} =, (6yz- 22°) = 6y - 62

V2§ = 24x + 6y — 67
Substituting the given values, we get
V29 =24x1+6(-1)-6(-1)=24-6+6=24
17. Ifris the position vector of a point, then evaluate
(1) gradr and (2) grad (1/r)
Sol :

1. Weknowthatr=ix+jy+kz
r = (x2+y2 + Z2)1/2

Now grad

. . 0 0

oxX oy oz

0
+ Kk E (XZ + y2 + Z2)1/2

=x 2X ;XZy =x 21
=1 2 2 2\1/2 + 2 2 2\1/2 +k 2 2 2\1/2
(x° +
yo+2 X“+y“+z X“+y“+z
iX+jy+kz r
- (X2 +y2+22)1/2 —r

Let T be a unit vector along r,thenr=Tr or rr=7

gradr=T7

1 .0 .0 0

Z — i —+j—+k— 2 2 2\1/2
2. grad(rj—[ax J5 GZJ(X + y? + 79)

0 0 ~ 0
= _X (XZ + y2 + Z2)—1/2 +j E (XZ + y2 + Z2)—1/2 + k E (XZ + y2 + Z2)—1/2

0
- x2X —iny -=x22
=1 (X2+y2+22 3/2 + (X2+y2+22 3/2 +k (X2+y2+22 3/2
iX+jy+kz _ r _ T
3;2 — T 3 T T2

T (x> +y® +17%)
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18. If ris the position vector, such that ¢ = log r, find grad ¢.
Sol :

The position vector r=ix+jy +Kkz
and rP=x2+y2+ 272 or r=(x2+ y2 + 7312

log r = log (x2 + y2 + 72)1/2
1
= 5 log (¢ +y2 +77)

Now grad¢ = gradlogr =V logr

1
=5V log (x? + y? + z)
1[0 0 0
=5 |2 o9 02+ y2+72) i+ Py log (X2 + y2 + 72) | + % log (x* +y? +2°) k}
1 2x A 27
T2 Py +7Y) (P Hyi+zd) (P +y+7Y)
Xi+yj + zk r

T X +yr+zd) T 2

19. If the electric potential at any point due to a charge q is given by V = g/r then show that

q
3

the electric intensity E is given by E = ;

r

Sol :
We know that E = —grad V

c—om(f) (0o
aom ()
SPMONE:

g
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20. IfA =iy +j(x2+y2) + k (yz + zx), then find div A at (1, -2, 3).
Sol :

The vector A is given by A =iy + j (x2 + yz) + k (yz + zX)

Butdiv A= V. A

h V—'i+'i+k£
where ' Ty oz
_ . o
divA = 'a—x+la+ S [iy +j (x4 + x2) + k (yz + zX)]

_ 0 .9 e 9
= = y + 2y (xc +yz) + P (yz + 2x)
=0+2y+(y+x)=3y+x
At the point (1, -2, 3)
dvA=3-2)+1=-6+1=-5

21. IfA=iy+j(x2+y?) + Kk (yz + zx) then find div A at point (1, -2, 3).

Sol :
We know thatthe divA =V « A
h V =i 9 + j 0 + k -
wher =j— - —
ere ox oy 0z

w0 +i 2_,_2_,_ﬁ +
=Y ay(>< y9) az(yz ZX)

=0+2y+(y+x)=Q@y+Xx
At point (1, -2, 3)
divA=3x (-2)+1=-5.

22. Evaluate divF, where F=2x2zi-xy2zj+3y2xk

Sol :

0. 0. 0
CFE= | =i+ —j+=K| e 2x37i-xV27i 2
V-.F [ax ayj 62) @2x3zi-xy%zj+ 3y*xKk)
F_i 23 i 2 +£32
VeF=— @00- 5 () + o By

=6x27-2xyz+0

=6x27-2Xxyz

| 34 :
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23. Ifris the position vector of a point, then show that
@ divr=3 and () Vv (r-A)=A

Sol :
@ The position vector r is written as
r=ix+jy+kz
sothat r2=x2+y2+ 72
Now divr =V «r
ii+ji+k2 ' i
=Uax oy pe e (ix+jy+kz)
_Xx ¥ @
I e
=1+1+1=3
(b) r-A=(ix+jy+kz)-(iAX+jAy+kAZ)
=xAX+yAy+zAZ
ii+'i+k2
V(A = X Jay e XA +YA +ZA)
=iAH]A +KA, =A
24. Find the value of constant c for which thevectorA=i(x+3y)+j(y-22z) +k(x+c2)
is solenoidal.
Sol :

The vector A is solenoidal if the divergence is zero. We know that

div A = A +@+6A
VAT X oy oz

Z

_0 o 9
= x+3Y)+ 3 (=22 + o (x+c)

=1+1+c=2+cC

2+c =0 or c=-2

25. |Ifais a constant vector, find div (r < a).

Sol :
The vector r=ix+jy+kz

Let a=ia; +ja,+kag
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i j Kk
rxa=/| X Yy YA
a, da, a4,

=i(agy-a,2)+j(@;z-a32) +k(@a,x-2a;y)

0 0
Now div (r x a) = X (agy-a,2) + 5 (@, z-a3x) + > (a,x-a;y)

=0+0+0=0

26. IfA=i(3xy)-j(y? evaluate 4)0 A . dr, where C is a closed curve in x, y plane, y = 2x2
from (0, O0) to (1, 2).
Sol :

Here integration is performed in x, y plane, hencez=0 and r=ix+jy.
$ A-dr=q [@xy)-iy2« [idx+]dy]
= gﬁc (3 xy dx - y? dy)

= Jj [3x (2 x2) dx — (2x?) 4x dx] (-+'y=2x2 and dy =4 x dx)

= Jj [6x3 dx — 16 x° dx]

6x' 16x°] [6 16] 7
| 4 6 |, 4 6] 6
27. Evaluate the line integral of function F = 6 x i + 4y j between the points (0, 0) and (2, 2)

in X-Y plane.
Sol :

The line integral is given by Jf Fod= Jf (F, dx + Fy dy + F, dz)
Here F is confined to X-Y plane, hence F, = 0

Q Q
[0 Fedl =" (Fedx+F,dy)

(2.2)
= L (6 xdx +4ydy)

0,0)
:J'02 6xdx+J'O2 4y dy

=[B3x%2 +[2y%]? =12 +8
= 20.
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28. If r the position vector of a point, prove that curl r = 0.
Sol :
When r is the position vector of (x, y, z), then
r=ix + jy+ kz
Nowcurlr =vy xr

= ii+ji+k2 i i
=Uax oy P x (ix + jy + kz)

ik
o0 0 0
ox oy a1
X 'y 1z

(o _oy)  [(ox_ ot g ox
e N T R | N R

=i(0-0)+j0-0)+k(©-0)=0
29. If v =x2zi - 2y3z3j + xy2zk then find curl v at the point (1, -1, + 1)
Sol :

Curlv =y xv

.0 . 0
=li—+j—+k— 2,i _ oy3,2i 2
ox J@y aZJX(XZI 2y>74] + xy?zK)
i j k
I .
B oy oz
X’z —zy’7® xy’z

_ {%(xyZz)—g(—ZyszZ)} _ j{—g(xyzzn%(xyﬁ)} N k{a%(—zwzz)—%(xzz)}

or, curl v=i[2xyz + 4y37] - j (-x2 + y%z) + k [0 - 0]
At the point (1, — 1, 1) we have curl
Curl v =1i[2(1) (-1) (@) + 4()* (] -] [-1? + (-1)? (1)]
=-6i +j(0)
Curl v = - 6i.
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30. If f=x2yi-2xzj+ 2yzk, find:
i) div ii) curlf and iii) curl curl f
Sol :
The vector fis given by f= x2yi — 2xz i + 2yz K

i) Butdiv f=v.f

ii+ji+k2 2yi i
=U'x % pe % (Xyi — 2xz j + 2yz k)

—i(x2)+i(—2x)+£(22)
T VT oy Ve

= 2xy + 0+ 2y = 2xy + 2y

= 2y(x + 1)
i i k
i) curlf=vy xf= i i 2
oXx oy oz
X’y -2xz 2yz

= {%(M)-%(—M)} i+ {%(xz y)—%(Zyz)} j+{%9 - ZXZ%(XZ y)}k

= (2z+ 2X)i +(0-0) j + (22 - x3) k
= (2x + 22)i - (X2 + 22) k
i) curlcurlf =v x (v xi)

=v x (2x+ 22)i-(x%2+ 22) k)

P
|2 2 9

OX oy 0z
2x+2z 0 -—x*-2z

= _%(—xz - 22)_6%(0)} +{§(2x —22)—6%(—x2 —22)} j+ L%(O)—%(Zx+22)}k
=0i+@2+2x)k+ (0-0) k= (2x + 2)k
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31. Showthat A=e*(-yzi+ zj + yk) is irrotational
Sol :
We known that when v > A = 0, the function is irrotational.
Giventhat A =-yzeXi+ze X+ j+ye XKk
i j k
oX oy oz
-yze™ e ye™”
0, ww O, _x 0 0 x 0, 4 O x
=ij|—(ye™)——(ze _i|—((-x)——(-yze —(ze7) - —(~yze
i {ay(y ) az( )} j [ax(y ) az( y )}+k {ax( ) ay( y )}
=ie*X-eX)—j(-ye ™+ ye™X) + k(-ze X + ze7™)
=0
So, the function is irrotational.
32. IfVis a constant vector, show that (i) divV = 0 and (ii) curl V=0
Sol :
V is a constant vector.
i i iy+jﬁ+ k&
i) div V= x oy pe
=i0+j0+k0=0
ii ixy+jxy+kxy
ii) curl V= o oy P
:|><O+J><+k><0:0
33. If A =iy + j(x2+y?) + K(yz + zx), then find the value of curl A at (1, -1, 1).
Sol :

We know thatcurl A= v %< A

— ii.;.ji_,_ki : i12 2
=" 2x oy pe x [iy + j(x¢ + y?) + Kk (yz + zx)]

i i k
9 b P
=|ox oy o
y (*+y%) (yz+2x)

g
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i _ﬁ 2 2 ﬁ _ﬁ i 2 2_2
:{aX(YHZX) Py +Y)}+J{azy az(yZ+ZX)}+kL3X(X +Y°) Wy}

=iz+0)+j0-2) +k(2x-1)

=iz—jz +k(2x-1)
At the point (1, - 1, 1)
CulA=ix1-jx1+k@x1-1)=i-j+Kk

34. If arigid body is rotating with angular velocity o prove that

1
0=7 curl V where v is the linear velocity.

Sol :
Curlv=vy xv
Now V= (oxr)
V= i((oy -y, + j(o, X - z0,) + k(o, y - X(Dy)
Now Vv X V=V %X(m X r)
i j k
= 01 0x oloy olez
(@z-yo,) (0x=20,) (0 -X0,)

= {% (mxy—xoay)—%(mzx —wa)}q_ J{% (o, z —yoaz)—%(oox y—xmy)}

0 0
+k {E (o, X_ZOJX)_E(@V Z—sz)}

=i(o + o)+ j((Dy + (oy) + k(o, + ©,)

=2 [io, + jmy + ko,] = 20

o = —curlv.
2

35. Find the value of curl (a < r), where a is a constant vector.

Sol :
i j k
a><|’:a>< ay az
y

g
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= i(ayz—azy)+j(azx—axz)+k(aXy—ayx)
Now, curl(@>xr)=vyx(@axr)
i j k
Vx(axr): 0/ 0ox 0/ ox oloz
@,z-a,y) (@,x-a,2) (a,y—-a, x)
|
oy

0 0 0
ay—ax)—(@ax—a,z il —(@a, Zz—a, X)——(a —a, X
( xy y ) 8Z( z X ):|+J|:az( y z ) aX( X y y )i|

0 0
+ k |:&(az X_ax Z)_&(ay Z_az y)j|

= ifa, + a,] + jlay + a ] + Kfa, + a]
= 2[ia, +ja, +Kka,] =2a,

36. Obtain the values of the following :
(i) curlgrad S, (ii) grad div A and (iii) div curl A
Sol :

i) curlgrad S = V xV S

.0 .0 0 .0S .0S | 0S
= |[iI—+j—+k—|x|i—+]—+k—
oxX "oy 0z oxX oy 0z

k
0

0z
0S

0z

i
0
ox
oS

OX

{a(asj a(asﬂ _{a(asj a(asﬂ o(as) o(os

=il il 5w o K 22 ]- 22

oy\oL) oz\oy 0z\ 0x) Ox\ oz {ax(ayJ ax[azﬂ
=0+0+0=0

i) graddiv A= v (v .A)

.0 .0 o\ (oA, OA, OA,
= |i—+j—+k— + +
ox oy o) ox oy oz

2B |-

=ji— L p—L 4L + + + Kk — + +
ox\ ox oy oz oy \ ox oy oz ok \ ox oy oz
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i) diveurl A =v(V.A
.0 .0 0 [ OA, OA, (0A, OA oA, OA,
= |i—+]j—+k=|. ]I - - e [ -
ox oy oz oy 0z oz OX OX oy
0 [0A, _OA) o (oA, A o (%A A
“xloy a)Tyla ax )T alax oy
A, O°A, A, %A, A, 8°A,
=loxoy oxoz) T loyer oyox )Tlazex ezoy
0° 0? 0° 0° 0° 0?
- K'axayzayax’ayazzazay’azaxzaxazﬂ
37. Prove that
i) V<X(A+B)=vxA+vyxBor
curl (A + B) =curl A+ curl B
ii) v >x(AxB)=A(v.B)-B(v-A)or
curl (A=xB)=AdivB-BdivA
Sol :

)  Vx(A+B)

x oy o a

9 0 ., 0
[I—+ J—+ k—J x [i(A + By + i(Ay + B)) + k(A, + B))]

Y 9 0 y 0
=K o Ay + By =i (A4 B + K (A BT i (A, B+ (A + B

0 o ]
=i {E(AZ + BZ)—E(Ay + By)_

[ 0A, . 9B,

. 0
—|E(AZ+BZ)

N {%(AX ; BX)—aiX(AZ ; BZ)} +|{@%(Ay . By)—%(AX s BX)}

[oA, B, oA B ]
oy oy a o

+ ]

OX

| Oz oz

(oA, aAyJ _{aBZ aByﬂ
i ——2L |+i -——L ||+
oy oz oy o L

oA, 0B, } {GAX
- - —+
OX

+
ox oy oy

oB, . 0A, ~ 0B,
OX

_(aAX 6AZJ .[aBX aazﬂ HaAy aAj {aBy oB H
] - +] - +| k| —=——|+k| —=——=
oz o oy o x oy x oy
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HaAZ aAyJ _[aAX aAZJ {aAy aAXH Hasz 6Byj .(6BX aBZj [aBy aByH
= |i| =2 —— |+]| 22— |+ k| = || || =2 —— |+] - +k| —2L-—
y @ a ox x oy oy @ oz ox ox oy

= yxA+vy xB =curl A+curl B

curl (A+B) = curl A + curl B
ii) We know that A =< (B < C) = B(A .C) - C(A.B)
Hence, v < (AxB)=A(v.B)-B(v.A)
=AdivB-BdivA
curl (A < B) =AdivB-BdivA

38. Prove that curl curl A =grad divA-y2A

Sol : (June-18)
curl curl A=v x (v x A)
We knowthat A=< (B xC)=B(A-C)-C(A:-B)
VX(VXA)=V(V-A)-(V-V)A
= grad (div A) - v2 A
So curl curl A = grad (div A) — v2 A
The value can also be obtained in the following way :

A = |i oA, _OA, +.(6AX_6AZJ+I( A, A,
VA =1"% e T ox oy

oA w1 PR_OA) (PR A (A, o,
Y AN oy @ o7 ox x oy

=~

F T T O T R T S
=Moylox oy ) azlaz ox )| FTdazlay oz ) oxl ox oy
éAx_ﬁAz)_i oA, A,
0z OX oy\ oy 0z
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{asz O°A, A, azAz}
=i - +

_ LO*A, L O°A, . o°A, _ asz _ 62Ay o°A,
2 2 =1 +1 + ] 2 2t
oyox oy oz 0z OX Ox2 Ox2 ooy oz X ox oy
oA %A A, °A, O°A, A, | 2aA A
—i = ] 2+ Kk Tz a2 T -k—+k—*
oy oy oXor  oX oy oy oz oz oz

(%A, &°A. %A\ [0°A, A, O0°A A ’A
= | —j 2><_|_ 2><+ 2>< _J 2y+ 2y+ 2)’ —k z 4 z
ox oy oz Ox oy oz x> oy?

O°A, 0°A,
+ +

O°A,
+
07°

(A, °A, A ) (A, A, %A,
+ | >+ + X+ ] + X+ + k
OX 0z OX 07 OX

oy> oxoy oyoz 0z*  oxoz

ox %

x oy a

o(0A, O0A, OA,
k&z oX \ oy " oz
oA
= —V2A+V(6AX +—L+ A,

x oy | a J:_VZAW(V'A)

Then  curl curl A = grad div A — y2A

oL, iA +jA, +k i aAX+6A"+6AZ +J—5 6AX+6Ay+aAZ
= | - y-l-y‘l‘? (l ><+J y+ AZ) + X ay oz

%A,
oy 0z

39. By stokes theorem, prove that @r.dl =0, where r is position vector
C
Sol :
By stokes theorem, we have
$A . di=[[curl A.ds
C S
Replacing the vector A by position vector r, we get
Sﬁr.dl = j curlr.dsS
C S
= J‘SJ‘O.dS (- curlr=0)
Hence, Sﬁr_d| =0

C
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40. Stoke’s theorem, prove that curl grad ¢ = O.
Sol :

According to Stoke’s theorem, we have

SBA.dI:IcurIA.dS
C S

Let A = rad ¢, then ¢grad ¢.dl = H curl grad ¢.7 dS
c S

i@+j@+ k@
oxX "oy oz
of 29 of

=a—xdx+@dy+5dz=d¢

Now,gradd).dI:[ j+(idx+jdy+kdz)

35d¢ = [¢]* where A is any point on C
C

Hence, H curlgrad ¢.n dS=0
S

This is true for all surface elements S, i.e, curl grad ¢ = 0

41. Evaluate by Stoke’s theorem ch(y zdx + x zdy + xy dz) where C is the curve X2 + y2 =1
C
andz = y2.
Sol :
@(y zdx+ xzdy+xy dz)
C

= S[)[(iyz+jzx+kxy).(idx+jdy+kdz)
C

= @[(iyz+jzx+kxy).dr = @A.dr
C C
A =iyz+jzx+kxy
i j k
Now curlA =|d/ox oloy olaoz
yz Xz Xy

= j ixy—ixz +j(£yz—ixyj k ixz—iyz
= oy 0z 0z OX + "ox oy
= ix=-x)+jy-y)+k(@z-2=0

By Stokes theorem @A.dl = HCUH A.nds=0
C S

Given integral is zero.

4
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42. Verify Stoke’s theorem for the vector A = x(ix + jy) integrated round the square, in the
plane z = 0, whose sides are along the linesx=0,y=0,x=a,y = a.

Sol :
The situation is shown in figure below.

Y
y=a

R < Q

¥yx=0 AXx=a
=0
o Y5

P X

HerefA.dr = jOPA.d|+jPQA.d| + jQRA.dl + [, Ad
C

3

where [ Adl = j:x(ix+jy).idx=j:x2dxz%

3

a . ) . . a a
[ooAedl = [ Oxix +y)eiy)+ jdy =[ Jaydy="
a a a’
2 . . Vi _ 2 -
jQRA-dI J'Ox(|x+jy) i dx Jox dx 3
and [ Adi=[x(x+jy).jdy = [ 0(x+]y).jdy=0
RO 0
a® a® a° a’
Adr= —y4—_—_ = — .. (1
Cf 372737 @)

Further, chrl A-dS = J‘J‘curl x(ix + jy)- dS
S S

= [ [ Ky kdxdy (- curlx (ix+jy)=ky)

2 3

= [[lydcdy = [Jdx[ ydy =ax %:— (@

From equation (1) and (2) Stoke’s theorem stands verified.
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43.

Sol :

Evaluate H r.n dS, where S is a closed surface.

By Gauss’s theorem

HrndS Jjjd|vrdv ”j[l—+j—+k j(lX+jy+kZ)dV

= [ 22 2 Jav-sfffav=av

where V is the volume enclosed by surface S.

44.

Sol :

If F =i ax + jby + kcz, where a, b, c are constants show that ﬂ F.n dS=%n(a+ b+c)
S

where S is the surface area of a unit sphere.

According to Gauss’s theorem HF -nds =H div.F dV
\%

S
where V is the volume enclosed by S.
Now [[F-fids = [[[V-Gax+jby+kczdv
s \%

_ m[aix(a x)+%(b y)+%(c z)} v
= Iij'(a+b+c)dV=(a+b+c) jijdvz (a+b+c) -%n

4 4
[-+ volume V is enclosed by spehre of radius one = 3™ (13 = gn]

—i +b+
—3n(a C)

45.

Sol :

Find HF-ﬁdS where F=i14xz-jy2 + kyzand S is the surface of a cube bounded by
S
x=0,x=1,y=0,y=1,z=0,z=1.

According to Gauss’ theorem HF -nds :Hj div F dV
S \%

(%

y 6F
dx dy dz

= JJJ{G%MXZ) +%(—y2)+§(y z)} dx dy dz
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— ”j(4z— 2y+y)dx dydz
= [.].].@2-y)dx ay dz

Ry o= [ e-nae

1

2 1
:_[1 2y—y— dx:jlgdx: §x :§
0 2, 02 2 2

0

46. IfA=2xz2i-yzj+ 3xz3k.Find v .Aat (1,1, 1).
Sol :

Given,

A = 2xz25 - yz] + 3xz3k

xvy,2)=(@1,11) (1)
The expression for calculating the gradient of A is given by,

oA .
—X+J— + k— (2)

Substituting equation (1) in equation (2),

hry ~ ~ v ’_\6 ~ ~ -~ ~ a ~ ~ -~
=72 (9%s3 - 2 2 - 3 - 2 - 3
VA—I-aX(sz i —yzj + 3xz7K) + j— (2xz%i —yzj + 3xz k)+kaz (2xz7i - yzj+3xz°K)

0 -] 3 AT i 2\ A i SRV i N
— |:5(2XZ )(|.J)+8—X(3xz )(|.k)}_|{ay(2xz )(j.l)+ay( yz)(|.J)+ay(3xz )(j.k):|

P - I
|:&(2XZ )(k.|)+§( yz)(k.1)+az(3xz )(k.k)}
8 FAr 8 Fomer! 8 ~
= a—X(2xz2(|.|) +5(—yz)(1. fy +§3xz3(k.k) [ PG = O]

Ii(ZXZZ)—iyZ +i3xz3 [-Pp=1]
ox oy oz - E
= 272 — 7 + 3x(329)
= VA=272-7+ 3x32
Substituting (1, 1, 1) in above equation,
= VvA=291)2- (1) + 9(4)(1)?
=2-1+9
=10
vA=10

g
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‘ Short Question and Answers I

1. Define gradient of a scalars filed obtain an expression for it.

AnS :

In order to consider the gradient of a scalar, let ¢(X, y, z) be a scalar function of position of a scalr
point of coordinates (X, y, z). The partial derivatives of ¢ along the three coordinate axes are

oo 9 ang 2
ox ' oy A%

The gradient of a scalar function ¢ is defined as

grad ¢:i_x+j5+ k— (1)

We know that vector differential operator v (del) is defined as

—'i+'£+ki
V=M ™

_ . 0p 0% 3
Vo= I +Jay+kaz ..(2)

The equation (2) is the same as equation (1). It is obvious from equation (2) that del operator (V)
is a vector operator and when operated with a scalr (¢) converts the scalar into a vector. The vector (V¢)
is called the gradient of the scalar.

The gradient is a different operator by means of which we can associate a vector field with a scalar
field. For example, the intensity of electric field E, (a vector quantity) is the gradient of potential V (a scalar
guantity) with a negative sign, i.e.,

E=-grad V

The negative sign indicates that the direction of field intensity is opposite to the direction of increasse
of potential.

Let S(x, Y, z) be a scalar point function depending on the three cartesian coordinates in space.
Suppose 0S/0ox,0S/0y and pS/oz be the partial derivatives along the three perpendicular axes
respectively. Now the gradient of the scalar functioon S can be expressed as

§5=iB S g
grad > =15 oy T
0 0
or grad S= v S where v = |—+J@+k—
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2. Showthat F = (y?-x?) + j+ 2xy] conservative.

AnS :

Given force is,
F=0*-x)7 +2xy]
A force is said to be conservative, if the curl of the force is zero.

ie., cul F=0

[ i k
CurlF=VxF= o o @
oX oy oz

(yz—xz) 2xy O

-]

0 0,2 2
8_X(0)_8_X(y —-X%)

0 0 .0 0.2 2
= ‘5(0)—5@) +k‘ S@)- (7 %)

=i]0-0] -j]0O-0]+k|2y-2y] =0
CurlF=vxF=0

Thus, the given force is conservative in nature.

3.  Explain divergence of a vector field and its physical significance.
Ans :

The operator v can be involved in the multiplication with a vector. The scalar or dot product of

operator v with avector A (i.e., v - A) is called as divergence. The divergence of a vector field at any
point is defined as the amount of flux per unit volume diverging from that point. The divergence is a
scalar.

Let A be a vector function differentiable at each point (x, y, z) in a region of space. Now the
divergence of A is given by

AR .
vV-A= 'a—x+ya+ P (A +JA +KA)

_ A, oAy LA

X oy oz

0A
OA, Py 0A,
X oy oz

dvA=v- -A=

This is the expression of divergence in cartesian coordinates.
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4. Curl of a Vector Field.
Ans :

Consider two areas ABCD and A' B' C' D' in a uniform electric field which is represented by straight
parallel lines as shown in fig. The area A' B' C' D' is perpendicular to lines of force. So the contribution of
line integrals is zero. For area ABCD, the line integrals along AD and BC are zero while the line integrals
along AB and CD are not zero. This shows that there is a certain orientation of the area for which the line
integral is maximum.

\

i
1 7
. B
I — -
== I
A r*’ 1 | B
LA ' >
| T T bl
| i
! 1 1 -
: T T »
' 1 I
' ] |
———
D} o 1C —»
D’-
]
[}
I

The curl of a vector field is defined as the maximum line integral of the vector per unit area. It is
essentially a vector quantity. The direction is normal to the area.

If A 'is a vector function differentiate at each point (X, y, z) in a region of a space, then the curl (or
rotation) of A expressed by the cross product of v and A, i.e.,

i j k
Curl A = XL™
TVXASIN Yy @
Ay Ay A
5.  Prove that Curl of a gradient is zero.
Ans :
Ley ¢ be any scalar point function.
=|i—+]j—+k—
grad ¢ [ o Jay azjd)
—0d —op  7Od
= | — —r k—=+
= grad ¢ 8X+Jay+ P
i k
9 9 9
Curl (grad ¢) = (5« oy oz
% o o
oX oy oz
{ 51 )
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T 2% %) (%0 ) (% % )L e e
- '(ayaz ayazJ‘J(@‘@ +k(%—%j—i(0)+1(0)+k(0)

= Curl (grad ¢) = 0

Curl of a gradient is zero

6. Gauss’s divergence theorem.
Ans :

The surface integral of the normal component of vector A taken over a closed surface S is equal to
the volume integral of the divergence of vector A over the volume V enclosed by the surface S, i.e.,

IS A-dS= jijdivAdv= jij(v LA dv

Proof :

Let us consider a closed surface S of any arbitrary shape drawn in a vector field A as shown in figure
below.

zZ

Let the surface encloses a volume V.

We know that div A represents the amount of flux diverging per unit volume and hence the flux
diverging from the element of volume dV will be div A dV.

So the total flux coming out from the entire volume is given by
[[[ div A dv
\Y

Now we consider a small element of area dS on the surface S as shown in fig. Let n represents the
unit vector drawn normal to area dS. It should be remembered that outward drawn normal on a surface

is taken as positive. If the field vector A and outward normal n are at an angle 6, then the component of
Aalong n is

AcosO=A-n
The flux of A through the surface element dS is given by

(A-fi)dS=A-dS

So the total flux through the entire surface S is given by _U A-dS.. (2
S
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This must be equal to the total flux diverging from the whole volume V enclosed by the surface S.
Hence from egs. (1) and (2) we get

[[a-ds= [[[divadv .. (3
S \%
This is Gauss theorem of divergence and may also be written as
[Ja-ayas=[[J(v-ayav . (4
S \%
(i)  Gauss divergence theorem provides a relation between surface and volume integrals.

(i)  This theorem is applicable for closed surface only.

7.  State and explain Green’'s theorem.
Ans :

Statement :

If ¢ and v are two scalar point functions such that these functions and their first derivatives are
continuously differentiable, in a region bounded by a closed surface S, then we have

[[[@v2y + vovyyav = [[@Vv).ds (@)

and JIJ@V2w — Vi) dv-= [f@ovy - yvo).ds . (2

These equations are known as first and second form of Green’s theorem.
Proof :

Let us take the following mathematical from Gauss’s divergence theorem
[[[divAdv =[[A.ds
\Y \Y

Because Vy will also be a vector quantity, ¢ Vy will be a vector quantity.

Let this is represented by vector A. Thus

A= ¢Vy
.oy .oy oy
- i =l I—+]j—/—+k—
or IAX+JAy+kAZ—(|)[ ox J@y 62)
. . _ oy v v
From this equation we can see that AX_¢5_X’AY_¢6y andAZ—d)az
. an+aAy+aAz
Now divA= ox oy pe
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Substituting the values of A,, Ay and A,, we get,

a2 o), 2 (o), 20w
d'VA_ax(¢axj+ay(¢ayj+az[¢azj

(¢62_\2v+@ﬂ]{ﬁ_%@_@_wHﬁ_%@_a_wJ
OX°  OX OX oy- oy oy oz 0L oz

Dy %y vy dp oy dp dy  dp Oy
= + . +—L L L =2
d{éxz oy? oz° ) ox ox oy oy oz oz VY +VOVy - (4)

Substituting the value of div A from equation (4) in equation (3), we get

mv (WV2+ Vy.Ve)dV = jsj (®Vy).VS LG

This is known as Green's first theorem.

Interchanging ¢ and y in equation . (a), we have

jij (yV2 + Vy.Vo)dV = jsj (WV$).VS @
Subtracting equation (5) from equation (a), we get,

[ j [@V2y -wV29)dV = j [@Vy-yve).ds o

This is' known as Green’s second theorem.

8. Prove that v .(Axr) =r.(v x<A)
Ans :

Let A and r be the vectors given as,
A=Ai+Aj+Ak

r=xi+yj+zk

Consider,
i i k
Axr= A Ay A
X 'y z

=i[Az-Ay]-ilAz-Ax] + KAy -AX]
Axr= i[Ayz Ayl +j[AX-Az] +K[Zy - Ayx]
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Applying divergence on both sides,

V.(Axr) = v.[I[Az-Ay]l +j[Ax-Az] + k[Ay - AXI]]

_ (.0 .0 0 .
= (IG_XHEJF kaj .[I[AyZ -Ayl +j[Ax-Az] + k(Ay - Ayx)]

.0 0 0
=i [Ayz -Ay]+j] oy [Ax-Az] + k'kaz [AXy—Ayx]

_ZaAy 6Ay . XOA, O0A, . O0A, 6Ay
YV oy toay VS e
oA, OA OA, OA oAy oA
— y My X Tz X
Vv (Axr) = x{ ™ e }+y{ P oz }+z{ x oy (1)
i i k
Consid x A= A= i i ﬁ
onsiaer, v = cur = ax 8y P
Ay Ay A,

oA oA
Consider r.curl A = (xi + yi + zk). HaaAyx -= y} j(an _ 5Azj+ k(_y_ A H
Z

.. an 6Ay .. an aAz aAy an
=0iX| 2, T A |Fiy —— | +kkz _x_

oy @ oz o x oy
. rourl A = x{a';yx —62%}+ y[aaAZX _8;)\(2}4_ zrg(y - 5’2;} ..(2)
Comparing equations (1) and (2),
v.(A>xr)=rcurl A
= V.Axrn=r(vxA)
V.(Axr)=r(vxA)
(== )
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9. What are scalar and vector fileds?
Ans :

We know that a physical quantity can be expressed as a continuous function of the position of a
point in the region of space. For example when a rod is heated at one end, then there is a variation of
temperature along the length of the rod. The physical quantity temperature at any point (x, y, z) can be
expressed by a continuous function T (X, y, z). Such a function is termed as a point function or function of
position. The region specifying that physical quantity is labelled as its field. Depending upon the nature of
physical quantity the field may be scalar or a vector.

)] Scalar Field

If a scalar physical quantity is assigned to each point in space then we have a scalar field in that
region of space. The scalar field in three dimensions can be represented by a scalar point function ¢(x, vy,

2).
Example

The electronic potential due to a single positive charge q columns .depends on the position of the
point from the charge. Then V(x,, ¥,. z,) and V(X,, y,, z,) are the scalar point functions at (X,, Y, Z,) and
(X1, Y1, Z,). Now the region is a scalar field.

In a scalar field, there are a number of surfaces are known as level surfaces.
The level surfaces, equipotential (gravitational or electrostatic) etc.

For example, if we imagine sphere of different radii taking a point charge q as the centre, then we
get equipotential level surfaces. These are spherical in nature and at any level surface the scalar point
function V (x, y, z)-has a constant value. If the level surface are parallel to each other, then the scalar field
is called as stationary scalar field.

The concept of a scalar field can easily be understood with the help of the following examples:

i) Consider a solid block of material whose faces are maintained at different temperatures. Now the
temperature of the body will vary from point to point, i.e., temperature will be a function of position
coordinates X, y, z in rectangular coordinate system. Hence, temperature is a scalar field.

i) The density at any point inside a body occupying given region is a scalar field. The electrical potential
is differeent at different points. Hence, electric potential is scalar field.

I1)  Vector Field

When a vector physical quantity is expressed from point to point in the region of space by a
continuous vector function A(x, y, z) then the region is a vector field. The example of vector field are
gravitiational, magnetic, electric intensity.

The vector point function at any point in the field is given by a vector having unique value for a
magnitude and direction.
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10.

What are line, surface and volume integrals?

AnS :

The integrals which are commonly used are :
1. Lineintegral

2. Surface integral and

3. Volume integral

Line Integral

Integral Jf A - dl is defined as the line integral of A along the curve PQ.

If A denotes the electric field intensity at any point, then the line integral represents the potential
difference between P and Q.

A

Surface Integral

Consider a simple surface S in a vector field bounded by a curve as shown in fig. Let dS be an
infinitesimal element of the surface. This surface element of area dS can be represented by area

vector dS. If i be a unit positive vector (drawn outward the surface) in the direction of dS, then
dS = n dS

Let A be a vector at middle of the element dS in the direction making an angle 6 with n. Now the
scalar product

A-dS=A-ndS=AdScos0
is called the flux of vector field A across the area element dS. The total flux of the vector field across
the entire surface area S is given by

”SA-dsz HSA-ndsz HSAcosedS

This is defined as the surface integral.
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3.  Volume Integral
The integral evaluated over a three dimensional domain is known as volume integral.
Consider a closed surface in space enclosing a volume V. If A be a vector point function at a point
in a small element of volume dV, then the integral
JIf Aav
\Y
is called the volume integral of vector A over the surface.
11. Iff = (x2 + y2 + z?)¥2 then find grad ¢.
Ans :
Given,
¢ — (XZ + y2 + 22)1/2
00 00 —0b
= i—+ ] +k—=
Grand ¢ oy p
e T_ [(XZ + y2 + 22)1/2] +Ti [(XZ + y2 + 22)1/2 + Eﬁ [(XZ + y2 + 22)1/2]
OX oy oz
1 1
- I S B A -1 1 1.2 2 25,7t
= LS (T +y +29)2 (29 + 15 24 y? 4222 (@) +k'E(X +y“+2%)2 " (22)
1 -1 _ 1
= T0C4y? 4222 0+ T +y? +2)2 ) + ko +yP 4202 @)
1 -
=71 [xi +VYj +zk]
(X% +y? +7%)2
Xi+Yy]j+zk
Grad ¢ = 2 +y2 + 2212
12. What are different kinds of vectors?
Ans :
(i)  Zero or Null Vector
The zero or the null vector is a vector whose mudulus is zero, and the whose direction is indeterminate.
The null vector is represented by the symbol O (printed in bold faced typed). In the case of the null
vector the initial and terminal points coincide. Thus M, ﬁ, etc. are null vectors.
(if)  Unit Vector

A vector whose, modulus is unity, is called a unit vector. The unit vector in the direction of vector a
is represented by a. Itisread as ‘a Cap’.

Rahul Publications
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(iii) Like and Unlike Vectors

Vectors having the same direction are called like vectors and those having opposite directions are
called unlike vectors.

(iv) Collinear or Parallel Vector

Vectors having the same line of action or having the lines of action parallel to one another are called
collinear or parallel vectors.

(v) Equal Vectors

Two vectors are said to be equal if, and only if, they are parallel, have the sense of direction, and the
same are called like vectors and those having opposite directions are called unlike vectors.

(vi) Collinear or Parallel Vectors

Vectors having the same line of action or having the lines of action parallel to one another are called
collinear or parallel vectors.

g
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‘ Choose the Correct Answers I

1. Two vectors A and B are perpendicular to each other if [a]
(8 AB=0 (b) AxB=0
(c) A-B=1 (d AxB=1

2. If I, m, n are the direction cosines of a vector, then [b]
@ P+m2+n2=0 (b) P+m2+n?=1
c) P+m?+n2=>0 (d P+m2+n2<l1

3. Two vectors A and B are perpendicular to each other if [a]
(@ A-B=0 (b) A xB =0
c) A-B=1 (d AxB=1

4.  Three vectors A, B and C will form a triangle if [c]
@ A+B>C (b) A+B<C
) A+B=C (d A+B+C=0

5.  Volume of parallelopiped formed by A, B and C is [d]
(@) A x(B-C) (b) A(BxC)
) A-(B-C (d) A.(BxC)

6. The magnitude of the vector drawn in a direction perpendicular to the surface x?+2y?+z> = 7 at
the point (1, -1, 2) is [d]

2 b >

@ 3 ®) 3
(c) 3 (d) 6

7. The directional derivative of ¢ = xyz at the point (1, 1, 1) in the direction iis [c]

1 D) —=
(a) - (b) 3
1 Q) =

(©) @ 3
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8. If f=axi+by ]+czk, ab,c are constants, then ”F.ds where S is the surface of a unit sphere
is [b]
s 4
(a) —(@+b+c) (b) —rn@+b+c)
3 3
(c) 2= (a+b+c) (d) = (a+b+c)
9. The line integral Ixzdx+y2dy, where c is the boundary of the region x*+y?<a?equals [b]
(@) O (b) O
1
(c) n& (d) Ena2
10. If R=xi+yi+zk and A is a constant vector, curl (AxR) is equal to [d]
@ R (b) 2R
© A (d) 2A
11. If F=xi+yj+zk and (F)=r, then divF is [ ]
@ 2 (b) 3
() -3 (d) -2
12. If F=xi+yj+zk and r=|7| then V¢(r) is [c]
w 4 o'(NT
@ o'Mr (b) —
"(Nr
(c) ¢ (r) (d) none of these
13.  Two vectors are such that | A+ B|= | A-B]. The angle between the vectors is [d]
(@ o° (b) 30°
(c) 60° (d) 90°
14. Pict out the scalar quantity out of the following : [b]
(a) Force (b) Electric potential
(b) Momentum (d) Intensity of electric field
15. If two forces are equal and their resultant is also equal to one of them, then the angle between the
two forces is [b]
(@) 60° (b) 120°
(c) 90° (d) 0°
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16. Which of the following is scalar quantity ? [a]
(a) work (b) acceleration
c) electricfield d) displacement

17.  Which is vector quantity ? [a]
(a) Flux density (b) Magnetic flux
c) Intensity of magnetic flux (d) Magnetic potential

18. A vector A points vertically upward and B points towards north. The vector product Ax B is :

[b]
(@) zero (b) along west
(c) along east (d) vertically downward
19. Surfaceis [d]
(a) scalar (b) vector
(c) neither scalar nor vector (d) both scalar and vector

20. The vector sum of two forces is perpendicular to their vector difference. In that case, the forces
[c]
(a) are not equal to each other in magnitude
(b) cannot be predicted
(c) are equal to each other

(d) are equal to each other in magnitude

)
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‘ Fill in the Blanks I

1. The line integral fxzdx + yzdy, where c is the boundary of the region x?+y?<a? equals
c

2. A force field E is said to be conservative if

3. If F is the velocity of a fluid particle then j F.dr represents
C

4. If A issuchthat v x A=Q then A is called

5. If F is a conservative force field, thent he value of curl F is

6.  Theunitvectors F, 0, and $ are

7. A particle is moving in a plane, its velocity v is given by

8. Total vector surface area of a closed volume is

9. Two vectors A and B are collinear if

10. If ¢(x,y, z) be ascalar function then T? +T@+ I?? is called
X z

11. The integration of a vector along a curve is called its

12. If A be avector point function at a point in a small element of volume dv, then the integral [[[ Adv
Vv
is called

13. The

of a vector field is defined as the maximum line integra of the vector per unit area.

14. The scalar product or dot product of two vectors A and B is defined as

15. If vector r, is a function of a scalar variable t, then we write r=

16. The magnitude of a vector cannot be

17. The angle between vectors (A x B) and (B x A) is

18. If A is the unit vector in the direction of A, then fi =
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10.

11

12.
13.
14.

15.
16.
17.

18.

ANSWERS
a
Curl F=0
circulation
irrotational
0

perpendicular
i +r00

null vector
AxB=0

gradient of the scalar function ¢.

.line integral

the volume integral of vector A.
Curl

the product of the magnitudes of two vectors.

r(®).
negative

T

> >
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v MECHANICS OF PARTICLES:

n
0

Laws of motion, motion of variable mass system, motion of a rocket, multi-
stage rocket, conservation of energy and momentum. Collisions in two and
three dimensions, concept of impact parameter, scattering cross-section
MECHANICS OF RIGID BODIES

Definition of Rigid body, rotational kinematic relations, equation of motion
for a rotating body, angular momentum and inertial tensor. Euler’s equation,

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

of a top

2.1 MEcHANICS OF PARTICLES I

acting on. This branch of physics is called Particle
Dynamics. First we shall deal with a single particle.

Q1. Explain the concept of mechanics of
particles.

AnS :

Introduction

A particle is considered to be an object having
mass and having neither any size nor any internal
structure at all. It may be defined as a point mass. If
the relative positions of different particles change
with time, then such an arrangement is referred to
as a system of particles. A rigid body stands as an
example for a system of particles in which there will
be a continuous distribution of mass and the relative
distance between any two particles will not change
even when the body is subjected to an external force.

In mechanics we treat a body as just a point
mass (a particle)-as an approximation. But this
approximation is not always valid. Any body is an
aggregate of particles (a system of particles). The
body may be a solid or a fluid. It is possible to
determine the general laws of motion of bodies like
an Indian club (a rigid body), flowing water or
galaxies (flexible systems) without considering the
mutual influence between various particles of the
system. We consider only the external influence -
that is, the external force.

The branch of physics that deals with the
motion of one particle (or a body) or a system of
particles (or bodies) without any reference to the
forces acting on, is called Kinematics. In this unit we
are concerned with the motion (change of
coordinates of particle or particles among themselves
and with time) of one particle (or body) or many
particles (or bodies) with reference to the forces

2.1.1 Laws of Motion

Q2. State and explain Newton’s Law of
Motion.

AnS : (Aug.-21)

Newton's-laws are applied to objects which
are idealised as single point masses, in the sense
that the size and shape of the object's body are
neglected to focus on its motion more easily. This
can be done when the object is small compared to
the distances involved in its analysis, or the
deformation and rotation of the body are of no
importance. In this way, even a planet can be
idealised as a particle for analysis of its orbital motion
around a star.

In their original form, Newton's laws of
motion are not adequate to characterise the motion
of rigid bodies and deformable bodies. Leonhard
Euler in 1750 introduced a generalisation of
Newton's laws of motion for rigid bodies called Euler's
laws of motion, later applied as well for deformable
bodies assumed as a continuum. If a body is
represented as an assemblage of discrete particles,
each governed by Newton's laws of motion, then
Euler's laws can be derived from Newton's laws.
Euler's laws can, however, be taken as axioms
describing the laws of motion for extended bodies,
independently of any particle structure.

Newton's laws hold only with respect to a
certain set of frames of reference called Newtonian
or inertial reference frames. Some authors interpret
the first law as defining what an inertial reference
frame is; from this point of view, the second law
only holds when the observation is made from an
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inertial reference frame, and therefore the first law
cannot be proved as a special case of the second.
Other authors do treat the first law as a corollary of
the second. The explicit concept of an inertial frame
of reference was not developed until long after
Newton's death.

In the given interpretation mass, acceleration,
momentum, and (most importantly) force are
assumed to be externally defined quantities. This is
the most common, but not the only interpretation
of the way one can consider the laws to be a
definition of these quantities.

Newtonian mechanics has been superseded
by special relativity, but it is still useful as an
approximation when the speeds involved are much
slower than the speed of light.

Q3. Describe Newton’'s Law of Motion.

AnS :

l. Newton’s First Law of Motion

Every particle or system will continue its initial
state till the force acts on it. If no external force is
acting, the particle in rest will remain in rest and the
particle moving with some uniform velocity: will
continue with the same velocity. This law tells that,
w.r.t. to center of mass, the center of mass of an
isolated system will remain at rest or moves with
uniform velocity. As a matter of fact every particle
or system will oppose the change of state. This law
introduces a quantity called inertia.

Inertia

It is the inherent property of a particle to
oppose the change of state. It can be measured with
the mass of particle.

Examples

1. A passenger standing in a jerk train will get a
when the train suddenly moves. Sometimes
it may happen that passenger falls in a
direction opposite to the movement of train.
This is due to inertia of rest.

2. Similarly if a bus takes a sudden turn while
going, then passenger sitting in the bus may
bend away from the turn. This is due to
directional inertia.

3. Bicyclist going with more speed suddenly used
the front brakes to stop it, then he may fall.
This is due to motional inertia.

Rahul Publications

'l 66 ',

Force

From the first law of Newton, force can be
defined. Force is an agency to change or trying to
change the state of a system.

Sometimes two or more particles in a system under
the action of internal forces. But these internal forces
can not change the state. Only the external forces
can change the state. We can understand this by
the following examples.

1.  An object on a table can not be moved
without applying a force on it. That is the
property of inertia may helps it to be in same
state. But it changes its position only by
applying the force.

2. Adriver should apply accelerator to improve
the speed of a bus, similarly he has to apply
the brakes to bring it to rest. So only on the
application of force, we can change the state
of a system.

Il. Newton’s Second Law of Motion

This law based on the concept of momentum.
The quantity momentum is the product of mass and
velocity, which is a vector. Its unitin S.I system is kg
ms™L. Its dimensional formula MLT-1,

Second law of Newton states that “rate of
change of momentum is equal to the external force
acting on it”. The change in momentum happens
only in the direction of force. From this law, force
and acceleration can be related.

Let us consider a particle of mass ‘m’ is moving
with initial velocity ‘u’. A force ‘F’ is applied for a
time ‘t’ sec. The final velocity of the particle is v.

Initial momentum Pi = mu.
Final momentum P, = mv

Change in momentum P; - P, = m(v — u)

m(v — u)
Rate of change of momentum = 1

But from the definition of acceleration

_ (v-u)
Tt
Rate of change of momentum = ma.
From the second law, force applied.
F o ma
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and F = k.ma, K is constant of proportionality.
Its value depends on the measure of force. Unit
force is one which can produce an acceleration of
one m/s? in a one kg object. i.e.,ifm=1,a=1
then F = 1 for which K = 1.

F = ma.

In the S.I system, units of force is Newton
and in C.G.S system unit of force is Dyne.

1N = 10° Dynes.
Newton’s Third Law of Motion

This law will not explain the motion of a
particle but explains the mutual interacting forces
among the particles. The law states that “for every
action there is an equal and opposite reaction”
present. So no force can be applied on a particles
without the reaction, since action and reaction
observed on two different particles.

Let an object ‘A" applied a force F,5; on B
another object ‘B’. Simultaneously ‘B’ applies a fore
Fga ON the object ‘A". But from the third law of
Newton F, = - Fg,. The force F, is action and
Fga- is reaction.

Examples

1. Book placed on a table applies its weight on
the table which is action in turn table applies
the source force on the book in opposite
direction which is reaction.

2. Revolving'moon attracted by the earth and
at the same time then moon also attracts the
earth with the same force.

3. Even in an atom the coulombic forces
between the nucleus and electron also
constitute action and reaction pair.

Q4. What are the physical quantities

involved in the dynamics of a particle?

AnS :

In the dynamics of a particle we come across
with several physical quantities as force, linear
momentum, impulse, angular momentum etc., in
addition to the familiar physical quantities of length,
mass, time, velocity and accleration. We have
already come across force in figure.

Let us consider some of these physical
quantities.

(@)

(b)

(©)

Linear Momentum (p)

We have already seen that the product of the
mass ‘m’ and velocity ‘v’ of a particle is
defined as its momentum ‘p’ usually called
the linear momentum.

p=mv
As, velocity v is a vector, momentum p is also
avector quantity. As is evident from the above
equation, a heavy mass moving with a small
velocity may have the same momentum as a
lighter mass moving with a greater velocity. It
is momentum the product of the mass and
velocity of a body, that gives an estimation of
the force required to stop the body.

Impulse

In any given impact, the total change in the
linear momentum of any body due to the
action of a force is defined as the impulse of
the force.

Impulse = Ap=p, - p; =m (v, - V,)

(1)
where v,, p, refer to initial velocity and initial
momentum and v,, p, refer to final velocity
and final momentum.

The impulse is a vector quantity.

dp .
AsF = E we can write

Ap=p,-p; = poz]gF.dt

ty ty
when we apply a constant force F
Impulse Ap =F.At ..(2)

Impulse is hence defined as the product of
the average force multiplied with the duration
of the impact. Impulse plays an important role
when very large forces are acting for a very
short interval of time. Examples are hitting a
nail into a wall, hitting a cricket ball with bat.

Angular momentum (L or J)

The angular momentum J of a particle of
mass ‘m’, revolving around an axis is defined

by.

Gl

Rahul Publications



B.Sc.

| YEAR | SEMESTER

(d)

J=rxp ..(3)
where p is the linear momentum of the
particle A, and r is the radius vector from the
axis of rotation to the particle, as shown in
the figure.

ZA

W

J=rxP

0]

It is also the moment of momentum. It is a
pseudo vector (as it is the cross product of
two real vectors). The concept of angular
momentum is quite useful in describing
rotatory motion of objects in a way just as
the linear momentums plays an important
role in the linear motion.

Torque (7)

The torque T of a force ‘F’ around an axis is
defined by

T =rxF

..(3)

where [ is the force acting on the particle A,

and r is the radius vector from the axis of
rotation to the particle as shown in figure.

But

It plays the same role in rotatory motion as
the force F does in the linear motion. If the
force F acts along the radius rector r then
there will be only translatory motion and there
will be no rotatory motion for the particle. (r
x F =0 insuch a case)

Relation between Angular Momentum and
Torque :

Angular momentum J =r = p and hence

dJ dp dr

—=IX—+—XP

dt dt dt

gxp——xmv = ﬂ><ﬂ—0

dt " dt MGt dt T

d—J:rxd—p:er:%

dt dt

2 ’
at ..(4)

Thus, we can define torque as the rate of
change of angular momentum just as we
defined force as the rate of change of linear
momentum.

From equation (4) it is evident that,

% =0 then & =g
= n E—
T =0

i.e., Jis a constant.

It means that, in the absence of an external
torque, the angular momentum of a body is
conserved. This is called the law of
conservation of angular momentum.

Work (W)

Work is said to be done by a force (F) when
its point of application undergoes a change
and is measured by the product of the force
and the displacement in the direction of the
force.

If, on the application of a force F a body
undergoes a displacement r in a direction
making an angle g with F then work done
by the force is given by

Z
A
Lj (e
T=rxF
F
r A
@]
It is also called the moment of force around
the axis. It is a pseudo vector.
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dwW = F(dr cos 0) = Fdr ...(5) The work done by the force is given by
and the total work done is 1 1
W= = mvi- = mv2 .. (8)
ry 2 f 2 i
rn (i.e) W = Ko = Kinitia .. (9)
Evidently, work is a scalar quantity. That is, the work done by an unbalanced or
. L resultant force on a body is equal to the
If work done (W) by a force is positive, it change in kinetic energy of the body. This is
means that the force actually does work on called the Work-Enerav theorem
the body. ay .
If W turns out to be negative, it means that | ()  Potential Energy of a Body (P.E.)
the box i is doing work against the force (for The potential energy of a body at a point in
example, when brakes are applied to  car, a filed is defined as the work, that can be
the car does work against the braking force done by the body in moving fr’om the given
n ultimately comes to rest).
2 y ) position in the field to the reference point of
(f)  Energy (W orE) zero potential energy.
The energy qssociated with a body is defined The capacity of the body to do work because
EZélheigaﬁc?tCIgéizf t:; bc\),\clzlc))/rtko SStV\ilto LI;nng of its.position arises due to the existence of a
y doing any ’ . force field, such as gravitational field, electric
work when it is necessary. In mechanics we field etc
have energy in two different forms - Kinetic '
Energy and Potential Energy. For example, let us consider a body of mass
Kinetic Energy is the energy possessed by a m, at a height ‘h’ from the surface of the
body by virtue of its motion. Potential Energy earth.
is the energy possessed by a body by virtue i
of its position or state in a force field (like Tf;}e P%teﬂt;al enehrgy ofa t:joply of mats)s m, at
gravitational field or electrical field etc.) a height h from the ground is given by
(9) Kinetic Energy of a body and the Work- P.E. = mgh ...(10)
Energy Theorem
Let us consider a body of mass ‘m’, moving From U(h) = mgh we can notice that,
with a velocity ‘v’. By virtue of its motion,
the body possesses kinetic energy. This will outh) _
be equal to the work that the body can do. “Ton CTMe= IFMI
Kinetic energy of a body of mass m, moving )
with a velocity v is given by In general, are can write as
1o _1 e oU(x)
K.E.—sz or K—2mV (7) IF(X)I — _ ax (11)
Work - Energy Theorem
_ ¥ _ or, in the most generalized from
Let us consider that a body of mass ‘m’ is
under the continuous influence of (an F = v U@ .(12)
unbalanced or resultant) a force ‘F’ and as a
result its velocity change form v; to v; when it i.e., Force is the negative gradient of potential
moves from position r, to position r.,. energy.
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Q5. Define linear momentum of a particle
and system of particles.
(OR)
State law of conservation of linear
momentum and explain with two
examples.
Ans :

1. Linear Momentum of a Particle

Let the mass of a particle is ‘m’ and its velocity
is v, then

Linear momentum P = mV

The measure of every quantity depends on
the frame of reference. While mentioning a quantity
one have to mention a frame of reference. From
newton’s second law, the rate of change in
momentum is equal to the external force acting on
it. The direction of change in momentum can be
expected along the direction of force.

F dp _d v d V =ma
£ dr MYT MG .
av . .
Since ot = 7@, g Iis the acceleration
So F =ma

2. Linear Momentum of System of Particles

Consider a system of N particles. Their masses
are my, m,, mp,. And their velocities are Vi, Vo,
..... vn respectively.

Total linear momentum of the system

BB, +B, 4B, 4. (1)

But p = myv, + myv, + m,v
P 1V1 2Va 3V3

From the definition of centre of mass total
linear momentum of a system is equal to the
momentum of centre of mass.

p = Mv_ (V,, isthe velocity of centre of
mass, M is total mass.)

Rahul Publications
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Differentiating equation (1) w.r.t time.

%: Mé‘cm
dt
P_i
dt T Pext
@)

is the external force acting on the system

F

ext
of particles. In a system one can expect the internal
force amount the particles, but these forces will
cancel in terms of action and reaction pairs.

3. Conservation of Linear Momentum

If no external force is acting on the system

('Eext — 0) from equation (2) we have
dP
— =0
dt

P is a constant

If no external force is acting on a system of
particles, the total linear momentum of the system
of particulars remains same which imply the
conservation of linear momentum.

Example

Two masses A, B are with masses m A and

mg respectively. They are connected by a spring as
shown in figure, and placed on a table. Masses are
pulled apart and released. Two masses are vibrating
along the length of the spring.

Two masses are experiencing internal mutual
attractive force. Treating two masses as a whole, no
external force acting on it before the masses are
pulled and after their relax, system should follow
conservation if linear momentum.

y

B
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Initial momentum of the system = Final momentum of the system.
0=m, v, +mgvg
where v s Vg are the velocities, after the masses were released.

So Mp Vp + Mgp

—MgVg

or v,=
A m

A

Kinetic energy of mass A is

2
(M)

1

A

Kinetic energy of mass B is

— 1 2

KA rnA Vi

—_— = X —

From the above K, m, vé
. VA mB
Since v m

Ka _Ms % Mg _ Mg
Hence 2
Kg mg my m,

Due to conservation of linear momentum, the ratio of kinetic energies are equal to the reciprocal
ratio of their masses.

2.1.2 Motion of Variable Mass System
Q6. Derive the equation of motion of variable mass system.
(OR)

Derive an expression for the motion of variable mass system

Ans . (June-21, Dec.-19, Dec.-16)

In the systems dealt with sofar, we always assumed that the total mass M of the system remains
constant. Such systems are usually referred to as Isolated systems. But sometimes the mass may be changing
with time. Either mass may enter into the system (dm/dt is positive) or mass may leave the system (dm/dt
is negative) with time. For example, let us take the flight of a rocket. Most of the mass of a rocket consists
of its fuel. After firing, all of the fuel will eventually be burnt and ejected out from the nozzle of the rocket
engine.

Figure below shows a system of mass M whose centre of mass is moving with velocity v as seen
from a particular reference at any instant t. At a latter instant t + At, a mass AM has been ejected from the
system and its centre of mass moves with a velocity u as seen by an observer.

{ 71 ' T .
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4 t Y t+ At
1S @
M (M= AM)
(0] X O X
Fig.:

Now the system mass is reduced to M — AM and the velocity v of the centre of mass of the system
is changed to v + Av. The system represents a motion like of a rocket.

Such kinds of problems may be solved by applying Newton’s second law to the combination of two
masses i.e., the remaining mass (M — AM) and the ejected mass AM combined together as a whole system.
It should be remembered that Newton’s second law can not be applied separately either to mass (M —
AM) alone or to mass AM.

dpP
From Newton’s second law Fext = a
AP _ Pf - Pi

For small interval of time  F =__ =
ext At At

Considering both the parts of masses AM and M =AM as forming one and the same system, we can
write

P.—P, [(M—AM)(v + AV) + AMu] - [MV]
Fext = At N At . (1)

where P and P; are the final and initial momentum of the system respectively.

. _ AV A AV AM )
ext.  — VAt At AL AL - (9

If At approaches zero, the configuration on right hand side of figure, approaches that left hand side
i.e., Av/At approaches dv/dt, the acceleration of the body. Since there is a decrease in the mass with time
hence AM/At is replaced by —dM/dt as At approaches zero. Finally, Av goes to zero as At approaches zero.
Making these changes, equation (2) leads to

dv dMm dMm
Fot =M ——+V———U

ex dt dt  dt
d dM
or Fext = gt M)~ U .. (3

Equation (3) expresses Newton's second law as applied to a body of variable mass. It is obvious
from this equation that d/dt(Mv) is not equal to the external force acting on the system unless the ejected
mass comes out with zero velocity.

Equation (3) can also be expressed in the following form :

2 )
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dv dMm dMm
For=M o +V—— —u——

ext— " dt dt dt
or gt~ Text. (u-v) at o (4)

The last term of equation (4) is the rate of change of momentum of the system due to mass leaving
it. This can be regarded as the reaction force exerted on the system by the leaving mass. For a rocket, this
term is called the thrust and it is the rocket designer’s aim to make it as large as possible. Now we can write

dv
M E = Feyt. + Freaction .. (5)

2.1.3 Motion of a Rocket
Q7. Explain the principle and motion of a rocket.
(OR)
Derive an equation of motion of a rocket.
(OR)
Describe the principle of motion of a rocket as system of variable mass.

Ans . (Dec.-17)

A moving rocket in which the fuel gets burnt and comes out in the form of exhaust gases is a good
example of a variable mass system. The rocket consists'of a combustion chamber in which a liquid or a
solid is burnt. When the fuel is burnt, the pressure inside the composition chamber rises very high. Due to
the high pressure, the hot gases (burnt liquid or solid fuel) are expelled from the nozzle at the tail of the
rocket). These expelled gases will be in the form of a jet having a very high exhaust velocity. This is the
action. Consequently, as a reaction, the rocket moves in a direction opposite to the direction of the out
coming gases. Thus, the rocket works on the principle of Newton’s third law of motion or the law conservation
of momentum which.is a consequence of the Newton’s third law.

7 m <SS\

o
/)
ls

YWV - 22

Originally at time t, the rocket of mass M (including fuel) is moving with a velocity V in the laboratory
frame of reference. Let us suppose that in a time interval Dt (that is at time t + Dt) an amount of mass DM
is ejected from the rocket out in the form of exhaust gas jet. Let us suppose that — U is the velocity of
exhaust gas jet with respect to the rocket. Then the velocity of the gas jet in the laboratory frame will be (V
— U). Let us write.
V-U=V,

The time interval At may be made as small as possible, and in the limiting case, At — 0

AM  dM
JES— %_
At dt
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The rate of change of momentum of
= force acting on the jet

gas — jetcoming out of the rocket
(rate of change of mass the rocket) > velocity

_ daM VU
According to Newton’s third law of motion, this is equal in magnitude and opposite in direction to
the thrust acting on the rocket responsible for the forward motion of the rocket.

Thrustontherocket T = OLI—I\:I(V -U) . (1)

Let Ferma 0€ the external force acting on the rocket, which is due to gravitation.
.. (2)

Hence, Foi = — Mg
Force acting on the rocket in the forward direction will be

dMm
Fresultant = dt (V-U)-Mg . (3)
But, according to Newton’s second law of motion, this force will be equal to the rate of change in
the momentum (p = MV) of the rocket. That is
SV VELSVE 4
n= g M= MG dt - @)
From (3) and (4)

dv dm dM

ME*—VE IE(V—U)—MQ
o
— Vgt T ar VY
dv dM
M—=-U—-M
or at at g .. 5

This is the first rocket equation.
Now, let us go back to the stage when the rocket is just about to be fired when the gases just start

burning. Initially, at t = 0, let the rocket has got a velocity V, and has got total mass M,
In the present state, let at t = t, the velocity the be V and mass M.

From equation (5)

v dM

dt dt

dv = Ud—lvI dt
or =-U-r -9

g
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Integrating,
tdM T dM t
dV:_U —_gJ‘dt:_U J‘—_gJ‘dt
Vo Vo Vo Mo

[V]}, = - U [Log, My, - glt],

My
V-V,=-U Log, M, -0

or V-V,=U Log, (Mﬂ] -gt

MO
or V=V,+ULoge ™

M
V=W+Umm{ﬁq—m ...(6)

This is the second rocket - equation.

Let the rate of decrease of mass of the rocket be taken as a

) dm
(i.e.,) E:a .. (7)

If the exhaust gases flow out at a uniform rate, then o is a constant

and ~ M=M,-at=M,|1-—=
M, T

0

(04
Let p= M_o .. (8)

Then  M=M,[1—pt] .. (9)

Equation (9) will be modified as

1
V-V,=U Loge[l_—BtJ -0

or V=V, -Ulog, (1-Bt)-g¢' ... (10)

Special Cases :

() If mass of the rocket is ignored, we can neglect the external force due to  gravitation — (i.e.,) the
term involving ‘g’ and hence,
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From equation (6) we get,

MO
V=V,+U Loge—'\/I .. (11)
d M—dv =-U a 12
an i~ Y at .. (12)

(b)  And further, if the initial velocity V,, of the rocket is zero, then,

M
V=uU Loge(voj .. (13)

(c)  We can get the distance travelled by the rocket just by integrating the equations giving the velocity
of the rocket (i.e., equation 6, 10, 11, 12).

2.1.4 Multistage Rocket

Q8. What are the various stages of the rocket(multistage rocket) in motion?
(OR)
Explain the working of multistage rocket.
Ans . (Dec.-19, Dec.-18(MGU)

A rocket is the vehicle employed for space journey. It works on the principle of jet propulsion. The
principle of jet propulsion depends on the law of conservation of momentum, according to which the
momentum of the jet emerging in the backward direction makes the rocket to move in the forward,
direction.

According to the type of fuel used, rockets are classified as (i) liquid fuel rockets and (ii) solid fuel
rockets.

A rocket to have maximum velocity at its final stage, insists.
1. _Relativevelocity of gases to be maximum.
2. Final mass of the rocket M is very much less than initial mass of the rocket M.

Relative velocity of gases coming out of rocket depends on temperature, pressure within the chamber.
It also depends on area of crossection of the nozzle. With the presently using fuel, temperature that

develops in the chamber is 30009C. Due to this temperature and depending on the crossesction of
nozzle, the maximum relative velocity can be expected only 2 km/sec.

From the optimum design of the fuel chamber (for liquid fuels) presently the value of Ms is maintained
M

at nearly 10, and for solid fuels this value further low.

Therefore even on neglecting the gravitational force, the maximum velocity that a rocket can attain,
starting from rest is from equation :

V: Urel Iogem—gt+C
v=0+2log,_(10)-0
v = 2 x 2.3 = 4.6 km/sec.

g
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This velocity is very much less than the orbital velocity of a rocket i.e., (11.2 km/sec). Due to this
reason, in order to launch a satellite multistage rockets are used. At the end of first stage, the rocket may
attain a velocity nearly 4.6 km/sec and later second stage that begin to work and first stage of rocket
detaches from the rocket. The velocity is adding up and finally, with all different stages the rocket attains
the required velocity.

Q9. State and prove work-energy theorem.

AnS :

Statement :
The workdone by a force on a particle is equal to the change in the kinetic energy of the particle.

We know that the quantity F.dr = F dr cos 0 is defined as the work done by force F on the particle
during small displacement dr. When the force F acts on the particle during a finite displacement, the work
done is obtained as

W= jF-dr:chosedr (1)

Proof :

Consider that a body of mass m is acted upon by a resultant acceleration force F along the X-axis.
Suppose the body moves from a position x; to position x, along X-axis. Let the velocity of the body
increases from v, to v,. The workdone by the force in the displacement is

W= TFdX - @)

Xy
But according to Newton’s second law

Eemas v dvodx dv
—ma=Em Gy T Mk dt

Substituting this value in equation (2), we get

=mv—
dx

't dv t
W = jmv: W dx = m j v dv
2
= {V?}:lmvﬁ——mvf
=K, - K, .. 3)

where the quantity %m v2 is defined as the knienetic energy of the body, K, and K, are the final and
initial kinetic energies of the body.
If AK be the change in kinetic energy, then AK = K, - K;
W = AK .. (4
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So, whenever a body is acted upon by a number of forces, then the work-done by the resultant
force is equal to change in the kinetic energy of the body. This is known as work-energy theorem.

2.1.5 Conservation of Energy
Q10. Explain about the law of conservation of energy.

Ans : (June-17)
Law of Conservation of Energy

Suppose conservative forces operate on a system of particles. If Ug and U; be the potential energies
of the system and W be the workdone then

U-U; =-W
and W = K¢ - K; (work energy theorem)
Then  U;-U; = - (K¢ - Kj)

(U + K) = (U; + K) (1)

The sum of potential energy and kinetic energy is called as total mechanical energy. Equation (1)
shows that the total mechanical energy of the system remains constant when conservative forces are
acting on the system. This is called as conservation of mechanical energy.

According to law of conservation of mechanical energy “energy can neither be created nor destroyed”.
It can be transformed from one form to another form.

Let us consider the case of a body of mass m at a height h above the ground as shown in figure (a).
At position A, the kinetic energy of the body is zero while its potential energy is m g h. The sum of two
energies is m g h. Now suppose that the body falls through a distance x where the velocity of the body

becomes v. Using the formula, v2 = u? + 2 g h, we have the velocity as v = /(2 g x) because u = 0. In
this case, the kinetic energy of the body is

1 51

—mv- =—m(2g X)=mg X

3 ,M2gx)=mg

Potential energy of the body = m g (h - x).

. Totalenergy =mgx+mg(th-x)=mgh

Suppose the body reaches to ground where its potential energy is zero. Here kinetic energy of the
body is m g h. So, the sum of kinetic energy and potential energy remains constant. So, the principle of
conservation of energy may also be stated as “the total energy in any system always remains constant.”

The variation of energy is shown in figure.

T Total energy
g PE. -~
< S
(] 4 ]
[ 4 ]
w ‘
AKE. E
Position —»
Fig.: (b)

It is obvious from figure that total energy remains constant (m g h) throughout.
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2.1.6 Conservation of Momentum
Q11. State and prove the law of conservation of linear momentum. What is its importance in
physics?
Ans :
Law of conservation of linear momentum : If the resultant external forces acting on a system of
particles is zero, the total linear momentum of the system remains constant.
Proof :

Consider a system of n particles whose masses are m;, m,, ..... m,_. The particles are in fixed
positions so as to form a rigid body. Suppose the particles of the system are interacting with each other
and are also acted on by external forces, so that they acquiare velocities v,, v, ..... v,, respectively. Then

their total momentum P of the system is the vector sum of the momenta p,, p,, ..... p, of the individual
particles.
ie, P=p;+p,+ ... P,
=myv, + myv, + ... m.v,

Differentiating with respect to time t, we have

o _dp  dp, , o,
dt dt dt dt
dpP

or Eza(pl+p2+ ..... +p.)

or F=F +F,+ ... F
where F;, F,, ... F,, are the forces acting on the particles of masses m,;, m,, .....m_ respectively.

The internal forces along.cannot bring about any changes in the momentum of the body since they
form pairs of equal and opposite forces according to Ill law of motion and balance each other. So they do
not contribute anything to the total force. The above forces F;, F,, ..... F,, thus represent only the external
force acting on the system and F their resultant.

If the resultant external force is zero i.e., F = 0 then

®
dt
ie, P=p, +p,+ ... p, = constant
This is the law of conservation of linear momentum and may be stated as follows:
Statement :

If the resultant external forces acting on a system of particles is zero, the total linear momentum of
the system remains constant.

Importance :

1. The law is a fundamental one and an exact law in nature. No violations of it have been
observed.

2. In mechanics, the law is useful in solving many problems.
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3. The law helps in the investigation of fundamental particles.
4. The law is applicable to atomic and nuclear physics.

5. The law holds good where Newtonian mechanics fails.

6. The law is applicable even at relativistic velocities.

Q12. State and prove the law of conservation of angular momentum with examples.

AnS :

Law of Conservation of Angular Momentum

The law of conservation of angular momentum states that if no external torque acts on a body
rotating about a fixed point, the angular momentum of the body remains constant.

If a number of particles, each free to move independently of the other or attached to one another
to form a rigid body, then the angular momentum of the different particles of the system about-any point
is the vector sum of the angular momenta of the individual particles about that point.

Thusif J;, J,, ... are the angular momenta of the different particles of the system about the given
point, then the total angular momentum J of the whole system about that point is given by

J=J+J+..
= (rp +mvy) + (r, + mv,) + ...
=2 (r>xmv)=2Z(rxp)

The torque 7 is given by

_diy ,d
r—dt— r dt(mv)
= 2XrxF

In the above summation, the moments of the internal forces which form collinear action-and-
reaction pairs of equal and opposite forces, having equal and opposite moments about the given point
balance each other and hence they produce no effect.

Thus, the rate of change of angular momentum of the system about any fixed point is the sum of
the torques about that point of all the external forces acting on the system.

If the external torque t = 0, then

@) 0 J tant
—— =0 or J = constan
dt

ie., J= J+J,+ . = constant

Thus when the external torque (or sum of the external torques) acting on a system of particles is
zero, the total angular momentum of the system remains constant.

The above is the principle or law of conservation of angular momentum.
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I 2.2 COLLISIONS I

Q13. Explain the concept of collisions. What are the types of collision?
Ans :

Meaning

Collision between two bodies mean their coming into contact with each other. The term at present,

however, is not confined only to the actual contact. Two bodies which exert forces on each other and
affect each other’s motion, though not in actual contact are said to collide or interact with each other. For
example, interaction between astronomical bodies through the gravitational force can be regarded as a
collision. Another example being the interaction i.e., scattering of protons (or a-particles) by heavy nucleus
through electrostatic forces can also be regarded as a collision.

Types

Motion of bodies after collision depends upon their degree of elasticity. Hence, collisions can be

divided into two categories viz., inelastic collision and elastic collision.

(i) Inelastic collision
When two bodies after collision, move as one and do not have any tendency to separate as they
were before collision, the collision is said to be perfectly inelastic.
For example, a collision between a bullet, and its target is completely inelastic, if the bullet remains
embedded in the target after collision. The relative velocity between the bullet and the target after
collision is zero.
The kinetic energy in all such collisions is not conserved. The linear momentum is, however, conserved.
(if) Elastic collision
When two bodies after collision, separate by virtue of their elastic properties, the collision is said to
be perfectly elastic.
Examples of such collisions are inter atomic collisions or collisions between subatomic particles. In
practical life, collisions between” two ivory balls or two glass balls can be regarded as perfectly
elastic.
No kinetic energy or momentum is lost in elastic collision i.e., conservation laws of both kinetic
energy as well as momentum holds good in the case of perfectly elastic collisions.
In fact, no collision is perfectly elastic or perfectly inelastic. Only the degree of elasticity of collision
varies. The degree of elasticity of collisions is measured in terms of the coefficient of restitution.
Definition

The coeff of restitution is the ratio of the relative velocity of separation of the two bodies after

collision to the relative velocity of approach before collision.

Rel vel of separation after collision
Rel vel of approach before collision

i.e., coefficient of restitution (e) =

The value of e depends upon the nature of the colliding bodies. For example, e = 0.5, for two glass

balls and e = 0.20, for two lead balls.

In the case of perfect elastic collision, e = 1.
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Line of Impact

When two bodies collide, their surfaces will be in contact during collision. The line perpendicular to
the common tangent to the surfaces at the point of contact is called the line of impact.

COMMON TANGENT

Direct impact

If the centres of mass of the colliding bodies are initially moving along the line of impact, then the
impact is called head on or direct. After the direct impact, bodies continue to move along the line of
impact.

Oblique impact

If the centres of mass of the colliding bodies are not initially moving along_the line of impact, then
the impact is called oblique.

Q14. Distinguish between elastic and inelastic collisions. Show that in one dimensional elastic
collision between two particles

(i) the relative velocity of approach before collision-is equal to the relative velocity of
separation after collision.

(ii) if the particles are of equal mass, they simply exchange velocities during collision.

Ans : (Aug.-21, Dec.-21)
S.No. | Elastic Collisions S.No. | Inelastic Collisions

1. Elastic collisions conserve kinetic energy. 1. Inelastic collisions do not conserve kinetic energy.

2. These type of collisions do not occur in common and can 2. These type of collisions occur at atomic level.
never be observed at macroscopic scales.

3. Coefficient of restitution of elastic collisions is equal to 3. Coefficient of restitution of inelastic collisions lies between 0
unity (i.e., e =1). and1(i.e,0<e<1).

4, The mostcommon example of elastic collision is the 4, The common example of inelastic callision is the collision
collision between two billiard balls. between two vehicles wherein the colliding, vehicles getlock

together with each other.

The kinetic energy in all such collisions is not conserved. The linear momentum is, however, conserved.
Elastic collision in one dimension

Consider two smooth and non-rotating spheres A and B of masses m, and m, moving in the
direction shown in [Fig. (1) (a)] with velocities u, and u, respectively before collision. Let them collide
headon without any rotation. During collision, the balls get depressed at the region of mutual contact and
move together momentarily. A part of the kinetic energy is stored in the balls , as their potential energy of
deformation: As the collision is perfectly elastic, the spheres tend to acquire the original state. In so doing,
they separate and the potential energy of deformation reappears as their kinetic energy. Let u, and u, be
their respective velocities after collision in the direction shown in [Fig. (1) (b)].

{ 82 }
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UNIT - 1l

'——'——-—)(ul _ uz) -—--—-)(vz-v,)
Before Collision Before Collision
1(a) 1(a)

According to the principle of conservation of linear momenta

Momenta of A and B

_ Momenta of A and B
before collision

after collision
myuy + mMyu; = myvy + myv,
or  my(u; —vy) = myv, - u,) . Q)
Applying the principle of conservation of K.E., we have

} [Total K.E. of A and BJ

Total K.E. of Aand B
after collision

before collision

1 1 1 1
5 m,u,? + 5 m,U,2 = 3 m,v,% + > m,Vv,2
1 2y 2y — 1 2 2
or 5 m, (U< =v,°) 5 m,(V,~ = U,?) . (2

Eq (2) +~ Eg. (1), we have

ml(u12 _V12) _ mz(V22 — uzz)
ml(ul - Vl) mz(Vz - uz)

. (3)

or u,+v,=Vv,+ U,

or u;+v,=v,+uU,
Thus in an elastic one dimensional collision, the relative velocity of approach before collision is

equal to the relative velocity of separation after collision.

|:Or (VZ _Vl) — 1i|

(Ul - uz)
. Rel. vel of separation after collision
€ Rel. vel of approach before collision

This means that the coefficient of restitution is unity.
Rahul Publications
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Calculation of velocities after collision :
V, =V, = U - U, ... Eq. (3)
or Vv,=u;-u,+v,
Substituting this value of v, in Eq. (1), we get
my (u; = vy) =m, (v, —u,)
=m, (u; —u, + Vv, —U,)
=m, (U, - 2u, +v,)
or myu; —myv; = myu; — 2myu, + myv,

or u;(m; -m,) + 2m,u, = v, (M + m,)

m, —m, 2m,
v, = —ml+m2 u, + —m1+m2 U, .. 5

Substituting this value of v, in Eq. (4), we get

U, =Uu; - U, +Vv, .. Eq. (4)

m, —m, 2m,
=u,-u,+ | = + |
U= ™ mo+m, U™ (m +m,

m, —-m, 2m,
v=u |1t ——= | 1
2 1 m, +m, 2im, +m,

2m, m, -m,
= —m1+m2 u, + —ml+m2 U, .. (6)
Special Cases :
(i)  When the colliding bodies are of equal masses i.e., m; = m,. Putting m, for m, in Eq. (5), we get
m, —m, 2m,
v, = m, +m, u, + m, +m, U, .. 5
m, —m, 2m,
= m+m, )Y T {m +m,) Y%
2m,
=0+ u
2m, “2
e, v, =uU,

Similarly, putting m, for m, in Eq. (6), we get
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. (6)

Thus v, = u, and v, = u, i.e., the velocities of two perfectly elastic bodies of the same mass are

interchanged after collision.

(i)  When one of the colliding bodies is at rest. Suppose the sphere B is atresti.e.,
u, = 0in Eq. (5) and (6), we get

v, = u
1 m, +m, 1

2m,
and v, = m, +m, ) U1

Let us further consider three sub-cases

(@) When both the spheres are of the same mass i.e., m; = m,, then
m, —m, 0
ViTilm,-m, ) Y17 2m

2m, 2m,
v, = —m2+ml u, = 2m, u, =u, from Eq. (8)

u, =0 from Eq. (7)

1

u, = 0. Putting

. (7)

. (8)

Hence, after collision, the sphere A stops and B moves with the initial velocity of A i.e.,
the velocities of A and B get interchanged after collision. This result has one of the most
important applications in nuclear physics i.e., in slowing down the neutrons. As neutrons and
protons have equal masses, most of the energy of the fast neutrons is reduced and transferred
to protons by passing them through a substance like water which contains a number of protons.

(b) When m, is negligible as compared to m,, then
0-m,
Vi = 0+m, U =4y,

and v, becomes very small — 0

... from Eq. (7)

... from Eq. (8)
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Hence the velocity of the sphere A after impact is equal and opposite to its velocity
before impact. The velocity of the sphere B, after impact is almost equal to zero.

Thus when a smooth elastic sphere strikes a smooth elastic plane fixed rigidly to earth, it
rebounds back nearly with the same speed.

(c) When m, is negligible as compared to m,, then
v, = u; (approximately) ... from Eq. (7)
and v, = 2u, (approximately) ... from Eq. (8)

Thus, the velocity of the sphere A, after impact, is nearly equal to its velocity before impact and the
velocity of the sphere B, after impact, is nearly double the velocity of the sphere A before impact.

2.2.1 Collision in two and Three Dimensions

Q15. Explain in detail about collisions in two and three dimensions.
Ans : (Dec.-19(MGU), June-19, May-18, Dec.-17, June-17)

If the centres of mass of the colliding bodies are not initially moving along the line of impact, then
the impact is called oblique or collision in two dimensions.

In a collision process, particles participating in a collision may approach in any direction before the
collision, and they may recede in any direction after the collision. If the particles are confined to a plane,
such collisions are called two dimensional collisions. If the particles are moving:in space such collisions are
called three dimensional collisions. Depending on the way how a collision takes place, a collision categorized
as head on collision or oblique collision.

1
N Ty ™
(\\\( (*‘r) .
Al Y u,
\_){\/“k
\ u_
\\ \ /"\ mZ
DR
\.y\ SV
m, \\
N

Before the collision if particles are approaching along the line joining their centres is called head on
collision, if not it is an oblique collision. Let us discuss two dimensional obique collision.

Let two spheres of masses m, and m,, are colliding with initial velocities u, and u, making on angles
of a, B respectively with the line joining their centres. After the collision the final velocities are v, and v,
making an angles of 0, ¢, respectively as shown in fig above. In the oblique collision, the impact force
during the collision will act only along the line joining their centres, but not in a direction normal to their
line joining centres. Therefore the normal velocity components do not change during the collision.

v, sind = u, sina .. Egn. (1)
Vv, sing = u, sinf .. Egn. (2)
From the conservation of linear momentum
m,u, cos o + M,U, Cos B =m, v, cos O + m, v, Cos ¢ ... Egn. (3)
{ 86 |
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From the conservation of kinetic energy

1

1 1 1
= 2 r0s2 = 2002 R = — 2 r0s2 = 2 r0s2
5 m,u;= COs* o + = M,U,“ Cos” B = — m,Vv,° Cos* 0 + — m,V,~ cos” ¢ ... (4)

2 2 2

By solving the above equations, the values of v,, v,, 0, ¢ can be determined.

From equation (3)

m, (u, cosa. — v, cosd) = m, (v, Cos¢ — U, cosf) .. (5)

Similarly from equation (4)

m, (u? cos? a — v? cos? 6) = m, (v3 cos? ¢ — u3 cos? B) ... (6)
By dividing equation (6) with (5)
U, cosa + Vv, €cosO = v, cosp + u, cosp . (7)

Substituting the above values in equation (5), we have

m, —m, 2m,

Vv, C0sO = m, +m, u, cosa + m, +m, u, cosf .. (8)
m, —m, 2m,

Vv, COsp = m, +m, % cosP + m, +m, Ui cose .. (9)

Special Cases

1.

If u, = 0 then from equation (2)
Vysing =0 and v, # 0
¢ = Oii.e., after the collision the mass m, will move along the line joining the two centres.
If m; = m,, from equation (8)
Vv, C0s O = u, cos B
Similarly from equation (9)
V, COS ¢ = U, COS
The velocities will interchange along the line joining the centres of the spheres.
If m; = m, and thenu, =0
v, c080 =0 s cose =0 o0 =190°
From equation (2) sing = 0 L 0=0
After the collision, the two spheres will move in mutually perpendicular directions.

Let us discuss a special two dimensional elastic collision. This collision normally we see in nuclear

reactions.
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Consider a mass m, is moving with a velocity u,. It hits another stationary mass m, in a head on
collision. After the collision, the incident particle i.e m, moves with a velocity v, making an angle of 6, with
the line joining the centres. And the target particle m, moves with a velocity v,,, making an angle 0,,.

The angle 0, is called scattering angle and the angle 0, is called recoil angle. Resolving the velocities
along the X and Y axes, from conservation of linear momentum along X-axis.

m,u; + 0 = m,v, cosd; + m,v, cosO, ... (10)
From the conservation of linear momentum along Y — axis, we have

0+ 0=m, v, sind;, - m, v, sino,

m,v, sind, — m,v, sino, .. (12)

From conservation of kinetic energy

1 ) 1 , 1
—mlu1+0——m1vl+5

> 3 m, v3 .. (12)

There are three equations, 10, 11 and 12. But the unknowns are v,, v,, 0,, 0,. It is not possible to
determine the four unknowns from three equations. But the unknows can be determinal in a special case.
If m; = mj; then from equation (10), we have

u, =v, cos0, + v, coso, .. (13)
v, sinB; = v, sind, .. (14)
U2 = v2 + 2 ... (15)

From equation (13), we have

Vv, €c0s 0, = u; — v, cosO,

v2 cos? 0, = u? + v cos? 0, — 2u,v, cosb, .. (16)
From equation (14), we have

v2 sin? 0, = v? sin? 0, .. (17)
Adding equations (16) and (17)

2
1

vi = u’ - v?-2u, v, cosb, .. (18)

g
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From equation (15)

vi=ul - Ve .. (19)
From equations (18) and (19)

u? - v = u? + v? -2u; v, cosb,;

-vZ = v? - 2u, v, cosh,

-2v? = -2u,v, cosd,

or v, =u, coso, ... (20)
Substituting this in equation (10)

vi = ul - u? cos?0,

vZ = u? (1-cos?0,)

vi = u?sin2 0,

or v, =u,sing,; . (22)
The final velocities v,, v, are normal components of u,. Therefore 6, + 0, = 90°.

Therefore in a two dimensional elastic head on callision, if the incident particle hits with a target
particle initially at test, then after the collision two particles move in mutually perpendicular directions.

2.2.2 Concept of Impact Parameter, Scattering Cross Section
Q16. Explain the terms impact parameter and scattering cross-section.

Ans . (Dec-19(KU), Dec.-19(MGU), Dec.-18, June-18)

Rutherford observed that when a sharp beam of a—particles falls on a photographic plate in vaccum,
a sharp image is obtained. If, however — a thin foil of metal is placed in the path of the beam, the image
becomes diffused (or scattered). The diffusion increases with both thickness and the atomic weight of the
obstacle. The phenomenon is called scattering of a—particles.

Most of the scattered o — particles are deviated through angles of the order of 2° or 3° from the
direction of the incident beam; but a small number, say about 1 in every 10,000 scattered through angles
more than 90°. A few of the a—particles wee even scattered directly in the backward direction i.e., angle of
scattering = 180°.

Impact Parameter

Consider a positive particle, like a proton or an a-particle, approaching a massive nucleus N of an
atom, as shown in figure.

A

path /o Actual path
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Due to coulombic force of repulsion, the particle follows a hyperbolic path AB with nucleus N as its
focus. In the absence of the repulsive force, the particle would have followed the straight line path AC. As
shown in figure, p is the perpendicular distance from the nucleus N to the original direction AC of the
particle. The distance (NM = p) is called the impact parameter. Thus impact parameter is defined as the
closest distance between nucleus and positively charged particle projected towards it. This is also known as
collision parameter.

Scattering Cross Section

When a-particles are projected into a thin metal foil, they are deflected or scattered in different
directions. Let N be the incident intensity (number of incident particles crossing per unit time a unit surface
placed perpendicular to the direction of propagation). Suppose dN be the number of particles scattered
per unit time into solid angle dw located in the direction 6 and ¢ [Fig. below] with respect to the bombarding
direction. The ratio dN / N is called scattering cross-section.

Thus the scattering cross section in a given direction is defined as the ratio of number of scattering
particles into solid angle dw per unit time to the incident intensity.

_ _ dN
Scattering cross-section, C. = .

Q17. What is Rutherford’s Scattering? Obtain the equation for the angle of scattering of a
particle in Rutherford Scattering.

AnS :

Letus examine the scattering of ‘o’ particle with gold nucleus. Rutherford conducted the ‘o’ scattering
experimentin. the year 1911. Radium source emits ‘o’ rays. These ‘o’ rays after passing through narrow
slits collimated into a narrow beam. These ‘o’ rays will collide gold nucleus. The analyse the problem in a
simple way let us consider this collision as a two particle collision between an ‘o’ particle and gold nucleus.
Because both the particles are positive, the repulsive force acting between them is

Trajectory
of a-particle

of trajectory

'l 90 ',

Rahul Publications



UNIT - 1l MECHANICS AND OSCILLATIONS

1 qq,
= are, 12 .. (1)

F

q,, g, are the charges of ‘o’ particle and gold nucleus respectively. To derive an expression for
scattering crossection let us follow the following assumptions.

1.  The collision between ‘o’ particle and gold nucleus is a elastic collision, neglecting wave nature of
the particle.

Gold nucleus and o~ particles are to be treated as point masses, neglecting the particle size.
3. Treat the gold nucleus as heavy and at rest.

i a-Particle
Ge *—>-----%

Vo

Il \I
Head on collision p=0
Fig.: (4)
4.  The o~particle with mass M, moving towards the nucleus G with an initial velocity v,. Consider ‘p’
be the impact parameter for the ‘o’ particle. As the o particle approaching the nucleus its velocity
is reducing and follow an hyperbolic path int he repulsive field of nucleus. As the ‘a’ particle

reaching point ‘c’, its velocity becomes minimum and from there it returns back out of the field in
a hyperbolic path. Initial direction of ‘o’ particle is x,y. After scattering its final direction is POQ. Let

yo p = ¢, scattering angle.
Consider the head on collision of ‘o’ particle with an impact parameter p=0. Here the ‘o’ particle

will reach a point ‘c’ where its velocity becomes zero. From that point the ‘o’ particle retrace its pat with a
scattering angle ¢ = 180°..Here Gc = b, which is called distance of closest approach.

If the atomic number of gold nucleus is Z

1 Ze

4ne, b

Then the potential at point ‘c’ due to the nucleus =

_ . _ 2Z¢*
Potential energy at point ‘c’ is = Ame,b 2

where ‘2e’ is the charge on ‘o’ particle. From conservation of energy, the initial kinetic energy of ‘o’
particle is equal to potential energy.

27e?
2 —

1
2 Mo = 4ne,b

, 47e?
MVo = 4ng,b
ze’?

b= m .. (3

g
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Generally this situation is possible with impact parameter p = 0. This kind of scattering occurs
rarely.

But the case p = 0 is very general to observe. Here the ‘o’ particle moves on hyperbolic path ACD.
The scattering angle ¢ < 180°.
The velocity of ‘o’ particle at the vertex of hyperbolic path ‘c’ is v.
Initial angular momentum of ‘o’ particle at point A = mv,p.
Final angular momentum of ‘o’ particle at point c is
=mvd (GC =d asin fig.)

From conservation of angular momentum

mv,p = mvd
V,p =vd
VoP
=— .. (4
v= =2 @

The value of ‘p’ can be determined from conservation of energy.

1
Kinetic energy of ‘o’ particle at point A = 2 mv

1
Kinetic energy of ‘o’ particle of point ¢ = 5 mv?

_ . . 2Z¢?
Potential energy of ‘o’ particle at point ¢ = 4ne,d

From energy conservation

2
1 2 40 1 , 27e
—mv2 +0=—mv?+ 5,
2 0 2 4ne,d
Ze?
mv2 = mv2 +
0 ne,d
, Ze?
Vi =V +
0 nme,d
, Ze?
vz =

2 Ze?
v2=v2—bVO R B ——
0 d T e, MVy
— |' 92 ,'
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vZ=v?2 (1—gj ... (5)

I
P b
174
p> = d(d - b) .. (6)

From the property of hyperbola, the eccentricity e = sec 0, the length of semi latus rectrum.
GO =asecH. (Oc = afrom fig above.
From AGNO GO = p.cosec 6
asec O =pcosecH
a=pcoto
From fig. (3)
GC =GO + 0OC

d = asecb+a = a(secH + 1)

p cot 6 (1 + sec 0)
= p [cot 6 + cot O sec 0]

[cos® cosO 1 }
= plT= +—
|.SINB  sinB coso
B _cose+ 1 ]  [cos6+1
d= Plsine “sine| =P | sine
2.(:032g
d=p—2
. 0 0
2sin—cos| —
2 2

_ 0
d = pcot >

Substituting this value in equation (6)

o (Y

g
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2 - 2
b = = 0 =
coS (9) smz() cos(j
_\2) 2
" [
sin | —
2
2p cosh 2p cosH
b = ) o) = “sino
Zsint)cos(j sin
2 2
b = 2pcoto

n—¢ . T—¢
b = 2pcot > , from fig (3)927

T ¢
b —2pcot(2 2)

J

N e

b = 2ptan(

g
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Substituting the value of ‘b’ from equation (3)

(q)j Ze?
tan | 5 | = — 2+~ or
2 TEe,MV22p

Ze?

¢
tan (Ej = 2ne,mv2p . (7)

This is an equation for scattering angle of ‘o’ particle for an impact parameter p. As the impact
parameter is decreasing, scattering angle will increase.

Q18. Explain about Rutherford’s cross-section. Obtain an expression for the Rutherford’s
scattering cross-section and also number of scattered particles per unit area.

(OR)
Derive an expression for Rutherford’s scattering cross sections.
Ans . (Dec.-18,June-18)

Let n be the number of atoms per unit volume of the scatterer of thickness t. The scatered particles
are detected by means of scintillations produced by them on a fluorescent screen S. Let Q be the total
number of a-particles that strike the unit area of the scatterer. Our aim is to calculate the number of
particles N that are scattered through an angle ¢ and strike unit area of screen S as a distance r.

rsin¢

Scatterer

Screen (s)

Itis clear that any a-particle whose initial velocity would bring it within a distance p of the nucleus
will be deflected through an angle ¢. In order to determine the probability that n a-particle would come
within this distance, we imagine a circle of radius p drawn around each nucleus. The area occupied by all
such circlesin unit area of foil is ©p? nt. The probable number of a-particles coming within the distance
of an impact parameter p of the nucleus is given by

mp*tnQ
Hence, the number of a-particules having an impact parameter between p and p-+dp is given by
d(mp*tnQ) =2n p tnQdp
Thus, the number of a-particles scattered between angle ¢ and ¢+ d¢ is
2nptn Q dp ...(8)
Eq.(8) will be used in calculating Rutherford’s scattering formula.
Now the scattering cross section o is give by

Number of o particles scattered into solid angle per unit time
Incident intensity

{ 95 }
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Solid angle between ¢ and ¢+dd, dw = 2x sin ¢ do
The number of a-particles scattered into solid angle dw is given by

sldo =ol2rsin ¢ dd

This should be equal to the number of incident a-particles having impact parameters between p
and (p + dp). The area between circles of radii (p + dp) and p is given by

d(np?) = 2n p dp
.. Number of incident particles = 2 np dp |
From equation (9) and (10), we get

cl2nsin¢dp =—-2npdp |

.. (10)

| = incident intensity. Negative sign is used to show that an increase in p causes a decrease in ¢.

Hence
—2npdpl p dp
= 0= 2xsingddl T~ sin¢dd
Ze? t¢ _ _
P= 2 e, mv,? o5 [Using equation (7)] .. (11)
Z 2
dp = ;2 —lcosec2$d¢
2meMyv, 2 2

Substituting these value in equation (11), we get

2 2
[ZEJ cotﬁ 1 cosec? ¢ do
o=

2me,mv,’ 2°2 2
sin ¢ do

Z%* cot ¢ cosec? ¢
_ 2 2
or c=

8n’e,"M?v,*. 2sin ® cos 2

Z%"*
= 1672 g2 2 vy sin® /2 - (13)

(¢

This represents the Rutherford’s scattering cross section.
Rutherford Scattering Formula

The number of ‘o’ particles, scatters between scattering angles ¢ and ¢ + d¢ is = 2nptnQdp
b ¢
But p = 5 cot (2]
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= Z—e2 cot (Ej
P= 2n e, mv§ 2

_ze  [[.1 cosec?| 2
d = Zne, mz | 2 2))) d¢

Substituting the value of dp in the above, we have

) 2 ) (2

=2ntnQ 2m e, mvf) 2m e, mvg

All these scattered particles will pass through an area on the screen
dA = (2m r sin ¢p)rd ¢.

dA = 2xr sin ¢ r do

dA = 2m sin ¢ r* do

dA = 4 sin (%) oS % r2 do

No. of scattered particles pass through a unit area

¢

Ze’ cot () 762 1
27 tnQ Z { € HZ cosec? @j d¢}

2ne, mv; || 2ne, mv;

N =
47 sin (d)) cos [d)jrzdd)
2 2

_ Qntz%* 1 1
~ 16n° €2 m? v} Sin“(¢/2) r?

.. (15)

The above equation represents Rutherford scattering formula. The value of N is
1. Proportional to ‘t’ thickness of target
2. Proportional to 72, square of the atomic humber.

3. Inversely proportional to v *

4. Inversely proportional to sin* (%)

5. Inversely proportional to square of the distance.
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I 2.3 DerINITION OF RigID Boby I

Q19. What is rigid body and Inertia? Obtain expression for the Kinetic energy of a rotating
body.

Ans . (Dec.-17(MGU)
Rigid Body

A rigid body is an assembly of a large number of particles in which the number particle distance
remains the same when it is acted upon by an external force or torque.

The shape of the body, therefore, remains unaltered during its motion which may be translational
or rotational or combination of the two.

Interia

According to Newton’s first law of motion a body at rest will remain at rest and a body moving with
uniform velocity in a straight line will continue to do so unless an external force is.applied to it. This
property of a body by virtue of which it is unable to change its state of rest or of uniform motion in a
straight line by itself is known as “inertia”

For translatory motion the value of inertia depends only on.the mass of the body. The greater is the
mass greater is the inertia.

Kinetic Energy of Rotation

1
For translatory motion kinetic energy depends upon mass m and velocity v and is given by 5 mv2.

When a body rotates about an axis, the kinetic energy of its rotation is determined not only by its
mass m and angular velocity o, but also depends upon the position of the axis about which it rotates and
the distribution of mass about this axis.

If a body A rotates about an axis xy with an angular velocity w, all its particles have the same angular
velocity, but as they are at different distances from the axis of rotation, the linear velocities are different
distances from the axis of rotation, their liner velocities are different. Let the linear velocities of the particles
of mass m, m, ... ; distant r , r, ... from the axis of rotation be v, v,, ... respectively. The kinetic energy of
the body is therefore, equal to the sum of the kinetic energies of the various particles and is given by

1 1
Total K.E. = E mlvl2 + E mzvz2 + ...

Since v =rw

1 1 1
The KE = E mr? o + E m.r?, * + E m3r23 o+ ...
1
= 5 Emr) o= - @ Zmrr= < lo?
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X

1
This expression is similar to the kinetic energy of a body in translation motion (E szj . Here in

rotational motion m is replaced by | and v is replaced by w. It should be noted that m has a constant value
whereas | depends upon the axis of rotation.

Q20. Explain moment of Inertia and Radius of Gyration.
Ans :

Moment of inertia of a body about an axis is defined as the sum of the product of the mass and the
square of the distance of the different particles of the body from the axis of rotation.

The moment of inertia of the body is expressed as mr2.

. 1,
The K.E. of rotation = Elm

If ® = 1, then | = 2 > kinetic energy

Hence moment of inertia may also be defined as twice the kinetic energy of rotation of a body
when its angular velocity is unity.

Radius of Gyration

If the entire mass of the body is supposed to be concentrated at a point such that the kinetic energy
of rotation is the same as that of the body itself, then the distance of that point from the axis of rotation is
called the radius of gyration of the body about that axis. If k denotes the radius of gyration and m the
mass of the body supposed to be concentrated at that point, then we have

1 1 1
KE = —|(J)2 = — 2 2 = —'\/”(20)2
5 5 smr? o 5

2 2
2+r; +}

Mk? = Zmr?2 = mn { n

where n is the number of particle each of mass m into which the given mass m is divided.

1/2
2 +r7+..
Now M =mn .. K= T
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According to the definition of radius of gyration given above the dimensions of k are those of length
[LT alone.

Now moment of inertia | = Mk?
Dimensions of | = [M*L?]

In S.1. units of moment of inertia is expressed as kg-m?

Q21. What is the physical significance of moment of inertia?

AnS :

Physical Significance

Moment of inertia plays the same role in rotatory motion as mass does in linear motion, i.e.,
moment of inertia is an analogue of mass in linear motion.

According to Newton’s First law of motion, a body continues in its state of rest or of uniform motion
in a straight line unless some external force acts upon it. This property of matter.is known as.inertia. A
body always resists an external force tending to change its state of rest of linear motion. Greater the mass
of the body greater is the force required to produce its state of rest or of linear acceleration.

Similarly bodies possess rotational inertia, i.e., a-body free to rotate about an axis opposes any
change in its state of rest or of rotation. Greater the moment of inertia of a body greater is the couple
required to produce a given angular acceleration.

The moment of inertia depends not only on the mass of a body but also on the distribution of mass
about the axis of rotation.

If a solid disc and a wheel have the same mass of a body but also on the distribution of mass about
axis of rotation.

If a solid disc and a wheel have the same mass, wheel will have a greater moment of inertia as the
mass in it is distributed at larger distances from the axis of rotation passing through the centre. The
analogy between the moment of inertia in rotational motion and mass in linear motion and mass in linear
motion will be clear from the similarity in the relation for momentum, force, impulse, energy and work as
illustrated below.

S.No. | Translation Motion S.No. | Rotatory Motion
1. Linear momentum = mV 1. Angular momentum = lo
2. Force = ma 2. Torque or moment of the couple =
| < angular acceleration = | «
3. Impulse = m(v, - v,) 3. Angular impulse = I(o, — ®,)
- 1 .
4. Kinetic energy = 5 mv? 4. Rotational K.E = 5 lw?
5. Work = Force > distance 5. Work = Couple > angular
displacement
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Q22. State and prove the theorem of perpendicular axis for moment of inertia.

AnS :

This theorem states that the moment of inertia of a plane lamina about an axis perpendicular to the
plane of the lamina is equal to the sum of the moments of inertia of the lamina about the two axes at right
angles to each other, in its own plane intessecting each other at the point where the perpendicular axis
passes through it.

To put the above in mathematical from let | and l, be moments of inertia about the two axes
perpendicular to each other in the plane of the lamina then the moment of inertia | about a line passing
through the point of intensection and perpendicular to its plane is given by | = | + l,-

Let OX and OY be the two perpendicular axes in the plane of the lamine. Let m _be the mass of a
particle distant r, from an axis through 0 perpendicular to the plane XOY. The distance of this particle from
the y-axis is x and that from the x-axis is y.

Moment of inertia of this particle about the x-axis = m_y > and moment of inertia of this particle
about the y-axis = m x 2.

Ya

If we divide the whole lamina into a number of particles of masses m,, m,, m,, .. etc. at distances r,
r, I, ... €tc. So that the corresponding distance are y,, y,, Y, ... from the x-axis and x , X,, X, ... from the
y-axis, then

Moment of inertia of the lamina about x-axis | = m y *+ my? + ... = Zmy? and the moment of
inertia of the lamina about the y-axis

— 2 2 — 2
Iy =mxX?+mxz?+ ... =XZmx
Moment of inertia of the lamina about a perpendicular axis through o
— 2 2 — 2
I =mr?+mr?+ .. =Zmr
=m(X>+y?+m(x2+y?)+ ..

=Imx2+Imy? + | + |
X AV

Q23. State and prove theorem of parallel axes for moment of inertia.

AnS :

Theorem of parallel axes states that the moment of inertia of a body about any axis is equal to the
sum of its moment of inertia about a parallel axis through its centre of gravity and the product of its mass
and the square of the distance between the two axes.
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Let CD be an axis in the plane of the paper and AB a parallel axis through G the centre of mass of
the body. The perpendicular distance between the two axes is h. Let M be the mass of the body and m,
the mass of the element at p distant x, and from AB.

Moment of inertia of m, about CD = m,(x, + h)?
=m, (x> + h* + 2x h)
=m, X+ m,h*+ 2mxh
Moment of inertia of the body about CD

| = Zmlxl2 + Zmlh2 + 22m1x1h

If 1, is the moment of inertia of the body about AB, an axes through G, then Sm x,* = Ig
s I=1+ Mh?+ 2h ¥m x
g 11

Now Im,x, is the sum of the moments of all the particles about AB passing through G the centre of
gravity. Since the body is balanced about the centre of mass G, therefore the algebraic sum of all the
moments abut G is zero.

Zmx, =0
Hence | = Ig + Mh?

2.3.1 Rotational Kinetic Relations

Q24. Explain in detail about rotational kinetic relations.
Ans :

Let the axis of rotation be passing through O and'is perpendicular to the plane of the paper, i.e., z-
ais is the axis of rotation.

In figure (a), a plane of the rigid body that is at right angles to the axis of rotation is shown. We
choose a particle P in this plane. To locate this particle, we require two coordinates namely position vector
r and angle 0. For different particles in this plane or in the rigid body, values of r and 6 will be different.

y

O X
1.  Angular Position

With r fixed if 6 is varied, we arrive at rotational motion, i.e., particle P rotates in a circle of radius .
6 is increasing in anticlockwise direction and is taken as positive whereas 6 in clockwise direction is taken as
negative. Obviously

0= ? in radians.

Rahul Publications
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2. Angular velocity

Let the body be rotating in counter-clockwise direction. At time t, the particle is at P(t) while at time
t, itis at P(t)): the angular positions are 0,, and 0,. Therefore, the angular displacement is

0,-6, = A0,
during the time interval
t,—t = At,

so that average angular speed o of the particle in this time interval will be

_ A®
w=—
At
y
P(tz)
r2
AD P(t)
0.
7
0y
o) J X
Figure (b)

AO
The instantaneous angular speed  is defined as limit to which ratio A approaches as At tends to

zZero, i.e.,

. A6 do
o= li —_— = —
At—0 At dt

Since in a rigid body interparticle distance is fixed, therefore if one of the particles undergoes an

do
angular displacement dq in time dt so must the others which implies that ratio ot or angular speed w will

be same for every particle in the body. This means that rather than speaking the angular velocity for single
particle we can state for the whole rigid body rotates with an angular velocity w or it is the characteristic of
the body as whole. Since d® has no dimensions, w has the dimensions of an inverse time (T). The unit
of w is commonly taken as rad./sec or rev./sec.

3.  Angular Acceleration

If angular speed o of particle P is not constant, i.e., at time t, angular speed is o, and at time t,,
angular speed is , then this variation in angular speed in time interval (t, - t,) gives rise to angular
acceleration. The average angular acceleration is defined as

_ 0,-0, Ao

t -t At

2 1
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whereas the instantaneous angular acceleration is defined as

Since co is same for all particles in the rigid body, a must also be the same as a consequence of
above relations. Thus a., like co, is a characteristic of the body as a whole. Its dimensions are T-2 and units
are taken to be rad./sec?.

2.3.2 Equation of Motion for Rotating Body
Q25. Obtain the equation of motion of a rotating body.

AnS :

Equation of a Motion of a Rotating Body

Consider a rigid body capable of rotatining with an angular velocity w about an axis AB passing
through a fixed point O. The direction of angular velocity o will be along the axis of rotation AB.

At any instant, let r be the position vector of a particle P of the body. If the length of the perpendicular
drawn from P on AB is PC =, then C will be the centre of the circle, described by the point P. The speed
of the particle is given by

Speed = or, = or sin 6 where 6 = ZPOC

The velocity of the particle P is given by v =" < r

The direction of velocity v at any instant will be perpendicular to the position vector r and tangential
to the circular path.

The angular momentum Jp of the particle P about the point O is given by
J = rxmv
P p

and its direction is perpendicular to r and v. The angular momentum J of the entire body about the point
O is given by

J=Zr>xmv =Imrx (®xr)
=IM[(r.No-(r.o)] =ZIm[r?— o- (or cos 0) r]

The magnitude of r along o will be r cos 6. The magnitude of the component (J) of the angular
momentum J along the axis of rotation will be given by

J,=Zm[r*®- grcos 0 r cos 0]
=Emr2o (1- cos*0) = Zmr’ e sin?0
= oZmr,
zm ro2 is the moment of inertia of the body about the axis of rotation and is represented by I.

2y =1 orj=lo
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The torque t about a point is the rate of change of angular momentum about that point.

&
T odt

This is the general equation for a rotating body. For a body rotating about the axis of symmetry.

T

_d_d . d
= dt 197 gy
where d® /dt is the angular momentum. If the axis of rotation and the axis of symmetry are not the same,
Jj and @ may not be along the same direction. The torque t, about the axis of rotating is given by
_ 4

d
=2 %
©= G el

In-case, the axis of rotation is fixed relative to the body, | will be constant so that the torque t about
the axis of rotation is given by

In the absence of external torque (t = 0), the angular momentum (| ) about the axis of rotation
is conserved.

i.e., I = constant.

Q26. (a) Prove from first principles that out of an infinite number of straight lines which may
be drawn parallel to a given direction the moment of inertia of a body is least about
the one passing through its centre of gravity.

(b) Determine the moment of inertia of a diatomic molecule.
Ans :

(@) According to the principle of parallel axes the moment of inertia | of a body about an axis is equal
to the sum of its moment of inertia about a parallel axis through its centre of gravity |, and the
product of its mass M and the square of the distance h between the two axes i.e., | = l, + Mh?
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Hence for a number of axes which are all parallel to each other at distances h,, h,, h, etc. from
the axis AB passing through the centre of gravity the moment of inertia is respectively given by

(I, + Mh2), (I + Mh,?)

and so on. The value of h? is always positive whether h is towards the left or right of AB. Hence Mh?
is a positive guantity.

The least value of | is obtained when h = 0 i.e., when the axis passes through the centre of
gravity.

:}*-- -

{ SRS S

1
>

[R—— -..-—_-._-.._-f— [

mfmmm e

Fig. ()
(b) Moment of inertia of a diatomic molecule (about its centre of mass): A diatomic molecule
consists of two atoms (similar or dissimilar) separated by a distance greater than the atomic dimensions.
The familiar examples of diatomic molecules are H,, O,, HCl etc.

To find the moment of inertia of a diatomic molecule like HCI about an axis passing through its

centre of mass, let m, and m, be the masses of the atoms separated by a distance r (the inter-nuclear
distance).

If the centre of mass of the molecule lies at O at a distance r, from m_ and r, from m_, then

mlrl v m2r2
or m.(r=r,)=m.,r,
m,r
= _—_ -
27 my +m,
o m,r
Similarly r,= m, +m,
4
i
< r, > : -, —P
> 10 "
1
'
« - >
i
t
I
'
v
Fig. (b)
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The moment of inertia of the molecule about an axis, passing through O, the centre of mass and
perpendicular to the line joining the two nuclei is given by

J— 2 2
| = m.r2-+m.r,

2 2
m,r m,r
=m, || +tm | —
m, +m, m, +m,

_ mm, 2{ m, + m, }

m, +m, m +m, m +m,
mlmZ .
where p= _— " is known as the reduced mass of the molecule
m, + m,

Q27. Determine the M.I. of a plane circular disc about an axis through its centre perpendicular
toits plane.

AnS :

Moment of inertia of a circular disc about an axis through.its centre perpendicular to its
plane. Let M be the mass of the disc and R its radius. Consider an elementary ring of radius x and width
dx as shown in fig. Its area is equal to the product of the circumference and width i.e., 2rx dx.

Mass per unit area =

Mass of the element =
T

2M
Moment of inertia of the element about an axis through its centre perpendicular to its plane = e

2M
xdx x%® = ? x3 dx

Hence moment of inertia of the whole disc about this axis

by M X1
XX—R2 40—2

N
<
'—.x
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Q28. Determine the moment of inertia of a circular disc about its diameter.
Ans :

Moment of inertia of a disc about its diameter. The moment of inertia of a circular disc about an axis
perpendicular to its plane and passing through its centre is given by

|—1MW
T2

where M is the mass and R its radius.

Now consider two perpendicular diameters AB and CD of the circular disc as in fig. Since all the
diameters are symmetrical the moment of inertia of the disc about one diameter is the same as that about
any other diameter.

C

A

If 1, and 1, are the moment of inertia of the disc about two axes perpendicular to each other, then
applying the principle of perpendicular axis, the moment of inertia | of the disc about an axis perpendicular
to the plane of the disc through O.

=1 _+1,

Since the two diameters are symmetrical with respect to the disc |, = I,

| MR? 1 MR?

I=2IlorI1=E_ 2 XE: 2

2.3.3 Angular Momentum and Inertia Tensor

Q29. Define rigid body. Derive an expression for the angular moments of a rigid body and
hence define inertia tensor.

Ans : (Dec.-19(KU), June-18(KU, Dec.-16)
Rigid Body :

A rigid body is defined as a system of particles in which the relative distance between its constituent
particles remains constant and unchanged during its transational or rotational motion.

Suppose a rigid body is made up of a large number of particles. Let (x, y, z) and (xj, Y, zj) be the
co-ordinates of the it" and j" particle of the body and i the distance between them. Then

M = |:(Xi _Xj)2 +(Yi_yj)2 +(z + ZJ)Z]%
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For a rigid body r, = a constant during any translational or rotational motion of the body. The
translational motion may be, one, two or three dimensional. The rotational motion can only be either two
or three dimensional.

Angular Momentum of a Rigid Body :

Consider a rigid body rotating about a fixed point with angular velocity w . Take the origin 0 at this
fixed point and the three co-ordinate axes X, Y and Z as shown in fig below.

z

The linear velocity of a particle i, having position vector T

V=6 % T

If m, is the mass of this particle then the angular momentum of the particle i about the fixed point o.

=T xm (e x F)=mF x(6x7)

Then, total angular momentum of the rigid body

E:Zﬂ:Zmiﬁx(@xﬁ) (D)
where

Z represents summation over all the particles of the rigid body.
i
Using the vector identity

Ax(BxC)=B(A.C)-C(A.B) weget

=> mle 2T (F. &) @

If (x, y, z) are the cartesian co-ordinates of the particle i and (w, o, ®). The components of
angular velocity w along the three co-ordinate axes, then
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T o— T A T o2 — 2 2 2

I =xi+y]+zk and .. r?= x5 +y; +z;
and d = ol +0)yj + ok

LW =xi+y] +zk). (oi +ao] +ok)

=Xo+Yyon+Zo
i X iy iz

Substituting the values of w, r? and 7. . & in component form in egn. (2) we get

L= mloi+ mij +ok) (X2 +y2 + 22 (xi +y] +2K)(Xo, + yo, + 70)]

= Z m, [i ((’)xxi2 + mxyiz + mxziz —Q XY, - o, Xizi)

I
+ J ((,OyXiZ + myylz + (,OyZiZ - mxxiyi - myylz - (DZini)
+ ’IE ((,OZXiZ + mzylz + ('02 Zi2 - mx Xizi - myyizi - ('02 Z|2)]
If L. L andL,are components of L along the three co-ordinate axes, then

L = Z mi(yf + Zf)mx_ Z m Xy o= Z TR R}

L, = Z my, x o + Z m (22 + xf)my—z my z o,

and Lzzzmiziximx_z rniziyi('oy_|_zrni(Xiz_|_yi2)('oz
We now substitute

Z m'(ylz Zf)zlxx ) _Z miXiyizlxy ; _Z miXiZiIIXz

_Z miini:I)’X : _Z mi(zf + XIZ):Ixy : _Z miyizizlyz

and _Z mzx=1,:- miziyizlzy , Z mi(xi2 + yiz)zlzz

Equations (3), (4) and (5) now become

=l o+l o+ o
X X Xy Yy Xz oz

X

y
=L o+l o+ o
X X zy Yy 2z

z

L

X

L=l o+ o+ o

y X X yyy yZZ
and L,

Z

L =

il o+ o+l 0))+’j\(l o+ o +I 0))+E(I o+l o+l o)
Xy Y Xz oz yX X yy Oy yz =z X X y Yy 7 7

. @3)

. (4)

. (5)

. (6)
. ()
. (8)

This equation shows that the angular momentum vector L is, in general, not in the same direction

as the angular velocity vector @ nor it is in the direction of axis of rotation.
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In the matrix form equations (6), (7) and (8) may be expressed as under

L X I XX I Xy I Xz (DX
y = yX I yy yz (Dy
L I 0

Moment of Inertia Tensor
In vector notation the result stated above in matrix form may be expressed as

L=1wwhere | =|I, I, 1,

is called the moment of inertia tensor or simply inertial tensor. It is a tensor of second rank, which
has nine components.

Q30. Define principal moments of inertia, products of inertia, and principal axes of a rigid
body. Why are they important?

Ans . (Dec.-16)

Principal moments of inertia

In vector notation the angular momentum L ofa rigid body may be expressed as

~ . . XX Xy Xz
L=1owhere .=, I, I,
sz IZY Izz
is called the moment of inertia tensor.
The nine quantities |, L., 1 ;1 .1 .1 ;and| | ,1 arethe components of the moment of inertia
xx' Txy! xz yx! yy! yz x zy' zz

of the body about the fixed X, Y and Z axes.
The diagonal elements | , | and | are the moments of inertia of the rigid body about X-axis, Y-axis
and Z-axis respectively and are called principal moments of inertia (or principal moments).
Products of inertia
The off diagonal elements Ixy, L, Iyx, IyZ X
symmetric pairs i.e.,
Il =1 ;1 =1 ;andl =1
Xy yX yz zy Xy
The rotational behaviour of a rigid body about a given point is determined by a set of six quantities,
the three principal moments of inertia and the three products of inertia.

and 1, 1, are called products of inertia. These occur in

X

Principal axes of inertia

A set of three mutually perpendicular axes drawn through a point in the rigid body taken as origin,
such that the products of inertia (I, | ;1 ;1 ;1. 1) about then vanish i.e. each is equal to zero whereas
(o | | ) the principal moments of inertia are non zero are called principal axes of inertia or simply
principal axes.

In terms of principal axes, the angular momentum of a rigid body is given by

L=1 o i+l o)+ ok
yy oy 2z 1

XX X

{ 111 ' T .
o) Rahul Publications



B.Sc.

| YEAR | SEMESTER

Q31. Explain the statement ‘Inertia tensor is symmetric’.

(OR)

State the properties of moment of inertia tensor.

AnS :

(@)

(b)

Inertia tensor is symmetric

The moment of inertia tensor is given by

It is called symmetric because its off diagonal elements known as products of inertia are equal i.e.
I =1 ;1 =1 =1

Xy yx ! xz X ; Iyz zy
Properties of moment of inertia tensor

1. The moment of inertia tensor is a symmetric tensor i.e. its off diagonal elements are equal
I =1

Xy yX ; Ixz
As a result of this, there are only six independent components

[ 1,1 andl I , I

xx! Tyy! 72z xy! Tyz' “zx

As the products of inertia about the three principal axes are zero, i.e.

x ! yz zy

=1 +,=1, =1 =1=0
Xy yx Xz x yz 7y

Only three components are left, | , |y and | which are sometimes written |, 1, 1.

2. Spherical top : Arigid body for which | = L, =1, is called a spherical top. In a spherical top
all the axes are symmetric. A sphere is an example of a spherical top.

3. Symmetric top : A rigid body for which

L. =1 =1
yy 7z

XX

is called a symmetric top. A cylinder satisfies this condition. If the axis of the cylinder is taken as
principal Z-axis, then X and Y-axes are symmetric axes. But a cylinder is not called a symmetric
top. On the other hand all rigid bodies which do not have cylindrical shape but satisfy the
condition given above are considered as a symmetric top. The earth flattened at the poles and
bulging at the equator satisfies the above condition and is taken to be a symmetrical top.

4. Asymmetric top : A rigid body for which

o= =1
XX yy 7z

is called an asymmetric top. A rigid body, in general is an asymmetric top.
5. Rotor : Arigid body for which
| =1 and I =0
XX yy 2z

is called a rotor. Example, a diatomic molecule.
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2.3.4 Euler’s Equation
Q32. Derive Euler’s equations of rotation of a rigid body about a fixed point.
(OR)
Obtain Euler’s equations of a rigid body rotating about a fixed point.
(OR)
Derive Euler’s equation for a rigid body.
Ans : (Dec.-19(MGU), Dec.-18, June-18, Dec.-17(MGU)
Euler’s equations
The time rate of change of angular momentum of a rigid body about a fixed point is equal to the

resultant external torque acting on the body about that fixed point.

If % is the torque and L the angular momentum, then
__do
T = —
dt

This equation holds good if the system of axes has a fixed orientation in spacei.e. the inertial frame
is fixed in space.

. ()

In order to study the rotation of a rigid body, the system of axes should be fixed in the body itself
and the origin should be coincident with the fixed point about which the body is rotating so that as the
body rotates the co-ordinate axes also rotate with the body.

The time rate of change of any vector in a fixed frame can be transferred to the time rate of change
of the same vector in a rotating frame using operator equation

d d
S IR

where

d
(dtj represents the time rate of change in stationary frame,
S

d
(dtj the time rate of change in the rotating frame
R

and (-) the rotating vector.

Applying this operator equation to equation (i), we get

= (5] =] ),

or %Z(jj—t+63><L ... (iii)

|
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Now, the angular momentum of a rigid body rotating with angular vector @ about a fixed point is
given by

L=Li+Lj+LKkK
X y 7
. o+Lo+Lo)i+( o+lo+] o)]
XX X Xy "y Xz 7 yX X oy yz Tz
+( o+l o+l o)k
X X y Ty 2z 7

If 7, ] and k are the unit vectors along the principal axes of inertia at the fixed point in the rigid
body about which it is rotating. Then

=1 =1 =1 =11 =0
Xy yX X Xz yz zy
and we get IizlxmeAi+lyymij+lumZE
dL | do, T dmy':+| d(DZ'IE
— = — .. (i
gt = ar T a2 e Tt ()

This gives the first term on the right hand side of eq. (ii).

To find the value of second term, we have

N i (IZZ 0)y 0)2_ Iyy 0)y 0)2) + J (IXX COX 0)2_ IZZ COX 0)2)

+ k (I, 00-1, 0 0)
= i 0)y 0)2 (IZZ - Iyy) + J COX 0)2 (IXX - IZZ)
+K o o (I, -1, . (iv)

L ~
Substituting the value of (jj_t from Eq. (iii) and & > L from Eq. (iv) in Eq. (ii), we get

T =1 S do, + | dmZE
P " Tar T T
+iool-1)+jool -)+koold -1) .V
Now  ©=1i-+1]+1k ... (vi)
Comparing (v) and (vi), we get
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do, )
=1, gt + o o, (I, - Iyy) Y1)

d(Dy ..
Ty = Iyy F + COX ('02 (IXX - Izz) (V"l)

do, .
T, =1, at +oo(, -1) . (IX)

Eq. numbers (vii), (viii) and (ix) for 7, 7 and t, are known as Euler’s equations for the motion of

- o d. :
the rigid body. These equations give the values of components of torque T = e relative to the rotating

principal axes, in terms of angular velocity of the principle axes and principal moments of inertia.

2.3.5 Precessional of a Symmetric Top

Q33. What is a symmetric top ? Derive an expression for the angular velocity of precession of
a symmetric top.

OR
Discuss the motion of a top and obtain an expression for the precessional frequency.
Ans : (Aug-21, Dec.-19, June-19, Dec.-18(MGU), Dec.-17)
Symmetric top
A symmetrical body spinning about an axis which is fixed at one point is called a top.
Precession of a top spinning in Earth’s gravitational field

Consider a top spinning about its axis of symmetry with an angular velocity w. Its tip being a fixed
point coinciding with the origin O of an inertial frame of reference.

The angular velocity vector @ and the angular momentum vector L will be pointed along the axis
of rotation according to the right hand rule. Let the axis of rotation make an angle 6 with the vertical at the
instant considered.

~

The forces acting on the top are
(i) its weight mg acting vertically downwards at its centre of mass C.

(i) the upward force on the tip or pivot O. This force exerts no torque about O as it passes
through O.
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Hence the weight mg exerts a torque t about
O given by
T=r>xmg
where r is the position vector of C with respect
to O. 1 is directed perpendicular to the plane
containing r and mg according to the right hand
rule.
The magnitude of |t] is given by
It] =r mgsin (180 - 6)
=rmgsin 6 . (@)
when a torque t acts on a rigid rotating body,

it changes the angular momentum L of the body,
given by

AL
At
or AL =1 At .. (2)

In the present case t is perpendicular to L.
Hence the change inL i.e., AL (being in the direction
of 1) will also be perpendicular to L.

If L be the angular momentum of the top at
time t, the angular momentum L + AL, after a time
interval At is given by the vector sum of L and AL.
As AL is perpendicular to L and is very small, the

where A¢ is the angle through which the
vector L rotates in time At. As is clear from the figure
that AL << L, hence

AL =R Ad
o AL AL
or Ap= R Lsin6

Substituting the value of A¢ in eq. (3), we
have

AL AL 1
o = . = x .
P Lsingx<At At L sin®
AL
But At =1t from Eq. (2)
_ T
= Lsine
and T=rmgsin6 from Eqg. (1)
r mgsin 0 mgr
Hence o = =

P Lsino L

new angular momentum vector has the same | ~ Thus the precessional angular velocity is
magnitude as the old but a different direction so | independent of 6 and is inversely proportional to
that the angular momentum vector ofthe top moves | the magnitude of the angular momentum L.
around.a horl_zontal circle. i.e.; L precesses _around If Lislarge o the precessional angular velocity
the vertical axis and sweeps outa cone. Thisis called | i pe small i.e., the faster the top spins about its
precessional motion of the top. The angular velocity | own axis, the more slowly it precesses about the
gf precession o, (or precessional frequency) is given | \sertical axis.
y
2.3.6 Gyroscope
o Ad ; y P
P At s Q34. What is Gyroscope? Give its uses
advantages and applications.
(OR)
Describe Gyroscope.
Ans . (June-18)
A gyroscope is a heavy symmetrical body
(top) in the form of a heavy circular disc or fly wheel
rotating at a very high speed about is axle.
Gyroscopes have two basic properties :
precession. Those are defined as follows:
{116}
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1. RIGIDITY : The axis of rotation (spin axis)
of the gyro wheel tends to remain in a fixed
direction in space if no force is applied to it.

2. PRECESSION : The axis of rotation has a
tendency to turn at a right angle to the
direction of an applied force.

The gyroscope is mounted in gimbals so that
the disc and axle are both free to turn as a whole
about any one of the three perpendicular axes XX,
YY' and ZZ' which intersect at a common point O.
Each gimbal is mounted in the next gimbal with
jewelled bearings which are made up of a very hard
material like agate or saphire to reduce frictional
torque.

The spinning disc D is fixed in a ring PP which
is free to rotate about its axle coinciding with the
axis of symmetry XX'. The ring PP in turniis fixed in
another ring QQ which is free to rotate along YY'
axis perpendicular to XX'. Further the ring QQ is
fixed in a rigid frame work FF along the axis ZZ'. In
this rigid frame work the gyroscope possesses three
degree of freedom and can rotate about any of the
three axes. The motion of the gyroscope consists of
rotation, precession and nutation.

When a torque is applied to the axis of
rotation of the disc it give rise to the precession of

the axis of rotation. The rate of precession Q = i

AsQisinversely proportional to | and m, larger
the value of | - the moment of inertia of the disc
and greater the angular velocity  smaller will be
the rate of precession. But a gyroscope, to be useful
and effective, must have a large value of angular
momentum, which is possible only with a heavy
disc rotating at a very high speed.

Advantages

1. They really make smaller stabilized system
2. They impart greater Stabilization

3. They are Accurate and Easy to understand.
Disadvantage

1. The Gyroscopes are really expensive, but not
in the terms of camera stabilization.

2. They are noisy if you are concerned about
sound.

3. Pan and tilt speed is limited.
4. They take too much time to get up the speed.

5. They require another cable, battery and an
inverter to work.

Uses

(i) Gyrocompass
The gyroscopes are used in ships and
aeroplanes to give a continuous indication of
the north - south direction. For this purpose
the gyroscope is set along the magnetic
meridian. Such a gyroscope is known as a
gyrocompass.

For this purpose, a large and heavy gyroscope
is used. The gyroscope is mounted in such a way
that it can spin at a very high speed about a vertical
axile, which can tilt forward or backward. The shaft
of the gyroscope disc is supported in bearings fixed
to the ship. When the ship rolls up and down the
gyroscope is automatically tilted forward or
backward so that its precession gives rise to a torque
which acts in a direction opposite to that of the
rolling ship. This torque brings the ship back to its
stable position. Such a gyroscope is called a
gyrostabiliser.
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Q35. Explain the theory of action of a
gyroscope?

AnS :

Gyroscope

A top is a symmetrical body spinning about
an axis which is fixed at one point. If the fixed point
about which a symmetrical body is spinning about
its axis coincides with the centre of gravity of the
body, then it is called a gyroscope.

Theory and Action of a Gyroscope

The gyroscope consists of a heavy circular disc
of large moment of inertia free to rotate at high
speed is arranged writhing the rectangular frame.
The disc rotates about its axis. The angular velocity
vector o will be along the axis from the fixed pivot
O. The axis of gyroscope can itself rotate about O.
For such a rotation of the angular velocity vector,
the tip of the angular momentum vector L also
moves in a horizontal circle with time (shown by
dotted curve) making the gyroscope precess about
O. Butthe precessional velocity w, is small compared
to the angular vector of the circular disc within the
frame work.

Let P be the upward force at the gyroscope
mg is acting vertically downward at a distance R
from O. The force P has a moment due to mg about
O, which is given by

T =mgR

and this torque acts in the direction
perpendicularto @ and P. This direction also moves
in a circular path around O as the direction of
o changes.

Rahul Publications
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__d
T odt

Let d6 be the angle through which L turns in
a time dt, then.

L do6=dL
de—d—L
or = L

Hence the precession velocity o, is given by

do dL y 1
0, = "= X—
P dt L dt
Thus the precessional velocity is inversely
proportional to the angular momentum i.e., when
the angular velocity of the gyroscope is large, the
precessional velocity of the angular momentum is
small. Thus gyroscope is a device characterized by
the greater stability of its axis of rotation.

x
L

Q36. Write in detail about precession of
equinoxes.

| Ans :

Axial precession is gravity-induced, slow, and
continuous change in the orientation of an
astronomical body’s rotational axis. In particular, it
can refer to the gradual shift in the orientation of
Earth’s axis of rotation, which, similar to a wobbling
top, traces out a pair of cones joined at their apices
in a cycle of approximately 26,000 years. The term
“ precession” typically refers only to this largest part
of the motion; other changes in the alignment of
Earth’s axis-nutation and polar motion— are much
smaller in magnitude.

Earth’s precession was historically called the
precession of the equinoxes, because the equinoxes
moved westward along the ecliptic relative to the
fixed stars, opposite to the yearly motion of the Sun
along the ecliptic.

The discovery of the precession of the
equinoxes is mostly attributed in the west to
Hellenisticera (2nd country BC) astronomer
Hipparchus, although there are alternative
suggestions claiming earlier discovery such as in
Indian text vedanga Jyotisha from 700 BCE. With
improvements in the ability to calculate the
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gravitational force between and among planents during the first half of the nineteenth century, it was
recognized that the ecliptic itself moved slightly, which was hamed planetary precession, as early as 1863,
while the dominant component was named lunisolar precession. Their combination was named general
precession, instead of precession of the equinoxes.

Precession of Equinoxes is due to precessional motion of earth’s rotational axis. The orbit plane of
the earth, revolving around the sun and plane passing through the equator of earth are inclined to each
other by an angle 23.5°. These two planes are intersecting at points A & B. These points are shown in
figure. The point A is called vernal equinox and points A & B is called line of Equinoxe. While the earth
revolving around the sun, it may reach point A on 21t march and point ‘B’ on 22 September. For these
two days the length of day and night will be equal.

North celestial pole

. Summer
solstice

23.5°

Vernal equinox

South celestial pole

At the equinoxe points the rotational axis of the earth, undergoes precessional motion. The internal
torque created on the earth due to two reasons 1. shape of the earth is not a perfect sphere. It is bulged
at the equator and flattended at the poles. This shape gives a symmetry of top 2. The attractive force
experienced by the earth from sun and moon are not equal.

The unequal attractive fore due to sun and moon will create an internal torque on the earth. This
leads to precessional motion of earth’s rotational axis. The rotational axis of the earth’s will complete a
cone with respect to pole star. The precessional motion of rotational axis of earth will bring a change in the
direction of line of equinoxe. This phenomenon is called precision of equinoxes. As the torque acting on
the earth is small, the rotational axis will take nearly 25,800 years to complete a total cone due to precessional
motion. For this small precessional angular velocity of the axis, the vega star will be fixed as pole star for
nearly 1200 years.

PROBLEMS

1. The burnt fuel in a rocket is ejecting out with velocity of 1.6 km/sec. If the rocket starts
from rest, then show that mass ratio of fuel to mass of empty rocket is 1100, for gaining
an escape velocity of 11.2 km/sec ?

If the fuel burnt rate is 1/10 of initial mass, then find the time to attain the velocity of
11.2 km/sec?

Sol :

Initial velocity of rocket v.= 0
Velocity of gases coming out of rocket v. = 1.6 km/sec
The final velocity of rocket v = 11.2 km/sec.

Equation for the final velocity of rocket is
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M,

v=yv,+u,log, M

MO
11.2 = 0 + 1.6 log

© M
| M, 112 ;
%M T
M, .
M - e’ =1101 (-~ M= M, mass of the empty rocket, the maximum
velocity attains only when fuel is completely exhausted)

My MMM,
Me - Me - 1 + Me
M, M,
M, = w L

e M

Mf
v, = 1101-1=1100

b)  Fuel burnt td—M— —iM
(b) uel burnt rate at —oc—lo o
at
MZMO—atZMO(l__Oj
_ (1_Lj t _ M
M=M "7 10 =70 ™,
Lo ﬂ—1 o —- = 1101
0~ M, 771101 -
1100
~ 1101
t 1100 10
= — X
1101
t = 9.99 sec.

g
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2. (@) Find the momentum of an electron with Kinetic energy 100 eV ?
(b) The car and truck masses are 4000 kg and 10,000 kg respectively ?

(i) Atwhat speed of truck does its momentum equal to momentum of car travelling
with a speed of 30 m/s ?

(i) At what speed of truck does its kinetic energy equal to kinetic energy of car
travelling with a speed of 30 m/s ?

Sol :

(@) Mass of the electron m = 9 < 10?8 gram.

1
Kinetic energy = 5 mv? = 100 eV

1
5 mv? = 100 < 1.6 > 1072 erg.

PZ
% =16 x 1010
©P2=16x 100 x2x9x 1028

=16 =18 x 10

P = J1.6x18%x103® = 5.37 %< 10" gm.cm.sec™

(b) (i) If the velocity of truck is ‘v’ then
10,000 = v =.4000 x< 30

_ 4000 x 30 _
V.= —10’ 000 v = 12 m/sec

(i) If the velocity of truck is ‘v,” then

1
> 10,000 < v? = 5 4000 x 30 > 30

vZ = 360
v. = 18.97 m/sec.

3. Arocket burns 0.02 kg of fuel per second ejecting it as a gas with a velocity of 10,000
m/sec. What force does the gas exert on the rocket?

Sol :
The thrust (F_,...) exerted by the escaping gas on the rocket is given by
S, M
reaction u dt
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dM
Here, u = 10,000 m/sec and (Ej = 0.02 kg.

= = (10,000) % (0.02)

reaction

= 200N

4.  Anempty rocket weights 6000 kg and contains 44000 kg of fuel. If the exhaust velocity
of gases is 1 km/s, find the maximum velocity attained by the rocket.

Sol :

M,
=u x 23 log,, ™

50,000
6000

=1 x 2.3 log (- M_= 44000 + 6000 = 50,000)
10 0

=1x23x8.33
= 19.16 km/s

5.  Arocket having an initial mass M starts from rest. When it attains a velocity v, its mass
becomes M. What is the ratio of (M / M) when the velocity of exhaust gases is equal to v
(numerically).

Sol :
The velocity v of the rocket at any instant of time t is given by
MO
v =y, +ulog, M
Giventhat v, =0, u=yv
MO
v=0+vlog, M
MO
or log, ™= 1
Mo oo 2.717
or v &= 2717
6. Inatwo stage rocket, the masses of first and second stages 300 kg and 30 kg respectively,

the fuel filled is 2400 kg and 270 kg respectively. If the exhaust velocity of gases is 2
km/sec then what is the final velocity of rocket?
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Sol :
The velocity attained by the rocket at the end of first stage

v=ulog, — M
But here M, = 300 + 2400 + 30 + 270
= 3000 kg
M = 300 + 30 + 270 = 600 kg
u = 2km/sec
v = 2xlog, ——— x log, 5

° 600

v = 3.22km/sec
The velocity v = 3.22 km/sec will be the initial velocity to second stage.
Thus by the end of second stage the final velocity

v = 3.22 km/sec

M = 30 + 270 = 300 kg

M = 30 kg

V = v, +ulog, — M

300
= 3.22 +2 % log, 30

= 322 + 2 xlog, 10
V = 7.82 km/sec

7. Find the length contraction of 1.5 m rod moving with a speed of 0.95 c (c is the velocity
of light).

Sol :

1
J1-v?/c?
| = 15m
v= 09c

1.5 1.5 1.5 1.5
~ J1-(0.95¢ ~ 1-(0.9025) ~ 0.0975 _ 0.3122

4.8046 m
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Sol :

A rocket of mass 10,000 kg has got a full of mass 30,000 kg inside it. Fid the exhaust
velocity of the gases in 2 km/sec, find the maximum velocity of the rocket that can be
obtained.

M
Maximum velocity of rocket v = u log, (Voj
M = Mass of rocket = 10,000 kg
M, = Mass of rocket + fuel mass = 10,000 + 30,000 = 40,000 kg
u = Exhaust velocity of gases

u=2kmis

40,000
Vi = 2108, | 70,000
=2 Ioge 4=2x23 Ioglo4
= 2 x 2.3 x 0.60206
v = 27694 m/s

ma;

Sol :

Find the magnitudes of gravitational field and potential at a distance of 10 cm from the
center of a solid sphere having a mass of 1 kg and a radius of 5 cm.

M=1kg, a=5cm=5x=x102m
G =6.67 < 10" N

Lol i N GM _6.67><1011><1
-Potential V=- —= = —_— 5

=133 x 10°

. —-GM -6.67x10" x1
G.fieldf = a2~ (BGx107%)7

= 0.266 x 10

10.

Sol :

If the duration of a day is 28 hours, measured through a clock placed in spaceship with
respect to a stationary observer, find the velocity of the spaceship.

At =2 At=24; C=3x 108 mis

At'=
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_ 24
28 = "
sy
V2 _ 24\ _
1 = 2_8 = 0.735
v2
0_2 = 0.265

v =+0.265 xC

= +/0.265 x 3 x 10%® = 1.54 x 10°% m/sec

11.

Sol :

The speed of a body of mass 20 kg moving along a circle of radius 1.5 m increases at the
constant rate of 0.5 m/sec. Find the torque acting on the body.

m=20kg; r=15m; V= 0.5 m/sec

dL _ d(mVr)
dt —  dt

T =

mvr 20x0.5x1.5
t 1

T =

=15N-m

12.

Sol :

A rocket of mass 20 kg has 180 kg fuel. The exhaust velocity of the fuel is 1.6 km/sec.
Calculate the minimum rate of consumption of fuel so that the rocket may rise from the
ground.

Mass M = 20 + 180 = 200 kg
u = 1.6 km/sec., = 1.6 x< 1000 m/sec.

o _
Uar — V9

dM Mg  200x9.8
dt  u  16x1000

= 1.225 km/sec.

13.

The total mass of a rocket is 8000 kg. The exhaust velocity of gases 800 m/sec
(@) Find the burnt rate of fuel, just to lift the rocket.

(b) Find the burnt rate of fuel, to give an upward acceleration of 30 m/s?

{ 125 ' T
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Sol :
(@) The thrust acting on the rocket must be equal to weight of the rocket.

Thrust on rocket

dMm
vV =

_:M
T Tt g

dm
800 > = = 8000 x (9.8 + 30)

d—M—98k/
s glsec

(b) To give an upward acceleration ‘a’, the required thrust to be act on rocket

_av_
v = at =m(g + a)

dm
800 ~- = 8000(9.8 + 30)

dM ~ 8000x39.8
dt 800
= 398 kg/sec.

14. The initial mass of a rocket is M . Rocket starts from rest. The final mass of rocket is M,,
where the final velocity is v.. Then prove that

Sol :

The final velocity of rocket is given by

— 2o
v=yv,+u,log, M - gt

Neglecting the ‘g’ at higher altitudes, we have

M
v=u, log, VO (v, =0)

If M=M then V=,

My v
Mf ur

log, =

el

g
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Taking antilogarithm on both sides

Vi

M Vi
_0 — eurel OI’ _0 — e Urel
f Mf
15. In arocket the fuel burnt at a rate of 0.02 kg/sec. Exhaust velocity of gases 10,000 m/
sec. Find the thrust acting on the rocket.
Sol :
. M
Thrust acting on Rocket F .= u, ot
u, = 10,000 ms™
_ dMm
Freaction - ureI E
= 10,000 < 0.02
Frpartinn = 200 N
16.

An empty rocket weights 5000 kg and contains 40,000 kg of fuel. If the exhaust velocity

of the fuel is 2.0 km/sec., find the maximum velocity gained by the rocket. (Given that
log, 10 = 2.3, log,, 3 = 0.4771).

Sol :

Ignoring gravity effect, the velocity v of a rocket at any time t is given by

MO
v=v0+ulogev

where M, is the initial mass of the rocket (at t = 0) plus the mass of the fuel and M is the remaining mass

at a time t. The velocity v attains the maximum value when all the fuel is burnt. Then M is the mass of
empty rocket.

According to the given problem

v, =0, M, =5000 + 40,000 = 45,000 kg, M = 5000 kg
and u = 2.0 km/sec.

45000
5000

= (2.0 kmisec) log, (3)?

V.. = (2.0 kmisec) log,

= (2.0 km/sec) 2 log, 3

= (2.0 km/sec) 2 x 2.3 < 0.4771
= 4.4 km/sec.
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17.

From the nucleus of a radioactive element an election and nutron are disintegrated and
travel in mutually perpendicular directions. The momenta are 9.22 x 102, 5.33x102

kgms™ respectively. Then
(@) Find the recoil velocity of nucleus

(b) Final direction of momentum of nucleus
(c) If the mass of nucleus is 3.9 x 10-2° kg, then find the kinetic energy.

| YEAR | SEMESTER

p is the recoil momentum of

Sol :
Let |31, |32 are the momenta of electron and proton respectively.
nucleus.
y
Bl
“"300
1500

P

From the conservation of momentum
0=P +P,+P

P =-(P, + P,)=—(9.22 x 107 | +533 % 102 j)

Pl = 10% fi9.22% + (5.33)

=1.065 > 1072° kg ms™.
(&)  Velocity of nucleus

Pl 1.065x10
m 3.9x10%

_ P, (533
(b) tan6 = P, =" 902

inetic energy = 7~ = L085x107)
(c) Kinetic energy = om ~ 2x39x10%
_ 1134x10%

7.8x107%
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18. A machine gun fires 50 gm bullets at a speed of 1000 m/sec. The gum man holding the
machine gun in his hands, can exert an average force of 180 newtons against the gun.
Determine the maximum number of bullets he can fire in a minute.

Sol :
50
1000 ) < 100

= 50 kg-m/sec
Let x be the maximum number of bullets fired in one minute.

Momentum of the bullet = (

X
Momentum imparted per sec. = 50 x (aj kg-m sec?.

Now, Thrust exerted by gun man = rate at which momentum is imparted to the bullet

X
50 x (60) = 180 newton

_ 180x60 _
X = 5o = .

19. Two steel spheres of radii 2 cm and 3 cm move with velocities of 24 cm/sec. in opposite
directions and collide head on. If the collision is elastic, calculate the velocities after
impact.

Sol :

According to eq. (c) of article 2.16, we have

2m, u, (m, +m,)u,
= +
1T (M, +my) (m, +m,)

v

Here the masses of steel spheres are proportional to the cube of their radii, i.e., 2®and 3%i.e., 8 and
27.Som, = 8and m, = 27, u, = 24 cm/sec. and u, = -24 cm/sec. Hence,

_2x27 ” (8-27)
VL= g7 T g
Solving we get v, = -50.05 cm/sec.

This shows that after impact, the 2 cm radius sphere moves in a direction opposite to the direction
of motion before impact.

Now according to equation (b) of article 2.16, we have

24

2m, u, (m, -m))u,
2 = +
(m, +m,) (m, +m,)

A%

_ 2x8x24 (27 -8)(-24)
8+27) T g+27
Solving we get v, = -2.06 cm/sec.
The negative sign shows that 3 cm radius sphere moves in its own direction after impact.
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20. A 0.03 kg mass travelling at 0.08 m/s makes an elastic collision with a 0.05 kg mass at
rest. Find the speed of each mass after collision.

Sol :
Given u, = 0.08 m/s, m = 0.03 kg, u,=0 and m, = 0.05 kg
Here we have m u, +m u,+m v +m, v,
0.03 < 0.08 + 0.05 x 0 =0.03v, + 0.05v,
Solving we get 3v, + 5v, =0.24 . (@)

From Newton’s experimental law

vV, =V,
u,-u, —=-1
Vo™ Va
—= =_1
0-0.08
or 3v,-3v, =0.24 .. (2)

Solving egs. (1) and (2) for v, and v,, we get
v,=0.06 m/s and v = -0.02 m/s.

21. A ball moving with a speed of a 9 m/s strikes an identical stationary ball such that after
the collision the direction of each ball makes an angle of 30° with the original line of
motion. Find the speeds of the two balls after the collision. Is kinetic energy conserved
in this collision process ?

Sol :

The situation is shown in fig.

@@

Initial momentum of balls =m <9 +m>x0=9m . (@)

where mis the mass of each ball. Let after collision their velocities be v, and v, respectively. Final momentum
of the balls after collision along the same line

= myv, cos 30 + m v, cos 30

mv,(/3) | mv,(/3) _ mv,(¥3)
= (v
2 2 2

LtV .. (2

According to the law of conservation of momentum
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my/(3)

Im = > (v, +Vv,)
9x2
or B =(v,+vV,) .. (3

The initial momentum of the balls along perpendicular direction = 0
Final momentum of balls along perpendicular direction

m
=mvlsin30—mvzsin30=E (v, +Vv,)

According of the law of conservation of momentum

E(vl—vz)ZO or v,-v,=0 or v,=v, .. (4)
Solving egs. (3) and (4), we get
v, = 33 misec. and v, = 33 misec.
According to the law of conservation of energy
Energy before collision = Energy after collision

1 2 1 2 1 2 1 2
E mlul +E m2u2 ZE mlvl +E m2v2

%m(9)2+0=%m(3\/§)2+%m(3\/§)2

81m _ 54m
2 2
or L.H.S. # R.H.S.

This shows that energy is not conserved in this collision i.e., this is case of inelastic collision.

22. A ball moving at a speed of 2.2 m/sec. strikes an identical stationary ball. After collision
one ball moves at 1.1 m/sec. at 60° angle with the original line of motion. Find the
velocity of the other ball.

Sol :

Let m be the mass of each ball and m, the initial velocity of the first ball. Let v, and v, be the final
velocities of the balls respectively after collision as shown in figure.

t
m u 14\60°
fmm P on o o
m
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have

Applying the law of conservation of momentum along original direction of motion, we have

mu=mv, cos 60°+ m v, cos 0

or U= v, cos 60° + v, cos 0
22=11(0.5)+ v,cos 0 (~ cos 60° = 0.5)
v,c0s 0 =2.2-0.55=1.65 . Q)
Now applying conservation of momentum perpendicular to the original direction of motion, we
0=mv, sin60°-myv,sin0
or 0=v,sin60°-v,sin0
or v, sin 6 = 1.1 (0.866) (. sin 60° = 0.866)
or v, sin 6 = 0.953

Squaring and adding egs. (1) and (2), we get
v,> = (1.65)* + (0.953)?

or v, = \/[(1.65)2 +(0.953)°] = 1.9 misec.
Dividing eqg. (2) by eq. (1), we get

.953
1.65
0 = tan™ (0.577) =30°

tan 6 = = 0.577

23.

Sol :

Alfa particles of energy 4 MeV are scattered back from a gold foil Z = 79. Calculate the
maximum volume in which the positive charge of the atom is likely to be concentrated.

The a-particle will be scattered back a a point where its kinetic energy is converted into potential

energy. Let b be the distance of closest approach, then

1 2 Z¢e?
_— 2 —
K.E. = 5 mv,2 = 4n80b

According to the given problem,
K.E. =4 MeV =4 x 10° eV
= (4 < 10°) (1.6 < 107%) joule.
Z =79 and e=16>x<10"°C

2x79%x(1.6x107°)
{1/(9%x10°)}xDb

(4 < 10° (1.6 < 10%) =

2x79%(1.6x107")
(4x10%)

b = (9 x 109
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= 5.688 < 10 m

4

Maximum volume = § Tt b®

4
= 5 % (3.14) > (5.688 x 10’

=7.72x<10% m?

24. An a-particle with K.E. 6.0 < 10-* joule is scattered at an angle of 60° by Coulomb
field of a stationary nucleus. Find the impact parameter.

Sol :

The impact parameter is given by

Ze?
2 n g, mvgtan(g/ 2)

2x(1.6x107")?
2x3.14 x(8.85x10 %) x (12x 10**) x tan 30°

= 0.013 x 10*
=13 x 10% m.

25. A circular disc of mass 100 kg and radius 50 cm is mounted axially and is rotating.
Calculate the K.E. when its executes. 25 rev./min.

Sol :

1 1(MR%)
K.E 5 o 5 2

M = 100kg,R=05m and ® = 2znn

1 {10040.5)2

So, KE. = — 2

5 } (2.6166)2 = 42.79 J

26. The speed of a particle of mass 20 kg that is moving along a circular radius is 1.5m
increasing at the rate of 0.5 m/s for every second. Find the torque acting on it.

Sol :

We know that, L =mvr
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N LS = (2]

ow, T T gt (mvr) = mr at
dv

Here, m =20kg, r=15m and (Ej = 0.5 m/s.

T = 20 15> 0.5=15N-m

27. The Kinetic energy of a metal disc rotaing at a constant speed of 5 revolutions per
second is 100 joule. Find the angular momentum of the disc.

Sol :

= lo

® = 2nn = 2%3.14 x5 = 31.4 sec?

1
Now, K.E. = E lo?

2K.E. 2x100
or | =

— — -m?2
of )= (3L4y = 02028 kgrm

L = 0.2028 x 31.4 = 6.368 kg-m? 'sec™
28. Atopis spinning at 30 rev./sec. about an axis making an angle of 30° with the vertical.
Its mass is 1 kg and its rotational inertia is' 510 kg-m?. The centre of mass is 4 cm

from the pivot point. If the spin is clockwise as seen from the above, what is the magnitude
and direction of the angular velocity of precession ?

Sol :
The angular velacity of precession is given by
_ f_I'mg
% T L w
Here, r = 0.04 m, m = 1kg, | = 5x10"* kg-m?
and ® = 2nn =27 x 30 =60 © rad/s.
0.04x1x9.8
® = - _andan oy = 4.16 rad/sec

d (5x107*)(60 )

The spin is clockwise as seen from above and hence the angular velocity of precession is in the
downward direction.

29. A Flywheel of mass M and radius ‘R’ is free to rotate on axel. A thread is rounded about
the wheel and at the end of the thread a force ‘F’ is applied. Then find the angular
acceleration and tangential acceleration of the point on the wheel ?

Sol :

Torque acting on wheel % =F xR
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1
Moment of inertia of wheel | = E MR?2

But t = la, a-angular acceleration
FR L MR2
== o
2

2F
o= ——
MR
Tangential acceleration o= Ra

. _2FR_2F
T"MR M

30. A symmetric top is spinning about its rotational axis with a speed of 30 revolutions per
second. Axis of rotation making an angle of 30° with vertical. Mass of the top 0.5 kg. Its
moment of inertia 5 < 10~ kg.m?2. The distance of centre of mass from pivot is 4 cm. If
we look on to the top, its rotational sense is clockwise. Find-the magnitude and direction
of precessional angular velocity of the top?

Sol :

Angular velocity o = 30 x 2r rad/sec

Moment of inertia | = 5.0 < 104 kg.m?

Angular momentum J = 5.0 x 10 x 30 x 2n
J = 942 x 10~* kg-m?/sec

Torque T = mgr

Mass'm = 0.5kg

T =0.5>9.8 > 0.04 =0.196 Nm

. . T 0.196
Precessional angular velocity o, ==

J 942x10°

o, = 2 rad/sec

The direction of precessional angular velocity is in clockwise.

31. Awheelisrotating with an angular velocity of 500 revolutions/minute on an axel. Another
wheel same as the first at rest is joined to the axel. Both the wheels are rotating with a
common speed. Find their common speed ?

Sol :

From the conservation of angular momentum

lo=1lo, +l,0,
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loo = final angular momentum

l,, + I,m, = initial angular momentum

Lo+ ho,  hoy + 1,0,
I l, +1,

Ix500+1x0

0 = T = 250 revolutions/min.

32. Acircular ring of mass 100 grams and radius 10 cm is rotating about an axis passing

through centre and 1 to the plane of ring with an angular velocity 10 revolutions per
second. Then find

a) Moment of inertia of the ring

b) Angular momentum

c) The required torque to increase angular momentum to 10° eng.sec in one second.
Sol :
a)  Moment of inertia of the ring

| = MR2

1 =100 x 10 x 10 = 104 gram.cm?
b)  Angular momentum L ='lo

L =104 10 x 2w = 6.28 >< 105 erg.sec

c)  Torque r———ﬁ—lo4 dyne.com
e T T 10 yne.com.

33. Asymmetric top is rotating with an angular velocity 18 revolutions/sec. It is inclined by
an angle of 20° with the vertical. The radius of gyration of the top is 6 cm. If the distance
of c.m from pivot is 5 cm. then find precessional angular velocity?

Sol :
. . mgr  gr
Precessional angular velocity @, = —— = ~—
g y ©, ] P
980x5
() =
P 6x6x2x3.14x18
o, =1.2 radians/sec.
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34. A 500 gm stone is revolved at the end if a 0.4 m long string at the rate of 12.5 rad/s. Find
its angular momentum.

Sol :
Given,
A store revolves at the end of a string
Mass of stone, m = 500 gm = 0.5 kg
length of string, | =r = 0.4 m
Angular velocity of stone, w = 12.5 rad/s
The angular momentum of stone is obtained as,
Angular momentum = mr2 o
= 0.5 x (0.4)2 x 12.5
=1 kg m?/s

Angular momentum of stone = = 0 1 kg m2 s!

g
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Short Question and Answers

1. Define Torques. prove that the rate of
change of angular momentum is equal
to torque.

AnS :

Torque

The restoring force that acts on a rotating
object is known as Torque and it is denoted by .

Relation between Torque and Angular
Momentum

Angular momentum of a body is given as,
L=lo

Differentiating the above equation with
respect to time t,

dl _ d(lo)
dt — dt
d do [ do J
— = — l—=m=x
dt dt dt
] do . .

Since, ot s angular acceleration,
a_
dt_ °

2. State and explain Newton’s Law of
Motion.

AnS :

Newton's laws are applied to objects which
are idealised as single point masses, in the sense
that the size and shape of the object's body are
neglected to focus on its motion more easily. This
can be done when the object is small compared to
the distances involved in its analysis, or the
deformation and rotation of the body are of no
importance. In this way, even a planet can be
idealised as a particle for analysis of its orbital motion
around a star.

In their original form, Newton's laws of
motion are not adequate to characterise the motion
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of rigid bodies and deformable bodies. Leonhard
Euler in 1750 introduced a generalisation of
Newton's laws of motion for rigid bodies called Euler's
laws of motion, later applied as well for deformable
bodies assumed as a continuum. If a body is
represented as an assemblage of discrete particles,
each governed by Newton's laws of motion, then
Euler's laws can be derived from Newton's laws.
Euler's laws can, however, be taken as axioms
describing the laws of motion for extended bodies,
independently of any particle structure.

3. Impact Parameter

AnS :

Consider a positive particle, like a proton or
an a-particle, approaching a massive nucleus N of
an atom, as shown in figure.

A
N
S -
P
Undeviated 8
path 7~ Actual path

Due to coulombic force of repulsion, the
particle follows a hyperbolic path AB with nucleus
N as its focus. In the absence of the repulsive force,
the particle would have followed the straight line
path AC. As shown in figure, p is the perpendicular
distance from the nucleus N to the original direction
AC of the particle. The distance (NM = p) is called
the impact parameter. Thus impact parameter is
defined as the closest distance between nucleus and
positively charged particle projected towards it. This
is also known as collision parameter.

4.  Scattering Cross Section
Ans :

When a-particles are projected into a thin
metal foil, they are deflected or scattered in different
directions. Let N be the incident intensity (number
of incident particles crossing per unit time a unit
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surface placed perpendicular to the direction of
propagation). Suppose dN be the number of
particles scattered per unit time into solid angle do
located in the direction 6 and ¢ [Fig. below] with
respect to the bombarding direction. The ratio dN /
N is called scattering cross-section.

N

adw
lncidaqtbaam .“'

N Scatterar

Thus the scattering cross section in a given
direction is defined as the ratio of number of
scattering particles into solid angle dw per unit time
to the incident intensity.

dN

Scattering cross-section, 6_ = —
sC N

5. Gyroscope.
Ans :

A gyroscope is a heavy symmetrical body
(top) in the form of a heavy circular disc or fly wheel
rotating at a very high speed about is axle.

Gyroscopes have two basic properties :
precession. Those are defined as follows:

1. RIGIDITY : The axis of rotation (spin axis)
of the gyro wheel tends to remain in a fixed
direction in space if no force is applied to it.

2. PRECESSION : The axis of rotation has a
tendency to turn at a right angle to the
direction of an applied force.

The gyroscope is mounted in gimbals so that
the disc and axle are both free to turn as a whole
about any one of the three perpendicular axes XX,
YY' and ZZ' which intersect at a common point O.
Each gimbal is mounted in the next gimbal with
jewelled bearings which are made up of a very hard
material like agate or saphire to reduce frictional
torque.

6. Describe the principle of motion of a
rocket as system of variable mass.

AnS :

A moving rocket in which the fuel gets burnt
and comes out in the form of exhaust gases is a
good example of a variable mass system. The rocket
consists of a combustion chamber in which a liquid
or a solid is burnt. When the fuel is burnt, the
pressure inside the composition chamber rises very
high. Due to the high pressure, the hot gases (burnt
liquid or solid fuel) are expelled from the nozzle at
the tail of the rocket). These expelled gases will be
in the form of a jet having a very high exhaust
velocity. This is the action. Consequently, as a
reaction, the rocket moves in a direction opposite
to the direction of the out coming gases. Thus, the
rocket works on the principle of Newton’s third law
of motion or the law conservation of momentum
which is a consequence of the Newton’s third law.

7. Calculate the thrust on a rocket.
Ans :

The expression for motion of a rocket is given
by,

dy

& +

dt Fext F
if the rocket moves away from the influence

of gavitational force of the earth, the there is no

external force acting on it.

reaction

= Fext =0
The motion of a rocket becomes,

dy
ME = 0 + I:reaction
_,
rel dt

dM
Theterm A E istermed as thrust of a rocket

Rocket thrust = Vre|E

Where,
V., — Exhaust velocity
M — Mass of a rocket
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8. Derive Euler’s equation for a rigid body.
Ans :

The time rate of change of angular momentum of a rigid body about a fixed point is equal to the
resultant external torque acting on the body about that fixed point.

If T is the torque and L the angular momentum, then

_dL
T =

- . ()

This equation holds good if the system of axes has a fixed orientation in space i.e. the inertial frame
is fixed in space.

In order to study the rotation of a rigid body, the system of axes should be fixed in the body itself
and the origin should be coincident with the fixed point about which the body is rotating so that as the
body rotates the co-ordinate axes also rotate with the body.

The time rate of change of any vector in a fixed frame can be transferred to the time rate of change
of the same vector in a rotating frame using operator equation

d d
(al () = (al )+ o x (),

where

d
(aj represents the time rate of change in stationary frame,
S

d
(aj the time rate of change in the rotating frame
R

and (-) the rotating vector.

9. Distinguish between elastic and inelastic collisions.

Ans :
S.No. | Elastic Collisions S.No. | Inelastic Collisions
1. Elastic collisions conserve kinetic energy. 1. Inelastic collisions do not conserve kinetic energy.
2. These type of collisions do not occur in common and can 2. These type of collisions occur at atomic level.
never be observed at macroscopic scales.
3. Coefficient of restitution of elastic callisions is equal to 3. Coefficient of restitution of inelastic collisions lies between 0
unity (i.e., e =1). and1(i.e,0<e<1).
4, The mostcommon example of elastic collision is the 4, The common example of inelastic callision is the collision
collision between two billiard balls. between two vehicles wherein the colliding, vehicles getlock
together with each other.
{ 140 |
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10. Explain the theory of action of a

gyroscope?
Ans :

A top is a symmetrical body spinning about
an axis which is fixed at one point. If the fixed point
about which a symmetrical body is spinning about
its axis coincides with the centre of gravity of the
body, then it is called a gyroscope.

Theory and Action of a Gyroscope

The gyroscope consists of a heavy circular disc
of large moment of inertia free to rotate at high
speed is arranged writhing the rectangular frame.
The disc rotates about its axis. The angular velocity
vector o will be along the axis from the fixed pivot
O. The axis of gyroscope can itself rotate about O.
For such a rotation of the angular velocity vector,
the tip of the angular momentum vector L also
moves in a horizontal circle with time (shown by
dotted curve) making the gyroscope precess about
O. Butthe precessional velocity w, is small compared
to the angular vector of the circular disc within the
frame work.

11. Inelastic collision.
Ans :

When two bodies after collision, move as one
and do not have any tendency to separate as they
were before collision, the collision is said to be
perfectly inelastic.

For example, a collision between a bullet, and
its target is completely inelastic, if the bullet remains
embedded in the target after collision. The relative
velocity between the bullet and the target after
collision is zero.

The kinetic energy in all such collisions is not
conserved. The linear momentum is, however,
conserved.

12. Elastic collision.
Ans :

When two bodies after collision, separate by
virtue of their elastic properties, the collision is said
to be perfectly elastic.

Examples of such collisions are inter atomic
collisions or collisions between subatomic particles.

In practical life, collisions between” two ivory balls
or two glass balls can be regarded as perfectly elastic.

No kinetic energy or momentum is lost in
elastic collision i.e., conservation laws of both kinetic
energy as well as momentum holds good in the case
of perfectly elastic collisions.

In fact, no collision is perfectly elastic or
perfectly inelastic. Only the degree of elasticity of
collision varies. The degree of elasticity of collisions
is measured in terms of the coefficient of restitution.

13. Show that © = 1la for a rotating rigid
body.

AnS :

The force acting on the particle produces an
angular acceleration in the body, causing it to rotate
about z-axis. The torque acting on the particle ‘P’
or the rigid body is given as,

T=7T=rxF ..(1)

The equation of motion of rigid rotating body
can be obtained by estimating the relationship
between torque applied and angular acceleration
of the body. Consider the rotation of the body
through an infinitesimal angle d6 within an
infinitesimal time dt. Let the particle move from P(t)
to P(t + dt) along the radius are ‘r’ in dt sec. Figure
(i) illustrates the diagrammatic representation of the
rotating body with necessary notations.

14. Explain the working of multistage

rocket.
Ans :

A rocket is the vehicle employed for space
journey. It works on the principle of jet propulsion.
The principle of jet propulsion depends on the law
of conservation of momentum, according to which
the momentum of the jet emerging in the backward
direction makes the rocket to move in the forward,
direction.

According to the type of fuel used, rockets
are classified as (i) liquid fuel rockets and (ii) solid
fuel rockets.

A rocket to have maximum velocity at its final
stage, insists.
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1. Relative velocity of gases to be maximum.

2. Final mass of the rocket M is very much less than initial mass of the rocket M.

Relative velocity of gases coming out of rocket depends on temperature, pressure within the chamber.
It also depends on area of crossection of the nozzle. With the presently using fuel, temperature that
develops in the chamber is 30009C. Due to this temperature and depending on the crossesction of
nozzle, the maximum relative velocity can be expected only 2 km/sec.

From the optimum design of the fuel chamber (for liquid fuels) presently the value of Ms is maintained
M

at nearly 10, and for solid fuels this value further low.

Therefore even on neglecting the gravitational force, the maximum velocity that a rocket can attain,
starting from rest is from equation :

V: Urel Iogem—gt+C
v=0+2log,_(10)-0
v = 2 x 2.3 = 4.6 km/sec.

This velocity is very much less than the orbital velocity of a rocket i.e., (11.2 km/sec). Due to this
reason, in order to launch a satellite multistage rockets are used. At the-end of first stage, the rocket may
attain a velocity nearly 4.6 km/sec and later second stage that begin to work and first stage of rocket
detaches from the rocket. The velocity is adding up and finally, with all different stages the rocket attains
the required velocity.

15. Moment of Inertia.

AnS :

Moment of inertia of a body about an axis is defined as the sum of the product of the mass and the
square of the distance of the different particles of the body from the axis of rotation.

The moment of inertia of the body is expressed as Zmr2.

) 1,
The K.E. of rotation = Elw

If ® =1, then | = 2 x kinetic energy

Hence moment of inertia may also be defined as twice the kinetic energy of rotation of a body
when its angular velocity is unity.

§
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‘ Choose the Correct Answers I

1. If moment of inertia of a wheel, having radius of gyration 60 cm, is 360 kg m? then mass of the
wheel is [d]
(a) 200 kg (b) 500 kg
(c) 800 kg (d) 1000 kg

2. Angular momentum is the vector product of : [a]
(&) linear momentum and radius vector
(b) moment of inertia and angular acceleration
(c) linear momentum and angular velocity
(d) linear velocity and radius velocity

3. The orbit of an artificial satellite is [c]
() hyperbolic (b) parabolic
(c) elliptic (d) none of these

4. M.1. of a solid sphere is [c]

2 3
(a) §m2r2 (b) Emr2
() 2 mr? (d) 3 mr
5 5

5. If a satellite is launched into a circular orbit close to the earth. its velocity is [b]
()" J2grR (b) or
(c) oR (d) 2gR

6. Law of conservation of angular momentum is consequence of [b]
(2) homogeneity of space (b) isotropy of space
(c) homogeneity of space and time (d) homogeneity of time

7. Homogeneity of time leads to conservation of [c]
(@) linear momentum (b) angular momentum
(c) total energy (d) Kinetic energy

8.  Which is not explicit function of time ? [c]
(a) velocity (b) acceleration
(c) potential energy (d) momentum
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9. A bicycle in motion does not fall because one of the following is conserved. [b]
(@) linear momentum (b) angular momentum
(c) Kinetic energy (d) all of the above

10. Newton'’s law of motion are based on the assumption that space is [c]
() homogeneous (b) isotropic
(c) homogeneous and isotropic (d) invariant under rotation

11. A body of mass m collides against a wall with a velocity v and rebounds with the same velocity.
The change in memontum of the wall is [c]
(@) zero (b) mv
(c) -2mv (d) -mv

12. Ratio of inertial mass to gravitational mass is [b]
(@ 1:2 (b) 1:1
(c) 2:1 (d) no fixed number
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‘ Fill in the Blanks I

1. Moment of inertia is
2. Units of M.l are
3. The number of co-ordinates required to describe a collision in centre of mass frame is
4. In elastic collision there is a conservation of
5. The scatering cross-section has the dimensions of
6. If ¢ isthe angle of scattering inlab and 6 inc.m. system, thenfor m =m, we have ¢=_____.
7.  The path of an a-particle in Rutherford scattering is always
8.  When the velocities get intercharged after collision of two bodies, the collision is elastic.
9. The minimum velocity with which a body may be projected to become a satellite of the earth is
10. The value of escape velocity is km/sec.
11. The time period of a geostationary satellite is hours
12. Rocket works on the principle of conservation of
13. Ifthe force on a rocket moving with a velocity of 300 m/sec is 210H. then the rate of fuel combustion

is kg/sec.
14. Newton’'s second law gives the measure of
15. A body which does not undergo any change in shape or size by the application of external forces is

called
16. Law of conservation of linear momentum is consequence of
17. The unit of angular momentum is
18. Number of dimensions space has is

ANSWERS
w

2. Kg.m?

3. 3

4. linear momentum

5. area

6 9
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10.

11.

12.

13.

14.

15.

16.

17.

18.

hyperbola
perfectly

7.92 km/sec.

11.2 km/sec

24

linear momentum.
0.7

force

arigid body

homogeneity of space.

Kg m? s7* or Joule second.

three
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Central forces — definition and examples, conservative nature of central forces,
conservative force as a negative gradient of potential energy, equation of motion under

square law, derivation of Kepler’'s laws.
I I I SPECIAL THEORY OF RELATIVITY:

I B
T T
T P T P T T

U N |T a central force, gravitational potential and gravitational field, motion under inverse

Galilean relativity, absolute frames, Michelson-Morley experiment, Postulates of special
theory of relativity. Lorentz transformation, time dilation, length contraction, addition

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

3.1.1 Definition and Examples (i)

Q1. Define central and non-central forces.
What are the characteristics of central
force?

Ans . (June-21, Dec.-19, June-17)
(i) Central Force (ii)

A central force is defined as a force, which
always acts on a particle or body towards or
away from a fixed, point and whose
magnitude depends upon only-on the
distance from the fixed point. This fixed point

of velocities, mass-energy relation. Concept of four vector formalism. )
PP PP PR
Examples
3.1 CeNTRAL FORCES I N
Familiar examples of non-central forces are :

Weak forces called into play in b-decay and
decay processes where the decay products
are leptons (electrons, positrons, neutrinos,
m-mesons etc.) arc non-central. Weak forces
arc non-zero-only when the interacting
particles just overlap.

Strong nuclear forces between proton-
proton (p-p interaction), proton-neutron (p-
n interaction) and neutron-neutron (n-n
interaction) are non-central as these are due
to the exchange of p*, p~ and p° mesons
respectively.

is known as the centre of the force. Explanation

(if) Non-Central Force

It is convenient to express the central force in

A non-central force is that force which does | Polar coordinate system. Let O be the centre of

not simply depend upon the distance | force,

which is taken as the origin of coordinate

between the centres of the two interacting | System. P is a particle whose polar coordinates are r

their spin and relative orientation. by F. Mathematically, F is expressed as,
Characteristics Y _
. F
The characteristics of non-central forces are : /‘
i) They are short range forces i.e. the force acts
only when the interacting particles are very 9 P
close to each other. e
i) Non-central forces do not necessarily act 0 X
along the line joining the centres of the two
bodies. 7
iii) A non-central force is non-conservative and F=T1(r) .. Egn. (1)

cannot be derived from some scalar potential
i.e. they are not the gradient of some scalar

where f(r) is a function of the distance r of the particle

function. from the fixed point and T is unit vector along the
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radius vector r of the particle with respect to that
fixed point. In case of two particles the magnitude
of central force depends upon the distance of
separation of two particles and the direction being
along the line joining the particles.

Examples :

1.  The gravitional force exerted on a particle of
mass m, by another stationary particle of mass
m, is a central force and can be written as

m,m,
Fip=-G — 7T

where r is the distance between the two
particles. Here negative sign indicates that the
force is attractive.

But F=1(rnT
m,m C
=-6—5*=-3
where C = -G m;m, is a constant.

1
Thusf(r) o P

which is the famous inverse square law.

Thus the earth moves around the sun under
a central _force whichis always directed
towards the sun.

2. The electrostatic force exerted on a charged
particle g _by another stationary charged
particle g, is a central force and is given by

1 90,
F..= . r
127 4ne,  r?
But F =17t
1 4gQq C
f(r) = Y=
0 Adng, r°r?
1
or f(r) oc 7z

Thus, electron in a hydrogen atom moves
under a central force which is always directed
towards the nucleus.
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3.  Amass attached to one end of a spring whose
other end is fixed is also an example of central
force. The spring always pulls towards the
fixed end of pushes way from it by an elastic
force.

F=-kx
where ‘X’ is the distance of the mass from the

unstretched position of the spring and k is
spring constant.

3.2 CoNseRVATIVE NATURE OF CENTRAL
Forces

Q2. Explain the conservative nature of
central force?

AnS :

A force is said to'be conservative if the work
done in moving a particle from-one point to another
point.is independent of the path followed. But
depends on the end points. Consider a particle that
moves from A'to B. It can follow path | or path Il or
any other path. If the force is conservative, the work
done along these paths is constant. The points A
and B are fixed.

(June-18)

Path I
A B
Path II
. A— —
Fdr=| F.dr
A
path | path Il

The work done in moving a particle along a
closed curve is zero.

W, = work done in moving from A to B

B— —

. F.dr v (D)
W_, = work done in moving from B to A
=+ WBA = _WAB
. Network done =W, . +W_,
W,+W,=0 v (2)
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3.3 CoNsERVATIVE FORCE As A NEGATIVE GRADIENT OF POTENTIAL ENERGY I

Q3. Show that the conservative force is the negative gradient of potential energy.
Ans : (Dec.-19, Dec-17)

The work done against central force is equal to increase in potential energy of the body. The
potential energy of a body on the earth is zero. When the body is lifted to certain height against gravitational
force, an increase in potential energy takes place. Let U (X, y, z) is the potential energy function due to
central force field, the change in potential energy is

W,
oy
_[qau ~0U -au

I—+]—+k— | (T dx+]dy+kdz] = (1
6X+16y+ aZj(l X+ ] dy+ z) dr (1)

@dx+ y+@dz
du = OX oz

If £ is central force, the work done against central force is equal to the change in potential energy

du = —F.dr
F=Fd +Fd +Fd, --(2)
Fo U p U U
ox 7oy oz

From equation (1) and (2), one can obtain

dx oy 0z
=— Ti+]i+kiu
ox "oy Z
E=_yu=-grad U ..(3)

3.4 EquaTioN oF MoTioN UNDER A CENTRAL FORCE

Q4. Prove that the motion under a central force takes place in fixed plane?
Ans :

Consider a particle in X-Y plane. Let r and v are the position and velocity vectors of the particle.
The angular momentum of the particle is

!

=Tx

o

|

=Txmv ...... (l)
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The direction of L is along Z-axis. Under a central force, L is constant and it is always along Z-axis.
The vectors r and v lie in X-Y plane.

Consider the motion of earth around the sun. The earth moves under the gravitational force extended
by sun. As per law of conservation of angular momentum, the angular momentum L of the earth with
respect to sun is constant, r andv are always perpendicular to L, orbit of the earth lies in a plane
perpendicular to L. This shows that the motion under a central force takes place in a fixed plane.

Areal Velocity Under Central Force

Consider the motion of the earth around the sun. Let r be the radius vector of earth with respect to
sun. In a short interval of time At, the earth moves from P to P".

Let AA is the area swept out by radius vector in a time interval At.

Earth P’ 7

L
2m

Under central force, angular momentum in constant.

9 _ tant dt
dt = constan

at is called as areal velocity. The areal velocity under central force is constant. The radius vector

sweeps out equal areas in equal intervals of time.

{150 }
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Radial and Centripetal Acceleration in Polar Coordinates

Consider a particle at the point P. Letr, @ be the polar co-ordinates of the particle at P. Let T, be
the unit vectors along and perpendicular to the radius vector r. The trajectory of a point is a plane curve
through the point.

Letr=rt

The velocity of a particle is written as

dr dr. dr
- =~ F4r (1)

Tdt dt o dt

=—T+r—=~0 -

dr. do- [,,ﬁzdeé}
dt dt Tdt dt

dr.. . . . . .
—T is the radial component of the velocity of the particle. This occurs due to change of r when ¢

is constant. fae is the transverse component of velocity of the particle. This occurs due to change in6

when r is constant.

The acceleration of the particle is

d’ . dr df) (dr do ~ rd?0~ do do
= + | =0+ ——0+r—.—
dt dt™  dt dt " dt

di?”  dt dt
d’r. dr do=) (drdo~ rd?~ dode. .do do.
=7 I+——0 |+ ——0+—0-r r S—=—T
t dt dt dt dt dt dt dt dt dt
d—zr—r(ﬁf T+ rd26+2g@ [
= a2 adt dtz " dt dt --(2)
= af+a0
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d’r  (deY
a, :F—r(aj = Radial component of acceleration

d? _dr do
a, = +2— —
dt2 "t dt

a_li(rz@j
Yordt dt

Thus the radial and centripetal acceleration of a particle in polar coordinates is discussed.

Q5. Deduce Equation of motion of a particle under the action of a central force. Express the
Equation in terms of total Energy.

AnS :

The acceleration of a particle under central force in polar coordinates is written as

o= d—Zr—r @ i T+ rd—ze+2ﬂ@ )
“la Ut dtz * “dt dt - (1)

= radial component + transverse component

The central force is a radial force. Therefore the radial acceleration is present. The transverse
acceleration is zero.

a o) "m0 - @
d®o dr) (do
rN—|(+2| —1|.|— |=0
and [dtzj ( tj(dtj
1d( ,do
i =—|r°— =0
i.e., rdt( dtj e (3)
Where F(r) is'the magnitude of the radial force, m is the mass of the particle.
do
Let r2—— = h (Constant)
dt
1
Let r=—
u
dr :_i%
dt  u? dt
__1duds
u? dt dt

23
g [
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Differentiating once again one can obtain

dr d ( duj
—=—|-h—
dt dt do

- (d)a0
do\ do ) dt
_pdu do
do? dt
__,duh [.@_n}
T ode? Tdt r?
d?u
——hiu - ()
Putting this value in equation (2), one can obtain
du  (h)  F@ (dej h
_h2 2 _ 0 =+7 = ==
407 r(rzj m dt) r?
d*u F(ij
+tu=1 - (6)
do? mh?u?®
This is the general equation of motion under central force.
Q6. Find the central force due to potential energy function u = — kr2.
Ans :
Given that,
Potential energy function, u = — kr?
The central force due to potential energy function is given as,
o du
T odr
Substituting the corresponding values in above equation,
F —_ ﬂ k 2
- dr ( r)
= - 2krN

Central force, F = — 2kr N.

I 3.5 GRAVITATIONAL POTENTIAL AND GRAVITATIONAL FIELD

Q7. Define gravitational field and gravitational potential. Obtain Expression for gravitational
potential due to a point mass.

Ans . (June-19, Dec.-16)

The region around a body where the gravitational force of attraction is present is called the gravitational
field.
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Gravitational attraction or the intensity of the
gravitational field at a point in the field is the force
experienced by a unit is placed at that point.

The intensity of the gravitational field is

F:GMXl

Gravitational Potential

It is defined as the work done to bring unit
mass from infinite distance to a distance r from
mass M.

. . . GM
Force acting on a unit mass is F =— 2

If the amount of work done to displace a body
to a distance dr in gravitational field is do, then
do = F(r)dr
_Gm

= dr
r.2

V() = —jdm

dr

:J‘f_Gm

© r2

Gm
V() = J%

. The potential energy of a body of mass m

GMm
r

ur) =-

Where G = Gravitational constant

M = mass of earth

m = mass of a body

r = Distance between M and m
Gravitational Energy of Many Particle System

If there are more then two bodies, the
gravitational potential energy is calculated using the
principle of super position. Consider a system that
has three masses m,,m, and m,.

The potential energy of the system with masses
m_and m, is
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U, = —CMm; - (@

my

23
T2

A
3 ¢
my mg
The potential energy of the system with masses
m, and m, is

_—Gm,m,

r23

Uss

The potential energy of the system with masses
m, and m, is

- _GmlmB

r13

Uy, . (3)

The potential energy of the three masses is
U = U12 + U13 + U23

B _[Gmlm2 N Gm,m, N szmgj @

r12 r13 r23

This is also called as the self energy of the
system.

I 3.6 MoTioN UNDER INVERSE SQUARE LAw

Q8. Show that the inverse square law of
gravitation leads to kepler’s law?

AnS :

The equation of motion of a particle moves
under the influence of central field force is

__f0
u= h2u? (1)

d?u
do?

f(r) - force per unit mass.
The Newtons’ gravitational force is

_ —GMm

F =
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The negative sign indicates that the force is
attractive in nature.

M = mass of sun, m = mass of planet

Force acting on planet per unit mass

f(r) = ..(3)

r.2

Putting this value in equation (1), one can
obtain

d?u Gm

do? " There?

1
u=-=uir’=1
r

d?u Gm

goz VT e
ButGM = pn

d?u u

gz VT

d* (u_hj{u_ﬂj:o @)
do? h? h?

This is equation of motion of planet under
inverse square law.

3.7 DerivaTioN oF KEPLER’S LAws I

Q9. State keplers laws of planetary motion.

Ans . (Dec.-17)

Kepler proposed three laws for planetary
motion.

They are as follows:
1. First Law

Each planet revolves around the sun in an
elliptical orbit around the sun. The sun is at
the one of the foci of the ellipse [Fig. 7].

This law is called as the law of elliptical orbits.

This law gives us the shape of the orbit of a
planet around the sun.

P =planet

P =planet
r+ dr
D

S =sun

2. Second Law

The radius vector of any planet relative to
the sun sweeps out equal areas in equal times.
The areal velocity of the radius vector is
constant.

This law is called as the law of areas. This law
gives the relationship between the speed of
the planet and its distance from the sun.

3. Third law

The square of the period of revolution of any
planet around the sun is directly proportional
to the cube of the length of semi-major axis
of the elliptical orbit. This is called as
harmonic law.

T? o a8
T = period of revolution of planet around
the sun
a = length of semi-major axis of the elliptical
orbit.
Q10. Derive Keplers laws.
(OR)
State and obtain kepler’s law motion
planetary.
Ans : (June-17, Dec.-16)

Consider a planet of mass m. This moves
under the gravitational field of the sun. As per
Newtons’ law of gravitation, the attractive force
between the planet and the sun is

-GMm.
r

F=—"

Where M = mass of the sun
m = mass of planet

distance between planet and
sun

r =

-)

= unit vector along the radius
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The gravitational force is a central force. du do
Therefore the angular momentum is conserved. The = ——(—j (hu?) [ —= huz}
motion of the planet takes place in a fixed plane. dt
The areal velocity of its radius vector is constant.

. __pdu
The areal velocity is do
dA L Differentiating once again,
dt  2m
dr_ . du do
h 1 do dt? do® " dt
- = mrz_
2 Zm( dtj ) 40
=_hu? d’u |:— = huzil
do do? dt
h=r>— . (2
dt Putting this value in equation (5), one can
. . obtain
The radial force on the planet is
2
d2r 4o \2 —hZUZ%— h?u® = ~GMu?
F=m|—-r —
Using equations (1) and (3), one can has do? "~ h?
dr (de)' | -GMm d?u GM
"‘{R(aj }— e - (6)
2 2 2
dr_(doy _-Gm & u_ﬂ}(u_ﬂjzo (@)
dt? dt r’ do h h
Using equation (2), one can has The solution of this equation is
dr_h*_-GM u—GE/I:—Ccose
datz2 3 r? h
GM
1 = _
Put r=" (8 U=~ Coost
& ~ GM-Ch?cos@
F—hzu'& = -GMu? ... (5) - h?
Differentiating equation (4), one can obtain h*u=GM-h*Ccos6
2
dr__1du h*u=GM l—those
dt  u® dt GM
_1dude h?/GM h*C
=~ e dt . :1—GM coso .. (8)
— (156 )
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This equation is of the form

I—:l—ecose ...(9)
r
This equation shows a conic section of
eccentricity

2

h2

GM
The total energy of the planet is negative as

the orbit of the planet around the sun is closed.

The total energy is negative when e < 1. Therefore

the orbit of the planet around the sun is ellipse.
This is Keplers’ first law.

e and semi-latus rectum | =

Derivation of Second Law
Consider the planetary motion. Let S is the
center of the sun. P is the center of the planet in its

orbit. Let ¥ is the radius vector of the planet with
respect to S. The planet moves from P to P'in a
small interval of time.

The vector area AA swept by the radius
vector in time interval At is

AA = =T x AT (D)

N |-

Dividing both sides by At, one can obtain

AA 1. AT

_:_rx_

At 2 At

dA 1. dF

a 2 dt
1. .
=—I XV
2

1. .

=—Txmv
2m
dA_ 1
dt  2m

L is constant for a central force

dA
— = constant
dt

Thus the areal velocity is constant. This proves
the Keplers’ second law of motion.
Third Law

Consider the semi- latus rectum | of the
elliptical orbit. a and b are the semi- major and semi-
minor axes of the ellipse, respectively.

b> h*
I =

a - GM
If t is'the period of the planet around the sun,

_area of ellipse  mab
areal velocity h/2

4r*a’b®
B
_ 4x%a’b?

GMb?/a

B 4ra’
- GM

T?xa®

Thus the square of the time period of
revolution of planet around the sun is directly
proportional to the length of the semi major axis of
the elliptical orbit.

3.8 SpPeciAL THEORY OF RELATIVITY I

Q11. Define postulates of special theory of
relativity.

Ans . (June-19)

Einstein published the special theory of
relativity in 1905. This theory was based on the
postulates.

1 157 ]
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Postulate 1

The laws of physics have the same form in
all inertial frames of references moving with a
constant velocity relative to one another.

This is called as principle of relativity. This
postulate defines the absence of universal frame of
reference.

As per this postulate, it is impossible by any
means to demonstrate absolute motion. The
absolute motion is meaningless. The motion of
bodies relative to one another has physical meaning.
There is no absolute motion according to Einstein.
Undetection of absolute motion implies undetection
of ether. If the laws of physics were different for
observers in different frames in relative motion, it
could be determined from these differences which
objects are stationary in space and which are
moving. There is no universal frame of reference,
this distinction between objects cannot be made.

Postulate 2

The speed of light in free space is the same in
all inertial frames of references. This is called as the
principle of the constancy of the speed of light.

This postulate follows directly from the result
of Michelson-Morley experiment. As per this
postulate, the speed of light.is same in all directions.
It is the greatest velocity.

I 3.9 GALILEAN RELATIVITY

Q12. Explain the common terms in theory of
relativity.

AnS :

While sitting in a moving vehicle, if you look
at the distant objects like trees or anything stationary,
they appear to move in a direction opposite to the
direction of the motion of the vehicle. It is easy to
realize that for a person standing on the ground,
you will appear to be moving in a particular direction,
while to you, the standing person would appear to
move in a direction opposite to your direction of
motion. In other words, what one observes is
relative, it is not absolute and depends on the state
of motion of the observer.

We take another example, a boy sitting in a
moving vehicle throws a ball upward and the ball
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returns to his hand after sometime and it is being
watched by a person standing outside. Now,
imagine what is observed by the boy and the person
standing outside. For the boy, the ball has moved
up straight and come down straight into his hand,
as if he had been stationary. What does the person
standing outside observes ? He observes, that after
the boy has thrown the ball and because the boy is
continuously moving, the ball takes a parabolic path
before finally coming to his hand. These two
examples make it clear that what an observer
observes, depends on his state or his frame of
reference, as discussed below.

Newton. Galileo, Lorentz, Michelson, Morley,
Einstein and others have made significant
contributions in developing the subject of relativity,
the understanding of which is necessary for knowing
the mysteries of physics. We are going to see that
length, mass, time, etc.-are not absolute and their
values depend on the state of the observer.

Some of the common terms used in relativity
are defined below :

(i) Particle : A particle is a small piece of matter,
having practically no linear dimension, but
only a position at a point. It is characterized
by its mass and charge.

(if) Observer : A person who locates, records,
measures and interprets an event is called an
observer.

(iii) Event: Inrelativity, an eventimplies anything

that occurs suddenly or instantaneously at a

point in space. It involves a position and a

time of occurrence.

Frame of Reference

Even the basic physical quantities like
displacement, velocity, time, mass, etc. are not
absolute and the measured values are relative,
depending upon the reference and the state of
observer. To locate the coordinates of a point, we
assign a specific x-, y- and Z-values of a coordinate
system having its origin at O with x =0,y = 0 and
z = 0. If the origin of the coordinate system is
changed, the coordinates of the point also change.
We can state that the reference of the point has
changed and the coordinate axes form a reference
system.




UNIT - 111

MECHANICS AND OSCILLATIONS

A system of coordinate axes which defines
the position of a particle or specifies the location of
an eventis called a frame of reference. The simplest
frame of reference is the Cartesian system of
coordinates in which the location of a point is
specified by the three (x-, y- and z-) coordinates.

However, for complete specification of an
event in a reference frame, i.e., for determination
of its exact location as well as the exact time of its
occurrence, in addition to the three space
coordinates, another coordinate, time / of its
occurrence should be specified. A frame of reference
having four coordinates, x, y, z and t is referred to
as a space-time frame the four axes defining a four-
dimensional contirum is called space-time.

Q13. Describe Galilean Transformation.
Ans : (June-17)
Galilean or Classical Transformation

A point or particle at any instant has different
coordinates in different reference systems. The
equations which provide the relationship between
the coordinates of two reference systems are called
transformation equations.

The transformation of coordinates of a particle
from one inertial frame to another is known as
Galilean (or classical) transformation.

b% Y
S S
_.V
n—S—»
>--->
0O x X
v
Z Z

Fig.: Reference frame S' moves with
velocity v (in the x direction) relative to
reference frame S.

To detect the position of a particle at a certain
time, we should represent it in both space as well as
time. such a thing is called an event. The event may
be conveniently represented by (x, y, z, t).

Consider a fixed frame of reference S with
axes OX, OY and OZ. Let an event P be represented
by (x,V, z, t). The same event is seen by an observer
in the moving frame of reference S' with axes O'X".
O'Y'and O'Z'. The frame of reference S'is moving
with a relative velocity v. Let the origin O' at time t
=t = 0 be at O. Now, the observer in the moving
frame S' sees the same event at time t'. Hence the
coordinates be represented by (X', y', Z', t'). It is now
required to obtain the relation between X, y, z, t
and X', y', z', t. It is clear from fig. above that the
measurements in S' with those in the frame S by
the equations.

’=zand t' =t
..(1)

The same can be represented in the frame S
with those in frame S' by considering that S is
moving a velocity —v with respect to S'. Thus

X=Xx-Vvt y =y

X=x+vty=y'" z=7 and t=t

.(2)

These sets of equations are Galilean (or
classical) transformations.

To convert velocity components measured in
the frame S to their equivalents in the frame S'. we
differentiate these equations and putting t =t and
dt' = dt, we get

. dX, dX
VX — T = _t _V = VX _V
' [Iy, dy
Vv — — —

y — dt dt Y
dz’ dz
= —:—:VZ
z dt’ dt

To convert acceleration components, we
differentiate again

. dx dPx
f = dt’?  dt? =T
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d?z’

. d?z
LT T we "
Thus it is clear that acceleration of a body is
the same in both the frames of reference. Hence
Newton’s second law of motion (F = mf) is equally
valid in both the frames. So Newton's laws of motion
are invarient under the Galilean (or classical)

transformation.

I 3.10 ABsoLUTE FRAME OF REFERENCE

Q14.Discuss about absolute frame of
reference.

AnS :

Absolute Frames of Reference

(June-17)

We know that the laws of mechanics are
invariant under Galilean transformation and the laws
of electro magnetism or electro dynamics and
Maxwell’s equations are not invariant under Galilean
transformations. Hence, the velocity of light will have
different values for different observers moving with
different uniform velocities. From this, scientists
thought that there exists a preferred inertial frame
known as the absolute frame in which the velocity
of light will be exactly equal to the value derived
from

=3 %108

. 1
Maxwell’s equations ¢ =

VHo So
m/s and will be the same in all directions as the frame
is at absolute rest.

Relative to such an absolute frame of
reference, the velocity of light as determined in any
inertial frame moving with a velocity v relative to
the absolute frame will be c+v or ¢ — v depending
on the direction of motion. Scientists called such on
absolute frame as ether, and tried to measure the
change in velocity of light as measured from earth.
Michelson and Morley experiment is aimed at this
purpose. But it failed to observe any such change
and the velocity of light is found to be independent
of the state of motion of the observer.
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To explain the null result of Michelson Morley
experiment Einstein proposed his famous postulates
of special theory of relativity that

1)  The laws of physics, all laws, are the same in
all inertial frames and
2)  The speed of light in vacuum ‘c’ has the same

value in all inertial frames.

Now, as Galilean transformations are
insufficient to predict the invariance of all physical
laws and the invariance of velocity of light, Lorentz
transformations are to be used. When the laws of
physics are expressed in Four Vector Formalism,
they will be invariant.

The final conclusion is that there are no
absolute frames of reference and all motion is

relative.

I 3.11 MicHELSON - MORLEY EXPERIMENT

Q15. Describe Michelson Morely experiment.
What is its significance?

ANs : (June-19, Dec.-18, June-18, Dec.-16)

In 1887, Michelson and Morley performed
an experiment in order to determine the velocity of
earth w.r.t. ether medium as the inertial frame of
reference by using an interferometer. However, the
result of the experiment ruled out the existence of
this hypothetical medium.

Experimental arrangement

The experiments] arrangement is show fig.
(3). Light from a monochromatic extended source
S after being rendered parallel by

A A
Ml )
'l" \‘\‘ V —P
Beam 1 A s N
S L e
A\C‘D///IV; Do, | o BB po
-7 /\\\\U—> Beam 2 0: G R '
H M,
\/
T

Fig.: Set-up for Michelson-Morley Experiment
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acollimating lens L, falls on the semisilvered glass plate G inclined at an angle 45° to the beam. It is divided
into two parts, one being reflected from the semisilvered surface G giving rise to ray 1 which travels
towards mirror and the other being transmitted giving rise to ray 2 which travels towards mirror M,. The
two rays fall normally on mirrors M, and M, respectively and are reflected back along their original paths.
The reflected rays again meet at the semisilvered surface of glass plate G and enter telescope where
interference pattern is obtained. The optical distances at the mirror M, and M, from G are made equal
with the help of a compensating plate not shown isthe figure.

If the apparatus is at rest in ether, the two reflected rays would take equal time to return the glass
plate G. But actually the whole apparatus is moving along with the earth. Let us suppose that the direction
of motion of earth is in the direction of the initial beam. Due to the motion of the earth, the optical paths
traversed by both the ray are not the same The reflections at mirrors. M, and M, do not take place at A
and B but at A" and B' respectively as show n in fig. (3). Thus the times taken by the two rays to travel to
mirrors and back to G will be different in this case.

Theory

Let the two mirrors M, and M, he art an equal distance / from the glass plate G. Further let c and v
he the velocities of light and apparatus or earth respectively. It is obvious from fig. (3) than the reflected
ray | from glass plate G strikes the mirror M, at A" and not at A due to the motion of the earth. The total
path of the ray from G to A and back will he GA'G'. From AGA'D

or (GA')? = (AA)?> + (A'D)? (-« GD.= AA) (1)
If t be the time taken by the ray to move from G to A. Then from eq.(1), we have

cy =+ ()

2(02 _1y2) — |2 = X
or t?(c2-v) =1 or t (€2 —v2)

If t, be the time taken by the ray to travel the whole parth GAG'. then

N B - B
t=2t= 2_09) = 2 1/2
C 1——2
c
-1/2 5
2l v2 2l v
= —|1-— = — 1+—
c [ czj c { ZCZ} ()

Now consider the case of the transmitted ray 2 which is moving longitudinally towards minor M., It
has a velocity (c — v) relative to the apparatus when it is moving from G to B. During its return journey its
velocity relative to apparatus is (¢ + v). If t, be the total time taken by the longitudinal ray to reach G', then

I I
2 = (C_U)+(c+o)

t (- GB=GB =)
_ lc+v)+lc-v) _ 2lc

E €% -v?) (c®-v?)

{ 161 '
=) Rahul Publications



B.Sc. | YEAR | SEMESTER

2 |, v
= ?{“C—z} -(3)

Thus, difference in times of travel of longitudinal and transverse journeys is
At=t,—t,

2 2
— gl 1+U_ _glgl 1+10—
c c2 c C 2¢?

2 _ )
cc®2 ¢ @)
Optical path difference between two rays is given by

Optical path difference = velocity < At = ¢ x< At

2

If A is the wavelength of light used, then path difference terms of wavelength = I% .

CA

Michelson and Morley performed the experiment in two steps i.e., firstly by the setting shown in fig.
and secondly by turning the apparatus through 90°. When the apparatus was turned through 90°, the
positions of two mirrors are changed. Now the path difference is in opposite directions i.e., the path
difference is — I v /A c® wavelength. The resultant path difference now becomes (I v? /A ¢?) — (- | V2 /A ¢?)
=2l v? /L ¢2= 2 1 v? /x ¢?) wavelength. We know that a change optical path difference by A corresponds
to a shift of one fringe and hence the path difference (2 | v2 /A ¢?) corresponds to a fringe shift (2 1 v?/
A ¢?). Following were following data of Michelson and Morley experiment :

|=1.0x10°cm, A = 5.0 < |10 cm,
v = 3 x 10° cm/sec, and ¢ = 3 x |0'° cm/sec

21 v?
2

Change in fringe shift n =
AC

2x1.0x103 x (3x10°) At
or N= 5 0x105@x100)2 — 04 Tfrnge

Thus a shift of less than half a fringe was only expected. Michelson and Morley could observe a shift
of about 0.01 of fringe. Of course, this shift is within the limits (or) the error of observations. They
repeated the experiment at different points on the earth’s surface and at different seasons of the year but
they could not detect any measurable shift. So it was a null or negative result.
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The negative result suggests that it is impossible to measure the speed of the earth relative to ether

or the concept of a fixed frame of reference (like ether filling all space) cannot be checked by experiment.
In this way the null result of experiment lead to the total rejection of ether hypothesis. This suggests that
the speed of light in vacuum is the same in all frames of reference which are in uniform relative motion.

1.

Ether drag: In order to explain the null result, it was argued that when the earth earth moves
through ether, it drags ether along with it. As such, the velocity of the earth w.r.t. ether i.e., v = O.

In the equation (vii), setting v = O, we have
n=0~0
i.e., no fringe shift should be expected.
Loreutz-Fitzgerald Contraction: Lorentz and Fitzgerald suggested that a moving body contracts

by a factor ,/1_,2/¢2 along its direction of motion. However, no such contraction occurs in a
direction perpendicular to the direction of motion.

According to contraction hypothesis, the distance for the transmitted part of the beam i.e., the

distance of mirror M, from the glass plate contracts from to d to d/1_,2 /¢2 . Using equation (ii),

replacing d by d./1 - ,2 /¢2

2
{ = 2d\1-v? / c? (14_0_2}
c c

B I D g Pl |
c c? c c 2c c

Neglecting higher power of v? / ¢2, we have

2
tzzﬁ 1"1‘0—2 e
C 2c 1

From above discussion contraction hypothesis allows shortening of the path of light parallel to the

earth’s motion just enough to equalise the transit times for the two paths and hence no fringe shift is
observed.

Inferences from Michelson - Morley experiment

The null result of the Michelson - Morley experiment has some conclusions .

The negative result of the experiment implied that the motion of the earth through ether was
undetectable. Hence, the concept of ether medium as a preferred inertial frame of reference must
be discarded.

The null result indicated that the measured speed of light is same in all directions. It is not affected
by the motion of the earth through the space. It is called the principle of consistency of the speed of
light and is one of the two fundamental postulates of Einstein’s special theory of relativity.
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I 3.12 LORENTZ TRANSFORMATIONS e other equations are written as
- . y =y ...(11)
Q16. Explain and write Lorentz Transforma-
tions. =1z --(12)

Ans : (Dec.-16)

Consider a reference frame S which is at Y
U. rest. Consider another reference frame S’ which
is moving with a constant velocity V. The S position
vector of an event in S' frame

Y Y\
s St+—V
X
(0] o X
r'=x-vot (1)

The component from of equation (1) is
written as

X' = Xx-vt . (2)
y=y ...(3)
I'=z o )]
and t =t )]

The equations (2) to (5) are called Galilean
transformations. The relation between velocity
componentsin S'and S' frames is written as

v, =V, —L ....(6)
L', =v, (7))
v, =v, ...(8)

The egs. (6), (7) and (8) disobey the
postulates of special theory of relativity.

The relation between x and X' is written as
X' =k(x—vt) ....(9)

where X is a constant of proportionality.

The inverse equation for equation (9) is
written as

X =k'(x'+vt") ....(10)
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Times t and t' are not equal.

Putting the value of x' from equation (9) in
equation (10), we have

x =kk'(x —vt)+ k'vt'

...(13)

t':kt+(l_kk jx
L

For calculating k and k', the second postulate
of special theory of relativity is used.

Consider a single of light is-given--out from
the common origins of S and S'att =t"= 0. The
signal propagates in the two systems according to
the equations

...(14)
...(15)
in system S and S' respectively.

Substituting the values of x' and t' into
equation (15), one can has

k(x—vt)= ckt+(l_ I(k'jcx
k'v

L
1+—
C

1—{ 1_qle
kk' v

Comparing equation (16) with equation (14),
we have

x=ct ....(16)

=1 ...(17)
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We choose k:k':;2

L
1-=
c

...(18)

Substituting these values in equations (9) and
(13), we have

. X —vt
X'=——
L
e
y'=y
z'=zand ...(19)
t'=—==
2
L
s

Equations (19) are called Lorentz trans-
formations.

The inverse Lorentz transformation equations
are written as

_ X'+t
2
L
1=
y=y'
z2=12'
s O ....(20)
t= C
2
L
1=

The measurements of position and time are
found to depend upon the frame of reference of
the observer. The Lorentz equations reduce to the
Galilean transformations when the relative velocity
is very small in comparison with the velocity of light.

3.13 TiMe DiLATION I

Q17. Explain the concept of Time Dilation.
Ans :

Time intervals are affected by relative motion.
A clock moving with velocity v with respect to an

(Dec.-17)

observer appears him to have slowed down by a

2
factor 1{1—‘6)—2, than when at rest with respect to

him.

Suppose a clock is placed at the point X' in
the moving frame S'. An observer in S' finds that
the clock gives two ticks at times t', and t',. The
time interval between the ticks as judged from S'is

ty=t,—t

t, is the interval as measured in a frame in
which the clock is at rest. Another observer measures
the time interval between the same two ticks from a
stationary frame of reference S, relative to which
the clock is moving with velocity v. If he records the
ticks at times t, and t,, the time_interval appears to
him as

t=t,-1
Using Lorentz transformations, we have

t-ﬁ(xs)j
t = \NC J

L
1-2
CZ
XI
t'1+( Zoj
c
and t, =——"
1-Y
CZ
t' -t
t=t,—t, =—2—1
1Y
c
t=—Lo
2
L
1-—
CZ

From this equation, it is evident that to the
stationary observer in S, the time intervals appear

_
2

L
1_07

to be lengthened by a factor . A moving

clock
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appears to be slowed down to a stationary observer.
This concept is called time dilation.

If v=c, then t=w. It means that a clock
moving with the speed of light appears to be
completely stopped to a stationary observer.

Special Cases:

2
. L° .
1.  When v is very small compared to c, el

neglected
L=

2
2. If v is comparable to c, 1/1—2—2 is less than

unity. In this case t > t .

I 3.14 LeNcTH CONTRACTION

Q18. What is length contraction? Obtain
expression for length contraction.

AnS :

Consider two reference frames S .and S' |
respectively.

(June-19, (Dec.-17)

S'is moving with a velocity v with respect
to S. An observer in frame S' is at rest with
respect to S' and hence with respect to the rod. The
rod is at rest with respect to this observer.

The length L, of the rod is written as

Y Y
S AS Lo
X ]
«—X)——————
9] - X
AL x

Z
Zr

Where x', and xj are the coordinates of the
rod in S'. Let L frame is the length of the rod in S
frame of reference.

Using Lorentz transformation equations, we
have
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L, = X =X
2
-2 [t =1]
C
L
L, = = e 4)
L
e

This equation indicates that to the stationary
observer in S, the rod placed in the moving frame

2
S' appears to be contracted by a factor ’/1_2_2'

This

contraction occurs in the direction of relative motion.
If v =rc, then L = 0. This means that the rod moving
with the speed of light will appear as reduced to a
point to a stationary observer. This type of
contraction is called the Lorentz-Fitzgerald length
contraction.

Special Cases:

. L
1.  When v is very small compared c, c

neglected. Thus L = L.

2
2. When v is comparable to c,Jl—lC)—2 is less

than unity. Thus L < L. The length of the
moving rod appears to be less than the length
when it was at rest.
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2
. L°
3. When v is equal to c or greater than c, 2 s

equal to unity or greater than unity. Thus | =
0 or imaginary. This is impossible and no
material body attains the speed of light.

4.  The contraction takes place only along the
direction of motion and remains unchanged
in a perpendicular direction.

5. The contraction is not visualized as it really
oceurs.

6.  The contraction is reciprocal

An interesting puzzle of the length contraction
was proposed by Terrel in the year 1959. Consider
a cube of side L, moves with uniform velocity v
with respect to an observer situated at some
distance. The direction of motion of the cube is
perpendicular to the line of sight of the observer.
The length of the cube is shortened to

2
L:LO,/l—lC)—2 while the other dimensions were

unaffected. The length DE must be equal to L

L
< .The observer sees not only the face AB but also

AD. AB is perpendicular to the line of sight and AD
is parallel to the line of sight. The length of the cube
parallel to the direction of motion is shortened to

2
L= Lo,fl—lc)—z. The cube is appear to be rotated

through an angle sinl(gj. Thus the cube is
c

subjected to an apparent rotation [Fig. 6]. Similarly
a moving sphere appear as a sphere.

3.15 ADDITION OF VELOCITIES I

Q19. Obtain the relativistic law for the
addition of velocities.

AnS :

Consider two reference frames S and S’. The
frame S’ moves with a constant velocity v relative
to S along the X-axis. Let a body moves a distance
dx in a time interval dt in the frame S. The velocity
of the body measured by an observer in S frame of
reference is

_ & .
u= it (1)

The velocity of the body in'S” frame of
reference is

dx'

u'=—— (2

A (2)

Using Lorentz transformations, we have

' X —vt
2
L
rd
2
and t=—rt >
L
sl

dx' dX—U(‘;{t
L
1=
dt—(”cixj
. c
and dt’ = 02
1=
,_K_ dx —odt
Todtt vdx
dt-"3

g
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dx _
_dt
1—%0'1
c- dt
dx _
at U
, u-—v
u:

.(3)

This equation gives the relativistic addition of

velocitiesu and v .
Special Cases :

1. If u'" and v are small when compared to c,

L .
2 s neglected.

Thus u = u' +v. T his is the classical formula.

2. If v oru'=cthenu=c.If one body moves
with velocity ¢ with respect to other, their

relative velocity is c.

3. When u' = c¢ = v, then u = c. The addition

of velocity of light reproduces the velocity of

light.

I 3.16 Mass-ENERGY RELATION

Q20.

relation.
Ans :

As per Einsteins’ mass - energy relation

m, = rest mass of the body
¢ = velocity of light

v = velocity of body

m = mass of the body

According to Newtons’ second law of motion,

F= E(mo): m@ﬂ)d—m
Tt dt dt

Derive Einstein mass-energy relation.
Explain the verification of mass-energy

(June-19)

(1)

has

The change in kinetic energy of the body is

equal to the workdone by the force F for a
displacement dS of the body.

Thusdk = F ds

= m@dSﬂ)d—mdS
dt dt

= md—SdU+U§dm
dt dt

.(2)

= mudo +v*dm
Differentiating equation (1), we have

1 v’ e —2vdv
om=m(-3 -] ()

0 vdv
:C_z 2 312
1=
m
We know that m =—2—~
l)2
[Wj
dm = mvudv
NS

mudv = (02 —Uz)dm

Putting this value in equation (2), one can

dk = (¢*—v?)dm+v*dm = c’dm
The kinetic energy of a body is written as
k:_[dsz: c’dm=c*(m-m,) ..(3)

m,c? is the rest energy of the body. The total

energy of a body is the sum of the kinetic energy
and the rest energy.

E=k+E,
= (m-m,c? + mc?
E = mc? - m® + mc?
E = mc? ..(4)
This equation represents the famous Einsteins’

mass - energy relation.

Rahul Publications

|l 168 ',



UNIT - 111

MECHANICS AND OSCILLATIONS

3.17 ConNcepT FOur VECTOR FORMALISM I

Q21. Explain four vector formalism?

Ans . (Dec.-18)

The four vector concept has its significance in
theory of relativity. As per first postulate of special
theory of relativity, the laws of physics are invariant
in all inertial reference frames.

If any equation holds good from the point of
special theory of relativity, it should be expressed
in four vector form. As per Lorentz transformations,
the value x? + y2 + z2 — ¢? t2 must be same in all
inertial reference frames. If S and S' are two inertial
reference frames, then

X +y?+z22 -t =xi+yi+z2-ct'? .. (1)
Letx, =X, X, =Y, x3=zandx4=|ct

X, X, X, and x, are treated as components of
a vector in 4D space. the vector length in 4 D space
is written as

D2 = X2+ X5+ X5 +X;

:ixj (2

p=l

If vector length is-invariant in both frames S
and S'. Using Lorentz transformation

p=1 p=l
X'=v(X —ut)
y=y
I'=1z
LX
t'=vit——
[ C"l
-1/2 L
where v = :(1—[32) , B=—
1Y
CZ
Xy = V[x, —vt]=v[x, +ipx,]
X, =X, X5 =X,

ivx,

c j|:V[X4_iBX1] (3)

’ H 1
X, =ict'= v[x4 —

Putting the above equations in matrix form

X1 v 0 0 iBv| x,
Xy| |0 1 0 0 ||x,
X, |0 01 0 | x .. (4)
X, -ipv 0 0 v |/ x,

The above matrix form shown the position
coordinates in four vector notation. The above
matrix is valid for S and S' frames which have relative
velocity along X-Matrix elements will be determined
in any direction.

PROBLEMS

1.  What will be the fringe - slift according
to the ether theory in Michelson -
Morley experiment. The effective length
of each path is’5 m and light has 5000
A wavelength?

Sol ;

The fringe shift in Michelson - Morley
experiment is

2
AN:ZIZU
cA

where | = 5m, v = 3 x 10* m/s,
¢ =3 x 108 m/s and

A=5000A=5x10"m

2x5x(3x10%)’

AN = _
(3><108) x7x1077

_ 10x9x10°
 9x10% x7x107

~ 10x9x10°
- 9><7><1016—7

_ 90x10°
~ 63x10°

AN =0.14

= 1.43x%<10*

g
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2. Arod 0.1m long is moving along its
length with a velocity of 0.5c. Calculate
the length as it appears to a stationary
observer?

Sol :
l,=1m, v=05¢,|1=7?

2
L
L=Lo1-
2
_ 1_(0.50) J
2
2 2
L= c 0;250
c
=r/1-0.25=0.87m
L=0.87m

3.  Aspace ship 30 m long passes the earth
at a speed of 2.8 <108 m/s. What will
be its apparent length ? (c = 3.0 < 108
m/s)

Sol :

2
L= Loy 1-—
c

L, = rest length of space ship

L = Length of space ship

v = Velocity of a body or space ship
= 2.8 < 10®ml/s

¢ = velocity of light

2
L =30 1_(%§j
3

:3—3?\/1.16

=10 x 1.07
L=10.77m
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4.  Calculate the length and the orientation
of a meter rod in a frame of reference
which is moving with a velocity equal
to 0.8 c in a direction making an angle
of 45° with the rod?

Sol :

v=0.8,0=45,L=7

The component of the length of the 1 — m
rod along the direction of the motion of the frame
is | cos 45°. The component of the length of the 1 -
m rod along perpendicular direction is | sin 45°.

The apparent length along the moving frame

2
L, :Icos45°,/1—lc)—2

(0.6)°

2
=0.707 ,[1- 2%
C

c?-0.36¢?

CZ

=1 cos 45° 41—

= 0.707

= 0.7070./0.64
= 0.707 < 0.8
L =056m

The length perpendicular to the direction of
motion is

Ly = L sin 45° = sin 45°
Ly = 0.707 m

L = Lx? +Ly?

- J(0.56)’ +(0.707)"

-0.313+0.499 = /0.81
L=09m
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If the rod makes an angle ¢ with the
direction of motion

Ly 0.707
tanf=—=————=
Lx 0.560 1.26

0 =tan™(1.26)

5.  Calculate the percentage contraction of
the rod moving with a velocity of 0.5 ¢
in a direction inclined at 60° to its’ own
length?

Sol :

L, is the length of the rod at rest. Its
component to the direction of motion is L, sin60°.

The apparent length along the direction of
motion

(0.6¢)

=L,c0s60°,[1- o2

= L,x0.5:0.63
=1,%05x0.79
=040L,

The apparent length perpendicular to the
direction of motion

=L, sin 60°

3
2

L

0

. The length of the moving rod

= \/(0.40L0)2 +(§LOJ2

L,-1.01L,

L %< 100 = - 0.01 %< 100

0
=-1.0%

% contraction = 1.0%

6. Arocketshipis 99 mlong on the ground.
When it is in flight its length is 98 m to
an observer on the ground. What is its’
speed ? (c = 3 x 108 m/s)

Sol :

L, = Length of the rocket ship on the ground
L = Length in the flight

2
We know that L =L, [1=>
c
2 2
v L
ALY -
¢ (L,

/1_[52_0

=4/1-0.96.c

v=0.2¢c

7. Two particles are moving in opposite
directions each with a speed of 0.8 c in
laboratory frame of reference. Find the
velocity of one particle relative to other.

=1,v0.16+0.87 Sol -
= LO\/103 B u'+ v
=101L, 144 ZU
c
. . 0 L
Percentage contraction is L %< 100 where u' = 0.8 cand 9 = 0.8¢c
0
{171 }
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_0.8¢c+0.8¢

= 0.8cx0.8¢c
14T
c

_1l.6¢
1+0.64

u=0.97c
As per, Galilean transformations,
u=u-+v=08c+08c=16¢c

This is greater than ¢ and hence impossible

8. In the laboratory two particles are
observed to travel in opposite directions
each with a speed 2.8 x< 10 cm /sec.
Deduce the relative speed of the
particles? (c = 3.0 < 10'° cm/sec)

Sol :

u+v
uv

1+

2.8x10" +2.8x10"
2.8x10" x 2.8 x10"

[3.0x10°]

1+

5.6 x 10
. 2.8x2.8x10%
9.0

1

_ 5.6x10%
1, 28x28
9.0

_5.6x 10%

— 10
1871 2.99 x 10 cm/sec

9.  What is the velocity of = mesons whose
proper mean life is 3 x 10® sec and
observed mean life is 2 < 107 sec ?

Sol :

The observed mean life is

Rahul Publications
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t

0

t:

2
L
1-=
c

t,=3x 108 sec, t =2 x 107 sec

where t_ is the proper life

Y _t
¢t

voot
¢t t?

v? 3x107°
1__2: =
c 2x10

=15x%10"=0.15

2

L 2
1-—=(015)

= 0.0225

|

‘;Z =1 - 0.0225 = 0.9775

v =098¢c

10. On the surface of the earth the mass of
the man is 95 kg. When he is in a rocket
moving with a speed of 3 x 107 m/s
relative to the earth, what will be his
mass as observed by

1) an observer on the earth
2) an observer in his rocket?
(c =3 =< 108 m/s)
Sol :
m, = 95 kg

The mass as observed by a stationary observer
when the man is moving in a rocket
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m = 95.95

An observer moving in-the rocket will find
the mass of the man as the rest mass i.e.,

When the particle attains a speed 3.0 < 10

cm/sec, its mass increases to m

m= 0 = mo

\/1_02 . (288 x10%)’
¢ (3.0x10°)’

0,0784

= 0.0784 x< £
rnO

o= 0.0784 x 3 x 10*

= 0.23 % 10* cm/sec?

95.95.

12. Therest mass of an electron is 9 < 103!
11. A charged particle shows an accelera- kg. What will be its mass if it were
tion of 3 x 10 cm/sec? under an 5
electric field at low speed. Calculate the moving with = rd of the speed of light ?
acceleration of the particle under the 3
same field when the speed has reached Sol -
a value 2.88 x< 10*° cm/sec. The speed .
of light is 3.0 x< 10*° cm/sec.
_ 0
Sol : We know that m = =
The force acting on a particle is 1_F
a,= 3 x 10" cm/sec’, a="?,F=(E
When v = 2.88 x 10 cm/sec v_2
c 3
. F gE
accelerationa, = —=—
0 m, UZ 22
1——2 = 1——2
= 3 % 10" cm/sec? c 3
{173}
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B 9x3x107*

J5

_21x10°%

J5
= 9.39 x 10-%kg

_9-4_5
9 9
v_ 3
C 9
J5
v=—o=C
3
J5

=— x 3 x 108 m/
3 m/s

L =2.24 %< 10® m/s

14.

13. Deduce the velocity at which the mass
of a particle becomes 1.5 times its’ rest

mass (c = 3 < 108 m/s)

Sol :

We know that m =

Sol :

Deduce the rest energy of an electron in
iozles and electron vists (m, = 9.1 x
103 kg, C = 3.0 x 108 m/s). Also
deduce the speed-at which the total
relation static energy becomes 1.25
times the rest energy?

The rest energy is E; = mc?
=09.1 x 103 x (3 x 10°)>
=8.19 < 10 ]

~8.19 x107*
° 1.6x107"

= 0.51 =< 10° eV

= 0.51 MeV

= - M _125
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2

L
—=1-0.64=0. 36
C

—=06
c

v =06C=0.6x%3x10®m/s
v = 1.8 %108 m/s

15. Show that the mass of an electron is
equivalent to 0.51 MeV energy. State the
minimum energy of v -ray photon which
can produce an electron positron pair.

Sol :

The rest mass m, of an electron is 9.1 < 10~
31 kg

E, = 0.51 MeV

To produce an electron position pair, the
minimum energy of the v -ray photon is the sum
of the rest- mass energy of an electron and a
position.

0.51 0.51 = 1.02 MeV

16. A particle of rest mass m  moves with a

c
speed of ﬁ calculate its mass,

momentum, total energy and kinetic
energy?

Sol :

The relativistic mass of the particle is

m = 0o _ 0
2 2
g
c 3c
_ I’nO r-nO 3
- = A 0
1L 2 V2
3 3
m= 1.22 m,

c
is P=mv=122m, x—
The momentum is 0 \/5

=0.70c m,

The total energy is E = mc? = 1.22 m c?
The kinetic energy is K = E — m c?
= 1.22 mc?* - m?

K =0.22 m¢?

17. An electron (rest mass 9.1 x10-3tkg) is
moving with speed 0.8c. What is its total
energy? Find the ratio of Newtonian
kinetic energy to the relativistic energy?
(c = 3.0 x< 108 m/s)

Sol :

my

We know that M= >
s
c

1 9.1x10*

1208y

~9.1x 107
0.6

= 15.17 x 10 kg
The total energy of the electron is
E =mc?
= 15.17 x 1073 x (3.0 x108)2
= 136.53 x 10-3*16
= 136.53 < 107*®
=1.36 x< 1034

1
The Newtonian kinetic energy is Emoo2

The ratio of Newtonian kinetic energy to the
relativistic energy is

'| 175 |
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1 9.1x10°%
©215.17x10-9.1x10°®

~19.1x10™
26.07x10°%"

9.1
6.07

=0.75

18. How much energy will be obtained if 3.0
g of mass is completely converted into
energy?

Sol :

Using mass - energy relation
AE =(Am)c?

A, =3g=3x10"kg
¢ =3.0 < 108 m/s

AE = (3 x 107?)(3.0 x 10%)2 = 27
x1014

1 MeV ='1.60 x 103'J

27.0x10"

AE= Tgox103 MeV

= 16.87 x 10%" MeV

19. What is the mass equivalent of the
energy from an antenna radiating 20000
watts for 48 hours.

Sol :
The total energy radiated is
AE = 20000 x 48 watt-hours
= 20000 > 48 = 3600 watt-sec
= 3.45 < 10°J

The mass equivalent is

Rahul Publications

3.45x10°
(3.0x10°)’

_ 3.45x10°
~ 9x10%

- % x10°%716
9

= 0.38 x 107 kg

g

20.

Sol :

A clock keeps correct time. With what
speed should it be moved relative to an
observer so that it may appear to loose
5 minutes in 24 hours?

t, =24 < 60 = 1440
t=5+ 24 x 60 = 1445

2
1445 = 1440 [1 + U—ZJ
2c

2
v’ _1445 5

2¢7 1440 1440

= 3.47 < 1073
v? =3.47x107° x 2¢?
v=v2x2.47x10" xc
:\/WXC
=+/0.00694 xc

v =0.0833 ¢
Thus v = 0.0833 x 3 x<108
v=0.25 %< 10® m/s
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21. Find the velocity with which a body | 23. A meson particle decays in 2us in a rest
should be moving such that it gets its frame. When meson particle is moving
rest mass doubled? with 0.6 c velocity. Find its decay time?
Sol : Sol :
m, to
We know that m = > v =0.6¢c, t= >
l—U—2 1_%
c c
2
2mo = mo > = >
1-2 1%
c? c
02 1/2 1 _ 2
") =2 0.6c)’
(7)
c
2
LI
¢ 4 A \Z
A \J1-0.36
, 3., 3
U_ZC_ZC t,=2us, t="2
v=0.86c =0.86 < 3 x 10° = 2
v = 2.58 x 10° m/s V0.64
22. In Michelson- Morley experiment, the t=25ps
mirror is 10 m distance from the glass | 4 Find the velocity with which a body
plate. Find irlnge ST'ft for 6000 A should travel so that the length becomes
radiation (v = 3 > 10* m/s) half of the rest length.
hitt & 2lv2 Given that,
Fringe shift 0 =
g c’h For a body,
2x10x9x10° 1
= Length = — (rest length
9x10% x 6000 x 10 gth = 5 ( gth)
B 180 x10° o= r
54 x10°x10" x107*° 2
The variation oflength and velocity can be
- @X 108-3-16+10 mathematically expressed by length contraction.
2
=3.33 % 107 e, 1=1 |1V
2
§=10.33 c

)
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o<
&

c =0.866 c

= 0.866 x 3 x< 108
= 2,598 %< 108
= 2.6 %< 10®% m/sec.

c = 3 x 108 m/sec]

Atv = 0.866 ¢ or v = 2.6 x< 108 m/sec, the lenght of body becomes half of the rest length.

Rahul Publications
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Short Question and Answers

1. Central Force.

AnS :

A central force is defined as a force, which
always acts on a particle or body towards or away
from a fixed, point and whose magnitude depends
upon only on the distance from the fixed point.
This fixed point is known as the centre of the force.

2. What are inertial and non-inertial
frames?

AnS :

(i) Inertial Frame of Reference

Inertial frame of reference can be defined as
a frame in which the bodies obey Newton’s law of
inertia. In other words, a coordinate system wherein
Newton’s first law of motion holds good is known
as Inertial frame of reference.

In this type of frame, a body moves with
constant velocity i.e., zero acceleration. Hence, it'is
also known as unaccelerated frame.

Examples
(@) Any reference frame attached to earth

(b) A coordinate system fixed on earth having
spinning ‘motion

(c) Acartat restor moving with constant velocity.

(if) Non-inertial Frame of Reference

Non-inertial frame of reference can be defined
as a frame in which the bodies do not obey Newton'’s
first law of motion. In other words, a frame of
reference having an acceleration with respect to an
inertial frame is known as non-inertial frame of
reference.

In this type of frame, a body moves with
variable velocity i.e., certain amount of acceleration.
Hence, it is also known as accelerated frame.

Examples

(i)  Any reference frame with uniform linear
acceleration

(i) A cart moving with variable velocity
(iii)  An aircraft making its take-off run.

3.  What s velocity of the particle if its KE
is equal for rest energy?

Ans :
Given that,
For a patrticle,
Total energy = E = m C?

The variation of mass with velocity can be
mathematically expressed as,

m=—F—— ..(1)

Where,

m = Relatively mass which includes both
kinetic and rest energy

m_ = Restmass
E=E +E
mc?—Ek +mc® [+ E=mc’]

= E=mc-mc?

[ Given]

=
'| 179 I|
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c

vz_l
= l—C—Z—Z
Vi1

v2_§

= VZ_CZE

4

_ .3

= V=¢C 4

= V= .0.75 % 3 x 10! = 2,59 x 10%

Velocity of particle, v = 2.59 < 10'° cm/sec

4.  Calculate the work done to keep-two |

balls having a mass 500 gm each from
infinite distance to 10cm apart.

Ans :
Given that,
Mass of balls,
M, = m = 500 gm = 500 <107 kg
Distance, r = 10 cm x 102m
Work done in moving the balls from infinite

distance to 10 cm apart is given as,

GM,,
r

W=E=-

Where, G — Gravitational constant
= 6.67 < 0™ Nm? kg

Substituting the corresponding values in
above equation,

6.67x10 1 x500+10"3 x500x 1073
10x1072

Rahul Publications
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=-6.67x25x10"** -6+ 1

=-16.675 %< 10?2 ]
. Work done, W = - 166.75 x 101?]
5. Time Dilation.

AnS :

Time intervals are affected by relative motion.
A clock moving with velocity v with respect to an
observer appears him to have slowed down by a

2
factor 1{1—‘6)—2, than when at rest with respect to

him.
Suppose a clock is placed at the point X' in
the moving frame S'. An observer in S' finds that

the clock gives two ticks at times t', and t',. The
time interval between the ticks as judged from S'is

ty=t,—t

t, is the interval as measured in a frame in
which'the clock is at rest. Another observer measures
the time interval between the same two ticks from a
stationary frame of reference S, relative to which
the clock is moving with velocity v. If he records the
ticks at times t, and t,, the time interval appears to
him as

t=t,-t,
Using Lorentz transformations, we have

t-ﬁ(xs)j
o \c)
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From this equation, it is evident that to the
stationary observer in S, the time intervals appear

to be lengthened by a factor

=. A moving
1-—

CZ

clock appears to be slowed down to a stationary
observer. This concept is called time dilation.

If v=c, then t=w. It means that a clock
moving with the speed of light appears to be
completely stopped to a stationary observer.

6. Length contraction.
Ans :

Consider two reference frames S and S'
respectively.

S'is moving with a velocity v with respect
to S. An observer in frame S'is at rest with
respect to S' and hence with respect to the rod. The
rod is at rest with respect to this observer.

The length L of the rod is written as

Y Y
s Ag Ly

Z
Zr

Where x', and xj are the coordinates of the
rod in S'. Let L frame is the length of the rod in S
frame of reference.

Using Lorentz transformation equations, we
have

, X, —vot
X', =2 21 ..(2)
-2
c
, Xz_l)t2 3
L
02

L_

L, = Xy =X
2
-2 [t =t]
c
L
L,= - ..(4)
L
e

This equation indicates that to the stationary
observer in S, the rod placed. in the moving frame

2
S' appears to be contracted by a factor ’/1_2_2'

This

contraction occurs in the direction of relative motion.
If v ="c, then L = 0. This means that the rod moving
with the speed of light will appear as reduced to a
point to a stationary observer. This type of
contraction is called the Lorentz-Fitzgerald length
contraction.

7. A meter scale length is recorded as 96
cm by an observer. Find it’s velocity.

Ans :
Given that,
Length of a scale, | = 1m
Length observed, | = 96 cm = 96 < 10m

Velocity of the observe, v is given as,

IZ
V=¢cC 1—|—2

Where,
¢ — Velocity of light = 3 >< 108 m/s

Substituting the corresponding values in
above equation.

{ 181 I|
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96 x1072)
— g [1l—~———— %
V=3x10°] e

=3 x10%,/1-0.9216
=3 x 10® %< 0.28
= 0.84 < 108
=84 =< 10° m/s
Velocity, v =84 =< 10° m/s

8. Explain the conservative nature of
central force?

AnS :

A force is said to be conservative if the work
done in moving a particle from one point to another
point is independent of the path followed. But
depends on the end points. Consider a particle that
moves from A to B. It can follow path | or path Il or
any other path. If the force is conservative, the work
done along these paths is constant. The points A
and B are fixed.

Path I
A B
Path II
[irai- e
path | path Il

The work done in moving a particle along a
closed curve is zero.

W, = work done in moving from A to B

jA F.dr (1)

W_, = work done in moving from B to A
=+ WBA = _WAB

. Network done =W, +W_,

W, + W, =0 (2)
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9. Kepler's laws of planetary motion.
Ans :

Kepler proposed three laws for planetary
motion.

They are as follows:
1. First Law

Each planet revolves around the sun in an
elliptical orbit around the sun. The sun is at
the one of the foci of the ellipse [Fig. 7].

This law is called as the law of elliptical orbits.

This law gives us the shape of the orbit of a
planet around the sun.

P =planet

P =planet
r+ dr
D

S =sun

2. Second Law

The radius vector of any planet relative to
the sun sweeps out equal areas in equal times.
The areal velocity of the radius vector is
constant.

This law is called as the law of areas. This law
gives the relationship between the speed of
the planet and its distance from the sun.

3. Third law

The square of the period of revolution of any
planet around the sun is directly proportional
to the cube of the length of semi-major axis
of the elliptical orbit. This is called as
harmonic law.

T? oc @

T = period of revolution of planet around
the sun

a = length of semi-major axis of the elliptical
orbit.
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10. Define postulates of special theory of
relativity.

AnS :

Einstein published the special theory of
relativity in 1905. This theory was based on the
postulates.

Postulate 1

The laws of physics have the same form in
all inertial frames of references moving with a
constant velocity relative to one another.

This is called as principle of relativity. This
postulate defines the absence of universal frame of
reference.

As per this postulate, it is impossible by any
means to demonstrate absolute motion. The
absolute motion is meaningless. The motion of
bodies relative to one another has physical meaning.
There is no absolute motion according to Einstein.
Undetection of absolute motion implies undetection
of ether. If the laws of physics were different for
observers in different frames in relative motion, it
could be determined from these differences which
objects are stationary in space and which are
moving. There is no universal frame of reference,
this distinction between objects cannot be made.

Postulate 2

The speed of light in free space is the same in
all inertial frames of references. This is called as the
principle of the constancy of the speed of light.

This postulate follows directly from the result
of Michelson-Morley experiment. As per this
postulate, the speed of light is same in all directions.
It is the greatest velocity.

Q11. Concept Four Vector Formalism

AnS :

The four vector concept has its significance in
theory of relativity. As per first postulate of special
theory of relativity, the laws of physics are invariant
in all inertial reference frames.

If any equation holds good from the point of
special theory of relativity, it should be expressed
in four vector form. As per Lorentz transformations,
the value x? + y2 + z2 — ¢? t2 must be same in all

inertial reference frames. If S and S' are two inertial
reference frames, then
X2+y?+z22 -t =xZ+yi+z2-ct'? ..(1)
Letx, =X, X, =Y, X, =zand x, = ict
X, X, X, and x, are treated as components of

a vector in 4D space. the vector length in 4 D space
is written as

D2= X2+ X5+ X5 +X;

4
=3x;

p=1

If vector length is invariant in both frames S
and S'. Using Lorentz transformation

4 4
PRSEDRN

=1 p=1

=

X' =v(x=vt)
y'=y
I'=1

ivx,

: }:v[xll -ipx,] .(3)

’ H 1
X, =ict'= v[x4 —

Putting the above equations in matrix form

X1 v 0 0 iBv| x,
Xy| |0 1 0 0 ||x,
X, |0 01 0 | x ..(4)
X, -ipv 0 0 v |/ x,

The above matrix form shown the position
coordinates in four vector notation. The above
matrix is valid for S and S' frames which have relative
velocity along X-Matrix elements will be determined
in any direction.

'| 183 I|
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12. Define gravitational field.

AnS :

The region around a body where the
gravitational force of attraction is present is called
the gravitational field.

Gravitational attraction or the intensity of the
gravitational field at a point in the field is the force
experienced by a unit is placed at that point.

The intensity of the gravitational field is

F:GMZl
r
GM
F= =
13. Lorentz Transformations.
Ans :

Consider a reference frame S which is at Y
U. rest. Consider another reference frame S’ which
is moving with a constant velocity V. The S position
vector of an event in S' frame

Y Y\
St——»vV

S

fo

X
0O o X

r'=x-vot (1)

The component from of equation (1) is
written as

X = X -vut (2)
y=y -.(3)
7'=z ..(4)
and t' =t ...(5)

The equations (2) to (5) are called Galilean
transformations. The relation between velocity
components in S and S' frames is written as

The egs. (6), (7) and (8) disobey the
postulates of special theory of relativity.

The relation between x and x' is written as
X' =k(x—vt) ...(9)
where X is a constant of proportionality.

The inverse equation for equation (9) is
written as

x =k'(x'+vt") ...(10)
The other equations are written as

y=y ..(12)

7'=z ..(12)

Times t and t' are not equal.

Putting the value of x' from equation (9) in
equation (10), we have

X = kk'(x =vt)+ k'vt'

t'= kt+(l_kk jx
k'v

..(13)
For calculating k and k', the second postulate
of special theory of relativity is used.

Consider a single of light is given out from
the common origins of Sand S'att =t'= 0. The
signal propagates in the two systems according to
the equations

..(14)
X' =ct ...(15)
in system S and S' respectively.

Substituting the values of x' and t' into
equation (15), one can has

k(x—vt)= ckt+(l_'kk jcx
k'v

v, =V, —L ...(6)
142
v, =v (7 -ct| —— C
y y (7) X =ct l_{ 1 _l}c ..(16)
U'Z =v, (8) kk' 8}
— '184 |
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Comparing equation (16) with equation (14),

we have
142
C =1 L (17)
1-] 1 ql¢
kk' v
Kk' = ! -
L
e
, 1
We choose k=k'=—— ...(18)
l)2
s

Substituting these values in equations (9) and
(13), we have

' = X —vt
2
L
e
y'=y
z'=zand ..(19)
WX
2
t'=—==
2
L
te

Equations (19) are called Lorentz trans-
formations.

The inverse Lorentz transformation equations
are written as

_ X'+t
2
L
1=
y=y'
z2=12'
gy OX° ...(20)
2
t=—-=
2
L
1=z

14. Mass-energy relation.
Ans :
As per Einsteins’ mass - energy relation
m= Mo
1Y
CZ

m, = rest mass of the body

¢ = velocity of light

v = velocity of body

m = mass of the body

According to Newtons’ second law of motion,

F= E(mo): m@+ud—m

Todt dt — dt
The change in kinetic energy of the body is
equal to the workdone by the force F for a

displacement dS of the body.
Thusdk = E ds

= m@dSﬂ)d—mdS
dt dt

= md—SdU+U§dm
dt dt

.(2)

= mudo +v*dm
Differentiating equation (1), we have

1 v’ e —2vdv
om=m(-3 -] ()

We know that m 2%
UZ
%)
dm = mudv
NS

g
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Putting this value in equation (2), one can
has

Differentiating, we have

dx' dx —vodt
dk = (¢® —v?)dm +v’dm = c*dm X = 2
1- =2
The kinetic energy of a body is written as c?
k:fdk:fm c’dm=c*(m-m,) ...(3) vdx
: o2
m_c? is the rest energy of the body. The total dt=— ¢ J
0 ; e and 2
energy of a body is the sum of the kinetic energy 1YV
and the rest energy. c?
E=k+E,
= (m-m,)c* + mc? ,_dx'_ dx—vdt
E=mc*-mc2 + mc? dt' i ode
E =mc? ..(4) ¢
This equation represents the famous Einsteins’ dx
mass - energy relation. ot
15. Addition of velocities. = L dx
Ans ¢” dt
Consider two reference frames Sand S’. The dx
frame S’ moves with a constant velocity v relative Y
to S along the X-axis. Let a body moves a distance l
dx in a time interval dt in the frame S. The velocity . u—vu
of the body measured by an observer in S frame of u= o ..(3)
reference is 1_(02j
_ & This equation gives the relativistic addition of
u= (1) .
dt velocities u and v .
reference is distance from the sun what will be the
number of days in a year?
u':% .(2) | Ans :
Let x be the distance between the sun and
Using Lorentz transformations, we have the earth. When the earth was at half of its present
distance from the sun,. then the distance becomes
, X —vt
X'= X
> 2.
1-2 2
¢ According to Kepler’s third law, the square of
the time period of revolution of the planet is
e proportional to cube of semi-major axis i.e.,
. c? T? o @2
and t ——02
o L) _(a)
= T az
— l| 186 ,'
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T ar
-T &
2
1
= 3 = —3 >
aj a3 X
3
= Tzz( Zj <T¢ (1)
a
Fig.: Reference frame S' moves with velocity v
1 (in the x direction) relative to reference frame S.
Here, T, = lyear,a, = X,a, = SX - ) .
2 To detect the position of a particle at a certain

Substituting the corresponding values in
quation (1),

= 1 year

_ (1),
=13 year

1
= T; = 8 years

1 1

= T2:\/§ :m > 365 days

[+ 1 year = 365 days]
= T,=125days

T, = 129 days

17. Galilean Transformation
Ans :
Galilean or Classical Transformation

A point or particle at any instant has different
coordinates in different reference systems. The
equations which provide the relationship between
the coordinates of two reference systems are called
transformation equations.

The transformation of coordinates of a particle
from one inertial frame to another is known as
Galilean (or classical) transformation.

time, we should represent it in both space as well as
time. such a thing is called an event. The event may
be conveniently represented by (X, y, z; t).

18. The total electrical energy generated in
a station in a‘particular year was 7.5 x
10* KWH. Find the mass equivalent of
this energy.

Ans :
Given that,
In a station,

Total electrical energy generated
= 7.5 x< 10" KWH
= 7.5 % 10" x 3.60 < 10°J
[-. 1 KWH = 3.6 < 10°]]
=27 %< 10%®]

The expression for mass equivalent of electrical
energy is given as,

E = mc?

E

= m= —
2

Substituting the corresponding values in
above equation.

2.7x10'8
M= (3x108)?

_ 2.7x10%
~ 9x10%
= 0.3 x10?
. Mass equivalent of the 7.5>%<10** kWH = 30kg
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‘ Choose the Correct Answers I

1.  Gravitational potential inside a spherical shellis — . [a]
() equal to that on the surface (b) greater than that on the surface
(c) less than that on the surface (d) zero
2. The velocity of the earth around the sunis . [c]
(@) 3 km/s (b) 30 km/s
(c) 0.3 km/s (d) 300 km/s
3. A body under the inverse square force will move along a circular path if total energy is
[c]
(@) zero
(b) positive
(c) negative but equal to minimum potential energy
(d) negative but greater than minimum potential energy.
4.  Asatellite revolves round a plant of radius R in time T. What will be the period of revolution around
another planet of radius 3R ? [a]
(@) 3T (b) 33T
© T (d) 9T
5.  The angular velocity of rotation of a star (of mass m and radius R) at which the matter will start
escaping from its equatoris — . [b]
2GR 2Gm
@ 0
2
© (o @ |2
6.  Aninfinite number of identical point masses each equal to m are placed at pointx =1, X =2, x =
4, x = 8, ... The total gravitational potential at pointx =01is —____. [b]
@ -Gm (b) -2Gm
(c) +2Gm (d) infinite
7. If the radius of earth were to decrease 1%, its mass remaining the same, acceleration due to gravita
on the surface of the earth. [d]
(@) willincrease by 1% (b) will decrease by 1%
(c) will decrease by 2% (d) will increase by 2%
(188 )
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8. If the K.E. of a staellite revolving in an orbit near the earth surface is doubled then: [d]
(a) its orbital velocity is doubled (b) its period of revolution is doubled
(c) it will be broken into pieces (d) it escapes out of earth’s field
9. Michelson - Morley experiment was performedto . [c]
(2) measure speed of light
(b) prove existence of ether
(c) measure speed of earth relative to ether
(d) test the isotropy of space
10. Restvolume L®  is connected to relativistic volumeas . [c]
@ Lya-pY)” (b) L3a-p?)
L5
(© L3J1-p? @ g
11. Relativistic transformations were suggested by . [d]
(2) Newton (b) Einstein
(c) Huygen (d) H.A.Lorentz
12. A body moves with 0.2c velocity. The ratio of the moving masstorestmassis — .  [b]
(@ 1.2 (b) 1.02
(c) 0.2 (d) 1.0
13. The rest mass of an electron is m . When it moves will velocity v = 0.6c¢ then its mass is .
[b]
(@) -m, (b) 5/4 m,
(c) ~4/5m, (d) 2m,
14. Inaccordance with the special theory of relativity if n and u' be the velocities of a particle in the
laboratory and in the moving frames respectively, then which of the following relations is correct.
[b]
@ u, =u, (b) U =u
(c) u,=u (d) none of the above
15. Ina perfectly elastic, relativistic collision between two masses, which one of the following quantities
is NOT conserved ? [b]
(a) momenturn (b) energy
(c) restmass (d) angular momentum
@ Rahul Publications
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Fill in the Blanks

The condition for conservative force is

If the total energy of a particle is negative but not minimum, the path is

Gravitational forces are

The force required to keep the satellite in the orbit is provided by

If the eccentricity of a trajectory is zero, the trajectory is.

A body under the action of inverse square force will follow an elliptic path if eccentricity is
A body under the inverse square force will move along a circular path if total energy is

An inetial frame of reference must

© 0N o Ok eDdE

In a perfectly elastic, relativistic collision between two masses, quantities is NOT conserved

[EEY
©

Michelson-Morley experiment to detect the presence of ether is based in the phenomen of

[EEY
=

Two photons recede from each other. Their relative velocity will be

[EEY
N

The rect mass of an electron is M. When it moves with a velocity v .= 0.6 ¢ then its mass is

13. At what velocity the kinetic energy of a particle is equal to the rest mass energy?

14. Einstein’s mass-energy relation (E = mc?) shows that mass and energy disappers to reappear as
and

ANSWERS

F=V-V

elliptical

weak

gravitation

circle

e<l1

negative but equal to minimum potential energy.

not accelerate

© 0 N o gk~ e D =

energy

[EEY
©

interference

[EEY
=

c
5/4 m,

\@/20

energy and mass

[EEY
N

I
W

g
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Simple harmonic oscillator, and solution of the differential equation— Physical
characteristics of SHM, torsion pendulum measurements of rigidity modulus, compound
pendulum, measurement of g, combination of two mutually perpendicular simple
harmonic vibrations of same frequency and different frequencies, Lissajous figures.

Damped harmonic oscillator, solution of the differential equation of damped oscillator.
Energy considerations, logarithmic decrement, relaxation time, quality factor, differential
equation offorced oscillator and its solution, amplitude resonance, velocity resonance.

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

4.1 SimpLE HAROMONIC OSCILLATOR I

Q1. Discuss the basic terms involved in
oscillator, motion?

AnS :

Introduction

A motion which repeats itself after equal
intervals of time is called periodic motion or
harmonic motion.

A body or a particle is said possess oscillatory
or vibratory motion if it moves back and forth
repeatedly about the mean position.

Few terms regarding the oscillatory motion:
(i)  Perodic time

The periodic time ‘T’ of an oscillatory motion
is defined as the time taken for one oscillation.

(i) Frequency
The ‘frequency’ n or v is defined as the
number of oscillations in one second. It is
reciprocal of periodic time.i.e.,n = %- cycles
per second.

(iii) Displacement
The Distance of the particle in any direction
from the equilibrium position at any instant
is called the displacement of the particle at
that instant.

(iv) Amplitude

The maximum displacement or the distance
between the equilibrium position at and the
extremeposition is known as amplitude ‘a’ of
the oscillation.

(v) Phase

The phase of an oscillatory particle at any
instant defines the state of the particle as
regards its position and direction of motion
at that instant.

(vi)

Restoring force

In the equilibrium position of the oscillationg
particle, no net force acts on it, when the
particle is displaced from its equilibrium
position, a periodic force acts on itin such a
direction as to bring the particle to its
equilibrium position. This is called the
restoring force F

Q2.

Define simple harmonic motion? Write
the Equation for simple harmonic
oscillator?

AnS :

Simple Harmonic Motion

(Imp.)

It is defined as the motion of an oscillatory
particle which is acted upon by a restoring force
which is directly proportional to the displacement
but opposite to it in direction.

Following are the characteristics of simple
harmonic motion :

(@) The motion is periodic.

(b) The motion is along a straight line about the
mean or equilibrium position.

(c) The Acceleration is proportional to the

displacement.

(d)  Acceleration is directed towards the mean or
equilibrium position.
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Simple Harmonic Oscillator

When a particle or body moves around such
that is acceleration is always directed towards a fixed
point and varies directly as its distance from the
point, the particle or body is said to executer S.H.M.
the particles or body executing simple harmonic
motion is called a simple oscillator

Equation of Motion of a Simple Oscillator

Consider a particle P of mass m executing
S.H.M about equilibrium position O along X-axis
as shown in fig (2). By defination, the force under
which the particle is oscillating is proportional to its
displacement directed towards the mean position.
Let x be the displacement of P from O at any instant.
The instantaneous force Facting upon P is given by

Fa-xorF=-KkX,.... @

Where k is proportionality factor which
represents the force per unit displacement. The
negative sign is used to show that the force F is
opposite to the displacement. The negative sign is
used to show that the force F is opposite to the
displacement.

According to Newton’s second law of motion
the restoring force on mass m produces as

2

. d-x .
acceleration e in the mass, so that

Force'= mass < acceleration

. d?x
e, F=m—,- ... 1
dtZ ( )
From eq (1) & (2)
mﬂ— kX or d_ZX_ __kx
a2 d?  m

k
Let us put - =w®. Thus,

d*x )

dt?

This is known as the differential equation of
simple harmonic oscillator.
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4.1.1 Solution of Differential Equation

Q3. Derive the differential Equation of
simple harmonic oscillator ?

AnS :

dx_ dfdx]_dv_dv dx_ dv
dt®> ~ dt| dt | dt  dx dt = dx

£

2

Substituting the value of % in (3)

dv 5
—_— = — X
We getV = ix ®

Vdv = - ® X dX........ 4
(CR)
Integrating eq (4) we get
V2 x?
o TG
{where C, = Constant of Integration}

The value of C, can be obtained by applying
the condition that at x = a (Amplitude of vibration
the velocity of particle is zero.

2.2
—w%a
0= "2 +C,
_ o’
Cl =
Vi —e®Xx? %’
- = +
2 2 2

V2= @? (a2 - x?)

V=@ -xt) (5)
(OR)
dx .
AsV = & eq (5) can be written as
dx
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So Integrate eq (6) we put x= a sin 0,

Hence,

dx = a cosO do

acos0do

or do = odt
acoso

Integrating eq (7), we get 6 = (ot +¢), where
¢ is constant. Now the displacement
x=asin(ot+9¢) ......

This gives the displacement of particle at any
instant.

If the motion takes place along y-axis, then
y=asin(ot+¢) ..
Second treatment

The simple harmonic oscillator equation is

Where C, and C, are arbitary constants
Further,

x =C, (cosot + jsinot) + C, (cos ot — jsin ot)
x=(C,+C,)cosot+j(C, —C,)sinwt

Letus put C, +C, =asing andj(C,-C,)) =
a cos ¢
Where a and ¢ are new constants

. X=asinpcoswt+acossin ot
(or)
x = asin(ot+¢)

This is the solution of the equation of simple
harmonic oscillator.

4.1.2 Physical characteristics of simple

Harmonic motion

Q4. ~Write Physical Characteristics of simple
d—2X+ WX =0 Harmonic motion?
‘ -
dt Ans : (Imp.)
Let us assume a trial solution of the form .
1. Displacement
x =Ce™ The displacement of any yarticle ay any instant
Where C and o are arbitary constants. executing S.H.M. is given by
Differentiating it, we get X = a sin(wt + ¢ )
dx 1 d’x _ 1 The maximum displacement from the mean
Gt = Coe® and ~ro = Ca’e position is called amplitude. Here the
o ) ) amplitude is a
Substituting these values in the equation of .
simple oscillator, we have 2. Velocity
2at , 2ecat = O The velocity v od the oscillating particle can
Ca’e™ +o’Ce™ = be obtained by differentiating eq (8).
(OR) e dx
Ce‘“(oc2+0)2)= 0 Thus V= dt
(¢’=0’)=0 [~C=0 and e”"=0] = vacos(ot+9)=w(a*-x*) .. 1)
4 2\~ 4o Where i = At the mean position i.e, at x = 0, the
na=(-0’) =%jo, Where j=[-1) velocity is maximum (wa). So V= wa.
. _ The Velocity is zero at the extreme positions.
Now, x =Ce"™ and x =Ce ™ T
. . 3. Periodic time
So the general solution can be written as o
. . Time taken for one complete oscillation is
x= Ce™ + Ce™ called as periodic time and is denoted by T.
{ 103 }
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2
Let t be increased by En in eq (8) then

X = asin{u{uﬁ}ﬂb}
(O]

= asin(ot+2n+¢) =asin(ot+¢)

This shows that the displacement repeats itself

) 2m 2m |
after atime o . Therefore, o |8 known

as periodic time.

e[

= o X % [displacement}
(d?x/ dt*) acceleration

Frequency

The number of oscillations made in one
second is called as frequency and is denoted
by n or V. Hence.

Phase

The angle (ot+¢) is called the phase of

vibrations. Phase of a body executing S.H.M
at any instant represent its state as regards its
position and direction at that instant.

Epoch

The value of phase whent = 0is called the
phase or epoch. In our case ¢ is the epoch.

Rahul Publications

It is, therfore, termed as the length of
equivalent of simple pendulum.

Centre of suspension

The point s of intersection of horizontal axis
with the vertical plane passing through the
centre of gravity is called the centre of
suspension.

Centre of oscillation

The point O at a distance {I + (k*/) equal to
the length of the equivalent simple pendulum
from the point of suspension S, is called the
centre of oscillation corresponding to centre
of suspension S. It lies on the line joining S to
the centre of gravity of the body and
produced.

Conditions for maximum and minimum
time period

The time period of a compound pendulum
is

T2 2 {MJ

g

or

4n2(k2+€2) 4n? [k_ZMJ

A S A —
™= = ’

Ig g

Differentiating this expression with respect to
I, we have

or O 4Ky
de g (/2

For T to be maximum or minimum we put

OI—T—O hich gi Furth aT
q¢ — O which gives ¢ +k. Further -7

comes out to be positive for this value of I.
This means that time period T is a minimum
when y — +k or we can state that when the
distance between the centre of suspension
and centre of mass is equal to the radius of
gyration of the pendulum about an axis
passing through its centre of mass and
perpendicular to the plane of oscillation,
the time period will be minimum.
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4.2 TORSIONAL PENDULUM I

4.2.1 Measurements of Rigidity Modulus

Q5. Define torsion pendulum? How do you
determine modulus of rigidity using
torsion pendulum?

AnS :

The torsional pendulam is shown in fig. It
consists of heavy metal or cylinder suspended from
a rigid support by means at experiment wire. When
the sphere or cylinder is signty twisted in the
horizontal plane and then released the pendulum
starts torsional oscillations about the axis of
suspension.

(July-21)

Experimental
wire

Cylinder

Theory

Let-a sphere or cylinder at mass M be
suspended at one end of a wire of length | and
radius r keeping its other end fixed at a rigid
support. this behaves like a torsional pendulum.

Let the pendulum sligntly twisted in horizontal
plane through an angle g radian and then released.
the pendulum starts executing torsional oscillations.
Let | be the moment of inertia of cylinder or sphere
about the axis of suspension within elastic limits. The
couple or torque acting onthe wire is proportional
to angular displacement.

Therefore, T = la

2

Where angular acceleration GZF and
N . d®o
inertial couple acting, T = IF

If C be the torsional rigidity of suspension

wire (i.e., required to produce unit radian twist in
the wire), then restoring couple (t) required to

produced ¢ radianis —C6.

2

d<e
In equilibrium IF:_CG

Therefore, the equation of motion of the

1d*6 d’0 C
i —+CO= —+—6=0
pendulum will be a2 + 0 or a2 + I
d’e , C
——+0°=0  Where 0" =— ... (2)
dt I
(or)

This is differential eq of simple harmonic
motion whose time period T.is given by

We know that torsional rigidity C of a wire is
given by

Where n is the modulus of rigidity material of
wire and | is moment of inertia

2
In case of sphere | = 7 MR2

Where M = mass of sphere and
R = radius of sphere

1
In case of cylinder | =5 MR?

Where M = mass of cylinder and

R = Radius of cylinder substituting the
volume of C from eq (4) in eq (4) we get
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1 21/
= 2 = 27[
T n\/(nnr3 IZEJ \/nnr4

8n’ll _ 8nl

or T? = -
wnrt  mrt

Measurement of Rigidity modulus by
Torsional Pendulum

The following procedure is adopted

(i)  Thesphere or the cylinder is suspended a rigid
support with the help of experimental wire
as shown in fit.

(i)  The sphere of cylinder is sightly roated about
the wire and released so that it begins to
execute tortional oscillations of small
amplitude about wire as axis.

(iii)  Start stop watch and simultaneously count
the number of oscillations in the way find time
period T.

_ total number of oscillations
- total time taken

(iv) Measure the length | and radius of the wire.
The radius of the wire is measured with the
help of screw gauge and length | with help

of meter scale.

(v)  With the help of verneir calliper measure the
radius R of sphere or cylinder.

(vi) Measure the mass M (in kg) of (cylinder or
sphere) with help of physical balance
calculate

| = g MR2
5

| = 1 MR2
T2

. 8nl/l
Using the formula, n= Torh calculate the

value of rigidity of the wire

for
2

8n/ (1 47MR?|
Therefore n=w( MR"‘):W

cylinder and HZW = 572

8/ (2 sz _ 167MR?|
5

for sphere
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I 4.3 ComPOUND PENDULUM

Q6. Explain Compound Pendulum?

AnS :

Compound Pendulum

A compound pendulum is a rigid body
capable of oscillating about a horizantal axis passing
through it (not through its centre of gravity) in a
vertical plane.

Let fig represent the vertical section of any
irregular rigid body pivoted at a point S. In the
equillibrium position of the body, the centre of mass
lies vertically below S. Let m be the mass of the
body and | the distance between the point of
Suspension s and centre of gravituy G.

Let, at any instant t, the body be dispached
through on angle . Now a restaring couple acts
on the body to bring it in its mean position of rest.
Due to intertia, it does not stop in the position of
rest but swings to opposite side, i.e., the body
executes simple hormonic motion.

Theory

The time period may be calculated as follows
Restoring couple = weight > perpendicular distance
of G from S.

T =mg xlsing
t =mgl (-~ sin@=0, when ¢ is small)

If I is the moment of inertia of the body about
an axis through s perpendicular to the plane of
2

_— d<e _
oscillation and e angular acceleration, then the

torque acting will be
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d?o
|—- =—-mg/0
dt? g

and thus

negative sign indicating that angular acceleration is always towards the position of rest. Then

If l, be the moment of inertia of the body about centre of gravity, then from theorem of parallel axis
=1 + ml
g
l=-mk?+ml2 . ... (b)
or
where K is the radius of gyration about an axis through the centre of gravity

putting the value of | from eq(b) into (a)

comparing the above time period with the periodic time of the simple pendulum T =2xn [gj .

We note that

2
L:£+k—
4

g
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4.4 CoMBINATION OF Two MuTUALLY PERPENDICULAR SIMPLE HARMONIC VIBRATIONS OF
SaME FREQUENCY AND DIFFERENT FREQUENCIES

Q7. Discuss the combination of two mutually simple harmonic vibrations of same
frequencies with neat diagrams?

Ans : (Imp.)
Equal frequenties Perpendicular

Let us consider the case when two simple harmonic motion have the same frequency (or time
period) one acting along the x-axis and the y-axis. Let the two vibrations be represented by

x=asin(ot+¢) . (1)

y= bslno)t ...... (2)

When a and b are the amplitudes of x and y vibrations respectively. The x motion is ahead of the y
motion by angle ¢ i.e. the phase difference between the two vibrations is ¢

The equation of resultant vibration can be obtained by climinating t between egs (1) and (2).

From eq (2), we have sinot = (%)

. cosot = m:,/{l—[{)—iﬂ

Expanding eq (1) and substituting the values of sinwt and cos wt, we get

X . .
— = sinwt cos ¢ + coswt sing

(or) g = % cos ¢ + {1—§} sin ¢

(or) g = % cos ¢ = {1—§} sin ¢

Squaring both sides, we have

o] -

x? y? 2Xy
(or) 2t coszq)—E cos ¢
2
= sin®¢ - % sin ¢

g
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X2 2
(or) Pl % (cos® ¢+ sin® ¢) —% cos¢
:Sinzd)
x? y?  2xy .,
- z_ _ —= = SIn
(or) 7 + 17— p C0sd b ..(3)

The equation represents on oblique ellipse, which is the resultant path of the particle, Here we
consider the following important cases:

(i)  When ¢ = 0 (two vibrations are in phase)
In this case, sin$p =0 andcos¢=1

X2 yz 2%
The eq(3) becomes 2z + b? —a—g’:o
x yY Xy
Z_ 2 = +H 2L _
(or) (a bj—Oor (a bj_o
_ ., b
(or) xy==+ gx ...... @

This eq. represents two coincident straight lines passing through the origin and inclined to x-axis at
the angle 6, given by

o2
6 =tan a

This is the resultant path of the particle as shown in fig [14(a)]
.. T
(i) When¢= 4 We have

, 1 1
sin ¢ :E and cos ¢ 25

Now eq (3) becomes

This represents an oblique ellipse, as shown in fig [14(b)]
(i) When ¢ = g we have

sing =1 and cos ¢= 0

the eq (3) reduces to

Tt =1 (6)

g
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The resultant path is an ellipse whose major axis coincides with the coordinate axis as shown in fig.
Ifa= b, then x* + y2 = a? so the resultant path of the particle is a circle of radius a as shown in fig.

Y 6=0
T
1
1

g
P _-e.-_ X

. 3n

(iv) When ¢= o we have
] 1
sin ¢ = E and cos¢=—ﬁ
The eq (3) becomes

Y2y (—LJ:E ...... ()

XZ
2 Tt J2

a b>  ab
This represents an oblique ellipse as' shownin fig .

(v) When ¢ = xn, we have
sing=0andcos p =-1

Now eq (3) reduces to

2 2
2
XY 2y
ab

This again represents a pair of coincident straight lines passing through the origin and inclined to x-

axis at an angle 6 given by

b
0 = tan™ (—gj

g
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4.5 Lissajous FIGURES AND THEIR GRAPHI-
CAL REPRESENTATIONS

Q8. Explain lissajous figures.

AnS :

The resultant path traced out by a particle
when it is acted upon simultaneously by two simple
harmonic motions at right angles to each other is
known as Lissajous figure.

The nature of resultant path depends upon:
(1) The amplitude of vibrations
(2) The frequencies of two vibrations
(3) Phase difference between them
Graphical representation of Lissajous figures

Here we consider the method of
combination of two rectangular simple harmonic
motions of amplituded a and b graphically in the
following cases :

(1) Same frequency and having a phase
difference zero

(2) Same frequency but having a phase difference

T

4

(3) Frequencies in the ratio 1 : 2 and phase
difference zero

(4) Frequencies in the ratio 1 : 2 and phase

diff kid
Irrerence 2

(1) Same frequency and having a phase
difference zero

(i)  Draw two circles of reference of radii a and b
equal to the amplitudes of the corresponding
simple harmonic motions taking place along
AB and A’ B’ axes respectively.

(i)  Divide these circles into equal parts, say for

example in 8 parts, so each part corresponds
Y
4
diameter AB from the position shown in fig.
(16) while on the circle diameter A’ B’ from
the position shown in fig. (16) because the

to an angle — . Start numbering on the circle

two vibrations are perpendicular to each other
and there is no phase difference between

them.
Al
S 2'
Fr—1 -

L e e __ 3/ -\t
< N 4’ o'
" (N N AN A

E 6

B6

(iii)  Draw lines through these points perpendicular
to the line AB and A’ B’ respectively, so as to
enclose a rectangle FRES.

(iv) At the start both perpendiculars intersect at
O, the position-initially taken up by the
vibration particles. In the positions (1,1,
(2,2",(3,3") they are found to intersect
respectively at N, S, N and so on till after a
complete time period the starting point O is
reached again.

(v) The straight line RS then represents the
resultant of the two simple harmonic
vibrations.

(2) Same frequency but having a phase

diff r
Ifrerence 4

Consider two rectangular S.H.M.s taking
place parallel to AB and A’ B’, the two lines mutually
re-pendicular to each other. Draw two circles of
reference of radii a and b equal to the amplitudes
of the corresponding simple harmonic motions
taking place along AB and A’ B’ axes respectively.
Divide the circumference of each circle into 8 equal
parts (As the periods are equal), and produce it as
shown in the fig. (17) so as to enclose a rectangle
FRES. Start numbering on the circle of diameter
AB from the position P while on the circle of

Y
diameter A’ B’ from the position of angle N because

Y
there is a phase difference of N between them.
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When the particle first starts from P, the second
particle starts from 0’i.e., the position of angle
n
4
1 in the rectangle FRES.

. The resultant position is marked by point

Following are come uses of Lissajous figures :

(i)  The ratio of the frequencies of two vibrating
Systems can be obtained from their Lissajous
figures provided the ratio is in whole number
ie.,1:1,1:2,1:3andsoon.

(i)  The Lissajous figures provide a good method
for ajusting the frequencies of two forks to a
given-ratio.

(iii)  Lissajous figures may be used to determine
the frequency of a tuning fork provided the
frequency of other tuning fork producing the
figure is known are Commensurable i.e., in
a whole number ratio.

These figures are useful in testing the accuracy
of tuning of some simple intervals between
two forks. This is possible because a slight
mistuning causes the figure to vary in form.

(iv)

(v)  The figures may be employed to investigate
how the period of a rod, fixed at one end,
varies with the length of the rod.

4.6 DampPeD HARMONIC OSCILLATOR,
SoLuTioN oF THE DIFFERENTIAL EQUATION OF
MaMPED OSCILLATOR

Q9. What are damped osccillations? Solve
the differential Equation of damped
harmonic oscillator ?

Ans . (July-21)

For an ideal hamonic oscillator, the amplitude
of vibration remains constant for an infinite time.
When a body vibrates in air or in any other medium
which offers resistance to its motion, the amplitude
of vibration decreases gradually and ultimately the
body comes to rest. This is due to the fact that the
body is subjected to frictional forces arising from air
resistance. The motion of the body is known as
damped simple harmonic motion. As an example,
if we displace a pendulum from its equilibrium
position it will oscillate with a decreasing amplitude
and finalles come to rest in equilibrium position.

Let us consider another example of damped
vibrations as shown in fig(1). Here a mass m is
suspended from the spring and set to vibrate. It is
observed that mass vibrates for a longer time in air
as compared to the mass which vibrates partially in
air and partially in liquid kept below the mass as
shown in fig(1). The damping force is more when
the mass moves in liquid and hence the vibrations
die out more quickly in liquid than in aid.

Equation of damped hamonic oscillator
The damped system is subjected to :

(i) A restoring force which is proportional to
displacement but oppositely directed. This is
written as — u X where u is a constant of
proportionality or force constant.

(vi) Helmholtz used these figures to investigate the | (i) A frictional force proportional to velocity but
vibration of a violin string. oppositely directed. This may be written as

{202 }
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dx
—{E} . where r is the frictional force per
unit velocity.
2x
Since, force = Mass < Acceleration = mF

Therefore, the equation of motion of the
particle is given by

mdzx__ S
az = M dt

Ex  rod v,
©) 4 T ma Tm X7

2

dx
_ 2y —
(or) a2 + 2b e =0 ...... 1)

r
Where — = 2b and Ll o
m m

1
Here b is damping constant or {ﬂ as decay

modulus.

Equation (1) is a differential equation of
damped harmonic motion.

Solution of the equation for various boundary
conditions

Solution of the equation

Equation (1) is a differential equation of
second degree. Let its solution be y — pe*
..(2)

Where A and o are arbitrary constants.

Differentiating eq (2) with respect to t, we get

dx d?x
— = Aoe™
dy o€ and

= Aa’e”

Substituting these values in eq(1), we have
Aa?e® + 2bAge® +w?Ae* = 0

or  Ae“(a’+2ba+w?) =0

As Ae" =0 ..a’+2ba+w?=0

This give o = —b++/(b? —w?)

The general solution of eq(1) is given by

X = Ale[_m G Aze[‘b‘ R e

Where A and A, are arbitary constants

Dpending upon the relative values of b and
® , three cases are possible :

4.7 ENERGY CONSIDERATIONS, COMPARISON
wiTH UNDAMPED HAROMIC OSCILLATOR

Q10. Discuss Energy consideration in
damped harmonic motion?

AnS :

Energy of damped harmonic oscillator

(July-21)

Whenever a system is set into oscillations, its
motion is opposed by frictional (damping) force due
to air resistance. The work done against these force
is dissipated out in the form of heat. So the
mechanical energy of the system continuously
decreases with time and amplitude of oscillation
gradually decays to zero. Here we shall obtain an
expression for the energy dissipation from the
oscillation.

The displacement of a damped harmonic
oscillator at any time is given by

x = ae™ sin[4 (o —b?)t+ ¢}
=ae " sin(o't+¢).
Where o' = (o)2 - bz)
The instantaneous velocity is given by

{%} =—abe " sin (o't +¢)

+ ao'e”cos(0't+¢) ...(2)

In practice, the damping is very small i.e. <<
®. Hence the term —abe™ sin (o't + ¢) can be
neglected in comparison with the term

an'e™ cos(w't+¢). Now, we have
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dx
[E} =ao'e " cos('t+9) ...... (3)

The mechanical energy E of the oscillator is
given by

E = Kinetic energy + potential energy

dx
Substituting the values of [ dt} and x from
(3) and (1) in (4)

We get

E= ;mazmtze’zm cos’ ('t +¢)

l 2-2bt o5.-2 t
+—pa‘e - sin“(ot+
oH (o't+9)

= 1 ma? {h} e ?* cos® (cott + ¢)

l 2.-bt o5 2 t
+—ua‘e sin“lot+
S (w't+4)

= Larpen = Lazmee
2 2
1 _
E= Eazue R (5)

This shows that the energy of oscillator
decreases with time.
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4.8 LOGRITHM DECREMENT, RELAXATION
TimMe AND QUALITY FACTOR

Q11. Define & Explain Logarithmic decre-
ment relaxation time & quality factor?

AnS :

Following are the three different methods of
describing the damping of an oscillator.

1. Logarithmic decrement

Logartithmic decrement measures the rate at
which the amplitude disc away. The amplitude of
damped harmonic oscillator is given by amplitude
=a.e™att= 0, amplitude a, = a.

Leta, a, a, ... be the amplitudes at time t
=T, 2T, 3T ..... respectively where T = period of
oscillation. Then

— 4 @bT
al = a.e

a2 = a. e @n
a, = a.e™C

From these equations , we get

— == -2 =..... = ebT:e7L (Where bT= }\‘)

A is known as logarithmic decrement.

Taking the natural logarithm, we get,

a, a
A=log 7~ =log —+=log 7 =
e al e a2 e a
Thus logarithm decrement is defined as the
natural logarithm of the ratio between two
successive maximum amplitudes which are
separated by one period.

2. Relaxation Time

The relaxation time is defined as the time
taken for the total mechanical energy to decay
(1/c) of its original value.

The mechanical energy of damped harmonic
oscillator is given by

— l 2 —2bt
E= 5 aue
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1
LetE=E,whent=0, .. E, = Eaz.p
Now, E=E .e® ... (2)
o E,
LetT be the relaxationtimei.e.,t=T.E =%

Making this substitution in eqn (2), we get.

E
0 |_ —2b
(?j =B or g1 g

(or) -1 =-2b<

28

From eqgns (2) and (3), we get

E=E,e "

The expression of power dissipation, can be
written as.

p-t
T

3. Quality factor

The quality-factor is defined as 2x times the
ratio of the energy stored in the system to the energy
lost per period.

energy stored in system - E

Q=2rn :
energy lost per period PT

Where P is power dissipated and t is periodic

E
time. We know that P = = where 1 is relaxation

time. So,
5 E 21t -
= 7T = =
Q= TEgT T~ °
Q=0T

2n
Where o = (?j = angular frequency

Itis clear form eq.(6) that the higher the value
of Q, the higher would be the value of relaxation
time. t i.e., lower damping.

4.9 Forcebp DIFFERENTIAL EQUATION OF
ForceD OSCILLATOR AND ITS SOLUTION

Q12. Explain forced vibrations?Obtain
differential equation of forced
oscillator & its solution?

Ans . (Imp.)

Forced vibrations can be defined as the
vibrations in which the body vibrates with a
frequency other than its natural frequency under
the action of an external periodic force.

Theory of Forced Vibrations
1. Equation of forced vibrations
The force acted upon the particle are :

(i)- A restoring force proportional to the
displacement but oppositely directed, given

by.
fa—x (or) f =—ux
where p is known as the force constant.

(i)  Africtional force proportional to velocity but
oppositely directed, given by

X
foo——

dt
where r is frictional force per unit velocity,
and

(iii)  The external periodic force, represented by.
f = Fsin Pt
where F is the maximum value of this force
P
and o is its frequency. So, the total force
acting on the particle is given by
dx .
f =—ux—-r.—+FsinPt
o dt
impressed periodic force is called driver and

the body executing forced vibrations is called
driven oscillation.

g
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By Newton’s second law of motion this must
be equal to the product of mass m of the
particle and its instantaneous acceleration.

2
i.e., m.—, hence
dt?

ﬂ—— x—r%+Fsinpt
Mgz ~
m d2x+rd_x+ x = Fsinpt
TR T
2
d—)z( L.d—x+£x:£sinpt
dt® m dt m
2
d )2(+2b.%+ o’.X = fsinpt
dt dt
r 1) F
where — =2b, —=®?and — =f
m m m

Eqgn(1) is the differential eqn of the motion
of the particle.

Solution of equation of forced
oscillations

(Amplitude and phase of forced
vibrations)

In this case, when the steady state is set up,
the particle vibrates with the frequency of
applied force, and not with its own natural
frequency. The solution of differential eqn(2)
must be of type.

x =Asin (pt = 0) .......... 2

Where A is the steady amplitude of vibrations
and 0 is the angle which the displacement x
logs behind the applied force F sinpt Aand 6
being orbitrary constant.

Differentiating egn (2), we have

X Apcos (ot
gt = A-pcos (pt-6)

2

dx 5 o
and F:_Ap sin (pt —0)

Rahul Publications

g

Substituting these values in egn (1), we get
—A.P2 sin (Pt — 6)+ 3b A. P cos (Pt -0)

+ o> Asin (Pt-0)
= fsin Pt = + sin {(Pt-6) + 0}

If this relation holds good for all values of t,
the coefficients of sin (Pt —0) and cos (Pt — 6)
terms on both sides of this equation must be
equal the coefficients of sin (Pt —6) and cos
(Pt - 0) on both sides, we have

A (0* — p?) =fcos 0
and 2b. AP =f.sin0
Squaring egn (3) and (4) and then adding,

we get

A? (o - PZ)2 442 AZP? = f2

A2|:((02 -p?))’ +4b2P2:|

f
A= \/(0)2 ~P?) +4p%P?]
While on dividing egn (4) by egn (3) we have

_ 2bAp  2bp
Y P R P

(or) |[o=tan (%}

Substituting the value of A from eqn(5) in
eqn (2), we get.

i
\/[(m2 —p?)’ +4b2.P2:|

Eqgn(5) give the amplitude of forced vibration
while egn (6) its phase. Depending upon the
relative values of P and o, there cases are
possible.

X = sin(pt—0)
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REsoNANCE

4.10 AMPLITUDE RESONANCE & VELOCITY |

Q13. Explain the terms amplitude resonance
& velocity resonance?

AnS :

Amplitude Resonance

(Imp.)

The amplitude of forced oscillations varies
with the frequency of applied force and become
maximum at a paritcular frequency. This
phenomenon is known as amplitude resonance.

Condition of amplitude resonance

In case of forced vibrations, we have

f

A= \/[(co2 -p° )2 + 4b2P2:|

_ 2b
and 0 =tan ! [ﬁ:l

The expression (1) shows that the amplitude
varies with the frequency of the P. for a particular
value of P. the amplitude becomes maximum. This
phenomenon is known as amplitude resonance. The
amplitude is maximum when

\/[(m2 - Pz)2 + 4b2P2:| is minimum

(m2—2b2)
2n
frequencies of the system both in presence of

{co2 - 2b2}

2n

. This is resonant frequency. This gives

damping i.e., and in the absence of

damping ie. -2
amping i.e., > .

can be neluted and the condition of maximum is
reducedto P=w

If the damping is small, then it

Putting condition (3) in eq (1), we get

f
A =
e \/{(mz—mz+2b2)2+4b2(m2—2b2)}

f f

B 2b,J(* -b?)

(4b2m2—4b4) -

f
=——F—— [ P’=0*-2b"
2b,/(P? +b?) [ ¢ |

and for law damping it reduce to

max = 2pP

A —>oasb -0

i[(mz—P2)2+4b2P2} —0 ;
dp No damping ' .:i‘.
] Sha
2(0”-P)(-2P)+4b"(2P)=0 T Low damping resorr?ance
<
. Fiat
o High /
©
o’ —P?=2p? 2| damping resonance
[«
E o i
P= (032 - 2b2) < !
Thus the amplitude is maximum when the |
P | 0 o
frequency o of the impressed force becomes Forcing frequency —>
{207 )
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Showing that

Shows the variation of amplitude with forcing
frequency at different amounts of damping curve
(1) shows the amplitude when there is no damping
i.e., b = 0. In this case the amplitude in practise
due to frictional resistance, as slight damping is
always present, curve (2) and (3) show the effect of
damping on the amplitude.

(i) Velocity resonance [Energy resonance]
At very low during frequencies (p <<m), the
velocity amplitude is given by

_(F/m)P _(F/m)p FP
max 2 -

u =
o (n/m) n

Thus, the amplitude is mainly governed by
the force constant u, when (p <<w), then

t_F

Hmae =5 10p

In this case, the amplitude is mainly governed
by the mass m, i.e., inertia factor.

At frequecies comparable with natural
frequency, the amplitude is maximum for a
particular frequency. For the frequency

f

l'I'rnaX = 2
2 2
\/[[m P_ZP } +4b"}

This is maximum when denominator is
minimum, i.e.,

o2 — P2 2
[ 5 j=00r(w2—P2)=OorP=m

At this frequency of applied force, the velocity
(or kinetic energy) of the oscillator is maximum. The
phenomenon is known as velocity resonance. So
when the druing frequency is equal to the natural
undamped frequency of the oscillator, the velocity
amplitude is maximum. Fig. shows the variation of
velocity amplitude of forced oscillation with
frequency of applied force.
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Sol :

0] p—>

PROBLEMS

When the body is in S.H.M. the time
period is 0.001 sec, amplitude of
vibration is 0.5 cm. Find the
acceleration when it displaces to a
distance of 0.2 cm from rest.

We known that in S.H.M.,
2

TZ

a=o’y = y m/sec?
2
L Ax(314)

) 0.8x(3.14)°
(0.001)° '

(0.001)*

= 7.889 x 10° m/sec?

|l 208 ',

Sol :

A particle performing S.H.M. has a
maximum velocity of 0.4 m/s and a
maximum acceleration of 0.8 m/sec?.
Calculate the amplitude and the period
of the oscillator.

Given that (V) max = 0.4 m/s

= 0.8 m/sec?

max

and (acc)
We know that (V) max = a o

and (acc) max = aw?

(acc) _an’ m_gn
(V)maX Cae T
V) 0.4
or T=2xx WX =271 X —=rmSec
(acc)rnalX .8




UNIT - IV MECHANICS AND OSCILLATIONS
orT=3.14 sec 4.  The displacement equation of a particle
simple harmonic motion is x = 0.01 sin
0.8 50n(t + 0.007) metre. Calculate the
Fromeq(l) o= 7, =2 amplitude time period, maximum
velocity and initial phase for the particle
So, (v =aw or04 =a(2
( )mass ( ) SOI
.. a = 0.2 meter . .
Given x = 0.001 sin 50z (t + 0.007)
3. A particle under S.H.M. _has dis- Standard equation of S.H.M. is
placement of 0.4 at the velocity 0.3 m/ .
s and a displacement 0.3 m at the X = asin (ot +¢)
velocity 0.4 m/s. Calculate amplitude Comparing the two equation we get
and frequency of the oscillation.
a=0.01lmetre, o=50m=
Sol :
=2t —004
=—=——=_—orT=0.04sec
50 25
We know that, V = o (a2 —yz) ® T
Maximum velocity V= ow
Considering displacement of oscillation along 1
y-axis. "+ Vi =001 % 50 =7 > 50 x 3.14
Now,0.30,{a”~(03)°} = oy/(a*~0.016) = 1.57 misec
Initial plane ¢ = 50 = ><0.007
04=0 /{az—(0.3)2} =0,/ =0.09) = 50 x 3.14 x 0.007
¢ = 1.099 or 0.35 & radian
Dividing eq. (1) by eq. (2) we get 5. A particle excutes S.H.M with a period
of 0.002 sec and amplitude 10 cm. Find
[ a2_0.16 2 its acceleration when it is 4 cm away
E: g or 9 = azﬂ from it mean position and also obtain
4 (a2 —0.09) 16 a"-0.09 its maximum velocity.
Sol :
or 16a® -2.56 =9a?>-0.81or 7a>=1.75
We know that x = asin (ot +¢)
1.75
or a’=|"- =025 The velocity and acceleration are given by
La=%05m dx
- =Y. vzazmacos(mt+¢)andvmaxzcoa
Substituting the value of a in eq(2) we get
2
X
o P
0.4 = ©(025-009) =04 woro=1 acceleration = "y = —o” asin (t +)
and rad/sec or 2rn = 1 = —w?X
I S H _2n _ 2x3.14  2x3.14
M= 2n 8 O= "7 = T0.002 T 0.002
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= 3.14 %< 10°% sec™,
Xx=4cm anda=10cm
.. acceleration = — (3.14 x 10%)? x 4
= - 3.9 x 107 cm/sec?
V. =wa=3.14x10°x 10

= 3.14 %< 10* cm/sec

Sol :

Sec

A particle of mass 5 < 1072 kg executes
S.H.M and amplitude of 0.08 m. Its
frequency is 16 Hz. Find its maximum
velocity and energy at mean position.

In case of S.H.M x = asin (ot + ¢)
The maximum velocity V= oa = 2n na
sV, =2 x3.14 %16 % 0.08 = 0.038 m/

The energy at mean position is entirely kinetic

N

max

MV _ 2

max

1
=5 (5 x10°kg) x<(8.038)* = 0.16 joule

Sol :

The displacement of the particle
executing S.H.Misgiven by x = 10 cos
(4=t + n/3) metre. Find out the frequency
and displacement after time 1 second.

Give x =10 cos (4n t + n/3)

The equation of S.H.M. is given by
X = a cos (ot + ¢)

Comparing egs (1) and (2), we get
® = 4rn but ® = 27N

s 2nn=4nm orn=2Hz

T
Displacement at 1 sec = 10 cos [475 x 1+§}

T
=10 cos [47”5} =10 cos [13—71
3
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Sol :

A body of 0.5 kg mass is hung to spring
and made to oscillate. For time t = 0,
displacement is 0.44 m, acceleration is
—0.0176 m/sec. Find the force constant
of spning

m
Time period of spning T = 27 [?}

_ 2t _ _2m  _
”{k} m
k
orw = —
m

We know that acceleration, a = o

|l 210 ',

Sol :

The length of a weightness spring
increases by 2cm when a weight of 1.0
kg is suspended from it. The weight is
pulled down by 10cm and released.
Determine

(i) Period of oscillation of spring

(i) P.E of oscillation of spring

We know that K= =298 _ 190 Ny
e know that =<~ o0z m
Now,
/ m) / 1.0
2n

=—7 «J(10) =sec = 0.29 sec

1 1
PE =3 kx? =5 < 490 x (0.1)> = 2.45 Joule
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10. A spring of force constant 20 N/m is hung
vertically and loaded with a mass 0.1kg
and allowed to oscillate calculated the
time period and frequency of oscillation
of the spring.

Sol :

The angular frequency
m 0.1
=14.14 red/sec
2n . .
We know that w = T oor Time period
2n
T=—
w
_2x314
T 1414 Sec
and frequency,
_r_ 1 2.265H
"= T T 04414 T Y

11. Aspringis strenched by 8 cm by a factor
of 20N. Find its force constant. What
will be the frequency of a 4kg mass
suspended from it?

Sol :

1 / k
The frequency is given by n = o (EJ

where k = spring constant

_ 10

F
F=kx (or) k =

X~ 008 — 125 N/m

We know that
x = 8cm = 0.08m and m = 4kg

1 125
= x
2x3.14 4

n = 0.9Hz

12.

Sol :

Lissajous figures are produced with two
tuning forks whose frequencies are
approximately 2:1 complete cycle of
changes of form takes 5 second. Fork of
higher pitch is slightly loaded such that
the period of cycle is raised to 10
second. If the frequency of lower fork is
500, find the frequency of the other fork
before and after loading.

Let n, and n, be the frequencies of higher

and lower forks respectively. Before loading, the
figures are repeated after 5 second. i.e., the higher
fork makes one vibration more or less than double
number made by lower fork.

Thus,

1
n1><5~z(n2><5)(or)nl~2n2:§

1 1
or ny=2n, *| g |=2x500%¢

= 1000.2 or 999.8
After loadi 2n * L 5%500 L
= T— = 99X =
ter loading n, n, 10 10
= 1000.1 or 999.9

As on loading, the frequency should decrease

and hence frequency before loading = 1000.2 Hz
and after loading 1000.1 Hz.

8
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Short Question & Answers

particle is displaced from its equilibrium
position, a periodic force acts on itin such a
direction as to bring the particle to its
equilibrium position. This is called the
restoring force F

Write Physical Characteristics of simple
Harmonic motion?

Displacement

The displacement of any yarticle ay any instant
executing S.H.M. is given by

X = asin(wt +¢)

The maximum displacement from the mean
position s called amplitude. Here the
amplitude is'a

Velocity

The velocity v od the oscillating particle can
be obtained by differentiating eq (8).

Thus V = d—X

us V=g
= vacos(ot+9)=o(a*-x*) .. 1)
At the mean position i.e, at x = 0, the
velocity is maximum (wa). So V_ = wa.

max

The Velocity is zero at the extreme positions.
Periodic time

Time taken for one complete oscillation is
called as periodic time and is denoted by T.

2
Let t be increased by f in eq (8) then

X = asin{u{uﬁ}ﬂb}
(O]

= asin(ot+2n+¢) =asin(ot+¢)

1. Discuss the basic terms involved in
oscillator, motion.
Ans :
Introduction
A motion which repeats itself after equal | 2.
intervals of time is called periodic motion or
harmonic motion.
Ans :
A body or a particle is said possess oscillatory
or vibratory motion if it moves back and forth | 1-
repeatedly about the mean position.
Few terms regarding the oscillatory motion:
(i)  Perodic time
The periodic time ‘T’ of an oscillatory motion
is defined as the time taken for one oscillation.
(i) Frequency
The ‘frequency’ n or v is defined as the | 2.
number of oscillations in one second. It is
reciprocal of periodic time.i.e.,n = %- cycles
per second.
(iii) Displacement
The Distance of the particle in any direction
from the equilibrium position at any instant
is called the displacement of the particle at
that instant.
(iv) Amplitude
The maximum displacement or the distance
between the equilibrium position at and the | 3.
extremeposition is known as amplitude ‘a’ of
the oscillation.
(v) Phase
The phase of an oscillatory particle at any
instant defines the state of the particle as
regards its position and direction of motion
at that instant.
(vi) Restoring force
In the equilibrium position of the oscillationg
particle, no net force acts on it, when the
— (212 )
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This shows that the displacement repeats itself

) 2n 2n |
after atime o . Therefore, o |18 known

as periodic time.
o]
T=|—
®
dZX %
it

2n
Now, T = —
o

21

d*x / dt?
X

— o X o displacement
(d*x / dt?) acceleration

4.  Frequency

The number of oscillations made in one
second is called as frequency and is denoted
by n or V. Hence.

5. Phase

The angle (ot+¢) is called the phase of

vibrations. Phase of a body executing S.H.M
at any instant represent its state as regards its
position and direction at that instant.

6. Epoch

The value of phase whent = 0is called the
phase or epoch. In our case ¢ is the epoch.

3. Explain lissajous figures.
Ans :

The resultant path traced out by a particle
when it is acted upon simultaneously by two simple
harmonic motions at right angles to each other is
known as Lissajous figure.

The nature of resultant path depends upon:
(1) The amplitude of vibrations
(2) The frequencies of two vibrations
(3) Phase difference between them
Graphical representation of Lissajous figures

Here we consider the method of
combination of two rectangular simple harmonic
motions of amplituded a and b graphically in the
following cases :

(1) Same frequency and having a phase
difference zero

(2) Same frequency but having a phase difference

T

4

(3) Frequencies in the ratio 1 : 2 and phase
difference zero

(4) ~Frequencies in the ratio 1 : 2 and phase

diff z
Irrerence 2

4. What are damped osccillations?

AnS :

For an ideal hamonic oscillator, the amplitude
of vibration remains constant for an infinite time.
When a body vibrates in air or in any other medium
which offers resistance to its motion, the amplitude
of vibration decreases gradually and ultimately the
body comes to rest. This is due to the fact that the
body is subjected to frictional forces arising from air
resistance. The motion of the body is known as
damped simple harmonic motion. As an example,
if we displace a pendulum from its equilibrium
position it will oscillate with a decreasing amplitude
and finalles come to rest in equilibrium position.

Let us consider another example of damped
vibrations as shown in fig(1). Here a mass m is
suspended from the spring and set to vibrate. It is
observed that mass vibrates for a longer time in air
as compared to the mass which vibrates partially in
air and partially in liquid kept below the mass as
shown in fig(1). The damping force is more when
the mass moves in liquid and hence the vibrations
die out more quickly in liquid than in aid.

'| 213 I|
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5.  Explain the terms amplitude resonance
& velocity resonance?

AnS :

Amplitude Resonance

The amplitude of forced oscillations varies
with the frequency of applied force and become
maximum at a paritcular frequency. This
phenomenon is known as amplitude resonance.

Condition of amplitude resonance

In case of forced vibrations, we have

_ 2b
and 0 =tan ! [((DTPPZ):I

The expression (1) shows that the amplitude
varies with the frequency of the P. for a particular
value of P the amplitude becomes maximum. This
phenomenon is known as amplitude resonance.

6. Expain the term Velocity resonance
[Energy resonance].

AnS :

At very low during frequencies (p <<m), the
velocity amplitude is given by

_(F/m)P _(F/m)p FP
max — 2 -

o (n/m) n

Thus, the amplitude is mainly governed by
the force constant u, when (p <<w), then
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In this case, the amplitude is mainly governed
by the mass m, i.e., inertia factor.

At frequecies comparable with natural
frequency, the amplitude is maximum for a
particular frequency. For the frequency

f

[T

This is maximum when denominator is
minimum, i.e.,

l’lmax:

o — P2 2
[ 5 jZOOr(mZ—PZ)ZOOrPZm

At this frequency of applied force, the velocity
(or kinetic energy) of the oscillator is maximum.

7. Define Logarithmic decrement.
Ans :

Logartithmic decrement measures the rate at
which the amplitude disc away. The amplitude of
damped harmonic oscillator is given by amplitude
=a.e™att= 0, amplitude a, = a.

Leta, a, a, ... be the amplitudes at time
t=T, 2T, 3T .... respectively where T = period of
oscillation. Then

— —bT
a, =a.e
a,=a.e®”®
a, = a.e™CD

From these equations , we get

QD
o
s} |Nm

(where bT= 1)
A is known as logarithmic decrement.
Taking the natural logarithm, we get,
a, a
- =log + =lo = ...
a, 9. a g

e a
2 3

A = log,

Thus logarithm decrement is defined as the
natural logarithm of the ratio between two
successive maximum amplitudes which are
separated by one period.
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8. Define term Relaxation Time.

AnS :

The relaxation time is defined as the time
taken for the total mechanical energy to decay (1/
c) of its original value.

The mechanical energy of damped harmonic
oscillator is given by

1

— — 72 —2bt
E 5 as.u.e
— j— . —_ l 2
LetE=E,whent=0, .. E, = Satu
Now, E=E .e™ ... (2)
o E,
LetT be the relaxationtimei.e.,t=T.E =%

Making this substitution in eqn (2), we get.

E
0| _ —2b
(?j =B or g1 g

(or) -1 =-2b<

aE
2
From eqgns (2) and (3), we get

The expression of power dissipation, can be
written as.

Pt
T

9. Quality factor.
Ans :

The quality factor is defined as 2x times the
ratio of the energy stored in the system to the energy
lost per period.

energy stored in system - E

energy lost per period PT

Q=2n.

Where P is power dissipated and t is periodic

E
time. We know that P = = where 1 is relaxation

time. So,

2n
Where o = (?j = angular frequency

Itis clear form eq.(6) that the higher the value
of Q, the higher would be the value of relaxation
time. t i.e., lower damping.

10.

Equation of Motion of a Simple
Oscillator.

AnS :

Consider a particle P of mass m executing
S.H.M about equilibrium position O along X-axis
as shown in fig (2). By defination, the force under
which the particle is oscillating is proportional to its
displacement directed towards the mean position.
Let x be the displacement of P from O at any instant.
The instantaneous force Facting upon P is given by

F a=xorF=-kx,..... @

Where k is proportionality factor which
represents the force per unit displacement. The
negative sign is used to show that the force F is
opposite to the displacement. The negative sign is
used to show that the force F is opposite to the
displacement.

According to Newton’s second law of motion
the restoring force on mass m produces as
. dx .
acceleration ey in the mass, so that

Force = mass < acceleration

d?x
e, F=m—- ... 1
dtZ ( )
Fromeq (1) & (2)
mﬂ— kX or d_ZX_ __kx
a2 d?  m

k
Let us put s =w®. Thus,

d*x

W +°X=0.... (3)

This is known as the differential equation of
simple harmonic oscillator.

'| 215 |
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‘ Choose the Correct Answers I

1. The potential energy of a particle executing SHM is given by [c]
@ Fhoc (0) ke
4 3
(c) %kxz (d) —kx
2. For a particle executes simple harmonic motion, the phase difference is [a]
@ 5 (b)
T T
© 5 d -3
3. A particle executes SHM with a frequency ‘f’. The frequency with which kinetic energy oscillates is
[b]
(@ f (b) 2f
© 4 @ 3
2
4.  Atwhat phase PE and K.E are equal in case of SHM. [d]
(@) 30° (b) 60°
(c) 90° (d) 45°
5. If the length of seconds pendulum is increased by 2%. How many seconds it will lose per day.
[a]
() 864 sec (b) 3927 sec
(c) 3429 sec (d) None of the above
6. For small amplitude oscillations the potential energy curve. [b]
(&) circular (b) parabolic
(c) elliptical (d) hyperbolic
7. In a simple harmonic motion the amplitude is 5cm and time period is 31.4 sec. The maximum
velocity is (in cm/sec) [d]
(@ 1.4 (b) 2
(c) 2.4 (d) 1
8. In the expression x = Asin(wt + 0); is X is [ b]
() amplitude (b) displacement
(c) phase (d) velocity
(216 )
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9.  The length of pendulum which has a period 2.4 sec is [a]
(@ 1.43cm (b) 2.46 cm
(c) 1.62cm (d 217 m

10. When the amplitude of a particle executing SHM decreases, its time period. [b]

(a) decreases
(b) remains unchanged
(c) increases

(d) may increase or decrease depending upon the phase

g
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‘ Fill in the Blanks I

1.  The phase differencebetween displacement and acceleration of SHO is

2. MKS unit of spring constant is

3. The energy possessed by a body a virtue of its position is known as

4.  Avibrating body is having maximum kinetic energy at

5.  The frequency of SHO is decreased by force constant.

6.  The time period of a second pendulum is

7. If the point of suspension and point of oscillation are interchanged in a compound pendulum, then
the time period

8.  The time period of Torsion pendulum is

9.  The period of SHO is

10. The time period of a pendulum of infinite lengths

ANSWERS

n radian (or) 180°
newton / meter
potential energy
mean position
mean position

2 seconds

N oo o bk w NP

remains same

[
8. T=2n,—
m

9. independent of amplitude

R

10. 2mi|—
™g

g
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FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
Subject : Physics
Paper-l : Mechanics and Oscillations
MODEL PAPER - |

Time

: 3 Hours]

[Max. Marks : 80

Note

10.
11.

12.

Note

13.

Part - A (8 x 4 = 32 Marks)
: Answer any Eight questions

Show that F=(y? - x2)j + 2xy jconservative.
Curl of a Vector Field.
Gauss’s divergence theorem.
Calculate the thrust on a rocket.
Define Torques. prove that the rate of change of angular momentum is equal
to torque.
Inelastic collision.
Length contraction.
Calculate the work done to keep two balls having a mass 500 gm each from
infinite distance to 10cm apart.
What are inertial and non-inertial frames?
What are damped osccillations?
Expain the term Velocity resonance (Energy resonance).
Quality factor.
Part- B (4 < 12 = 48 Marks)
: Answer all the questions
(a) Define gradient of a scalar field funct-ion. Explain the physical significance
for the gradient of a scalar field.
OR

(b) What are line, surface and volume integrals? Explain.

ANSWERS
(Unit-I, SQA-2)
(Unit-1, SQA-4)
(Unit-1, SQA-6)

(Unit-Il, SQA-7)

(Unit-Il, SQA-1)

(Unit-Il, SQA-11)

(Unit-1ll, SQA-6)
(Unit-1ll, SQA-4)
(Unit-1ll, SQA-2)

(Unit-1V, SQA-4)
(Unit-IV, SQA-6)

(Unit-1V, Prob.9)

(Unit-l, Q.No.15)

(Unit-l, Q.No.19)
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14. (a)
(b)
15. (a)
(b)
16. (a)
(b)

Derive the equation of motion of variable mass system.

OR
Explain in detail about collisions in two and three dimensions.
Describe Galilean Transformation.

OR
Explain and write Lorentz Transformations.
Define torsion pendulum? How do you determine modulus of rigidity
using torsion pendulum?

OR

Explain the terms amplitude resonance & velocity resonance?

Rahul Publications

(Unit-1l, Q.No.6)

(Unit-II, Q.No.15)

(Unit-Ill, Q.No.13)

(Unit-Ill, Q.No.16)

(Unit-1v, Q.No.5)

(Unit-1V, Q.No.13)

g



SOLVED MODEL PAPERS MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
Subject : Physics
Paper-l : Mechanics and Oscillations
MODEL PAPER - 11

Time : 3 Hours]

[Max. Marks : 80

Part - A (8 < 4 = 32 Marks)

Note : Answer any Eight questions

1. Prove that v .(Axr) = r.(v x<A)
2. What are different kinds of vectors?
3. What are scalar and vector fileds?
4. Distinguish between elastic and inelastic collisions.
5. Derive Euler’s equation for a rigid body.
6. Moment of Inertia.
7. Central Force.
8.  Whatis velocity of the particle if its KE is equal for rest energy?
9. Define postulates of special theory of relativity.
10. Explain lissajous figures.
11. Define Logarithmic decrement.
12. Equation of Motion of a Simple Oscillator.

Part - B (4 x 12 = 48 Marks)
Note : Answer all the questions
13. (a) Whatis called divergence? Derive expression for divergence of a vector

field.
OR

(b) State and prove Gauss’s divergence theorem.

(Unit-1, SQA-8)
(Unit-l, SQA-12)
(Unit-l, SQA-7)
(Unit-II, SQA-9)
(Unit-II, SQA-8)
(Unit-Il, SQA-15)
(Unit-Iil, SQA-1)
(Unit-Ill, SQA-3)
(Unit-IIl, SQA-10)
(Unit-IV, SQA-3)
(Unit-IV, SQA-7)

(Unit-IV, SQA-10)

(Unit-1, Q.No.16)

(Unit-l, Q.No.21)

14. (a) Describe the principle of motion of a rocket as system of variable mass. (Unit-1I, Q.No.7)
OR
{ 221}
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(b) What is a symmetric top ? Derive an expression for the angular velocity

of precession of a symmetric top. (Unit-ll, Q.No.21)

15. (a) State and obtain kepler’s law motion planetary. (Unit-1ll, Q.No.10)
OR

(b) What is length contraction? Obtain expression for length contraction. (Unit-1ll, Q.No.18)

16. (a) What are damped osccillations? Solve the differential Equation of

damped harmonic oscillator ? (Unit-IV, Q.No.9)
OR
(b) Write Physical Characteristics of simple Harmonic motion? (Unit-1, Q.No.4)
{ 222 }
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SOLVED MODEL PAPERS MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
Subject : Physics
Paper-l : Mechanics and Oscillations
MODEL PAPER - 111

Time : 3 Hours]

[Max. Marks : 80

Part - A (8 x 4 = 32 Marks)

Note : Answer any Eight questions

1. Define gradient of a scalars filed obtain an expression for it.

N

Explain divergence of a vector field and its physical significance.

3. Prove that Curl of a gradient is zero.

>

Explain the working of multistage rocket.

5. State and explain Newton’s Law of Motion.

6.  The kinetic energy of a metal disc rotaing at a constant speed of 5 revolutions

per second is 100 joule. Find the angular momentum of the disc.
7. Time Dilation.
8. A meter scale length is recorded as 96 cm by an observer. Find it’s velocity.
9.  Kepler's laws of planetary motion.
10. Write Physical Characteristics of simple Harmonic motion?
11. Explain the terms amplitude resonance & velocity resonance?
12. Discuss the basic terms involved in oscillator, motion.
Part- B (4 x< 12 = 48 Marks)

Note : Answer all the questions

13. (a) What is curl of a vector field ? Obtain expression for curl of a vector field.

OR

(b) State and explain Green’s Theorem applications.

ANSWERS
(Unit-I, SQA-1)
(Unit-1, SQA-3)
(Unit-1, SQA-5)

(Unit-1I, SQA-14)

(Unit-Il, SQA-2)

(Unit-Il, Prob.27)

(Unit-1ll, SQA-5)
(Unit-lll, SQA-7)
(Unit-1ll, SQA-9)

(Unit-IV, SQA-2)

(Unit-IV, SQA-5)

(Unit-IV, SQA-1)

(Unit-l, Q.No.17)

(Unit-l, Q.No.22)

14. (a) What are the various stages of the rocket(multistage rocket) in motion? (Unit-1I, Q.No.8)
OR
{ 223}
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(b) Derive Euler’s equations of rotation of a rigid body about a fixed point. (Unit-ll, Q.No.32)
15. (a) Define gravitational field and gravitational potential. Obtain Expression
for gravitational potential due to a point mass. (Unit-lll, Q.No.7)
OR
(b) Describe Michelson Morely experiment. What is its significance? (Unit-lll, Q.No.15)
16. (a) Define simple harmonic motion? Write the Equation for simple harmonic
oscillator? (Unit-IV, Q.No.2)
OR
(b) Discuss Energy consideration in damped harmonic motion? (Unit-IV, Q.No.10)
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FACULTY OF SCIENCE
B.Sc. | - Semester Regular Examination
July / August - 2021

Subject : Physics
Paper-l : Mechanics and Oscillations

Time

: 2 Hours] [Max. Marks : 80

Note

Part - A (5 %< 4 = 20 Marks)
: Answer any five questions.

ANSWERS

1. What are scalar and vector fields? Give examples. (Unit-1, SQA-9)
2. Define the curl of a vector field. (Unit-l, SQA-4)
3. IfA=2x27-yzj+3xzk.Find v.Aat (L, 1, 1). (Unit-1, Prob.46)
4, Distinguish between elastic and inelastic collisions. (Unit-11, SQA-9)
5. Explain working of Gyroscope. (Unit-Il, SQA-10)
6. A 500 gm stone is revolved at the end of a 0.4 m long string at the rate of

12.5 rad/s. Find its angular momentum. (Unit-II, Prob.34)
7.  State Keplers laws of planetary motion. (Unit-lIl, SQA-9)
8. State postulates of special theory of relativity. (Unit-1ll, SQA-10)
9. Find the velocity with which a body should travel so that the length becomes

half of the rest length. (Unit-lll, Prob.24)
10. What are the physical characteristics of simple harmonic motion? (Unit-1v, SQA-2)
11. What are Lissajous figures? Mention its applications. (Unit-IV, SQA-3)
12. A particle executing SHM has an acceleration of 0.5 m/s?, when the displacement

is 2m. Find its time period. (Unit-1V, Prob.1)

Part - B (3 < 20 = 60 Marks)

Note : Answer any three questions.
13. Explain the gradient of a scalar field. Derive the equation for it and write the

significance. (Unit-l, Q.No.15)
14. Define divergence of a vector field. State and prove Gauss divergence theorem. (Unit-l, Q.No.16,21)
15. State Newton’s laws of motion. Derive the equation of motion of a system of

variable mass. (Unit-1l, Q.No.2,6)
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16. Explain the precessional motion of a symmetric Top. Obtain an expression for

precisional velocity. (Unit-Il, Q.No.33)
17. What are central forces? Mention its features. Show that conservative force is

equivalent to negative gradient of potential energy. (Unit-1ll, Q.No.1,3)
18. Describe Michelson Moreley experiment and discuss its disadvantages. (Unit-Ill, Q.No.15)
19. Explain with necessary theory, how do you determine the rigidity modulus of

a given wire using torsional pendulum. (Unit-1V, Q.No.5)
20. Derive the equation of motion of a damped harmonic oscillator. Deduce the

solution and discuss the under damped and critically damped conditions. (Unit-IV, Q.N0.9,10)

Rahul Publications



SOLVED PREVIOUS QUESTION PAPERS

MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
November / December - 2019
Subject : Physics
Paper-lI : Mechanics and Oscillations

Time

: 3 Hours]

[Max. Marks : 80

Note

o g w0 bR

~

10.
11.
12.

Note
13.

Part - A (8 x 4 = 32 Marks)

: Answer any Eight of the following questions

What are scalar and vector fields? Give examples.
Define curl of a vector and explain its significance.

What are line, surface and volume integrals?
Explain the working of multistage rocket.

Prove the law of conservation of energy using Euler’s equations.
An o-particle with kinetic energy 6 < 104 J is scattered at an angle of 60°
by coulomb field of stationary nucleus. Find the impact parameters.

Distinguish between inertial and non-inertial frames.
State Kepler’s laws of motion.

Assuming that earth is revolving around the Sun in circular orbit of radius
1.5 x 10 m, estimate the mass of the sun. (G = 6.67 > 10-* N-m3/kg?).
Write the expression of Lorentz and Galilean transformation.
Explain significance of four vector formalism.
The total electrical energy generated in a station in a particular year was
7.5 % 10™ KWH. Find the mass equivalent of this energy.

Part- B (4 x< 12 = 48 Marks)

: Answer All the questions

() Explain line, surface and volume integrals in vector fields and explain their

significance.

OR

(b) Explain the divergence of a vector field. State and prove Gauss-divergence

theorem.

ANSWERS
(Unit-1, SQA-9)
(Unit-1, SQA-4)

(Unit-1, SQA-10)
(Unit-II, SQA-14)

(Unit-Il, SQA-8)

(Unit-Il, Prob.24)

(Unit-1ll, SQA-2)
(Unit-1ll, SQA-9)

(Unit-lll, SQA-16)

(Unit-lll, SQA-13,17)

(Unit-Ill, SQA-11)

(Unit-lll, SQA-18)

(Unit-1, Q.No.19)

(Unit-1, Q.N0.16,21)
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14. (a) Derive the equation of motion of system of variable mass. (Unit-Il, Q.No.6)
OR

(b) Calculate the processional velocity of a symmetric top and show that
T=a >L where 7 is torque, o is precessional velocity and L is
angular momentum. (Unit-Il, Q.No.33)
15. (a) What are central forces? Mention its characteristics. Show that the central
force is equal to negative gradient of potential energy. (Unit-lll, Q.No.1,3)
OR
(b) Define gravitational field and gravitational potential. Derive the equation
of motion of a planet under inverse square law. (Unit-lll, Q.No.7)
16. (a) State postulates of special theory of relativity. Explain length contraction
and time dilation. (Unit-lll, Q.N0.11,17,18)
OR
(b) Describe Michelson-Morley experiment and explain the significance of

negative result.

(Unit-Ill, Q.No.15)

Rahul Publications
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SOLVED PREVIOUS QUESTION PAPERS MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
May / June - 2019

MECHANICS
Time: 3 Hours] [Max. Marks: 80

PART - A (5 x4 = 20 Marks)
Note: Answer any FIVE of the following questions

ANSWERS
1. If ¢ = (x2 + y2 + z2)¥2 then find grad ¢. (Unit-1, SQA-11)
2. Explain the terms gradient and divergence. (Unit-l, SQA-1,3)
3. What are the elastic and inelastic collisions? Give examples. (Unit-1l, SQA-11,12)
4.  Show that t = la for a rotating rigid body. (Unit-II, SQA-13)
5. Prove that central forces are conservative forces. (Unit-ll, SQA-8)
6. Prove that areal velocity is constant. (Unit-lll, SQA-14)
7. Explain about addition of velocities. (Unit-ll, SQA-15)
8. Discuss Lorentz transformations. (Unit-1ll, SQA-13)

PART - B (4 x 15 = 60 Marks)
Note: Answer ALL the questions
9. (@) What are the scalar and vector fields? State and prove Stoke’s theorem.  (Unit-l, Q.No.14,21)
OR
(b) State and prove Gauss divergence theorem. (Unit-l, Q.No.21)
10. (a) Derive the equation for final velocities of two particles in an elastic collision
in two dimension. (Unit-Il, Q.No.15)
OR
(b) Explain the precessional motion of a symmetric top. Obtain an expression
for its precessional velocity. (Unit-1l, Q.No.33)
11. (a) State and explain coriolis force. What are the consequences of coriolis force? (Out of Syllabus)
OR
(b) State Kepler’s law. Prove Kepler’s first law. (Unit-1ll, Q.No.10)

12. (a) Describe Michelson-Morley experiment and discuss the significance of

negative result. (Unit-1ll, Q.No.15)
OR
(b) Derive Einstein mass-energy relation. Explain the verification of mass-energy
relation. (Unit-lil, Q.No.20)
(229)
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B.Sc. | YEAR | SEMESTER

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
November / December - 2018

MECHANICS

Time: 3 Hours]

[Max. Marks: 80

PART - A (5 x 4 = 20 Marks)

Note: Answer any FIVE of the following questions

1. Define Scalar field. What is gradient of a scalar field? Explain its significance.

2. Define line, surface and volume integrals. Give one example for each.

3. Distinguish between elastic and inelastic collision.

4. Explain the concept of impact parameter.

5.  Explain the working of Gyroscope. Mention few fields where Gyroscope use in
mandatory.

6. Define Kepler’s laws of planetary motion. Give the significance of each law.

7. Mention the postulates of special theory of relativity.
8.  Obtain an expression for mass-energy relation.
PART - A (4 x 15 = 60 Marks)
Note: Answer any FIVE of the following questions
9. (a) Define divergence of a vector field. State and prove Gauss theorem.
Mention one application of Gauss theorem.
OR
(b) (i) State and prove Stoke’s theorem.

(i) If ris a position vector, prove that V.7 =3
10. (a) Derive Euler’s equations of a rigid rotating body.
OR
(b) Derive an expression for Rutherford scattering cross section.
11. (a) Whatis coriolis force? Obtain an expression for freely falling body due to
coriolis force.
OR
(b) Derive Kepler’s First law of planetary motion.
12. (a) Describe Michelson-Morley experiment and discuss the negative result.
OR

(b) Explain the concept of four vectors. Explain length contraction.

ANSWERS
(Unit-1, SQA-9)
(Unit-1, SQA-10)
(Unit-1l, SQA-9)
(Unit-1l, SQA-3)

(Unit-II, SQA-10)

(Unit-IIl, SQA-9)
(Unit-lIl, SQA-10)
(Unit-lll, SQA-14)

(Unit-1, Q.N0.16,24)

(Unit-l, Q.No.20)

(Unit-l, Q.No.28)
(Unit-Il, Q.No0.32)

(Unit-Il, Q.No0.18)

(Out of Syllabus)

(Unit-IIl, Q.No.9)
(Unit-lll, Q.No.15)

(Unit-lll, Q.No.21,18)

{ 230 }
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SOLVED PREVIOUS QUESTION PAPERS

MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
May / June - 2018

Subject : Physics
Paper-1: (Mechanics)

Time : 3 Hours]

[Max. Marks : 80

Part - A (5 %< 4 = 20 Marks)

Note : Answer any Five of the following questions

1. State Green’s and Gauss’s Theorems.

Prove that v.(A < r) =r(v x< A).

Calculate the Thrust on a rocket.

What are central forces? Write their characteristics.

Define gravitational field and give two examples.

2
3
4. Obtain Euler’s equations of a rigid body rotating about a fixed point.
5
6
7

State Einstein’s postulates and obtain Lorentz transformation equations for

position and time.

8.  Explain the concept of four vector.

Part - B (4 < 15 = 60 Marks)

Note : Attempt All the questions

9. (&) Prove that Curl Curl A = Grad div A- V2A.

OR

(b) Explain the curl of a vector field. State and prove Stoke’s theorem.

10. (a) Obtain an expression for precessional velocity of the symmetric top.

Explain the principle and working of Gyroscope.

(b) Define impact parameter. Derive an expression for Rutherford scattering

cross-section.

OR

ANSWERS
(Unit-1, SQA-6,7)
(Unit-1, SQA-8)
(Unit-ll, SQA-7)
(Unit-Il, SQA-8)
(Unit-Ill, SQA-1)

(Unit-lll, SQA-12)

(Unit-lll, SQA-13)

(Unit-Ill, SQA-11)

(Unit-, Q.N0.38)

(Unit-1, Q.N0.17,20)

(Unit-Il, Q.No.33,34)

(Unit-Il, Q.N0.16,18)

11. (a) Show that the central forces are conservative. State Kepler’s third law from

inverse square law of gravitation.

(Unit-1ll, Q.No.2,9)
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OR
(b) What is Coriolis force and obtain its expression? Derive Kepler’s third law
from inverse-square law of gravitation. (Out of Syllabus)
12. (a) Define inertial and non-inertial frames. Explain the concept of time dilation
with example. (Unit-1ll, Q.No.17)
OR
(b) Describe Michelson-Morley experiment. Discuss the importance of negative

result. (Unit-1ll, Q.No.15)

g
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SOLVED PREVIOUS QUESTION PAPERS MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
November / December - 2017
Subject : Physics
Paper-l : (Mechanics)

Time : 3 Hours] [Max. Marks : 80

Part - A (5 %< 4 = 20 Marks)
Note : Answer any Five of the following questions

ANSWERS
1. Define Gradient, Divergence and Curl. Give examples to each. What are their
physical significance. (Unit-l, SQA-1,3,4)
2 Prove that Curl of a gradient is zero. (Unit-1, SQA-5)
3 Describe the principle of motion of a rocket as a system of variable mass. (Unit-11, SQA-6)
4 Define impact parameter and scattering cross section. (Unit-Il, SQA-3,4)
5. Are central forces are conservative? Give two examples of central forces. (Unit-ll, SQA-8)
6 State and explain Kepler’s laws of planetary motion. (Unit-lIl, SQA-9)
7 Mention the postulates of special theory of relativity. (Unit-1ll, SQA-10)
8 Explain the concept of four vector formalism. (Unit-lll, SQA-11)
Part - B (4 < 15 = 60 Marks)
Note : Attempt All the questions
9. (a) Define surface and volume integral. State and prove Gauss’s divergence
theorem. (Unit-1, Q.No0.19,21)
OR
(b) Define Green’s theorem. Give the proof of Green’s theorem. (Unit-l, Q.No.22)
10. (a) Define elastic and inelastic collisions. Give the theory of elastic collisions
in two dimensions. (Unit-Il, Q.N0.13,15)
OR
(b) What is a symmetric top? Explain the precession of top and obtain an
expression for precession velocity, of symmetric top. (Unit-Il, Q.No.33)
11. (a) Show that conservative force as a negative gradient of potential energy. (Unit-1I, Q.No.3)
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(b) What is Coriolis force and obtain its expression? (Out of Syllabus)
OR
(c) Derive Kepler’s second law and third law of planetary motion. (Unit-1ll, Q.N0.9,10)

12. (a) Describe the working of Michelson-Morley experiment and derive the

expression for the fringe shift. (Unit-Ill, Q.No.15)
OR
(b) What is length contraction? Obtain expression for length contraction. (Unit-1ll, Q.No.18)
(c) Explain the concept of time dilation. (Unit-lll, Q.No.17)
{ 234}
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SOLVED PREVIOUS QUESTION PAPERS MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination

May / June - 2017
MECHANICS

Time: 3 Hours]

[Max. Marks: 80

PART - A (5 x 4 = 20 Marks)
Note: Answer any FIVE of the following questions

1. Explain the Divergence of vector field and its physical
significance.

2. Showthat F=(y*-x")i+2xy] conservative

Define : (i) Impact parameter (ii) Scattering cross section

Describe Gyroscope.

o > o

Calculate the work done to keep two balls having a mass
500 gm each from infinite distance to 10cm apatrt.

6. Explain the coriolis force.

7. Explain : (i) Time dilation (ii) Length contraction

8. A meter scale length is recorded as 96 cm by an observer.
Find his velocity.

PART - B (4 x 15 = 60 Marks)
Note: Attempt ALL the questions.

9. () State and prove Gauss divergence theorem.
OR
(b) State and prove Green’s theorem.
10. (a) Discuss elastic collision in two dimensions
OR
(b) Obtain Euler’s equation. Prove the law of conservation
of energy from them.
11. (a) What are central forces? Show that the central force is

equal to negative gradient of potential energy.

ANSWERS
(Unit-I, SQA-3)
(Unit-1, SQA-2)

(Unit-1l, SQA-3,4)
(Unit-ll, SQA-5)
(Unit-Ill, SQA-4)
(Out of Syllabus)

(Unit-lll, SQA-5,6)

(Unit-1ll, SQA-7)

(Unit-l, Q.No.21)

(Unit-l, Q.No.22)

(Unit-II, Q.No.15)

(Unit-Il, Q.No.32,10)

(Unit-Ill, Q.No.1,3)

'| 235 |

Rahul Publications



B.Sc. | YEAR | SEMESTER

OR
(b) State and prove Kepler’s law of planetary motion (Unit-1ll, Q.No.10)
12. (a) Describe Michelson Morley experiment and explain
Physical significance of negative result. (Unit-lll, Q.No.15)
OR

(b) What are the Frames of reference? Explain the Galilean

transformation. (Unit-lll, Q.No.14,13)
{ 236 }
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SOLVED PREVIOUS QUESTION PAPERS

MECHANICS AND OSCILLATIONS

FACULTY OF SCIENCE
B.Sc. | - Semester(CBCS) Examination
December - 2016
MECHANICS

Time: 3 Hours]

[Max. Marks: 80

PART - A (5 x4 = 20 Marks)
Note: Answer any FIVE of the following questions

1. Define gradient of a scalar field. Obtain an expression for it.

N

Prove that F = a(xT+ YI) is a conservative force.

3. Define Torque. Prove that the rate of change of angular momentum
is equal to Torque.

4. State Newton’s Laws of motions.

5. What are the central forces?

6. Explain the coriolis force.

7. What are intertial and non-inertial frames. Give examples.

8.  What is velocity of the particle if its KE is equal to rest energy

PART - B (4 x 15 = 60 Marks)
Note: Attempt ALL the questions.

9. (a) State and prove stokes theorem.
OR
(b) State and prove Green's theorem.

10. (a) Derive the equations of motion of system of variable mass,

OR

(b) Obtain an expression for angular momentum of a rigid body rotating
about a fixed axis. A wheel is rotating with 500 revolutions per minuteb
about an axis. Another similar wheel which is at rest is added to the axis
of first wheel and if the both wheels rotate with uniform velocity find

their uniform velocity

11. (a) Obtainthe equation of motion of a particle moving under the influence
of central force. Find the central force due to potential energy function

U=-Kr?

ANSWERS

(Unit-1, SQA-1)

(Unit-1, SQA-2)

(Unit-1l, SQA-1)
(Unit-Il, SQA-2)
(Unit-Ill, SQA-1)
(Out of Syllabus)
(Unit-1ll, SQA-2)

(Unit-1ll, SQA-3)

(Unit-1, Q.No.20)

(Unit-l, Q.No.22)

(Unit-1l, Q.No.6)

(Unit-Il, Q.No.29)

(Unit-Ill, Q.No.4,6)
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OR
(b) State and obtain Kepler’s laws of planetary motion. (Unit-1ll, Q.No.10)
12. (a) Describe Michelson Morley experiment. What is its significance? (Unit-Ill, Q.No.15)
OR
(b) Explain the Lorentz transformations. (Unit-Ill, Q.No.16)
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