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Partial Differentiation: Introduction - Functions of two variables - Neighbourhood
of a point (a, b) - Continuity of a Function of two variables, Continuity at a point
- Limit of a Function of two variables - Partial Derivatives - Geometrical
I representation of a Function of two Variables - Homogeneous Functions.
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1.1 INTRODUCTION - FUNCTIONS OF Two
V/ ARIABLES

1.3 ConNTINUITY OF A FuNcTION OF Two
V/ ARIABLES

1. Write a short notes on function of two
variables.

Sol :

A function in a two variables (x,y) is denoted
by f(x,y) i.e if zis a function in two variables x,y we
denote by z = f(x,y)

The region determine the point (x,y) is called
domain of the point (x,y)

Eg. Ifz= ,/1-x? —y? then we seethatthe

point (x,y) for which x2 +y?2 <1 lies on or within
the circle O centre is origin & radius 1.

(%)
i.e. domain'= {mzl .

1.2 NEIGHBOURHOOD OF A POINT (A, B) I

A function ‘f’ of two variables i.e. f(x,y) is said
to be continuous at a point (a,b)if for every

e>035 > 03|f(X,y)—f(a, b)|<8
{(xy)/a-8<x<a+8b-58<y<b+3]

i.e. (X,yl)ig(]a,b) f(Xa Y) = f(a’ b)

Note : A function is said to be continuous if it
continous-at every point of its domain.

1.4 CONTINUITY AT A POINT, LIMIT OF A
FUNCTION OF TWO VARIABLES

> Limit of a function of two variables :

A function ‘f’ is said to be and to the limit ‘I’
as (x,y) tends to (a,b) if for every

e > 0, 3 a positive number 53 |f (x,y)
—ll<eg xe[a-6,a+3],ye[b-8,b+ 3]

2. Define a neighbourhood of a point (a,b)
Sol :

Let § be any positive number of the points
(xy) > a-d<x<a+38b-5<n<b+3.

Determine the square by the lines x = a - 3,
X=a+3 y=a-90y=>b+3isthe centre is at

1.5 ParTIAL DERIVATIVES I

> Partial differentation

A partial derivatives of a function of several
variables is its derivatives with respect to one of those
variables with the others held constant.

3. Define Partial derivatives.

the point (a,b) this square is called a neighbourhood | Sol :
of .pomt (a,b) for every value of the & we will get Consider z = f(x,y) then
neighbourhood.
Thus, the {(x,y)/a-8 < x < a+3§, b-5 < lim f(a+h+b)—f(a,b) h—0
X <b + &8} in a neighbourhood of the point (a,b) h ’
{1}
) Rahul Publications
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0z
If it exists, is said to be the partial derivatives of f w.r. to x at (a,b) and is denoted by (a_xj( \ or
a,b

f (a,b)

f(a,b+k)—f(a,b)
k
If it exists is called the partial derivative of f(x,y) w.r. to y at (a,b) & is denoted or fy (a,b) by

(7).

> Partial derivative of Higher order

= lim ask -0

From the above first order partial derivatives, we form the partial derivative of higher order.

1 _ ofa)_,
oax2 ~ ox\ox) X
0%z 6[ z
_— = —| — :fyx
Oyox oy \ ox

oz o[ oz

— = | = |7
ay? oy\ oy

1.6 GEOMETRICAL REPRESENTATION OF A FUNCTION OF TWO VARIABLES I

Let as we represent functions of one variable by means of curves, we seek to represent functions
of two variables geometrically by means of surfaces. We achieve this representation by considering a
rectangular co-ordinates x, y and u, and marking off above each point (x, y) of the range (R) of the
function the point P with the third coordinate u = f(x, y). As the point point (X, y) ranges over the
region R, the point P describes a surface in space. We take this surface as the geometrical representation
of the function.

In analytical geometry, surfaces in space are represented by functions of two variables, so that
there is between such surfaces and functions of two variables a reciprocal relationship.

Geometrical Interpretation of Partial Derivatives

Assume that z = f(x, y) is a function of two variables which represents a surface in three-
dimensional space. Compute the partial derivative z, and z,. Evaluate these partial derivatives at the
point (a, b) then

z_is the slope (measured along the x-axis) of line L, which is tangent to the surface at the point
(a, b, f(a, b)), and z, is the slope (measured along the y-axis) of the L,, which is a tangent to the
tangent to the surface at the point (a, b, f(a, b)) line L, lies in the plane y = b, line L, lies in the plane
X =a.

{ 2 |
Rahul Publications =
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Line L,
Surface z = f(x, y)

<«— Planex=a
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/,' LineLl; pjane
¥ y=b
4 If u—xztan-ll 2 tan'li'x # 0. prove that al .. v
: - X y y1y -p axay_x2+y2
Sol :
. y X
Given thatu = x? tan‘lg— y?tan™ ;

Partially Diff w.r.to y. Then we have

a_u = XZ;-l—Zytan‘1£+y2;i
2y y 2 x y W2 y2
1+ j 1+ j
X y
2 4
= oyt e S
X“+y Yy y +x°y
3 2
= — 2—2ytan‘1£+ ny 5
X“+y Y y +X
x(x? +y? X
= ———--2ytan?t _
x2 +y? Y y

X
a =x-2ytan?
oy y

g

Rahul Publications



B.Sc | YEAR | SEMESTER

Partially differentiate with respect to x.

o0 (oaou 2
—(—j - ou_20 x—2ytan 12
ox\ oy xay  OxX y

l+[xj
y
%
=1-= 2
Y +X
x2 +y2 -2y
= xZ4y?
22, X2 _y?
— T 2. 2
oxoy X" +y
1 82u 2 2
5, fu=F7—=:x2+y>+2%0 showthat—2+a—g+a—uzo
X2 +y? + 27?2 % oy 022
Sol
u = (x2+y2+zz)_%
a_u f— 1 2 2 2 _%
™ __E(X +y? +2°) 7% 2x
=—x(x2+y2+zz)_/2

= %{—x(x2+y2+zz)_3zj
=_ (x2+y2+22)_% + %X(XZ +y? +22)_A(Zx)
=- (x2+y2+22)_%+ 3x? (x2+y2+zz)_/2 : (1)

%u = %(x2+y2+zz)% 2y

g
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

@_i[@j
2 oy\oy

_ %{_y(xayzﬂzfz}

=- (X’ +y*+7* )/2 > (x +y?+z )_3 2y
=- (X’ +y*+7* )/2+3y (x2+y2+zz)_/2 ...... (2)
g—lzj = —%(x2+y2+22)_% -2z
=—z(x2+y2+zz)_%
o (éu az P A
aztazJ o2 az{—z(x Yz ) }
= (X’ +y*+7° )/2 + E z (x2+zz+y2)_/2 2z
——(xz—szrzz)_rO/2 + 372 (x2+y2+22)_% ..... (3)
Adding (1) & (2) & (3)
22+2;’+ZZ =- (X+y +z)% + 3% (X +y’ 42 )7 (X*+y* +2 )/2 +3y2 (X +y +Z)y

h_ ()(24_),24_Z )/2+322 (X2+y2+22)_/2

=—3(x2+y2+22)_% + 3%+ y?2 + 79) (x2+y2 +22)_/2
=—3(x2+y2+22)_% + 3(x2+y2+22)_%
2 2, 2,
o 0 oY
6. If u=log (x*+ y*> +2° - 3xyz) show that (a—+—+a—J =_ 9 _
X oy oz (x+y+72)
Sol :

We have u = log (x® + y3 + 23 — 3xyz)

ou 1 ,
ox — x3+y3+z%-3xyz (3x° - 3y2)

a 1 2
oy — x3+y®+2%-3xyz 3y* - 3xz

{ 5 |
| Rahul Publications
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o - 372-3
oz~ x3+y3+® —3xyz °F T
ou  au  ou  3x?—3yz+3y?-3xz+3z%—3xy
ox oy Ta T x3+y3 +2% —3xyz
3(x2+y2+22—xy—yz—zx)
B x3 +y3 +2° — 3xyz
= 3(X2+ y2 + 72— Xy — yZ — ZX)
3
TOX+y+z
0,00V (o, 0 o)ou a au
ox oy az) YT \oax oy a)lex oy ax
o o0 0 3
Y [
OX oy Oz )\X+y+z
i( 3 j o 3 o\ B
= + — 4+ =
OX\X+y+1z oy\x+y+z) at\x+y+z
3 3 3

(x+y+z)2 (x+y+z)2 (x+y+z)2

[a 8 ajz 9
—t—t+— =50 7
ox Oy, o (x+y+z)2

0%z

z 6xay:

7. If x*yYz2=C Show thatx =y = - (X log, x)™

Sol :
Giventhat x* yw 72=C
Taking Log on both sides
We have, log (x*y¥z?) —log C
log x* + log y¥ + log 22 = log C
xlogx+ylogy +zlogz=IlogC
Differentiate partially with respect to x weget

Xi 1.1 Z£+1I g—0
-X+ . log x +( Z 'OQZ)ax_

oz
1 + logx + (1+ log z X 0

{ 6 }
Rahul Publications -
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oz
(1 + log 2) a_x__[l + log X]

oz
OX

(1+logx)
(1+logz)

Differentiate partially with respect to ‘y’ we get

1 oz
Yy-— + 1. Iogy+z.l+ l.logz — =0
y z oy

0z
l+|ogy+(1+|ogz)5=0

z_

oy

0%z

—(1+logy)

1+logz

_ 2z
axoy  ox\oy

1+logx la
(1+Iogz)2 zoy

(1+logx) 1 (1+logy)
z

(1+Iogz)2 (1+logz)
(1+Iogx)2 1 _
= m; Sincex=y=1z
_
~ = x(1+logx)
0%z 1 4
oy~ xlogex =~ (xlogex)
8 IHu=3(Ix+my+nz)?-(x2+y?+22)&I1P+m?+n2=1
0%u  d°u  o%u
Show that 6)(_2+ oy2 +62_2:o
Sol :
u = 3(Ix + my + nz)?2— (x2 +y2+ 72?)
ou
x 6 (IXx + my + nz) | - 2x

(7 )
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o%u
y =6I1.1-2
=612P-2
ou
5 = 6(IXx + my +nz) m- 2y
= 6m (IXx + my + nz) - 2y
ou?
y = 6mm -2
= 6m?-2
g—: = 6(Ix +my + nz) n — 2z
= 6n (Ix + my + nz) -2z
o%u
82_2 = 6n?>-2
o°u 8%u 2
5, * —+ 5, =6P-2+6m-2+6n*-2

x> g2 ot

612 + 6m? + 6n2 -6
6[2+m+n2-6
6(1) - 6

y oy? o072 =0

o ou
9. If u= log (tan x + tan y + tan z) prove that (Sin 2x) a—i"‘(Si” 2y) EY (Sin 2) Z_lZJ =2
Sol :

u = log (tanx + tany + tan z)
au_ 1 2
&z tanx+tany+tanz

Simplify Sin 2x on both side

Sin2x Sec?x
tanx +tany +tanz

(Sin X)ax_

2tanx
tanx +tany +tanz

ou 1
(Sin ZV)E = Sinzy tanx +tany +tanz sec’y

2tany
tanx + tany+ tanz

g
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

ou 1
. ou . )
(Sin 2z) oz Sin 2z tanx +tany +tanz Sec

2tanz
tanx +tany +tanz

. aou . au . aou 2tanx + 2tany + 2tanz
(Sin 2x) o +(Sin 2x) oy + (Sin 2z) % = tanx+tany+tanz

2(tanx +tany +tanz)

(tanx +tany + tanz)

'S'Za—u+8'26—u+8'2 a——z
- (Sin X)ax (Sin X)ay (Sin 22) =

i 2,2 ov o%v
10. If V= A2 gX°14a’t hat — = a2
e prove that ot a 6x2
Sol :

V — At.% e—X2/4aZt L__ZXJ
4a’t

22

_ Atk e—x2/4a2t( —ZXJ
4a%t

2X
v
X
222V
ov -1 X v
ox2  2a% " 2a%t ox

{ 9 }
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2

— At_% e—x2/4a2t( x* J_Alt_% ex2/4azt

4a°t?

4a%t? 2

_ At_% e—x2/4a2t{ x* 1t_l}

— At_%e—xzmaz{ x? _i}

4a%t> 2t

_ \' Xz_A/ath
T 4a%t ZX

8V _V 2 2
o°v \%
az 2 = a? 12t 2 (-2a2t + x?)
v
= e (B0
N _ 20
a2

8%z 2
11. If z=tan™® LXJ verify that — + a—:zo.
X X oy

Sol :
z = tan™ (y/n)

oz 1 d (yj
OX 2 dx\ x
y
l+(4)

- _ y
X2 +y?

O’z _ i{ﬂJ_ of -~y
8X2 ox\ox ) OX X2+y2

B (x2+y2)0+y(2x) 2y

= 5 =

(x2 +y2) (X2 +y2)
— |' 10 |
Rahul Publications



UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

QIR
[EEY

+
—_—
<<
X

N‘

aylay) oyl x2+y? (X2+y2)2
—2Xy
= (x2+y2)
52z 0%z
oZ oy T

ox oy
Sol :

(X +y)=x+y?

X2+y2
X+y

o (x+y)(2x)—(x2+y2)l
ox (x+y)2

2x2 + 2xy—x2 —y2

(x +y)2

o xP+2xy-y?
X (x+y)2

o (x+y)2y—(x2+y2)l 2xy +2y2 —x2 _y?

oy (x+y)2 (x+y)2

2xy —x2 +y?

(x+y)2

{ 11 ' T .
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& [

2
x2+2xy—y? —x2+x2-2xf
B (x+y)2

[2)(2 2y2]2 _ 4(x2 _yz)z

(x+y)2 (X+Y)4

(x-y)° 4<x+y)’-’<x2—y)z
) (xay)

ox oy (x+y) (x+y)

4[(x+y)2—x2—2xy+y2—2xy+x2—y2}

(x+y)2
_ 4_x2+y2+%—)/—2xy+yz—;x§+)/—f}
I (x+y)2
A 4_X2(X_y2)2}
(x+y)

ot

2
a_af_, [y
ox oy) (x+y)2
00
13. If 9=1t".e"'“tfind the value of n which, will make ii(rz %\] =—

r2 or
Sol :
0 = tne—r2/4t

partial differentiate with respect to ‘r’

@ e tﬂ eTt __zr
or 4t

g
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UNIT - |
=t e—r2/4t __r
2t
rZ@ = r2 tne_r2/4t |:__r:l
_ —r3¢nt e—r2/4t
2
34n-1
of,200 :ﬁ —U T e
or| or orf 2
—tn-1 2 2 -2r
_ 32214t 3grlat | 28
4t
110(200) _ 1 "t 3rze—r2/4t_ie—r2/4t
P2l o) T2 2t
- 2.n-2
_ —3t" le—r2/4t 4+ T t" o-rliat
2 4
) 2
Consider 0= trg™" /4t
0 2 24| -1
— = nt+lro/4t -0 € —
ac e t 42
n-2
e ntn—le—r2/4t+t_rze_r2/4t
4
Sj iﬁ [rZ@J _ @
ince roor o) ot
2 2
- __3tn—le—r2/4t+/r7/trée—r2/4t — t"leril4t +%E—r2/4t
2 4
_ B VM _ - y&m
2
-3
n=—
2

g
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2°u a2u 2°u

oyoz =Y 0z0X =z oxoy

14. If u=log (x* + y? + z?) prove that x

Sol :

w1
oz x24y? 442 :

i(@_uj ~ i( 22 J: (x® +y? +2%)0-22(2y)

oz) = oy\x®+y?+2z (x2+y2+22)2

—4zy

(x2 +y? +22)2

2 —4Axyz
S airwesvere A ®
oyor (x +y%+z )

1 2X
2X

x? +y? +72

0 (ou 0 2X
0z\ oX 0z x2+y2+22

(x2 +y? +22)0— 2x(2z)

2|2

X2 +y? 7

¢ _ —-4xz
2 - 2
(x2+y2+22) (x2+y2+22)
o%u _
y(ﬁjz &2 ..... )
(x2+y2+22)
ou 1
—=3.2.2%
oy X+y“+1z

oy a( 2y zj (x +y? +2%)(0) - 2y(2x)

(X2 +y2 +22)2

—4xy

B (x2 +y? +22)2

— ‘l 14 ',
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, %u —4xyz
- 2
oxoy (x2+y2+zz)
from (1), (2) & (3)
o°u o2u o°u

Xoyar TY Gax L oxay

X2 y2 22
15. Ifu=|x vy z showthatux+uy+uZ=0
1 1 1
Sol :
u=x(y-2-y*(x-2+22(x-y)
%u=2X(y—2)+X2(0)—[y2(1—0)+0(X—Z)]+22(1—0)+0(X—y)]
=2X(-2)-y*+2?
= 2Xy - 2xz-y*+ 72
ou
Ezxz(l—O)—[Zy(x—z)+y2(0—0)]+22(0—1)+0(x—y)]
= X*-2xy + 2yz - 7?
ou
5 = X0-1)+0y-2) - 0-1)+0Kx-2]+2z(x-y)+ 2z (0-0)]
= =X? + Y2+ 2x2 - 21y
= y2 + 27X — 27y — X2
M%y’%x’%;ﬁ%y’+%%%
u _ u X
. _ — cipie
16. Verify that oxdy 6y6x when u =sin y
Sol :
o%u 0| ou o%u 8[8u}
—— = =& — ===
oxoy OX | oy oyox oy \ ox
Consider
8oLy
OX X y

g
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Consider

y2 —x y2 —x? ¥ (yz_xz)%
_ -y
(yz_xz)/z
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

Consider

u i[a_UJ
oyox — oy\ox

— -y
(yz_xz)%
o%u _ o°u
oXoy — oyox

17. Find the value of iz§+ %6—22 when a2x? + b2y2 - c2z2 = 0.
a“ ox b“ oy
Sol :
Given that a?x?2 + b?2y?-c?z2=0
c?z2=a?x*+ b2y’
Partially differentiate with respect to x

oz
C>. 27— = 2xa?
oX

7 — =

oz al
ox CZ

X (©

Again, differentiate with respect to x

522 oz oz a’
, 0z L _ &

ox2 oX ox c?

o, (&) _a®
z.ax2 x) — o2

C
2
0%z a® (&
7. —= —-|—
ox2  ¢? X
2
0%z a2 [a®x
, _a’ jax
x2 2 %z

§
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0%z 1|a? a*x?

o> z|c? 2P

= Consider c?z2 = a? x2 + b2 y?
Partiallty differentiate with respect to y

c?.2z QZZbe
oy

o _ b_2y
oy 7
Again differentiate with respect to ‘y’

0%z 07 oz b2
I— + A =

oy oy ¢

’r_p (a_j
ay* T ¢t \oy

‘Q)
N
N
|
NP
|o-
N
|
VR
‘o-
N
<
N—
N

Given that - +t——

— +
a®|c?z c¢*2® | b?|zc? 48
1 a®>  a*? b? b*y?
= —_— — + —_
a’c?z  a%c*z®  bp%c?  bcetB
1 e 1 b2y
¢’z ¢43 ¢ 48
— | 18 f
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1 {azxz _c272 4 bzyz}
2,

= 2 473
[.a2x2+Db?2y?-c?22=0]

_ 1 0

"¢’z o8

-1

%

1 0%z 1

0
a?ox? b?oy

2z
2
. X y 0 0
18. Ifu=sin?t (;) + tan™ [;] then prove that Xa—i+ ygu =0.

Sol :

X LY
u = sin? (yj+tan1£XJ

Partially differentiate with respect to x.

=L ﬁ(ﬂ } m(—J

i1 oyl 1
= > 2 2
VI _x2 ] X 1+y—2
y? X

—X 1 1 1
TV | Xy
1-% 1+

Yy X
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Consider
SECTUROR e Y S N 2 N O = S Y
1 y2 X2 1 y2 X2
X 1 _ﬁ 1 Xy 1 y
B 2 Zlx24y2 | 2 2 X| x2 +y?2
y2—X/2 X X+2y y yz_x/z x+2y
y X y Xe
vy X x WX
o X[y A ey
X X X Xy
R
ou ou
X oy =
5 u d%u . 1.,
19. Ifu=1(r)and r =/x? +y? then prove that 6x_2+¥:f (r)+?f (r)
Sol :
u.= f(r)

Partially differentiate with respect to x
ou 1
x = 05—
oX 2\x? +y?

x—f'(r)
= Jx24y?

(2x)

1

Xf'(r)W

Again, partially diff w.r to x
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(x2+y2)% x2+y2 x2 +y?
f'(r) [ —x? x2f"(r
= \/2 2 | y2 2+1:|+ 2 (2)
XS +y Xty X4y

f'(r) I y? +x2f"(r)
= \/X2+y2 _X2+y2

y*f'(r) x2f"(r)
A T2
(x2+y2) 2 X" +y

Partially differentiate with respect to ‘y’

(2y)

ou

1
oy re Zx% +y?

y (1)
\[X2+y2

Again partially differntiate with respect to ‘y’

2u -1

7 =V ()————(
Z(x2+y2)é

o)

ZY) + Zy+f(r)1

1 [yf"(r) 1

S

r)y: () r'(r)
+ 2 2 + 2 2
(ery)s Ty T ey

x2+y X2 +y X +y
RGN E2 S0 G BT
X2 4y? x% +y? x2 +y?
_ XL yE(n)
B 2 2\% x2 +y?
(x* +y?)
{ 21 }
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o%u  °u yA(r)  x3(r) (r)x? y26'(1)
= 2 y = 3 NN ?/"' RN
OX (x2+y2) 2 X°+y (x2+y2) 2 X“+y
fl(r) 2 2 "(r) 2
= X“+y" |+ y
(x2+y2)%[ } X U’ZM

= +f"(r)
X2+y2
5%u % 1

) 82u d%u
20. If u=e*(x cosy -y siny).then show that a_2+_6y2 =0
X

Sol :
u =-ex(x cosy -y siny)
Partial differentiate with respect to ‘y’

ou
v e* (x cosy —y siny) + e* (cos y)
Again partially differentiate with respect to ‘x’
azu — X 1 X X
y = eX(xcosy-—-ysiny) +e*(cosy)+ cosye
= eX(Xxcosy-ysiny) + 2 excosy
Consider

u = ex(xcosy-y siny)
Partially differentiate with respect to ‘y’

ou
5 = eX(-xsiny —y cosy —siny)

= eX[-xsiny —y cos y — sin y]

'l 22 ',
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Again partially differentiate with respect to ‘y’

2
Zy—l; = e [(-x cos y) -y (- siny) — cosy — cosy]
= eX[-Xx cosy +y siny — 2 cos Y]
= e*(-x cosy + y siny) —2e* cosy
Consider
o%u  d%u . ,
aX—ery = e*(Xcosy-ysiny)+ 2excosy + e* (-x cosy + y siny) — 2e* cosy
= xe* cosy—exysiny+2é{ cosy -xexgogerye’{siny— Zg/cosy
ou
du
6X2 ay 82
21. fu=x3(y-2) +y?(z-Xx) + z?(x-Y)
ou
Then prove that — +6_u +6_u =0
X oy oz
Sol.:
Giventhat u = x3(y —z) + y? z - x) + (X = Y),
Partially differentiate with respect to x.
ou
= = 22Xy -2 +y* (1) + (1)
X
= 2Xy —2xz—-y?+7?
au 2 2
oy = X+ 2y -x) + 2D
ou
= X*+ 2yz - 2yx — 7? o X3(-1) + y?(1) + 2z(x - y)
= - X%+ y2 + 27X - 2zy
8_u+a_u+a_u =2Xy - 2X2 -y + 22 + X* + 2y7 - 2yX — 77 - X* + y? + 27X - 27y
oxX oy oz
=0.
822 622
22. Ifz=f(x+ ay) + ¢(x — ay) then prove that ——> =a*—..
oy ox
Sol.:
Given that
z = f(x + ay) + ¢(x - ay)
Partially differentiative with respect to x
|' 23 |' .
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oz '
o = [+ ay) )+ ¢(x - ay)

Again differentiate with respect to x
0’z ., .
67: f'(x + ay) (1) + ¢"(x —ay) (1) (D)
Differentiate with respect to ‘y’
z = f(x +ay) + ¢(x - ay)

o = oot ay)a+ 66— ay) ()
= af(x + ay) + ¢f(x - ay)

8_22 = af'x+ay)a-ad¢'(x-ay)(-a)

oy? = \ %

= e )+ - ay)

0%z

W = a(fx+ay)+¢'x-ay) L (2)

Multiply a? on both sides . . . . )

207 _ gy 5 3
67_61[ x+ay) +f'x-ayyy . (3)
RN , 0°2

ayg a 67 .

23. If z=3xy-y® + (y? - 2x)%? verify that

0’z _ oz 0°28°2_( 9% °
oxpy oyoz ox2oy? |\ oxdy )
Sol.:

Z = 3xy -y + (y?-2x)*?

Partially differentiate w.r.t to ‘x’

2 =gy o200 ()

X y4
=3y -3 (y* - 22
Again, partially differentiate with respect to y

62 j— 2 E 2 3/2-1
oy = 3x -3y + 2(y - 2X) 2y)

'l 24 ',
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= 3x - 3y? + 3y(y? - 2x)?

622 —_ a (gj— a 2 2 1/2
oxay = a_x oy —ax[3x—3y + 3y(y? - 2x)¥?]

0
— _\2 2 _ 1/2
= 35 (X=y +yly* - 2x)")

=3 {1+ y%(y2 - 2x)5_1 (—2)}

3 - 3y(y? - 2x)72,
kit
oyox Oy \ox

_ % 3y - 3(y? - 2x)2)

3% (y_(yz _2X)1/2)

3 [2 - %(y2 ~2x)" (2y)}

3- 3y(y2 - 2x)_}/2

0%z 0%z
oXoy- oyox
Consider
0%z 6%z
= 8x28y2

2 0 LQJ
ox?  ox \ox
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722
oyt oy \
0
= 5 (3X - 3y? + 3y(y2 — 2X)1/2)

1 1
_ 1.2 o (2 5
_0—6y+3y.5(y —-2x)? 3(y"-2x)2()

— _6y + 3y2 (yZ _ 2X)_% 4+ 3(y2 _ 2X)%

2 2
STE% = 3(y* - 2x)7* [ -6y +3y*(y* - 2x) 7 +3(y* - 20)" |
_ 2 \
= -18y(y* —2x) " + 9Y2[(y2 -2) M} + 9y? —2x) "(y” - 2x)"
= -18 y(yz — 2X)—1/z + 9y2 (yz _ 2X)-1 +9
Consider

622 i — 2 - 72
6X6y _[3_3y(y _2X) ]

=9 + 9y? (y? — 2X)™* - 18y (y2 — 2x)-%

’10°z [ 02 ’
ox? oy?  (oxoy

2

24. If Z=tan (y + ax) + (y — ax)*? find the value of ox?

Sol.:
Z = tan (y + ax) + (y — ax)*?

2 _ sec? (y + ax) (a) + 3 (y — ax)**? (-a)
OX 2

= asec’(y + ax) —g a(y—ax)”

°z , 0%z

oy*

{ 26 }
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622 3a 1 -1
>~ a 2 sec (y + ax) sec (y + ax) tan (y + ax) (a) - >3 (y —ax)”™ (-a)
3a® Y
= 2a?sec? (y + ax) tan (y + ax) + 2 (y —ax)
0z ) 3 3, 2 3 Y
oy = S +ax) (1) + 5 (y-ax)? (1) sec’ (y +ax) +3 (y - ax)*

31 .
W = 2sec (y + ax) sec(y + ax) tan (y + ax) + 55 (y —ax)*? (1)

3 _
= 2sec’(y + ax) tan(y + ax) + (y-ax) %
a’? 3 0%z 2 0%z
= 2a%sec?(y + ax) tan (y + ax) + 2 (y-ax)™ 5272 EYa
2
= 2a%sec? (y + ax) tan (y + ax) + 2 (y — ax)™
aZ
— 2a? sec? (y + ax) tan (y + ax) — " (y —ax)™
= 0.
o’u  d°u
25. Ifu=f(x + 2y) +g(x—2y) then show that4— = ——.
oX oy
Sol.:
u = f(x + 2y) + g(x - 2y)
Partially differentiate with respect to x
ou , ,
o = [+ 2y) (@) +gkx-2y) (1)
o’u .
o =f'x+2y) +g'x-2y9p . )

Partially differentiate with respect to y
ou . .
Y fix +2y) (2) + g(x - 2y) (-2)

=2f(x+2y)-2g'(x-2y)

2

5‘2‘ =2 '(x + 2y) (2) - 2 g"(x - 2y) (~2)

{ 27 '
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=4 f(x + 2y) +4g"(x - 2y)
Multiply 4 on both side to equation (1).

2

499 — 4l + 2y) + g'(x - 2y)]

x>

o’u  o°u
4 2 = 2

oX oy

1.7 HoMoOGENEOUS FUNCTIONS.

26. Define Homogenous function with example.

Sol :

If the sum of indices of different variables contained in each term of an algebraic expression be n, it
is called a homogenous function of degree n.

=  Letu = f(x, y) be a function of x and y. If this sum of the power of x-andy in each term of f(x, y)
be equal, then f(x, y) is called homogenous function.

= Eg. x> +y3 + 3x?y is homogenous functio of order 3.
— x* + y* + 4x% y? is homogenous function of 4th orders.
Consider the function
f(x,y) =a,x"+a x"'y+a Xy + ... +a _ xy™t+a y .. 1)

We see that the expression f(x,y) is polynomial in (x,y) such that the degree of each of the terms
is the same f is called a-homogenous function of degree n.

> An expression in'(x,y) is homogenous of degree n, if it is expressible as
X" f (y/x)

> The polynomial function (1) which can be rewritten as

2 n
y y y
x"ay+a,=+a,r| = | +...... +a,.| <
[O lX Z(Xj n(xj}

is @ homogenous expression of order n

27. Find the degree of given Homogenous function for f(x,y) = x" sin (y/x).

Sol :
Given that
f(x,y) = Xx"sin (y/x)

) = (VY +¥x) y+x)

The degree of the expression x" sin (y/X) is n

{ 28 }
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W
y+X

The degree of the expression =

l+%

_yl+%
X ZW

-1
So, that it is of degree >

28. State and Prove Euler’s theorem on Homogenous function.

Statement:

If z = f(x, y) be a homogenous, function of x, y.of degree n then

07 0z . .
X ——+Yy — = nz.Vvxye domain of the function.

oX oy

Proof:

Since, z isThomogenous function x and y of degree n,

Then we have z = x" f(%)

oz e Y vl Y[ Y
a_x = nx 1f[XJ+x f[x}[sz

el Y ool Y
= nx 1f£XJ—yx ZfLXJ
also
aZ IX l — N IX
=) =eed
Now
0z 0z netel Y neoer[ Y { nli(yj:|
2y Yy xm2p| L] & y| x|
“x Ty X{nx (nJ d (nﬂ N n
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y y ,
= nx" f[ﬁ} —yxtf [;J + yxmif'(y/n)

= nx" f(y/n) = nz

oz oz
—+ =

x oy

nz

Note :

Euler’s theorem can be entended to a homogenous function of several variables thus, if u be the
function of m independent variables x, x,, .... X of degree n.

Then Euler’s theorem states that

ou ou ou
+ X + ..+ X —=nu

tox, 7 ox, Xy,

X

29. If z=1(x, y) is homogenous function of x, y of degree, then

2 62 2

z ,0Z
6X2+2xy 6X6y+y Wzn(n—l)z

X2

Sol :
Since z is homogenous function x and y of degree n.

Therefore by Euler’s theorem

oz oz
X—+y—=nz
OX oy

Differentiate partially with respect to ‘x’

o (. o o ( o) o
&V@+&@J=&m

2

0%z 0%z 0z 0z
—l+—+Y 5 +0=n—
X ox oy’ ox
0%z ’z 0z
Xax_2+yaxay_(n_l) x e (l)

Differentiate partially with respecttoy .
A PLOINA (7
oy an + oy Coy) T oy (nz)

0%z 0%z oz oz
+y—+1l.—=n—

oxoy Toy* oy oy

X

g
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oz, o2 @
X oy yayz—(n—l)ay ..... (2)
x < (1) +yx(2)
0%z 0%z yx 0%z yza_zz
Xax +Xy8x8y+ 8x8y+ o
o E oy &
=x(n-1) 5 +y(x-1) 5
_ 26_22+ 2 0°1 ‘o 0’z
e T o Y oy
62 oz
=(mn-1)(n2)
=n(n-1)z
2622 0°z 0°z
X Ve +2Xy8x8y + y? 8y2 =n(n-1)z
(x+2y+3z) or

. ATT ey o) or
30. Ifsmv:\/m Show that x— +yay +z— + 3tan v=0
Sol :

X+2y+3z

TGy
it
2 3

o))
L) ()

/|l
><\‘< X <

f is a homogenous function of degree -3’
By Enler’s theorem
ov

V- -
XaX ya ZaZ =-oSinwv.

g
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of _ SO v db v
ax—cosv,ay cosvay,a cosva
8v+ 6V+ oV
x— ~ z—

Yoy

- B
= CcosV ox oy oz =-3sinv

Q+ Q+ Q— 3t
Xox T Yoy Ty T oY
6v 6v+ aV+3tanv 0
— otz =0.

Yoy

2%°u  d%u

Sol :

Partially differentiate with respect to ‘x’

ou 1 1

x \/x2+y2+22 ,Z\/x2+y2+zz (Z/X)
S,

= X? +y*+12°

Again partially differentiating with respect to ‘x’

o2u (x2+y2+22)—x(2x) y>+7° -x°

ox? (x2+y2+22) N (x2+y2+22)2
Partially differentiate with respect to ‘y’

6_U _ 1 1 (,ZY)

oy — \/x2+y2+22 ,Z\/x2+y2+zz

S
T x4yt 47t

Again partially differentiate with respect to ‘y’

2

ou (Cryiezt)-y(2y) Xyt
B (x2+y2+22) - (XZH/ZJFZZ)2
(32 )
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Partially differentiate with respect to ‘z’

ou z

oz = XP+yr+1?
Again partially differentiate with respect to ‘z’

o’u  xP+y?-7°

o’ (x*+y*+ 22)2

Consider  (x2 +y? + 72?) o2 oy’ o

o°u  d%u 62uj

_ y2+22—XZ/ +Xi+/z/_/y1+ X2+/VZ—,ZZ/

2

= (¢ +y+ )

(x2 +y? +ZZ)2 (x2 +y? +22) (x2 +y? +ZZ)2

Hence proved

32. If tan™ J Sh that &u 1
. u = tan- ow a =
N1+ X2_|.y2 oxoy (1+x2+y2)%
Sol :
Xy

u= tant ——
J1+xZ+y?

2y (X)=xy— et
T RS e

B 1 Xy ’ (\[l-i-Xz +y2 )2
+
J1+xZ+y?

2|2

Moiave_ XY
W Xy L+X"+Yy m

1+x% +y? +x%y? l)»)%yz

'| 33 I|
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I
ox\oy) — ox (1+y?)y1+ X7 +y?

0 X

Ox (1+y2)\/1+x2 +y?

1+y®
(L+y?)y1+ %7 +y? _X',Z/\/l:xzierZ(Z/X)

(\/1+X2 +y? )2 (1+y2 )2

(1+y?)y1+ X7 +y? —M
_ J1+x2+y?

- (1+y2)2(1+x2+y2)

B (1+y2)(1+x2 +y2)—x2(1+y2)

1+ x%+y? (1+y2)2(1+x2 +y2)

(l+y2)|:l+)({+y2 —)({J
- \/m(lwz)z(l+x2 +y?)

(1577 (1557]
- mw(lereryz)

34 )
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Y
0z 0z i f (X]
33. If z= xyf(y/x), Show that x + yg =2z, & if z a constant, then =

Sol :
Given that,

= wi(2)
= (3]
cell)  [wered(2)- 212

z is a homogenous function of degree 2.

= of2)+mell) ()

>
2|
.|.
<
N
2|
Il
<
<
=
VR
X <
N——
|
<
-
|
.|.
<
<
=
VR
X <
N—
.|.
&
N
-
|

g
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Consider
z = xyf(y/x)
Differentiate z with respect to x, y
e Y)Y Ly ¥yl dy y
o= w3 [3 i+ (et -
O e A AT N
0= f[x}{ X erdx} +f[XJ [deﬂ/
y | ay_y y [, dy
| = —_— J— X_
f[x}{y X x} f[x}[ dx+y}
|y
() sty
= ' 2
fm Ly=y?]
X
x[y +xy']
=y yy? ]
oY
x)  x[y+xy]
f(yj ~oyly-xy]
X
Hence proved
o2v  9°v 9%y
34. Ifv=r"where r> = x> + y? + z?; show that 2 + y + Py =m(m + 1) rm=,
Sol :

v=1r"
rZ: X2+y2+22

r= x>+y*+72°
)%

v= (X 4yt ezt

Differentiate partially with respect to ‘x’
ov m m_
o = 2 (YT ()

m

L
= mX(x2 +y? +Zz)2

4
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o%v
ox?

= m{(x2+y2+22)21+x(m,2;2j(x2+y2+22)2Z(Zx)

m

m(X2+y2+Zz)gfl+ mXZ(m _ 2) (x2+y2+22)?2

Differentiating partially with respect to ‘y’

ov m

y= 7 (x2 +y? + 22)%71 (ZY)

m

my(x2 +yi+ 22)71

Zz\; = m(x2 +yi+ zz)g_l"‘ my?(m - 2) (XZ +y?+ ZZ)%_2
Similarly

o°v m, m,

— = m(X2 +y2 +22)2 +mzZ(m-2) (x2 +y? +Zz)2
Consider

AR

o T o T TOM(K ey )T A mm-2)(x eyt 4272 06+ Y+ 7)

My

= 3m(x2+y2+zz)%1 +m(m - 2)(x* +y? +2°)?

= m(x2+y2+zz)gfl[3 +m-2]

= m(m + 1) r2,

v 0V d%y 1) 2
— + 7 + — =m(m-+1)rm
x? oyt a? ( )
35. |If t 1X3+y3 Show that 2% +2 ’ + 262u (1-4sin?u)sin 2
. u = tan- X ow that X X — 4 SIN“ uU) sin Zu.
- ox2 Yaxay Y oy2

Sol :
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z is a homogenous function of degree 2.

a_ Lo
xS
oz ou
Ezseczug
g_ g— 2 Xa_u+ya_u —2
Xox = Yoy =secu| X | = z.

ou ou sinu pes/
- — = . u
Xax+y8y 2/0086

ou au -
Xo F Vg =sin2u.

ou au -
Xo FYg =sin2u

Differentiate partially with respect to ‘x’

o + 8_u + o =2 2 8_u
X2 T ax FVaxay T 200s2UG
x2u 2 ou
X6x2 +y8x8y —(20052u—1)ax ..... )

Differentiate partially with respect to ‘y’
o°u o’u  ou ou
x% +y$ + 5 IZCOSZUE

Pu | ot
X@X@y +yay2

_ &
= (2 cos 2u—1)ay ..... (2
(1) xx+(2) >y

L T TR0 |
x67+yay2+2xyaxay—[cos u-1] ox oy

'l 38 ',
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

= [2[1 - 2 sin? u] - 1] [sin 2u]

o’u o’u o°u . _
X267 + 2xyy + yzy = [1 - usin? u] [sin 2u]

- 0 ou 0 du
36. Ifu= (1 2Xy +y ) % Prove that x ((1 X )ax] ay (yzg) =0

Sol :

Given,

u= (1—2xy+y2)%

%u = %(1—2xy+y2)_% (-2y)

= y(1-2xy+y?) 2

= (l—><2)%u = ([1-x)y (1—2xy+y2)'%

= [(1 x )EEJ = ai[(l X*)y(1-2xy+y° )3/}

= y{%(l—xz)(l—mwz)%(—Zy)+(1+ 2xy+y2)%}

=3 (10 (1-2g+y?) 2 —y(l-2y+y?) 2 (1)
%u = _71(1—2xy+y2)_3/2 (- 2x + 2y)

= (1—2xy+y2)_% (x-y)

0 3
yzgu =y (x-y) (1-20y+y?)

i | _ i 2(y _ 2\ %

SU5)= etz

= 2yx-y) (1-2+y?) * ~y2(1-2xy+y?) 7+ yilx - y)[ ](1 2y +y?) H2x + 2)

= 2y(x - y)2(1—2xy+y2)_% -2 (1-2xy+y?) Yy 3y (x - y)? (1-2xy +y?) R (2)
39
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On adding (1) & (2)
0 -\ OU 0 ,0u
I (1-x*)= |y =
ox (( " )axj * ay(y ayj
— 2 (1 _ w2\ (1_ % _ _ 2\ _ 27%_ 2(1_ 2\ 72
3y? (1-x?)(1-2xy +y?) 29 (1-2xy+y*) % + 21 (1-2xy+y*) 7* = 2y*(1-2xy+Y?)
_y2(1_2xy+y2)_32 +3y2(x_y)2(1_2Xy+y2)_5/2

= 3y2(1—2xy+y2)_% [l—)({+)({—2xy+y2} _3yz(1_2Xy+yz)‘/z

oy —2xy+1
— T | L XY
= 3y?(1-2xy+y?) _l—2xy+y2}

i _yz—%%—ﬂ%—f}

1- Ty

= 3y (1-2xy+y’

= 3y2(1—2xy+y2)_% (0)

=0
Hence proved .. % [(1_)(2)6%} +% (yz %uj =0
24 2
37. Verify that @ = @ ifu=log (y sin x + xsiny)
Sol :
o°u _ [ucosx+siny]

oyox — ysinx+xsiny

o%u (ysinx+xsiny)(cosx +cosy)—(ycosx +siny)(sinx + xcosy)
yox (ysinx+xsiny)’
aou SinX + XCoSy

oy ~ ysinx+xsiny

ou _ (ysinx+xsiny)(cosx +cosy)-(sinx +xcosy)(ycosx +siny)
oxoy (ysinx+xsiny)’
40
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

o%u B o°u
oy | oyox

Hence verified

x%1 +y%‘r

38. Verify Euler's Theorem for z = y y
X5 4 x/53

Sol :

To verify, zis homogenous or not
Consider
ooy

1= oy

. . 1 1
z is a homogenous function of degree 20 [n = 2_0}

Consider

oyt

= —x% +y% Partially differentiate with respect to ‘x

-1 1
oz — = |1, = (1 4~
v x4 4 ys (X%+y%)2 5 x5 T Ky [4)(

-1 1
|l L, (1%
= X%+y% (X% _;’_y%) EXA + X% +y% [4)( J

{ 41 I s
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| | T
-5 (x%+y%) M ) X%er%3

Application Partially differentiate with respect to ‘y’

-1 ;
ay = [ 4v%) () sy +‘X%iy% &MJ
-1 -4 Myt 1 }
=) () t ”‘[ Boyh
Consider

i iy AETAN O Y
P e = 5 5 - 4 4
L5 (X%H%)Z (X +y) 4 x5y ( +y)
_a1ot
= g I+ 2
_ Az+5z oz 1
= 20 20 20 ©
@ 21
Xox Yoy T 20°
Su
Xy z —_ 2 \/2 52 Xyz
39. Ifeysuchthataxayaz—(1+3xyz+xyz)ey.
Sol :
Given that
u= ev
a_— XyZ
x = ey

4
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS
o= o)
oyox oy \ ox
6 Xyz
= Lo i)
0 0
= —(yz).e¥ +yz—(e®
- 6y(y )€ +y ay( )
= yze *V*(xz) + ze ¥
o%u
oyox Xyz? e + ze
o%u 0| ou
Oxoyoz 0z OyoX
= aﬁ[xyz2 eV + zexyz]
z
a 2 AXyz a Xyz
= a[xyz e ]+§[ze ]
= Xxyz? 2 (e) + 2 (xyz)* e~ + zﬁ (e) + 2 (2)e
oz oz oz oz
= Xyz2 % (Xy) +2zXy €Y + z ¥ (Xy) + e
= X2y?z2e¥ + 2 xyz e + Xyz ¥ + e
o°u
Ixayiz = QO+ e

40.

Sol :

Find the first order partial derivations of (i) tan=* (x +y) (ii) e sin by (iii) log (x* + y?).

(i) Given function z = f(x,y) = tan™ (x + V)

Differentiating partially with respect to ‘x’

oz
OX

oz
OX

1 4
1+(x+y)2 @)

1
1+(x+y)2

Differentiating partially with respect to ‘y’

oz
oy

1
l+(x+y)2

'| 43 |

Rahul Publications



B.Sc

| YEAR | SEMESTER

(i) e*sin by
Given function z = f(x,y) = e*sin by
Differentiating partially with respect to ‘x’

2 — ax o b
ox — aevsinby
Differentiating partially with respect to ‘y’

oz
5 = e*cos hy (b)

0z
5 = be® cos by
(ii)) log (x*+y?)
Given function is z = f(x,y) = log(x? + y?)
Differentiating partially with respect to ‘x’

oz 1
- _— — (2x
aX —_— X2+y2( )
2X
—_— X2+y2

Differentiating partially with respect to ‘y’

oz
y = iy @)

2y
x?+y?

41. Find the second order partially derivative of e*.

Sol :
ey
Given function is z = f(x,y) = e
Differentiating partially with respect to ‘x’
x =&
Again Differentiating partially with respect to ‘x’

o’z _0fot)_ i(ex-y)
ox? ox\ax) T ax

—=eXy

Differentiating partially with respect to ‘y’

— 'l 44 ',
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

oz v 1

—_— = e)(— —

oy =& (D
= — XYy

Again , Differentiate partially with respect to ‘y’

2 _2(a)
oy? ~ oyloy

Ry
= —eY(-1)
o’z
oyr = °
42. If 2= (x+Y) + (X + y that | 82 _0°2 \_, (8’2 &%
2= (x+y) + (x y)¢[xj prove tha x[axz ayaxj y[ayz oL

Sol :

Given functionz = (x +y) + (x +y) ¢ [%)

Partially differentiate with respect to ‘x’

2o ol
e )2

- [ )C)
= =L

Again, partially differentiate with respect to ‘x’

0%z 8 82
ox? . oxlox

X |<

Rahul Publications



B.Sc

| YEAR | SEMESTER

o’z
x> |

Now partially differentiate with respect to ‘y’

0z

=0 fecnm(Z2ho]
“sem(Z[2} ()

= 0o3bl2 )

Again, partially differentiate with respect to ‘y’

s (SRRRDMI
SR
(M2

ot = LG e )

o’z oo

Now, oyox EK—X
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

2 [y ¥y ..(Y) 2y (¥
ayax_(F ngd) (xj x2¢(xj ----- 3)
.
ow xoy ~ x| oy
- odef2) )
OX X X X

o1 o
x> Oyox

Now consider

by equation (1) & (3) we have

Oz @2 _2y" (V) (VLY oY) (Y (Y ) (2 )oY
= ox? oyox  X° ¢(xj+(x3+x4j¢ (xj {(XZJFX Jd) (xj (xzjq)(xﬂ

Il
7\
N
><w\<N
+
><|r\>
N
N—
=

47
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oz o
oy*  oxdy
by equation (2) & (3) we have,

- Sy G [ m ) 20
oy oxoy X \X X X X X° X X) X X
- S G B 20
X X X X X X X X) X X
- E2MGFEY
X X X X X° X X

Pz oz} 2 2y) (y). (1,2 ¥ )..(Y
y(ayz axayj = y{(ﬁx—zjd’ H(‘——J“’ (‘ﬂ

Now consider

from (5) & (6)

0%z 9%z 0’z 0%
X\ =5~ =Y\ 27 A
OX*  Oyox oy®  oxoy

43. fu=x+y+z,v=x2+y?+ 272 w=x3+ y3+2% - 3xyz prove that

u u u

X y z
v, v, v,|=0
X y w,

Sol :

Giventhatu=x+y +z
Partial differentiate w.r.to X, y, and z

S A
U=z = =

6_u
uy—ay—0+1+0—l

ou
u=—_-=0+0+1=1
oz

z
V= X2+y2+22

Partial differentiate w.r.to X, y & z

g
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

ov
vV, = =2X+ 0+ 0 =2x

x T ox
N
Vy_ay =0+2y+0=2y
ov
v= —=0+0+2z2=2z

o
w = X3+ y3+ 73 - 3xyz
Partial differentiate with respect to x,y & z

- 3x*+0+0-3
W= =X - 3yz
= 3x?-3yz
_ oW _ 2
w,= 2y =0+ 3y*+0-3xz
w, = 3y?—3xz
= — = 2 _
w, P 0+ 0+ 322-3xy
= 322 - 3xy
Consider
u, u, u, 1 1 1
Vv, v, v,| — 2X 2y 2z

w, w, w, 3x*—-3yz  3y*-3xz 37 -3xy
= 1[2y(3z2 ~3xy) = 22(3y? —3xz)]—1[2x(3z2 ~3xy) - 22(3¢? —3yz)] +1[2x(3y2 ~3x)-2y(3¢ —3yz)]

= 6y72 —6Xy? —64y? +6X2> —6X2% +6 X7y + 64X ~6 7> +6Xy* ~6x771-6x7y +6y*2

=0

X uy uz
v, v, v,| =0
X Wy Wz
44, 12 = xHylx) + x" g(xly) Prove that x 22 + axy 224y O = 1
. z = x™ f(y/x) + x" g(x/y) Prove that x o + 2Xxy 6x6y+y ayz+mnz—(m+n—)
0z 0z
X—+y—
[5X 63/}
Sol :
Let u = x™ f(y/x) and v = x" g(x/y)
LZ=Uu+V
49 )
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Now u = x™ f(y/x) is a homogenous function in x and y degree of ‘m’
.. By Euler’s theorem

ou au
X S FY 5= mu

Partially differentiate with respectto x & y

ox2 oxoy T oy? X oy ox oy
ou ou
:(m—l)xa—x+y5
= (m-1) mu
2 2 2
ngxl:_‘rzxyaax;y_’_yzgyl::m(m_l)u .......... (3)

Similarly we have v = x" y (x/y) is a homogenous function of x & y of degree n

o%v o°v L %V
SOX2 5 4+ 2xy axdy +y an(n—l)v .......... 4

ox*
Adding (3) & (4) we have

2 o2 2
2 2 —— e — —
X o UFV)+2xy aar UV +y sz u+v)=mm-Du+nn-1yv
2622 822 28_22_
X vl + 2xy oxdy +y oy =m(m-1)u+nn-1)v ...... 5)

Again from Euler’s theorem we have for u & v which are homogeneous function in x & y of degree
m & n respectively.

u e v, N
Xax yay—mu Xax yay—nv
Z=U-+YV
{ 50 }
Rahul Publications ;)



UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

oz 0z
oc = _
Xax +y 5 =mu+nv

Wehavem(MmM-Lu+n(h-1v=m2u-mu+n?v-nv
= (M2 u + n&) — (mu + nv)
Adding and subtracting mnu, mnv
= (m?u + n%) + mnu + Mnv — mnu — mnv — (Mu + nv)
=mm+nu+nm+n)v-mn U+ Vv)-(mu-+ nv)
= M+ n)[mu+nv]-mn[u+ v]-(mu+ nv)
= [(m+n)-1)](mu + nv) — mnz
m(m -1)u + n (n -1)v = [(m + n) =1] (mu + nv) — mnz
Sub the above value in (5)

o’z o’z o’z
X2 y + 2xy 8X8y+y2 y =(m+ n-1) (mu + nv) —mnz
, 0°1 ) o’z | 0°z ( N )
X2 —5 + 2xy +y?2 —5 +mnz =(m + n-1) (mu+ nv
ox? Oxoy oy
o F1 o o e
X ax_2+2Xy8X8y+y ayz+mnz—(m+n—l) ox Yoy
45. Verify Euler’s Theorem for Z = ax® + 2 'hxy + by?

Sol. :
Given Z = ax®+ 2 hxy + by?
By Euler’s Theorem.

To verify that z is homogenous or not, Consider
z = ax?+ 2 hxy + by?

N

B 2
= X a+2hX+by—2}
X X

= < (i)

7 = xszXJ
X

z is a homogenous function of degree ‘2’.

N

{ 51 '
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Consider z = ax?+ 2 hxy + by?

Partially differentiate with respect to ‘x’

oz
OX
Consider

oz 0z

X—+y—

ox "oy

oz 0z
X—+Yy—

ox "oy

2ax + 2hy

X [2ax + 2hy] + y [2hx + 2by]

= 2ax®+ 2 hxy + 2 hxy +
= 2ax?+ 4 hxy + 2 by?

2 [ax2 +2hxy + byz]

212

Hence, verified by Euler’s Theorem.

2by?

L XY LU, ou
46. If U =cot \/;Jr\/y show that ax

Sol. :

z is a homogenous function of x and y degree

oy

Therefore by Euler’s Theorem.

ou adu

X—+y—==12

oX oy 2
From (1)

Rahul Publications
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS
2 _ 2y M 2 —cot'x' = 2
ox = cosec’u — .(2) qu = — cosec? X
oz ou

52— cosec? u 5 ..(3)

Substitute (2) (3) in (1)

2 a_u 2 6—u —_ l t
= —C0Sec’ U — —y Cosec’ X oy = 5 cotu
2 X@+ya—u 1
= —cosec’u | “ o0 oy —Ecotu
X@er@_u _ 1 cotu
ox "oy 2 cosec?u
xa—u+ya—u+lsin2u =0
oX oy 4
X3+ 3
47. If U=tan? Y » X # Yy Show that Xa—u+ya—u=sin2u
X=-y oX oy
Sol. :

U is not a homogeneous function

z=tanU =

xg+yg:22 (1)
oX oy
But 2 ey M 2
u o = sec?u o ..(2)
oz au
5 =sec’u 5 ..(3)
{ 53 }
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Sub (2) (3) in (1)

X [sec2 UZ_UJ +y [sec2 u%uj =2z
X

sec’u xa—quya—u =2tanu
oX oy

X@er@_u _ sinu 1
ox "oy cosu sec?u
= 23 sz y
cosu
DM
ox oy 2sinucosu
(D
ox oy sin 2u
. . . 0z 0z
48. If Z = (x+y) o(y/x) where ¢ is any arbitrary function prove that Xa—+ y5= z.
X

Saol. :
Z = (x+y) &(y/x)

Partially differentiate with respect to x

0Ly y A
x (7 1“’(%)*‘“”4’@(X—J
oz
X_

- ) 2eef2)
OX X) X X

0 Yyl Yy |y
xa—)z( = Xd{;}‘;@“ﬂ’)‘b(;} ...(1)

Partially differentiate with respect to y

oz

Yy (Y1
y = 1"’[%)*‘“”4’@@
0z y) 1 Y
y@ = y{d{;};(xw)d)[;ﬂ

oz AN (Y
Yoy = Y¢[;J+;(X+Y)¢(;J ..(2)

54
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Adding (1) (2)

0 0
v = oL Lo L) v s Lo (2

- =(g)()
X X
oz 0z

X6_X+y 5 = (x+y)¢[%}

oz 0z

oX ay:Z

4 4

ou
49. If U=log {X Ty } show that Euler’s Theorem that Xa_x+ y—-=3

X+y

Sol. :

e = —_ =Z

y
el=7z —x3f£XJ

Z is a homogeneous function of degree 3.

Hence Euler’s Theorem.

X—+y—=3z

OX oy

ou
oy

g
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xaix(e“)er%(e“): 3e"

50.

If U=2Zea*+by where z is a homogenous functionin x and y of degree n, prove that

e xa—queu y@:Se“
X oy
ex[x@era—uj—e“S
oy

Xa_u ya_uzs

oX oy
xa—u+ya—u=(ax+by+n)u.
00X oy

Sol. :

Given that z is a homogenous function of degree n in x and y. Then from Euler’s theorem.

oz
Then we get

oy

xg+y— =nz
OX

(1)

Now partially differentiate with respectto u.

ou

19)4 oX

oz 0
Py _eax+by+z_

gax+ by
oX

oz
— _eax+by I Zaeax+by

OX

Partially differentiate with respect to y

%u = % eax+by+zi Qax+by
oz
= 5 ea+by 4 7 | gax+by
Consider
Z—u + y%J — X{%ea“by +zae
X

0z

ax+by:| + y|:geax+by +Zbeax+by:|
oy

oz
— X_eax+by T ZXaeax+by T y_eatx+by

OX
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DIFFERENTIAL AND INTEGRAL CALCULUS

0z 0z
= [x— + y—J o tby + Z [x ae™ Ly bea“by]

OX oy
= nze®™™ 4 z[xae"""+by +y be"""*by} by (1)

= (n+xa+ yb)ze®*»

ou ou
X tYoy = [ax + by + n]u.

51.

Verify Euler’s Theorem for z = (x? + xy + y?)*

Sol. :

Giventhat Z = (x2 + xy + y?)*
By Euler’s theorem

We have xg+y@=nz (1)
oX oy
To verify that z is homogenous or not.
Consider,
z7 = X?+xy+y?)?
r -1

2

= x?|1+ Y+ y—z}
X X

. 1
2 x2+xy+y2}

1
X2 + Xy +y?

7 = x7°f (xj
X

z is a homogenous function of degree ‘-2’

(57 )
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2= (¢ xy Y
Partially differentiate with respect to ‘x’
oz
X

Partially differentiate with respect to ‘y’

= -1 (X +xy+y%)? (2x+y)

oz 2 2\-2
y = —1(x% +xy +y%) 2 (2x+y)
Consider
oz oz 2 2\-2 2 2\-2
xa—x+y5 = X [—(x + Xy +Y*) (2x+y)] + y[—(X +Xy+Yy9) (X+ZY)]
= (X2 +xy+y3) 2 (2x% +xy) - (X2 +xy +y2) 2 (xy + 2y?)
= _(x®+xy+y?)? [sz + XYy + XY + 2y2]
= (X% +xy+y?)? (232 + 2xy + 2y?)
= -2+ xy +y)E (¢ +xy +y?)
= 2(x*+xy +y)??
= -2 +xy+y)?!
= -2z
0z 0z

OX

X—+y— =-2z
oy

2

2 du  du
show that X-+Y_— =tanu

— c1n-1
52. Ifu=sin Sy ox oy
Sol. :
x2 +y?
Given u = Sin? X+y
. x?+y°
sinu =
X+Yy
2
x2(1+(yj ]
X
z=sihy = ———=
x{l+(yﬂ
X
{ 58 |
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS
2
1+ (yJ
_\X/)
1+ (VJ
X
7 = x| Y
X

z = sin uis a homogeneous function n =1

= X

By Euler’s Theorem we have XS—Z + yg =z
X

oy
Consider z=sinu
Partially differentiate with respect to ‘x’

2,
o sosu o
Partially differentiate with respect to ‘y’
0z ou
~, = Ccosu
oy oy
Consider
0z oz
X—+y—
oX oy

xcosu6u+ycosuau i
= =X ~, =sinu
OX oy

ou ou .
cosu | Xx—+Yy— | =sinu
OX oy

ou ou sinu
y_

ox oy ~ cosu

ou ou
X—+Y— =tanu.

oX oy

X_
53. If u=sin™ M show that x 2! + ya—u= 0
\/;+\/§ OX oy

Sol. :

Giventhat u = sin™

s
Sl

g
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e
sSinu = \/;+\/§
Jx - 1—{%}

) ) \/;[1+://—¥J

|
[
|
<1<

1+

z=sinu = xof(—j
X

z =sin u is homogeneous function n = 0.

<]

<

By Euler’s theorem, xE + yg =n-z
oX oy
Xﬂ+ y@ =0-z
ox oy (1)

Consider z =sinu

Partially differentiate with respect to ‘x’

2 _cosu M 2)
x OX

Partially differentiate with respectto ‘y’

oz ou
~, =cosu ..(3)

oy oy
Substitute (2) & (3) in (1)

ou ou .
Xcosu —+ycosu—=20.sinu
oX oy

[ ou 6UJ
cosu | Xx—+y— |=0
OX

oy
Xa_u+y8_u=0
oX oy

g
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UNIT - | DIFFERENTIAL AND INTEGRAL CALCULUS

X+Yy ou ou 1
54, If u= -1 ———— show that X—+y—+—= costu=0
U= cos \/;+\/§ OX yay 2

Sol. :

X+Yy

u = cost———7
KKy

X+Yy
cosu = ——=—+—=
Ky
x(1+yJ
X
z=cosu = ———2
X
Y+X
X
— X1/2
l+—y
X
z = Xllzf(zj
X
. ) 1
Z = cos u is homogenous function of degree 5
By Euler’s Theorem
x 2y 1,
ox oy 2 (1)

Consider z =cos u

Partially differentiate with respectto x and y

a2 _ g, )
o =-sinu ox ..(2)
o _ ;
oy =-sinu oy ..(3)

Substitute (2) (3) in (1)

g
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x{—sinua—u} {—sinua—u} _1
o +y =3 COS U

—sinu x@+ya—u 1
ox oy |~ COS U

X6_u+y6_u 1 cosu
OX oy 2 sinu

NCCIVCURE S
ox ay+zcotU—0

0 0 1 .
55. If U= tan™? [ﬁ} show that Xa—i+ Y—u = — sin 2u.

Ix+4Jy oy 4
Sol. :
. L X+Yy
Given U =tan®
E=xd
X+Yy
tanu = &Jr\/y
X+y
z=tanu = \/;Jr\/;

I
>

7 = X1/2 fLXJ
X

1
z = tan u is homogenous function of degree 5

By Euler’s Theorem

'l 62 ',
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DIFFERENTIAL AND INTEGRAL CALCULUS

By L,
PR vl (1)

Consider z =tan u
Partially differentiate with respect to ‘x

2 ey M )

ox . Sectu ..(2)
Partially differentiate with respectto ‘y’

oz ou

5: sec’ u 5 .(3)

Substitute (2) & (3) in (1)

x| seczu +y sec2uM |1
™ oy |2 tanu

secu xa—quya—u _1
x oy > tan u
ou ou 1 tanu

X—4y— — =22
ox oy 2 sec’u

ou ou 1 sinu
X_

+y—=— 2
10)4 yay 2 cosu 08U

e L
X ay 2 Sin u Cos U

ou  du 1 [sinZu}

X—4y— — =
OX yay T2 2
(L
x oy —Zsm2u.
3 3
+ 0z 0z
— —~1 , _— —=2
56. If Z=sec X+ ShOWthatXax+yay cotz
Sol. :
. X2 +y?
Given z = sec?t
X+Yy
x3+y3
secz = ——
X+Yy
x3+y3
u=secz = ———
X+Yy

g
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u=secz = XZfLXJ
X

u = sec z is homogeneous function of degree 2
By Euler’s theorem, we have

ou ou
X—+y—=2u
oX oy

Consider u =secz
Partially differentiate with respect to ‘x’

ou oz

— =secztanz —
19)4 OX

Partially differentiate with respectto ‘y’

ou 0z
~, =secztanz =
oy oy

Substitute (2) & (3) in (1)
X secztanzg secztang
ox +y oyl = 2secz

oz oz
secz tanz [ X—+y—|=2secz
OX oy

oz oz 2secz
ox ~ o0y = secztanz

oz oz 1
X—+tyY— = 2——
15)4 oy tanz
Xﬂﬂ,ﬂ: 2cotz
ox "oy

(1)

.(2)

.(3)

{ 64 }
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DIFFERENTIAL AND INTEGRAL CALCULUS

X2 +

57. Ifu=lI th tXa—u+ 8_u_1
| u=1og X+Yy prove tha ox yay_
Sol. :
. x*+y?
Given that u = log
X+Yy
x2 +y?
e' =
X+Yy
x2 +y?
z=¢e" =
X+Yy
y 2
2
X {lJ{Xj} 1+(
= = X
X{lJ{yﬂ 1+(
X
1=¢' = xlfLXJ
X

ev is a homogeneous function of degree n =1
By Fuler’s Theorem

W2
ox ~oy 1

Consider z =e"
Partially differentiate with respect to ‘x’

We have Z

@ _
OX OX
Partially differentiate with respectto ‘y’
oz u Ou
—_ — e —_
oy oy
Substitute (2) & (3) in (1)
u au} 4 ou
xje'—|+y|e" —| =1eu
OX oy

ul oou ou u
e | Xx—+y—|=e
OX oy
au aou
X—+y—=1
oX oy

(1)

.(2)

..(3)

g
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X _
58. Verify Euler’'s Theorem for z = Sin-t v tan™

X <

Sol. :

X _
7 = sint 2itanty
X

Consider
X
u=sint—
y
. X 1 y
sihu=_ > —— = —
y sinu X
_y
cosecu = —
X

y
u = cosect —
X

y y
Then, z = cosec™ M + tan™ M

z is a homogeneous function of degree x =0
By Eulers Theorem,

oz oz
X—+y—=nz

0 oy
xg+yg =(0)z

oX oy
xg+yg =0

0 oy

Consider

X 1Y
= gipt|— |+tan | =
2 = s (3]

Partially differentiate with respect to ‘x’

x T

_ y 1 yx?

\/yz—xZy Ty’ X

'l 66 ',
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UNIT - |

DIFFERENTIAL AND INTEGRAL CALCULUS

_ 1 Y
- ,yZ—XZ X2+y2

Partially differentiate with respect to y

F- Pl

By Euler’s Theorem

Xy

Xy

o1 Y x X X Xy
=+ = 4 —
\/yZ_XZ X2+y2 y y y2 —X2 X2 +y2 y2 _X2 X2 +y2 y y2 _X2

x2 +y?

X2y2
59. If u=——— then show that
X“+y

|) Xaz_u+ az_u—a_u
ox? yay2 "~ ox

o%u N az_u_au

ayox Y a2 oy

i) x

Sol. :

g
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u is homogeneous function of degree ‘2’

By Euler’s Theorem

X—+y—=2u

10)4 oy

Differentiate partially with respect to ‘x’

0 ou 0 ou b
— | X— - - | = — 2
ax[ axJJ“ax(yayj 5 (24)

ou,  ou ou o%u
1. —+X—— +y——=
ax 8x OX ox oy

o%u ou - o4 ou
X—F+—+Y =2—
ox%2 ox T.oxoy ox

o°u  d%u ou ou

- tyY—— =2
ox2 yéxay X OX

d%u  0%u au

X—t Yy ——— =—
Ox2 y@X@y OX

Partially differentiate with respect to

ou

x

y

S8} 505)-go
oy\ ox) oy \" oy

26u
6><8y 6y 6y6y oy

62u 6u 6u au

62u Lou yaz
6x8y 6y ay

Zau

oy

(1)

.(2)

Rahul Publications
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UNIT - |

DIFFERENTIAL AND INTEGRAL CALCULUS

X6X8y+y?_25_5 ..(3)
o%u o%u  au

X ty —=—
ox oy oy? oy

Substitute (2), (3) in (1)

, 02U o%u o’u  ,d%
XS ——=+Xy + Xy y =2Uu
ox? oxoy  oxoy oy?
2 2 2
xza—u+2xy ou +y28—l;:2u

ox? ox oy oy

Hence (i) (ii) and (iii) are proved.

g
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‘ Choose the Correct Answers I

oo,
1. Ifz—xyf(x/y)thenxax+yay— [c]
1
(a) © (b) >
(c) 2z (d) z
XY L
2. If sin \/;Jr\/y then the degree of homogenous function is [d]
0 b -
(a) (b) -
2 d =
(©) (d) 3
0z or ) .
3. If z = f(y/x) then x [a—XJ +y [Ej is [d]
(@ 1 (b) 2
(c) -2 (d) 0
- x2+y2j of of
4. If f =sin —x+y thenxax+yay is [d]
(@ f (b) 2f
(c) sinf (d) tanx
2 2
5. If x =r cos ¢, y = rsin then (EJ +(ﬂj is [a]
OX oy
@ 1 (b) r
() -r (d) -1
6. If f(x,y) is homogenous function of x and y of degree n. then [a]
of  of of o _
(@) xax+y5—nf (b) yax+xay—nf
a + a = d) N
(C)Xax yay—n (d) None
7 If z=log(x? + y?) th @_'_ﬂ [
. z = log(x? + y?) then x ox T oy is [a]
f?
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DIFFERENTIAL AND INTEGRAL CALCULUS

(@ 2 (b) 1
() 3 (d) 4
0
8. Ifuzyxthen&uis [b]
(@) xy* (b) y*logy
() y*logx-1 (d) yx~*
ou ou
9. If u is a homogenous function of x and y of degree n then x x +y 5 is [c]
@ n byn-1
() nu (d n(n-21u
. o%u o%u _
10. If u be a homogenous function of degree n then X67 +y oy [b]
ou ou
(8 n— () (-1) 5,
ou
() (n+1) x (d) None
(7\
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‘ Fill in the Blanks I

dy
L. dx

o%u

2. u=ex then — =
ox?

3. First order partial derivative of tan™ (x +y) =

4 fz=tant o then 224 O
. = - + — =
z = tan™ (y/x) then o oy
) oz 0%z , 0%z _
5. X o + 2xy oxdy + vy _8y2 =
6 If u = sin"*x then L
. u=s pvl

7. The domain of the function f(x,y) = log (x+y) is
8. Second under derivation of e*y =

3+ 3
9. Ifz = then the degree of the function is
10. 7= cosxy then — =
. Z=cosxy then — =
ANSWERS
_fX
1.
fy
2 exy
1
3. l+(x+y)2
4. 0
5 nn-1)z
-1
6. V1+x?
7. {(xy):0<xx+y}
8. ey
9. 2
10. -ysinx
f?
Rahul Publications =
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Theorem on Total Differentials - Composite Functions - Differentiation of
U N |T Composite Functions - Implicit Functions - Equality of fxy(a, b) and fyz(a, b) -
Taylor’s theorem for a function of two Variables - Maxima and Minima of functions

of two variables — Lagrange’s Method of undetermined multipliers.
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IS EEEEEEEEEEEEE]

2.1 THEOREM ON ToTAL DIFFeEReENTIALS - COMPOSITE FUNCTIONS -
DIFFERENTIATION OF COMPOSITE FUNCTIONS

State and prove composite functions.

Statement :

Let z=(X,y) .. (1)
X = ¢(t) .. (2)
y = ¢(t) - (3)

So that x, y are themselves functions of third variable ‘t’ equation 1, 2 & 3 are said to

define z as a composite function of ‘t’.

Differentiation of composite functions

Let z =1(x,y)

Possess continuous partial derivatives and let x = ¢(t) y =o(t)
Possess condition derivatives. Then

dz_az.dx az.ﬂ

dt ~ ox dt oy dt

Sol :

Let t, t + At be any two values
Let AX, Ay, Az be the changes in X, y, z consequent to the change At in t,
We have
X+ AX= §(t + t); y + Ay = o(t + At)
Z+ Az = f(x + AX, y + Ay)
Az =f(X + AX,y + Ay) -z
Az = f(x + AX =y + AY) — (X, y)
Adding & Subtracting f(x, y + Ay)
Az = [f(x + AX, y + Ay) — (X, y + Ay) + f(X, y + Ay) — f(x,y)]
Az = [f(x + AX, y + Ay) — f(x, y + Ay)] + [f(x, y + Ay) - f(x, y)]
By applying legrange’s mean values theorem to the two difference on the right and obtain.

Az = Axf, (X + 0, AX, y + Ay) + Ay f (X, y + 6, Ay)

L3
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Divide At on both sides

E—&f + 0, AX, y+ A +ﬂf +0, A 1

Let At > 0 SothatAx + Ay = 0
because of continuity of partial derivative,
We have

lim f(x+ 0 Axy+Ay)=f(xy)=g
(Ax,Ay)—(0,0) 'x 1 8% X\ X

lim a
a0 KXY + 6, Ay) =1, (x, y) = oy

by (1) become

dz 6z dx Oz dy

dt T ax dt T oy dt
2.  Find dz/dt when
zZ = Xy? + x?y, X = at? & ty = 2at verify by direct substitution
Sol :

X = at}, y=2at
Derivative with respectto x & y

K gar; =
gt ~ g T4
We know that

d _ oodx @ dy
dt ox dt oy dt
= (y* + 2xy) (2at) + (2xy + x°) (2a)
Since y =2at & x = at?
= [(2at)? + 2 (2at) (at?)] (2at) + [2(at?) (2at) + (at?)?] 2a
= (4a’t®> + 4a%t®) 2at + (4a’t* + a?t*) 2a
= 8a’t®* + 8a’t* + 8a3t® + 2a3t!

= a’[16t® + 10t‘]
again

z = Xxy?+x%y
= (at?) (2at)* + (at®) (2at)
= (at’) (4a°t?) + (a® t*) (2at)
= 4a°t"' + 2a°P°

g
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

dz
at =44a°t* +5.2a% t*

=16a°t® + 10a°t*
= a®[16t® + 10 4]

hence the verification

3. Z is a function of x & y. Prove that if,

X=¢e'+eY, y=el-e

Thep P2_ 02 _ oz 0z
Mou" v “ox Yoy

Sol :
X =e'+ev; y=e'-¢
OX u oy
— =€ — = _ge
ou ou

z as a composite function of u, v
We have

— = gu— ——g-u . (1)

a_ o, @ )
av——axe—aye .. (2

Subtract (1) - (2)

0z 0z oz 0z oz _y 07 y
— - = ¢ V| -——¢e ——¢
ou ov o OX oy

01 0z Fovd 01

= _eu_ —e—u +_e—v+ —ev

X oy X oy

—J Rahul Publications
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o o oz 0z
au - ax Yoy

4. H is a homogenous function of x, y, z of degree n, prove that x

Sol :

H is a homogenous function of x, v, z
then we have

z
where u= X,—
X' X
oH of 6u+6f ov
ox T XTHIU V) X B o T o
ou -y ov_ —Z
ox — x2'ox  x2
Then
oH of of
_— = n-1 _ yn-2 —_—t 77—
o nx"*f(u, v) — x [yau 8v}
oH o ou o ov
oy — Xlou oy ov oy
a1
y  x' ooy
oH of 1 of of
—_— = 1 _ — yn-1 —
oy X[@u X+av(0)} Xt
S I I a_H_ n—la_f
imilarly =X o

Consider

_ of of
X —+ — +72— = x| nx"(u,v -2 T + yxmt
. { (uv)=x"*y = av} y

aH oH
~ +
ay Z =nz

of of
—u+zx”'1— =nz

ov
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

oH oH oH
5. HTH=f(y-z,z-%x,X-Yy)P that — + — + — =0
Yy-2z,2-%XX=-Y) roveaax o o2
Sol :
Let u=y-z, v=2-X, W=X-Y
H = f(u, v, w)
h is a composite function of x, y, z
we have
OH_ oHau oH v oH ow
oX  ou ox oV Ox oW Ox
o ow
ox T oax T oax
oH_oH o oH M .
oH 6H au  oH v oH ow
- = — — 4+ — — 4+ — .
oy ou oy v oy  ow oy
Partial different with respect to ‘y’
ou
Sog, Yoo M=y
oy oy oy
oH

_OH oM L H
M _aH o )
o T ou ow - (2)
oH _oHou oHou oHow
oz du oz o v ow oz

Partial different with respect to z

o aw
oz~ T ez T oo
oH oH oH

oH _oH oH oH
2 - w0+ 5 0

OH_ -0H oH 3
6z du ov - ()

L)+ @)+

oH  oH oH 6% 6% oA 6% o ag
-+ — + — =- + + - - +
oX oy oz u u

H, MR
X oy oz

' 77 | .
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B.Sc.
I 2.2 ImpPLICIT FUNCTIONS I
6. Define Implicit Function
Sol :
Let f be a function of two variables since f(x, y) =0 . (1)
We can obtain y as function of x, the equation (1) defines y as an implicit function of x.
Assuming that the conditions under which the equation (1) defines y as a derivable function of x are
satisfied.
. dy  d%y . A
We shall Now obtain the value of == and — in terns of the partial derivatives —, =5, —,
dx dx? X' oy’ ox?
2 2
OO ot
oxoy  oy?
with respectto x & y
Then
dy —of / ox i .
d_X_ ﬁf/ﬁy = fy |ffy¢0
2 2
2y e (f,)" - 26, +1 2 (f)
dXZ - 3
(%)
d? 2,2
7. Prove that if y® - 3ax2+ x® = 0 then —)2/ + Za_sx =0
dx y
Sol :
yi - 3axt+x32=0
Yy = 3ax®-x3
Differentiate with respect to ‘x’
3y2d_y =y?=3ax®-x3
dx
Different with respect to ‘X’
3 A Bax — 3x?
Yoax =
dy _ 6ax-3x?
dy  2ax—x?
dx y2
e )
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DIFFERENTIAL AND INTEGRAL CALCULUS

Again, different w.r. to x

d2y y2(2a—2x)—2y(2ax—x2)g—§
dx? (y2)2
(2a—2x)y2 —2/(2ax—x2)[2a);;xz}
B 2(a—x)y3—2(2ax—x2)2
- yt-y
2(a—x)y3 —2(2ax—x2)2
2(a—x)(3ax2 —x‘°’)—2(2ax—x2)2
d’y —2a’x?
dx? ~ y°

Sol :

au

If u=x*-y?, x=2r-3s+4, y=-r+8s-5 find or

Given
u=x*-y? Xx=2r-3s+4, y=-r+8s-5
Different with respect to ‘r’

u_ ouox oy

a T x o Ty e
Consider x=2r-3s-4; y=-r+8s-5

a_x_z;ﬂz_l 1. If u =y then

or

oX

L)
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Consider u=x2-y? dy
o ) au ) 10. Find ™ forxsin(x-y)-(x+y)=0
- = X, . = = y
o % Sol :
u Given,
o = 2@+ 2y Xsin(x-y)—(x+y)=0
—fx
Z—l: =4x + 2y with respect to j—i :F
9. If z= (cosy)/x and x = u?2 -v, y = e". f(x,y) = xsin(x-y) (x +y) =0
0z xsin(x-y)=x+
Find - =) y
. X+y
Sol - sin (<-3) = =
Given Partially different with respect to ‘X’ & ‘y’
__ cosy o . _ o
z= T T X=w-v y=e =
=xcos(x-y) (1) +1lsin(x-y)-1
a_ax oy = x 008 y>(+). (ly>
v - x ov Ty ooy =Xcos (X-y)+sin(x-y)-
Consider fx = a
j— 2 — AV ay
X=Uw-v, y=e
=xcos (X-y) (1) + 0.sin (x-y) - (1)
oX oy
— = _ — =gV =-xcos(x-y)-1
~ 1, 5, =e x-vy)
=—[xcos (x-y) + 1]
__ cosy
T A
Tdx f
= ool y
— = cosy| 3
OX X —[ xcos(x—y)+sin(s+y)-1]
o -siny - —[xcos(x-y)+1]
oy X
xcos(x—y)+x+y—1
oz -1 —siny = X
v = ooy Lz |G+ T () xcos(x —y)+1
_ cosy e'siny _ X?cos(X—y)+X+y—X
x?2 X x2 cos(x —y)+X
Since y = ¢’
_ x2 cos(x—y)+y
oz cosy —Xy siny =
PV — X~ cos(X —y)+X
— |' 80 ,'
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DIFFERENTIAL AND INTEGRAL CALCULUS

11.

Sol :

Ifu= (x+y)' = 2 2 = 2g), find
u= 1-xy ; X =tan (2r-s?), y = cot (r?s), fin
Given,
X+Yy
u= 1-xy

X =tan (2r — s?), y = cot (r* s)

a_ ok udy
0s  OX 05 oy os
Consider
X = tan (2r — s?)

Partial different with respect to ‘s’

oX
= = sec? (2r — s?) (- 29)
= —2ssec? (2r-5?
Consider
y = cot (r? s)

Partial differentiate with respect to ‘s’

Q — 2 2 2
5 — COsec (r?s) (r?)
= —r?cosec? (r?s)
Consider
X+Y
u= 1-xy = x+vy).(1-xy)?

-1
= (x+Y) [—(l_xy)z] (9 + @-x) (@)

6_u — _—l(—X) -1
i T R CRE

Consider

o _ o ox | uy
05 oxX o6s Oy 0s

g
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— _x+y[(1_xy)2}(—y)+l_lxy] (=25 sec? (2r —s?) + X +y [(l__iy)z(—x)+l_lxy] (—r2 coS ec2)(r25)]

__ 1 +y(X+y) 2 2 X(X+y)+ 1 2 2 (2
= |1-xy (1—xy)2 [(-2 sec? (2r - s?9)] + (1—xy)2 1oxy [(-r? cosec? (r* s)]

2 %2 1-
= 1_ﬂ+%y/+y }[—ZSSECZQZI’—SZ)+ . +/W/+ }W/] [(= r? cosec? (r? s)]

= 2
(l—xy)2 (1-xy)
(l+y2 (l+x2)
=7 5 —(2s(sec® (2r—-s?)) + —5 (- r? cosec? (r*s
(g~ B @SN+ o ()
ou 1
P W[ (~ 2s) sec? (2r — %) (1 + y?) —r? cosec? (r*s) (1 + x?)].
2
12. If x5+ y5 = 5a2 xy, Find d—g.
dx

Sol :
Given,
X° +y°* = ba’xy
We have

2
a2y —[fxz (f)" = 2fhefy 12 (fx)z}

o (4)

Consider
x> +y*> =5a’xy

f,= 5x*-5a’y
f2 = 20x3

f,= 5y*-5a°x
2 = 20y°

0
— - — 4 _ §a3
f= yox 0 (5x* - 5a®y)

: 82 ',
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UNIT - 1I DIFFERENTIAL AND INTEGRAL CALCULUS
2y |2 (vt et s 20y (s -5y ) - 25" (5! - say )5y ~5a |
dx* E% —5a3x)3
—[20x3 (25y® + 25a°%2 ~50xy 2 )} +10a°[ 25x*y* - 25a%° — 25a%)° + 25aCxy |+ 20y* [ 25x° + 2522 - 50a’x%y |
- )
~ —[125(4x3y8 +42%5 —8a®"y* +4x%y? ) + 42y — Ba®xy* - 22°%® + 2a%xy* - 22% 2a9xy}
- 125(y4 —a3x)3
—[4(x3y8 +xPy%) ~14a%xy? + 22° (26° +2y° - x® —y® )+ 2a9xy]
} (v %)’
~ —[4x3y8 +4xBy® - 20a°x %y +6a’x"y* +2a° (x7+y° )+ 2a9xy]
(v %)’
[4x®y? [(y5 +x° —Baxy)+6ax'y? +2a% (x° +y° ) + 2a9ny
} (v -]
—[6a3x4y4 +2a° (5axy) + 2a9xy]
(v -a*)’
—[6a3x4y4 +10a%y + 2a9xy}
R
“[6a3x4y* +12a%y |
T e
[ 6axy(x?y? + 22° )
T e
[ 6a®xy(22° + x3y3):
)
a2y 6a3xy(2a6 +a3y3)
N

g
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Xy

13. Ifu=tan™® > > |, Then Show that
VI+X+y

Sol :

o= | =
V14X +y

Partially differentiate with respect to ‘y’

1

Xy

2
14| ——
J1+x2 +y2

(1+x2 +y2)x

_y2 N 1
1+x2 +y? +x%y? (1+X2+y2)% 1+x2

- (l+y2)+x2(l+y2) Ll+x2+y2)%

_ 2X 5 -y? (14 %2 +y? ¥
o Rl (142 +y?) }

X _—y[+l+x2+y2/
= (l+x2)(l+y2) )%

(l+x2 +y2

X l+)(z/
- (1+%)(1+y2){(1+x2+y2)%

X

J1+x2 +y2 (1+y2)

au
oy

g
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UNIT - 1l

DIFFERENTIAL AND INTEGRAL CALCULUS

Consider

o%u

oX oy

o%u

oX oy

0

X

ox \/1+x2 +y2 (1+y2)

1 || x
1+y? _5X \/1+x2+y2
1 |x. -1 o)t (1
1+y? 2(1+x2+y2)%( ) \/1+X2+y2( )
1 —x2 N 1
1+y? (l+x2+y2)% J1+x2 +y?
1 —)/+1+)(Z+yz/

1+yz/ (1+X2+y2)?/2

1

(l+x2 +y2

)%

14. Ifz=xy f(%] and z is constant. Then show that

Sol :

f'(y/x x(y+xy")

)
f(y/x) = y(y—-xy')-
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z is a homogenous function of degrees ‘2’
By Euler’s theorem we have

oz o
Xar+y6y =2z

Consider

7= xyf[%}

Differentiate with respect to ‘x’

_ol[Y) |y, 1 dy Y., 4y Y1
= 0—xyf[XJ[X2+X X}+f£XJ de+y "
y)|l-y, K ldy y | dy y

_ J X 2 22 24 gL —

_xyf[XJ x2+xdx}+Xf[xJ ™ + Y [XJ—O

- -

(Y d
f ay
N (Xj — de+y
f(y y[—y+xdy}
X X d
(Y dy
£l L =
j X xdx+y

< |x<

~—— I\ ‘</ N—
X

x

d
15. Find & for (cos x)Y — (siny)*=0

dx
Sol ;

Given,
(cos Xy — (siny)*=20

dy _
dx fy

of

f, = x
do the partially differentiate with respect to ‘X’ & ‘y’

with respect to

= 86 ',
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DIFFERENTIAL AND INTEGRAL CALCULUS

of
OX

Q|2

dx

dy
dx

f. = y(cos x) ! (- sin X) — (sin y)* log(sin y)

—y (cos x)~* sin x — (sin y)* log (sin y)

f

y

(cos x)¥ log (cos Xx) — x(sin y)*~=* (cos y)

_[—y(cosx)y_1 sinx —(siny)" log (siny)}

X—.

(cosx)” log (cosx) —x(siny)* ™ (cosy)

y(cosx)’*sinx +(siny ) log (siny)

(cosx)” log (cosx)—x(siny)* ™ cosy

(cos)” {ysmx +logsin y}
coSX

(cosx)’ {Iog (cosx) - Xcosy}

siny

ysinx +logsiny cosx
COS X

log(cosx)siny —xcosy
siny

siny[ysinx +logsiny cosx]

cosx[siny logcosx —xcosy]

. dy
16. Find ™ for x¥ = y*

d
Sol :

= y* = Xy_yX:0

Partially different with respect to ‘X’ & ‘y’

OX

fe=yx* -y*logy

g
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of Treating y as constant
5 =f, = x’ logx — xy** oF
oz —F _oX
dx fy ’ 0z
1 Treating ‘X’ as constant
[y -y logy |
= oF
xY logx —xy* ! a R “oy
vl x oy — F = oF
—[yx -y logy] o
N x-1
[ X* logx-+xy J 18. If f(x, y) = 0, ¢(%x, y) = O show that
_ yxYxt—y*logy a_f.@.ﬁzg—f-@
Xy 'y—l _xY log x oy 0z dx X oy
Since x¥ = y* Sol :
_yyxtoy*logy Given,
XyXy—l _yX IOgX f(X, y) = 0’ ¢(y’ Z) = 0
dz _ dz dy
o] o =
B 1_ dy
/ Xy —logx _ ay _
[ } fx,y)=0 = dx fy
%—Iogy o
- v oX
5—Iogx = of
d oy
y —X logy dz by
= X oy, 2) =0 dy = ez
X —y logx
X 0
dy _ y(y-x logy) _ gy—d)
dx X(x -y logx) =
0z 0z .
17. If F(x,%,2) =0, Find — 5. Consider
dz _ dz dy
Sol : dx ~ dy dx
Given,
0% —of
F= (x,y,2)=0 N ox
a as function of x, y. - op of
ie., 2= F(xy) az oy

g
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

% o
dz — OX OX
dx 8 of

oy o

19. |If A, B, C are angles of triangle such that sin? A + sin?B + sin?C = constant prove that

d_A_ tanB-tanC
dB  tanC-tanA’

Sol :
Consider
sin C =sin (m - (A + B))
sinC =sin (A + B)
Let
f(A, B) = sin? A + sin?B + sin?C — constant
= sin? A + sin? B + sin? (A + B) — constant
fA((A, B) = 2sin Acos A + 0 + 2sin(A + B) cos(A + B)
fo (A, B) = 0 + 2sin B cos B + 2 sin (A + B) cos(A + B)
dA  —f3
[N

[Zsin BcosB + 2sin(A + B)cos

(A+B)cos(A+B)]

[25inAcosA +2sin(A+B)cos(A+ B)]
(A+B)cos(A+B)
)cos(A+B)

-2sinBcosB - 2sin(A+B
—2sinAcosA-2sin(A+B

COosS

CcOos

—sin2B-sin2(A+ B)
—sin2A —sin 2(A+B)

—sin2B -sin2C
—-sin2A-sin2C

—cosA[sinC cosB —-cosC sinB]
—cosB[sinA cosC—cosA sinC]

cosA sinB cosC-cosA cosB sinC
cosA cosB sinC—sinA cosB cosC

tanB —tanC
tanC —tan A

' 89 |
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. ; cos 0z
20. if z= S'nu, u= _y V= C?SX.Find -
cosv sinx siny OX
Sol :
Given that
_ sinu __ cosy _ COSX
2= Cosv' YT Sinz t VT siny
a_aw aw
OX AU OX oV X
Consider
__ cosy
U= sinx
Then
u _ of_ 1
ox - 99Y ¢ Usinx
ou
o cosy (- cosec x cot x)
Consider
COS X
V= siny
ﬂ: (—sinx)(,ij
ox siny
Consider
_ sinu
2= Cosv
oz 0, . 1 cosu
- = —(smu)- =
ou ou cosVv cosVv
a_ o1
ov - MU S Lcosv
= sinu (secv-tanv)
Now,
a_ o aw
OX  O6u ox oV OX
__ cosu ) sinx
= sy (—cosy-cosec xcotx)—sin u (secv-tanv) siny
' 90 }
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

—cosu 1 cosx . 1 sinv sinx

= ‘COSY - ———— —-sinu : C—
cosV sinx sinXx COSU CcosV siny
—cosu 1 cosx . 1 sinx

= -COSY - ——— -sinu —— ——
cosV sinx sinx cosu siny
—cosu sinv  sinX

= -u-cotx -z —
cosV cosv siny

—ucotxcosusiny —zsinv -sinx

cosvsiny
oz —(ucotx-cosu-siny +zsinv-sinx)
OX cosv-siny

. d%y
21. find —5 for x® + y® = 3axy
dx
Sol :
Given,

x3 + y3 = 3axy

2
a?y —[fxz(fy) —2fyxfxfy+fy2(fx)2}
2 = 3
o (%)
Consider

xXX+y*=3axy = x®+y?-3axy

here

f.= 3x?-3ay

2 = 6x

f, = 3y?-3ax

fyz == 6y

C of o

"= gk 6y(3x - 3ay)
=0-3a
= -3a

g
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—{(Gx)(Sy2 - 3ax)2 - 2(—3&1)(3x2 - 3ay)(3y2 - 3ax)+ (6y)(3x2 - 3ay)2}

3y? — 3ax °
( )

—[6x[9y4 +9a%x? —18axy2} + 6&1(9x2y2 —9ax® —9ay® + 9a2xy) + 6y(9x4 +9a%y? - 18ax2ﬂ

3y? — 3ax °
( )

—[54(xy4 + 223 —2ax2y? + ax?y? —%—%+ adxy + x%y +9;f’(— 2ax?y? )}

3y? — 3ax °
( )

—[54 (xy4 + x4y — 3ax2y2 + a3xy)]

3y? — 3ax °
( )

—[54(xy(y3 +x3 - 3axy + ag)):|

3y2—3ax :
( )

—54[xy(y3/+x3/—x8/—y3/+a3)}

27(y2 - ax)3

= 2
dx? (y2 —ax)
d2y
22. Find —5 If x® +y°*=5a°x?
dx
Sol :
Given,

X*+y=5a’x’ = x°+y -5a’x*=0

2
ny —[fxz(fy) - 26y b, +1 2 (fx)z}

o (4)

(92 }
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UNIT - 1l

DIFFERENTIAL AND INTEGRAL CALCULUS

Consider
f

X

5x* — 10a3x
20x3 - 10a3
5y*

= 20y?
0

—[(20x3 ~10a°)(5y% )~ 2(0)(5x* ~10a°x}(5y* )+ (20y)° (5x* —10a3x)2}

(sv*)

—[(20x3-—1Oa3)(25y8)4—80y3(25x8—+20a6x2-—100a3x5)]

(o)

_125(4x3y8 - 2a3y8 +4x8y3 +16a6x2y3 —16a3x5y3)]

125y12

“[4x3y® 1 4x8y3 — 20a3x5y3 + 4a3x5y3 — 2a3y8 + 16a6x2y3]

y12

[ ax3y3 (y5 +x° —5a3x? ) +6a3x°y® - 2a3x%y® — 2a3y® + 16a2x2y3]

y12

[ 6a%x5y3 - 2a3y3 (x5 +y° ) +16a6x2y3}

) y12

—|6a3x® - 2a%y?3 (5a3x2)+16a6x2y3}

y12

“[6a3x5y3 —10a5x2y3 + 16a6x2y3]

y12

“[6a3x5y3 + 6a6x2y3}

y12

[ 6a3x2y3 (x3 +a’ )]

y12

y® [6513x2 (x3 +a’ )]

y12

—[6a3x2(x3 +a3)]

y9

g
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23. Ifthe curves f(x, y) = 0, ¢(X, y) = 0 touch each other, show that at the point of contact
of o6 _of 56 _g

ox ay oy ox
Sol :
we have f(x,y) =0
o ddy
OX * oy dx
of
dy _ ax
dx @ . Q)
oy
also we have ¢(x,y)=0
% , ab dy _
oX oy dx
a9
dy _ ax
= ax a0 .. (2
oy
At the point of contact, the slope of tangents to both curves must coincide, Then from (1) & (2)
Lo o
OX _ _0oX
o = o
oy oy
op of _ o %
oy ox Oy oXx
o o _db oA _,
ox oy OXx oy '
d? -a
24. Ifx\/(l—yz) +y\/(l—X2) = a show that. —)2/ = —3/
dx (1—x2) 2
Sol :

Letf(x,y) =x1-y? +y1-x2 —a=0

o = 1 (1)

_ O O 1oy T
fX_ aX_ax[x\/l y+y\/l X a]

{ 94 )
Rahul Publications —J
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_ 1 yX
L= 1oy +y e (2 =iy - 2=
[x—\/l—y2+y\/l—x2—a}

1
= X'Z oy (—Zy) + J1-x?

:> — —
dx _
[ Xy 4 l—xz}

Differentiate the above equation both the sides with respect to ‘X’

s Yoy L (L
dzy Z/Il y( )dX 1-y Z/ll_xz( ’2/)

dx? ( /7(1_)(2))Z
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=y
N :y\/l—xz—x\/l—yz
i) el

—[yx/l—x2 +x\/l—sz
(1))

dx? (1_Xz)%

25. Ifuandvare functions of x & y defined by x=u + eVsinu, y=v + e~ cos u. Prove that

ou v
oy  ox’
Sol :
X = u-+evsinu y=v+evcosu
aX 1 -V’ Q — AV 1
av—smu(—e) au—e(—smu)
1
x=_"1
v sin u(e‘“)
n_ 4 u__
X  sinue™ oy  eVsinu
a_ov
o " ox
2.3 EQuALITY OF F (A, B) AND F_ (A, B) I

26. Define Equality of f, (a, b), f,,(a, b).
Sol :

If has been seen that the two repeated second order partial derivatives are generally equal. They
are not, however, always equal as is shown below.

f,(a+h,b)-1f, (ab
We have f, (a, b) = r!imo y( r? y( )
—

f(a+h,b+k)—f(a+h,b)
k

also, f,(a + h, b) = |!imo
N

= 96 ',
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

o b= Iliinof(a,bJrklz—f(a,b)

o o(hk)
= | I
fy(@. b) hlino klgg) hk

f,(a b)= limlim flarkb+k)-f(a+hb)-f(ab+k)+f(ab)

h—0k—0 hk

= Iimlim¢(h”k)

h—0k->0  hk

It many similarly
show that

. . ¢(h,k)
= | lim ——~2
f(a, b) klino hlino hk

27. Prove that f, (0, 0) «f,(0, O) for the function f given by,

Xy X2_y2
f(x,y) = %; (x,¥) # (0,0) &(0,0) =0
XS +y

Sol :

fis a function given by

xy(x2 _yz)
f(x, y)= W; x,y) = (0, 0)

As we know that

f,(a+h,b)-f,(ab)

o=

h
where
. f(a,b+k)-f(a,b
o= g e
- f,(0+h,0)-f,(0,0
(0, 0)=hng10y( g ¥(0.0) . (1)
where
f(a,b+k)-f(0,0
0= g0 1100
_ im f(0,k)-0
k—0 k

g
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here
f(h,0)-0
xy(x2 _yz) h—0 h
, o IhILr(]) h2-0
£(0, 0) = IimM
A k—0 0+k2 — 9 =0 (5)
£(0, 0)= 0 . (2 h
and consider by (1) 0.0+ k) = (0, k)
o iim [(1:07K)=f(n0) _ i [0+hk)-1(0k)
Since hk(h2 B k2)
lim ———*
_f(a,b+k)-f(ab) = 150 h(R2 L 12
= lim -0 h(h“ +k
i@ b) k—0 K ( )
_f(h,k)—f(h,0) k(0-K?)
= lim————~ —
) K (0,0 + k) = okl
lim nk(n ) I S ©)
~ ko0 k(h® 417 K2 T
Sub (5), (6) in (4)
hK (h? —k? k-0
_ Iimg f,(0, 0) = I!ImT =-1
= 50 }(/(h2+k2) " —0
us,
h2_o f,(0,0) = 1 # -1 =10, 0).
f(h,0) = h| —
h"+0 28. Show that f,(0, 0) = f,(0, 0) where
h3 f(x, y) = 0 if xy = 0, f(x, y) = x*tan™*
— =h .. (3 X
2 ®) %—yz tan-ly ifxy = O
Let (2), (3)in (1) Sol
. h-0 i
h-0 h f(x,y) =0ifxy =0
=1
X
Consider f(x, y)= x? tan™* % —y?—tan™ ;
. £ (0,0+k)-1,(0,0 i
(0, 0)= |!|Lno s |2 8 ) -4 we have Py 70
_f(0+h,0)-£(0,0) __f(0+h,0)-1,(0,0)
— = |
H0.0= fim T w0.0=
— ( 98 }
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fy(h, 0) = lim

_ jim L[ h2tan X k2 ganth
k—0 Kk h k

=]
_ lim|n| BRIt
k—0 k/h k

t
= h.l_o[fortan'lz — last » 0]

— lim tantM =
k—(0,0) k 2

_ im tan D _ o7
k—(0,0) k 2

f(0,k)-f(0,0)

f(0,0) = lim—————2~=0
/0. 0) k—0 k
0. 0)= h-0 h

we many similarly show that
f(0,0)=-1
f,(0, 0) = f (0, 0).

29. State and prove Equality of f,,and f, .
Statement :
If f(x, y) possess continuous second order partial derivative f,) & f,, then f,, =1 .
Proof :
f(x, y) possess continuous second order partial derivative f,, & f,, .
Consider the expression
oh, k) =f(x + h,y +K)-f(x + h,y) = f(x, y + k) = f(x, y)
Let o(x) = f(x, y + k) - f(x, y)
ox+h)y= f(x +h,y +k)-f(x + h, y)
Then
o(h, k) = o(x +h) - ¢(x)

|l 99 ',
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By legranges mean value theorem
o(x+h)—o(x)
h
(X + h) — o(X) = he'(x + 0y, h)
e'(x) = f(x, y + k) - f(x, y)
oh = K)=h[f,(x + 06, h,y + k) - f(x + 0, h, y)] .. (1)
Again applying the mean value theorems to the right side of (1)
¢(h, Ky =hkf,(x+6, h,y+6k 0<6,<1

=¢x+0,h) 0<0,<1

Thus,

o(h,k)
hk

=f,(x+ 06, h,y+ 6,kK)

Again considering
F(y)= f(x + h, y) = f(x, y) in place of ¢(x)
o(h,k)
hk
f (x + 6:;h, y + 0,k) =f (x + 6;h, y + 0,k)
Let (h, k) = (0, 0)
Then because of the assumed continuity of the partial derivatives we obtain
fx: y) = £ y)

fe =ty

=f, [x+06;h y+0,K]

I 2.4 TAYLOR’S THEOREM FOR A FUNCTION OF TWO VARIABLES I

30. Define Taylor's theorem for function of two variables.

Sol :

If f is possesses continuous partial derivatives of the third order in a neighbourhood of a point
(a, b) and if (a + h, b + k) be a point of this neighbourhood, then there exists a positive number 6 which
is less then 1. Such that

fla + h, b + k) = f(a, b) + [h f(a, b) + k f(a, b)] + %[h2~fxz (a,b)+ 2kh fy, (a,b) +k°f , (a,b)]

1
57| 2 (Uv) £ 320 (V) +30KEE, (V) 4Kk, (V) ]

31. State and prove Taylor’s theorem
Statement

If f possess continuous partial derivative of the third order in a neighbourhood of a point
(a, b) and if (a + h, b + k) be a point of this neighbourhood then there exists a positive
number 6 which less than

= 100 ',
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@m”b+m=ﬂa+m+nm@¢»+kw+mu&m]+§ﬂwk@m+%m@bﬁwvﬂad

+ % [h3fX3 (uv)+ 3h2kfyZX (uv)+ 3hk2fXzy (uv)+ k3fy3(u,v)]
Proof :
When u = a + 6h, v ="b+ 0k
z=f(x,y)andx =a+ ht,y = b + kt
So that z is a function of t which one denote

by g(t)ie., z=g() =f(x,y)

'H=f d—X+f &
g =& y) 4 LY

=a+ ht d—X—h
X=a = Gt
=b + kt d—y—k
y= = dt

= g)= hf, (x, y) + kf (x.y)

: dx dy dx . dy
g'm= h|:f>(2 (X’y)a”yx(X,Y)E} + K {fxy(X,Y)aJrfyz E}

= h[fXz (x,y)h+f, (x,y)k] + k[fXy (X,y)+fyz (x,y)k}
= h?f, (x, y) + hkf, (x,y) + hkf, (xy) + K. (x,y)
= h2f. (x, y) + 2hkf (x, y) + K2 = T2 (x, y)

dx dx dy dx dy
m — f i f -7 f et f uy
g"(t) = h{xa (x.y) T yXz(x,y) dt} + 2hk{xzy(x,y) ot (x,y) dt}

dx dy
+ k{fxyz (X,Y)E”ys (X,Y)E}

= hZ[fX3 (x,y)h +fyXZ (x,y)k} + 2hk[fXzy (X,y)h+fXyz (x,y)k} + |<2[fXyz (x,y)h +fys (x,y)k}
=hfs(x, y) + htk T2 (x, y) + 2h%k T (x, y) + 2hK? T2 (x, y) +Kk2h 2 (x, y) +K3Ts (x, y)
= h*fs (x, y) + 3h%k T, (x, y) + 3hk2f . (x, y) + Kf: (x, y)

' 101 |
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Now we have

2 3

g(t)=g(0) + t g'(0) + %g"(O) + %g"'(et) 0<o<1

1 1
9(1)=9(0) + g(0) + 3,9'0) + 5,(6)
Then we have

fah, b+ k)= f(a+b) + [nf(a b) + kf(a, b)] + %[hZfXZ (a.b) + 2hkf, (a,b)+K*, (a,b)]

+ % [hsfxs (uv)+3nh?kf, (uv)+3hk*f, (uv)+k* (u, v)}

Where u=a+0h, v=b+0k0<0<]1.

32. Write another form of Taylor’s Theorem

Sol :

Consider (x, y) i.e., fis a function of two variable x, y, then Taylor’s (theorem) series of expansion
of f(x, y) at the point (a, b) interms of (x —a) & (y — b) is given by

f(x, y) = f(a, b) + {(X—a)a%ﬂy—b)%} f(a, b) +%{(X—a)§x+(y—b)%} f(a, b)

1 d o7
+ 3 {(X—a)a—x+(y—b)5} f(a, b)

1 0 N
+oet (n=1)) X—a— +(y- )5 f(a, b) + R,

where R denotes the reminder term given by

= %f(a+(x—a)6,b+9(y—b))

Simplifying, we get

2 & & &

) = fla, B) + |2 5005 e, b) + |-ty w2y )

1 3 3 3 3

+ 3 {(X—a)saia+3(X—a)2(>’—b)a:;ay+3(x—a)(Y—a)2 0y +(y—b)3§y3}f(a, b) + .....

= 102 =
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

T
33. Expand sin xy in powers of (x —1) of (y —E] upto second degree term.

Sol :
Here f(X, y) = sin xy

f[LgJ =sin(1) 5 =1

a_ i
o = Y COSXY o = —y?sin xy
of o2f .
— = XCOSXy; <, =-Xx’sinx
oy \ 8y2 y
A COS XY — Sy sin xy
oxoy -
T
At the point laj
T ™ s = =
x g sW5 =
%:1 cos(1)= =0
2
2 T\ . e 12
o°f m
= _ (1) i — = _
o2 1) sm(l)2 1

B~ ocos) ® o1 % sin() *

0-Zsink
2 2
hence by Taylor's theorem

o) = (1520 % (SR (u5 o5 et Szt o-5 o [y-5 e

sinx = 1+ {(x—l)-0+(y—g)-0}+;{(x—l)z[xj]+2(x—l)(y—g)~gv{y—:jz(—l)]
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34,
Sol ;

n = 3, The Taylor's theorem is

Obtain Taylor's formula for f(x, y) = cos (x +y) ; n =3 at (0, 0)

o 0 1( o &° ? 582
= —+y— —| X ——=+ +y°—|f(0,0)+R
f(x y) = (0, 0) + [Xaxwayjf(o, 0) + 2!( o Doy Y oz [[00)+Rs
where
1 {30 2, 0° 2 0° 3 0°
= — | X" —=+3X%y + 3Xy +y
R3 31 ( aX3 6x26y aXayz 6}/3 f(eX, ey), O<ob<l1l
hence
f(x, y)= cos (x + )
f(0, 0) = cos (0 + 0)
=1
a_ x =-sin(x +y)
ox oy y
% o
y y =-cos (x +vY)
o3t o3f o3f o2f
od T axly T ooxoyE oy oY)
At (0, 0)
of o o of &%
6x_5y_0’ ox2  oy? T oxoy
and on substituting 6x for x.
and oy for y
o3t o2f o3 a3t
=sinb(x + )

o3 X%y oxoy? T o
1
cos(x+y)=1+0+ Z(XZ + 2xy + y?) (-1) +%(x3 + 3x%y + 3xy? + y?) sin O(x+y)

(x+y)2 N (x+y)3

cos(x+y)=1- T 3l sin 6 (x +y).
— ( 104}
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35. Expand the function f(x, y) = x2 + xy —y2 by Taylor’s theorem in power of (x-1) and

(y+2)
Sol. :

Given function is f(x, y) = x2 + xy —y2

(@, b)) =(@,-2

fla,b) = f(1,-2) = (1)2 + (1) (-2) - (-2)2
=1-2+4 = -5

By Taylor’s Theorem, we have

f(x,y) = f(a, b) + [(x-a) f(a, b) + (y-b)f,(a, b)] + % [(x—a)2 fo@b)+2x-a)y-b)f,@b)+y-b/f (@ b)]
Now

f= a—)f( =2x+y; f(a b)="f (1,-2)

2+ (2= 0
f = % =X-2y; fy(a, b) = fy(l, -2)
=1-2(-2)=5

? 0
= ——=—(2X + =2
2= 23 ax(x y)
2
o ( of 0
1:xy a_XE:a_X (X_Zy):l

sub above all values in equation (1)

X2+ xy-y? = -5+ [(x-1)(0)+(y+2) 5] +%[(X—1)2(2) + 2(x-1)(x+2) + (y+2)* (-2)]

= 5+[(y+ 2)5]+% [(x—l)2 LDy +2)—(y + 2)1

X Hxy -y’ = 545 (y+2)+ )P+ (D)D) - (+2P

36. Expan~d x2y + 3y -2 in power of x-1 and y+2.

Sol. :
Given that f(x,y) = x2y + 3y -2

In power of x-1 y+2 iie. a=1,b=-2

|l 105 ',
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(@ b)= (1, -2)
fix,y) at (a,b) = X2y+3y_2‘(1,—2>

= *(-2)+3(-2)-2
=2-6-2
=-10

By Taylor’s theorem

f(x, y) = f(a, b) +[(x —-a)f(a,b)+(y -b)f,(a b)] +

%[(x ~a)*f2(a,b)+ 20x ~a)(y - b)fy (@, b)+ (y - b?)f - @, b)} )

of
Here f, = x 2xy ;

f@ b= f (1, -2)=21)(-2) =-4

of
f,=—= =x3+3

f,(a b)="1, (1, -2) = (12 + 3
f,(1,-2)=4

#

f, =
ox2

X

:2y;

fo@b)= f2 (1,-2)=2(-2)=-4

2
f
fo= 8—2: % (x3+3)=0
o[ of 0
fxy = &[Ej = a—X(X2 +3) = 2X
fxy (a’ b): 1:xy (11_2) = 2(1)
fy =2

Sub all above values in (1)
x3y+3y—2= -10+ [(x—1)(4)+(y+2)(@)] + % [(X —1)2 B +2(x -1y +2(2)+(y + 2)(0)2]

X%y +3y—2=-10 — 4(x-1) + 4 (y+2) - 2 (x-1)? + 2(x-1)(y+2)

{ 106 }
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37. Expand f(x,y) = log (x + eY) by Taylor’s series in powers of (x-1) and y such that it

includes all terms up to second degree.

Sol. :
Given that f(x, y) = log (x+eY)
(&, b)=(1, 0)
f(1, 0) = log (1+e9)
=log 2
L
X7 X x+eY
1 1 1
= fx(l,O) = 1+e0 ——l+l—§
of 1
= — = e
Ty oy x+ey( )
1 0 1
= (1,0 l+eo( ) = 5

fz_a_zf_i[ﬂj_i e/
U ey oy lay) oyl x+eY

(x+e¥)e’ —eV(e¥) _ xe¥ +e’e¥ —e’e’

(x +eY)? (x+eY)?
f Xey
2= —
Y (x+eY)?
(1 e’ 1 1
fy2 (l, O): ) = = Z

f,(1,0)= 1
T ORI (102 T 4
Q(ﬁj o @ (x +)(0) -’ ()
v = ox\ay) T ox x+e¥ ) (x+e¥)?
_g0 2 -1 -1
ny (1,0) = 1+e = (1+1)2 4

g
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. By Taylor’s Theorem

f(x, y)= f(1,0) +| (x—- 1, (L 0)+(y - 0)f,(1,0)]

+ % [(X ~1y? f 2(1,0)+2(x = 1)(y - 0)f, (1,0) +(y - 0y 2 0)}

e oo Ao w2 e

1 1 1 2 (1 1,
IogZ+E(x—1)+§y—[§J(x—l) —(ZJ(X—l)y+§y

1 y 1 , 1 1,
y log2+=(X-1)+L—=(Xx =12 - =(X -1y +=
log (x +e”) g 2( ) 5 8( ) 4( )y 8y

38. Expand f(x, y) = x2 + xy + y2 in power of (x-2) t(y-3)
Sol. :
Given that f(x, y) = x2 + xy + y2
(@ b) =(2,3)
f(a, b) = f(2, 3)
= (@ +23) +

=4+6+9=19
f = 8_f_2 +
xT ox T

= f(@23=22+3=7

of
fya —X+2y
= fy(2, 3)=2+23)=8
o’f 0
f, = —=—(2x+ =
2 ox2 8X( y)=2
; o’f 0
VT 52 oy KT

oy
o of 0
1:xy = a_x[gj_a_x(x"'zy) =1

By Taylor’s Theorem
f(x, y) = (2, 3) +[(x-2,(2,3)+(y-3)f,(2.9)]
+%[(X — 21 ,(2,3)+ 2(x - 2)(y - 3)f,, (2.3)+ (y - 3)* .2 3)}

Substitute all corresponding values into the above equation.
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X2 4 xy +y2 =19 + [(x-2)7 +(y - 3)8] +%[(x ~22(2)+2(x - 2)(y - 3)(2) + (y —3)2(2)]

=19+ 7(x-2) + 8 (y-3) + (x— 2)? + 2 (x-2)(y-3)+(y-3)?

X2 A Xy +y2 =19 + 7(x=2) + 8(y - 3) + (x=2)2 + 2 (x - 2)(y = 3) + (y - 3)?

39. Obtain Taylor’s formula for the function ex*v at (0, 0) for n=3

Sol. ;

Given function is (x,y) =e**¥Y at (a, b) =(0,0) for n =3

fla,b)= e0*0=¢e0=1

0 X+y
fX = a—x(e ) = Xty

—~ f(0,0)= e0*0=1

0
f= —(E")=e""
y 6y( )

f,(0,0)= e*0=1

of
f2 0 ( j — aix(ex+y):ex+y

fx2 (0,0) = 0+0 =1

o[ of 0 x+
= 3l5) =5 e

fyz 0.0) = g0+0=1

_ O[O _ O (gxw
b= 6x[6yj N ax(e )

= Xty

f,(0.0)= e*0=1

o[ o 3
_ = |_ VY _ aX+y
fo= ax{axzj_ ax(e )=¢e

f 2(6x,0y) = gOx+y)

PN ki A
2, — — | — %5 | — ~ =
X7y ay axz ay (e ) e

|l 109 ',
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e6)(><+y)

&)

e6)(><+y)

&)

fy3 (6x,0y) = 0Cx+y)

fX2y (6x,0y)

0

OX

_0
OX

f,=

X+YY — AX+Y
iy ™) =¢e

fXy2 (6x,0y)

0

oy

i(e“y) = ex+y

fs
oy

y

By Taylor’s Theorem. at (a, b) = (0, 0)

f(x, y) = f(0, 0) +[2£(0,0)+y,(0,0)]

+ %[(X —0)? fX2 (0,0)+ 2(x — 0)(y - 0),, (0,0)+ (y — 0)2 fy2 o, O)]

+%[(x ~0)° 1,5 (6x,6y) + 3x7yf , (6X,60y)+3xy” £, (Ox,60y) +(y—0)’f 5 (Ox, ey)]

Substitute all corresponding values into the above equation.

eX+y

1
1+[x() +y(@)] +%[X2(1)+ 2xy(1)+ yz(l)J 3 [

3 L0(x+y)

x3e 3 L0(x+y)

+ 3x2y ) 4 3xy2 %) L y3 e

J

1 2 2 1 3 2 2,3
1+X+y+§+[x + 2Xy +y ]+§ [x +3X°y +3xy“ +y Jee(xw)

1+(X+Yy)+ %(x +y)? +%(x +y)% )

1+(X+y)+ %(x +y)? + %(x +y)3 e

40.
all terms upto third degree.
Sol. :
Given that
f(x, y)= eXcos y
= (a,b)=(0, 0)

f(0, 0)=e%cos 6 =1

Expand f(x,y) = eXcosy by Taylor’s series in power of x and y such that it includes

g
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LI
o — ercosy

elcoso=1

— = —e"siny

oy

—e%sin0=0

=0e%sin0=0

o o[ o d
= oy T aylax?) = 5(eX cosy) = —€*siny

-e%sin0=0

|l 111 ||
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41.

Sol :

P el i
xy2 = axayz = 6X ayz
0 x
= —(-e*cos
aX( y)

= 1,00 = —e%cos(0) = -1

By Taylor’s Theorem at (0, 0)
f = L 1x2t,(0,00+ 2xyt. (0,0)+ y*f , (0,0
x, y)= f(6, 0) +[xfx(o,0)+yfy(o,0)]+2! 2(0,0)+ 2xy £, (0,0)+ y*f ,(0,0)

+ % [XZ f2(0,0)+ ?:xzyfx2y (0,0)+ 3xy2fxy2(0,0) +y° 20, 0)}
e*cosy = 1+[x(1)+Yy(0)] +%[X2(1)+ 2xy(0)+ yz(—l)] + %[x3(1)+ 3x2y(0) + 3xy2(-1) + y3(0)]
= 1+(x +y)+%[x2 —y2]+%[x3 —3xy2]

2

1 1
e*cosy = 1+X+§[X —y2]+§[x3—3xy2]

I 2.5 Maxima AND MINIMA OF FUNCTIONS OF TWO VARIABLES

Define Maxima and Minima of functions of two variables.

Let f(x, y) be a function of two independent variables x, y such that it is continuous and finite for all

values of x and y in the neighbourhood of their values a & b.

The values of f(a, b) is called maximum or minimum value of f(x, y) according as f(a + h, b + k).
Condition for the existence of maxima or minima.

We know by Taylor's expansion in two variables, that

of oty 1204 %t 2 0%
B LI I O 2hk k2
f(x+h,y+k)—f(X,Y)"‘h[@XJr ayj"'z!( ax2+ 5X5y+ ay? i

of of
f(x + h,, y + k) - f(x, y) = [h—+ k@j + (terms of second and higher order)

(112}
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42. Write Lagrange’s condition for maximum and minimum values of a function of two
variables.

Sol :

% o 2
If r,s,t denote the values of —, —a—f
OX=  OX0y  py?
When x = a, y = b then supposing that the necessary condition for the maximum & minimum
are satisfied.

of
i.e —=0,

of oy —
ox 5:0 whenx =a,y=Db

1
We can write f(a + h, b + k) — f(a,b) =E[rh2 + 2shk + tk’] + R

Where R consists of terms of higher order of h and k.
»  Lagrange’s condition for minimum is rt —s2 >0, and r > 0
»  Lagrange’s condition for maximum isrt—s*> >0andr <0

But it rt — s> < 0. then there is neither a maximum nor a minimum.

43. Write Working Rule to find the maximum or minimum value of f (X,y)
Sol :
Step 1: Letthe given function be f(x,y)

oof of .
find x & —— and equation them to zero.

oy

of

of
1 —_—= 0 _— = 0
Solve the equation o and 5 for x and y.

Let the solution be (a,b), (c, d)

Step 2 : Cacuater—a7,3— axay’t_ oy°

at (a,b) and (c,d). Calculate rt — s? in each care.

i.e., at (a,b) & (c,d)
Step3: Ifrt—s>>=0andr < 0 at (a,b) then fhas a maximum value at x = (a,b)
If or at (c,d) if rt —s> > 0and r < 0 then fhas maximum value at (c,d)

Step4: Ifrt—s2=>0,andr > 0 at(a,b) then f has a minimum value at (a,b) orifrt—s*>>0and r >
0 at (c,d) & has a minimum at (c,d).

Step5: Ifrt —s?2 < 0. at (a,b) then f has neither , maximum , nor minimum . Then (a,b) is saddle
point.

If rt — s < 0 at (c,d), then (c,d) is saddle point.

Step 6 : If rt — s? =0, we can't decide whether f, has maximum or minimum for the investigation is
needed.

' 113 |
—J Rahul Publications



B.Sc.

| YEAR | SEMESTER

44. Define Stationary points and Extreme
points.

Sol :

. o of
Points at which x =0and — =0 are called

oy
stationary points for the function f(x,y)
If it is a maximum or a minimum is known as

an extreme point and the value of the function at
an extreme point is known as an extreme value.

45. Discuss the maximum or minimum
value of u, when u = x3 + y3 - 3axy.

Sol :

u=x*+y* - 3axy

ou 2 éﬁi 2
ax—3x - 3ay; 6y_3y — 3ax.

for a max or min of u, we must have

ou au
ax_o’ oy

X*-3ay =0 = x*-ay=0 .. (1)

=0

3y?-3ax =0 = y*’-ax=0 .. (2)
Solve (1) & (2)
2

X
fromx2=ay:>y=;

Subyin (2)

2
= X |—ax =0
a

N
= ? —ax=20
x*—a*x=0
xx*-a%) =0
x=0,x=a
Similarlyy =0,y = a.
Similarlyy = 0, y =a.

Thus (0,0) & (a,a) are the stationary points

of u.
o%u o°u
Now, r= 67:6)( t= §=6y
s = oxoy 3a

forx=0,y=0=>r=0,t=0,s=-3a.
rt—s2=(0) (0) - (- 3a)?
=9a’<0
= U is neither maximum nor minimum at x
=0&Yy=0
Alsox =a,y=b
r=6as—=-3at=06a
Now, rt—s*>= (6a) (6a) — (-3a?)
= 36a? - 9a?
=27a2>0
Also r = 6a which is positive ifa = 0
(i) uismaximumatx =a,y=a,ifr<0
(i) uis minimumatx =0,y =0ifr > 0.

46. Show that minimum value of
u=xy+ (@/x)+ (ay)is 3az

Sol :
u=xy + (a%x) +(@3y)
L@ w_ &
we have x YT 6y_X_ y2
L du_z
G
_ o°u .
5= oxoy
o’u  2a’
t=—/——=—""7%
>y
Now, for maximum or minimum we must have
ou au
o 0, oy = 0.
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Sof 8_u_0 a—3_0
offom = =0=y- 5=
Xy =ad . (1)

3

ou
from 520 =X- a_2:0

y?x =ad .. (2)
From (1) & (2)
we getx2y =y?x
Xy-y’x=0= xy(x-y)=0
XxX=0,y=0,&X=Yy

from (1) & (2) weseethat x=0&y =0.
do not hold as it givesa =10

Hence we must have x =y & from (1) we
get

xXy=a = x2.x=ad
x3®=a*= x=a

Atx=y = a we have

at at
I':2X—3:2¥:2
228 2a°
s=1t= 3= "0 =2
a

nn-s2=2)(2)-1>=3=0
Also,r=2=>0
Hence there is minimum at x =y = a.

hence the minimum value of,
a® a°

u=—aa+—+—
a a

3 a3
— a2+_+_
a

— a2+ a2+ aZ

= 3a?

47. Discuss the maximum or minimum
value of u given by u = x3y? (1 - x - ).
Sol :
U=y (1-x - y)
ou
o S 3y (1-x-y) + Xy (-1)
OX
= 3x2y2 — 3x3y2 — 3x? y3 — x3y?
5_U = 3x2y2 — 4x3y2 — 3x2y3
OX
ou
5 =2x% (1 - x - y)+ x®? (-1)
= 2x3y — 2x* y — 2x%y? — x3y?
ou
5 = 2x% — 2x%y — 3x3y?
o%u
r= vl = B6xy? — 12x%y? — 6xy?
ou
t= y = 2x3 - 2x* - 6%y
s = Fu = 6x%y — 8x%y — Ix%y?
oxoy
Now, for maximum or minimum we must
have
ou au
x -0 gy =0

ou
from x =0 = 3x%? — 4x%y? — 3x%y® =0

X2y (3-4x-3y)=0
hence we getx =0,y =0

4x + 3y = 3 .. (2
Also from M _y, we get

oy

2xy3 - 2x4y -3x3y* =0

Xy (2-2x-3xy)=0

x=0,y=0and 2x+3y=2..(3)

g
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By solving (1) & (2)

x Yy 1
3.#-3 4 3
3>§’-2 2 3

X y 1
—-6+9 —-6+8 12-6
x _y_1

3 2 6

_ 3. ._2
=% Y756

_ 1 01
X=5: Y= 3

Hence the solution are

= (GG
()03
= o3 ()3 G165

1.2 1 _ -2
4 81 4 81
from there we have rt—=s>>0andr<20

1
So, there is maximum at x = 5 Y=

Wk

g
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48. Find a point within a triangle such that the sum of the square of its distance from the
three vertices is a minimum.

Sol :
Let (x,y), r = 1,2,3 be the vertices of the triangle and (x,y) be any point side the triangle.

3 2 2
Letu= 2 (x=x)"+(y=v,)’|
r=1
For maximum or minimum of u, we have
a =32 =0
X - (X_Xr)_
(X=x)+ (X-x)+(Xx-x,)=0
x—x1+x—x2+x—x3=0
3x=xl+x2+x3
X, + X, + X,

X = 3

ou
Similarly 5:0 = X2(y -y)=0
Y-y)+y-y)+(-y)=0
y-y,ty-y,+y-y,=0
y=y,+y,+y,

Y tYotY;

y= 3

r= o'u =6

ot

_ou o u_
S—axay—o,t—ayz—ﬁ

sothatrt-s> = (6)(6)-0=36>=0

Hence u is minimum when

XX, X _YitY,tYs
X - 3 ’y_ 3
. (X XX Y Y, Y
Thus, the required point |s£ : 32 $ 32 3)
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2.2 2.2

49. Find the maximum value of (ax + by + cz)e > Y72 |

Sol :

2.2 2.2

u = (ax + by + cz) g #y*~r2
log u = log (ax + by + cz) - (a®x* +B%y* +v°z%)

Differentiating partially w.r.to ‘X’

We get
1ou a
= T ( 942y) —
uax_ax+by+cz(2a X)=0
10u b
Similarly — = —— - 2p?y =0
imuarty u oy ax +by+cz by
lau_ e e
uoz  ax+bytcz ' p=
a
X(ax + by + ¢z) = 5 . (@)
b
y(ax + by + cz) = 2—[32 .. (2
c
z(ax + by + ¢cz) = z—yz .. (3

Multiplying (1), (2), (3) by a,b,c and adding. we get

1(a® b* c?
(ax + by + 2 = 5 ?JFBT*T

Y
1(a* b®> c?
(ax + by + cz)= E?JFB_ZJFy_Z =A
a b c

X = 2a2A:y: ZBZA,Z: ZYZA

. -z _ = — _ 2
Again v 20

1% i[aujz a?
uox* u (ax + by +cz)”

2
r_ [
ox* (ax + by +cz)

= 118 :
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since 2
Ince (3(1._

Hence for these values of x, y, z will be maximum, maximum value of u is given by

N EE-ATR=
= s+—+—||e

KA eyl

B 2 2 2\]
_ i[a_z+b_2+c_2j =

|12la” B° v )]

(2 b
U = 12el o2 B> y?

50. Discuss the maxima or minima of u = x* + y*— 2x? + 4 xy — 2y2.

Sol :

Given u = x*+ y*—2x2 + 4 xy — 2y?

a—u=4x3—4x+4y
OX

ou
— =4y  +4x -4
oy y

f d min of ‘u’ have =g, &
or max and min of ‘U’ we must have o =0, oy =0
43 -4Ax +4y =0 . (@)
dy® +4x -4y =0 .. (2)
Solve (1) & (2)
X3 + y3 e 0
(x+y)(x*-xy +y)=0
X+y=0=Xx=-y
Substituting y = — x in (1) we get
43 -8x =0 = 4x (x*-2x) =0
Xx=0, +/2
The values of y are 0, _\/2, /2
[ 119)
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Therefore the stationary points are (0,0), At (\/5 —\/E)
(/2.42). (V2./2) rt -2 (2) - 4) (12(2) - 4) - (47
o%u 400 - 16
Now, r=_— =12x*-4
OX 384 >0
2 nm-s2=>0,r>0
ST oy 4 f has minimum value at (/2,-/2).
o 51. Discuss the maximum and minimum of
u 4 2\ _ w2 2
t=§212y2—4 X* 4+ 2xX°y — xX* + 3y>.
Sol :
At (0,0)=rt-s2 Let U = x* + 2x2y — X2 + 3y?
= (12 (0) - 4) (12 (0) — 4)-16
ou
= (-4) (-4) -16 x = 4x3 + 4xy — 2X
=16-16 =0
. . ou )
i.e, no conclusion can be drawn about max — = 2X* + 6y
or min. oy
for max and min value of ‘U’
At (V2,—/2)
ou u
r—s>= (12(2)-4) (12(2) - 4) - (47 we must have > =0 and 520
= 400 - 16
A3 +4xy - 2x =0
=384=>0
= X@x+4y-2)=0 .. (2)
nm-s2>0,r<o.
22+ 6y =0 .. (2
f has minimum value at (\/E,\/E), (—\/E, _\/E) SOIVing (l) & (2)
o%u J3 /3 1 -1
N = =12x? - 4 =2 VNS == =
ow, r o X 2,2,y 1' 4
ou V3 -1
= oXdy =4 The stationary points are 5 | &
o°u , 3 -1
t—ay2—12y—4 = 2 |
At (0,0)
o%u
rt—s2= (12(0) - 4) (12 (0) - 4) - 16 Now, r= —7% =12 -4y -2
=0
i.e., no. conclusion can be shown about max s= d’u — Ay t= az_u —6
or min. oxoy ’ oy?
— { 120 }
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rt— s zlz{gj + 4 (_41)—2— {‘{fﬂ =33>0

nm-s2=>0,r>0

J3 -1
f has a minimum values at >
V3 1
At |73
J3Y Al
n-s2 = |12 3 +4(_—1J—2—4 3
2 4 2
r—@—lZX2 4 2
6)(2 - y

= 12{§J2+ 4£—%J -2=8=>0

nm-s2=>0,r>0

—/3 1
. fhasa minimumvalueat | — | .
2 4
52. Find the minimum & maximum values of the function z = sinx siny sin (X + ).
Sol :

We have z = sinx siny sin(x + y)

Pl siny [ sinx cos(x + y) + cosx sin (x + y)]

0z
5 = sinx [siny cos(x + y) + cosy sin (X + V)]

for a maxima & minima of ‘z’
we must have

oz
— =0, g =0
OX oy

g
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siny [ sinx cos (X + y) + cosx sin(x + y)] = 0 . (@)
sin x [siny cos(x + y) cosy sin(x +y)] =0 .. (2
from equation (1) & (2)

tan (x +y) = - tanx

tan (x +y) = —-tany —tanx =tany =>x =y
from (1) & (2)

we have tan 2x = - tanx = tan(r — x)
2X=m—-X
3X=m
s
X: —_— =
3 Y

Siny = 0= Siny = Sin0
= y=0
Sinx=0=x=0

T T
.. The stationary points are (0,0) & (5’5}

2
Now, r= > siny [cosx cos(x + y) — sinx sin(x + y)] + [(~sin x) sin(x+Y) + cos X cos(Xx+Y)]

= siny [cos X cos (X + y) —sin x sin (x + y)] + [cos x cos (X + y) — sinx sin (X + y)]
= 2 siny cos (2x + )

0%z

o oxoy

=sin 2(x +y)

0%z _
t= y = 2 sinx cos(2y + X)

At (0,0)rt—-s>=0 =r=20is

T
Atl33
—s2= ZSiHECOSnJ(ZSiHECOSRJ _ sinﬂ 2
3 3 3

n-s2>0, r=-./3<0

T T
.. The function z has a maximum value at [5’5}

g
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53. If x, yand z are angles of triangle, then find the maximum value of sin x siny sin z.
Sol :
We have sinx siny sin z
X+y+z=n
=sinx siny sin (t— (X =Y))
= sinx siny sin (X +y)
f(x, y) = sinx siny sin(x + ).

54. Find the three positive numbers whose sum is 30 and whose product is maximum.
Sol :

Let three positive number x, y & z
x+vy+z =30, f(x, y,2) = xyz
z=30-x-Yy
f(x,y)=xy (30 -x -y)
= 30 xy — X%y — xy?

A o B0y- -y, & =30k —2
o = 30y -2y —yF, o = 80X - - 2xy

for a max & min value of ‘f’ must have

a =0 ﬂ=0
ox oy
y(80-2x-y)=0 . @)
X(B0-x-2y)=0 .. (2)
Solving (1) , (2)
x =10,y =10

x=10,y=10,z=0
2

oxoy

o*f
r:a7 :_2y,5:

=30-x*-2y

=-2z
atx=y=z=10
r=-20<0
rn-—s*=0

. f is maximum.

. The product is maximum, when all positive three numbers are equal.

|l 123 ',
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55. Examine for maximum and minima values of the function Z = x2 — 3xy + y? + 2x.

Sol. :

Given,
Z= x®-3xy+y?+2x

oz

ox =2x-3y +2

oz

oy = -3Xx+ 2y

. . 0z
For maximum or minima value of z we have 5 =0, —=0

oy
2X-3y+2=0 = 2x-3y=-2 (1)
-3x-2y=0 = -3x+2y=0 .. (2)
Solving (1), (2)
6x-9 = -6
-6x+4y =0

_5y:_6

_ 4 =2
=3 LoX= g

56. Find a point within a triangle such that the sum of the squares of its distances from the
angular points may be maximum.

Sol. :
Let A(x,,Y,) B(X, ¥,), C(x, Yy,) be the vertices of the triangle.
Let (x,y) be an arbitrary point.
The sum of squares of the distance from (x, y) and the three vertices of the triangle is given by

f(x, y) = (AP)? + (BP)? + (CP)?
fx, y)= (x- X1)2 +(y- y1)2 +(x- X2)2 +(y- y2)2 +(x- X3)2 +(y- y3)2

' 124 }
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P = 2w + 2x - x) + 2(x - x,)

of
e 2(y-y) +2y-y,) + 2(y-Y,)

For a maximum and minima values of ‘f” we must have

ﬁ =0, ﬁ:0
oy oy
2X = 2X, + 2X = 2X, + 2x-2x, =0
Bx - (2x, + 2x, + 2x,) =0
X-(x, +x,+x)=0
_ X X+ X3
3

%:0 — 2y 2y, +2y-2y,+2y -2y, =0

6y - (Zyl +2y, + 2y3) =0

By—(y; +Y,+Y3)=0

_ Y1+Yo+Y3
3
Now
%f
I’=7 =2+2+2=6
o .
5= oxoy
o°f
t—y—o

n-s2=©)6)-0=36=>0, r=>0

X; + X + X

f is minium when x = X1 ¥ Xp+Xg
Y3

y = w

g
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ax? + by? + c+ 2hxy + 2gx + 2fy
57. Show that the maxima and minima of the function ax® +b'y? + ¢ + 2h'xy + 2g'x + 2f'y
are given by are given by the roots of the equation.

a—-a'u h-h'u g-g'u

h—-h'u b-b'u f-fu|=0

g-g'u f-fu c-c'u
Sol :

We have
ax? + by? + ¢ + 2hxy + 2gx + 2fy

ax? + bty? + ¢t + 2h'xy + 2g'x + 2fy
u@x? +b'y? +¢'+ 2h'xy + 2g'x + 2f'y) = ax? + by? +¢ = 2hxy + 2gx + 2fy

Differentiating partially w.r.t to ‘X’ and ‘y’
Then we have

ou
& @'x? +b'y? + ¢’ + 2h'xy + 29 + 2f'y) + u(2a’x + 2h'y + 2g') = 2ax + 2hy + 2g

au
EY @'x% +b'y? +¢'+ 2h'xy + 2g'x + 2f'y) +u (2b'y + 2h'’x + 2f") = 2by + 2hx + 2f
For maxima and minima of ‘u’ we must have
au
a—XZO = u@x+hy+g)=ax+hy+g

ou
520 = u(h’x+b'y+f) =hx+ by +f

Equation (4) x r + equation (5) x y,
u@’x? + h'xy + g’x + h'xy + b'y? + f'y) = ax? +by? + 2hxy +gx +fy

u@’x? + 2h'’xy + g'’x + b'y? + f'y) = ax? + by? + 2hxy + gx + fy
Sub equation (6) from equation (1),
Then, we get
u@gx+fy+c) =gx+fy+c
Now, from (4), (5) & (7)
(@-a'ux+h-hu)yy+(@-gu)=0
(h—h'u)x +(b-bu)yf(f—fu)=0
(9-g'ux +(f—-fuyy+(c—-cu=0
Eliminating x and y (8), (9), (10)
a-a'u h-h'u g-diu
h-h'u b-b'u f-fu
g-gu f-fu c-clu

=0

This is cubic equation in ‘u’.

g

. (1)

. @)
. 3)

. (4)

. (5)

. (6)

. (7)

. (8)
. 9)
. (10)
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2.6 LAGRANGE’S METHOD oF UNDETERMINED MULTIPLIERS

58. Write working rule of Lagrange’s Method of Undetermined Multiplier.
Sol. :

Suppose f(x, y, z) is a function of three variables X, y, z which are connected by the relation.

ox, y,2) =0
‘2’ value from (2) can be solved and substituted in (1). The maximum or minimum of f can be
formed by
a_f = 0, ﬂ = 01
ox oy
We use lagrange’s method
Writing u= f(x,y, 2 . (@)
Giventhat ¢ (x,y,2) =0 .. (2

Differentiate partially with respectto x and vy

u_of e
OX OX 070X
a_a ot
oy oy ozoy
For ‘u’ to have maximum or minimum
u_g g
oX oy
ou of of oz
— = —+——=0 .. (3
oX OX 01 OX ®)
ou
oy oy oz oy
du= 6_udx+6_u dy
oX oy
of of
—dx+—dy+ ﬂ gdx+gdy =0 .. (5)
ox oy oz \ ox oy
From (2)
= ﬂdx-i-ﬂdy-i-ﬁdZ:O (6)
OX oy oz

g
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Multiplying (6) by ‘A’ and add (5)

Then we have

[a—f+x@de+ [ﬂ+k@jdy+ [
o oy

OX OX
Equation (7) will be satisfied if

oz 0z

of +k@

. (8)

. 9)

. (10)

The value of X, y, z which gives extremum of ‘u’ satisfy (2), (3), (4) and also satisfy (5) & (6), (7)

(8), (8) & (10).

Using the equation (8), (9), (10) & (2) x,V, z, A can be solved.

Here, ‘A’ is called a Legrange’s multipliers.

59. Determine the maximum and minima of x2 + y? + z2 when ax? + by? + cz2 = 1.

Sol. :

Let U= x2+y2+ 72

0= ax®*+hby?+¢cz2-1=0

The conditions are

a—u+k@:0,

OX OX
6—u+k@:0

oy oX
a—u+ka¢:0

A oz

u_ o,
ox K x T
6_u 2y, = =2b
ay_ y!ay_ y
L
0z 2 oz ¢z

By 3) 2x+ XA (2ax)=0
By (4)2y + A (2by) =0
By (5)2z+ A (2cz) =0

g

. (1)
. (2)

. @3)
. (4)

. (5)

.. (6)
. (7)
. (8)
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Consider

X[@_qux@J +y [a—u+x@j+z [Qm@}o
OX  0OX oy oy oz oz

= x(2x+1(2ax))+y (2y+A1(2by))+z (2z2+A(2c2))=0
2x2 + 1 (2ax?) + 2y? + A(2by?) + 272 + 1 (2cz2%) =0
22 +y? +2%)+ 2% (ax2+by?+cz%)=0
2u+2.(1)=0
2u=-2A
U=-A = A=-U
From (6) 2x-u(2ax) =0

X—uax =20
X (1-ua) =0
1
l1-ua=0 = U=—
a
1
c

1
Similarly, U= b’ u=

1
u=-=-,
a

o|k

1
¢

60. Find the maximum and minima of x? + y2 + z? subject to ax + by + cz = p.

Sol. :

Suppose f(x,y,2) = x2+y*+ 722 . (1)
ox,y,2) = ax+hby+cz=p .. (2
Suppose ‘A’ is the Lagrange’s multiplies
a—f+k@: 0
OX OX
= 2Xx+ia=0 .. (3
ﬁ+k@:0
a oy
a—erk@:O
oz oz
= 27+ AC= .. 5

g
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rom (3) 5 = 272
-Ab y A
From (4) y = 5 = 17
fome o T I
rom (5) z = 5 = 5T
X_y_z_2>
a b c 2
From (1)
ax+by+cz p

a?+b2+c2  a?+b%+72

pa Pb Pc
X = y =

a’+b%+c?’

) L=
a’+b?+c? a’+b?+c?
Substitute in (1), we get

P%a® +P2b2 +P%c? _ P?(@%+b?+c?)
@@+ b2 +c?)? (@ + b% +c?)?

PZ

Extremiumof X2 +y?+ 722 is 55—
a?+b? +c?

61. Determine the minima value of x? + y? + z2 subject to the condition x +2y-4z=5

Sol. :
Suppose f(x,y,z) =u=x>+y*+ 72 . Q)
O, Y, 2)=x+2y-4:-5=0 .. (2

Suppose A is the lagrenage’s multipliers

2 g 2r+11)=0 3
ox M ox = 2r 1) = .. (3
of . 0

—+A—=0 =

ay 5 = 2y +A2=0 .. (4)
of 0

—+A—=0 - =

P = 27-4)\ .. 5

Multiply (3) by x, (4) by vy, and (5) by z and adding we get

X(2x+1)+y(2y +2\)+2(2z—-4)0)=0

{ 130 }
Rahul Publications )



UNIT - 1l

DIFFERENTIAL AND INTEGRAL CALCULUS

2X2 420+ 2y? + 20y + 272 470 =0

20x% +y2 +2%)+ (X + 2y —42)=0
2u+5L.=0

. —2u
-5

From 3)2x +A =0 = x=

From 42y +2A =0 = y=-A= _L%J:ﬂ

From (5)22-4L.=0 = 2z = 4

_ -44
1 =20 = 2£ﬂJ=—
5 5
From
2 2 2
u=x2+y+72 = 1 +(g [__4
2 5 5
_ 1,4 16
4 25 25
_2
U= 21
Minimum value of x* + y2 + z2is o1

62.

Find the minima value of x? + y? + z2 when yz + zx + xy = 3a.

Sol. :

f(X,y, ) U= X2+ y2+ 722 . (1)
yz + 2x + xy = 3a? . (2
aa—)f(+k2—i)=0 = 2X+AMz+Yy)=0 - (3)
%JJ%:O = y+Mx+2)=0 )
S—;MZ—T:O = zZ+My+x)=0 . (5)

Multiplying (3) by x (4) by y and (5) by z, and adding we get
XX+AZ+Y)+Y(Y+AX+2))+z(z+My+X))=0

X2+ AXZHAXY +Y2 + AXy+Ayz+22+ hZy +hzx =0

|l 131 ',
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(X% +y2 +2%) + A (2xy + 22X + 2xy) = 0

u+r2(3a%)=0

u+6ra’=0
6ra’ =—u

5 = —u

~ 6a’?

From (3), (4) & (5)

u

X" V) =0 = 6a’x—uy-uz=0 ..(6)
u

y—g(xH):o = 6a’y—ux-uz=0 ~(7)
u

Z_@(X"‘Y):O = 6a’z—ux—uy=0 ...(8)

By Solving (6), (7) & (8)
X =z=y=a

From (1), maximum value of u = a? + a? + a? = 3a%

63. In aplane triangle find the maximum value of u = cos A cos B cos C.

Sol. :

Let f=cos A cos B cos C
In AABC=A+B+C=mn

C = - (A+B)
Cos C = cos (n — (A+B))
= —cos (A + B)
f= —cos A cos B cos (A+B)
of , .
A = sin A cos B cos(A+B) + cos A cos B sin (A+B)

= cos B (sin A cos(A+B) + cos A sin(A+B)
= cos B sin (2A+B)

of
g = cos A sin B cos (A+B) + cos A cos B sin (A+B)

= cos A (sin B cos (A+B)) + cos B sin (A+B)
= cos A sin(A + 2B)

' 132 }
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The condition for f to have maximum is
a—f =0 Bsin(2A +B)=0
A = €0s B sin( )=

of
B =0 = cosAsin(A+2B)=0

cosBsin (2A+B) = 0 = cosB=0

T
2
sin(2A+B)=0 = 2A+B=nxn

B =

cosAsin(A+2B)=0 = A+2B=mx (- cosAx0)

T
But 5 not possible since A+2B > =

2A+b=n
A+2B=n

A= =B

T
3
o°f

r= aA_ZZ cos B cos (2A + B)

T
= 2 coS ECOSTC =1

o’f -1

S = =—
0AOB 2
oB?

1
n-s2=1+ Z>O’ r<0

. f ismaximumat A= -=B

E
3
T
= n-(A+B)==
C ( )3

A=B=C=~
TETET 3

U = cos Fcos ™ cos = ~-
—00530053 COS3 =5

N |-
N |-

ool
8

1
The maximum value of U = g

g
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64.

Sol. ;

If U=x2+y2+ z2 where ax?+ by? + cz2 + 2fyz + 2gzx + 2hxy = 1 find the maximum

value of u.

Let u= x2+y>+ 72
o= ax®+ by? + cz2+ 2fyz + 2gzx + 2hxy -1 =0

For stationary values, the conditions are

ou oo
—+A—=
= OX

2X + A (2ax + 29z +2hy)

6_U+ @:0

= oy oy

2y + A (2by + 2fz + 2hx) = 0

ou oo
—+A—==
= & oz

2z + ) (2fy + 29z + 2cz) = 0

Multiply (3) by x, (4) by y (5) by z and adding,

. (1)
. (2)

. (3)
. (4

. (5)

X [2x + A(2ax + 29z +2hy)] + y [2y+A (2by + 2fz + 2hx)] + z [2z + L (2fy + 29z + 2c¢z)]=0

2(x% +y2 +2%)+ 20 (ax® + by? +cz? + 2fyz+ 2gzx + 2hxy) = 0

2u+20(1)=0
u=-xA

From (3), (4) & (5) we get

(1-ua) x —ugz —uhy =0

_uKa—EJXJrhergz}:O
u

1
Similarly hx +(b—aj y+fz=0

gx+fy+[c——

u

1JZZO

Eliminate X,y, and z from (6), (7) & (8)

g

. (6)

. (7)

. (8)
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65. |If two variables x and y are connected by the relation ax? + by? = ab. Show that the
maximum and minimum values of the function x? + y? + xy will be the values of u
given by the equation 4(u-a) (u-b) = ab.

Sol. :
U=x>+y?+xy . (1)
d=axt+hby’-—ab=0 .. (2)
For stationary values, the conditions are
ou , 0
— 4+ A—L=0, =
o ox 2x+y+) (2ax) = 0 (3)
ou . 0
—tA—==0, 2y+x+2 (2by) = .. (4
oy oy =0 2yex (2by) = 0 @

Now, (3) x X + (4) <y, gives
X(2x +y + A(2ax)) +y (2y + x + A(2by)) = 0

2x2 +xy + A 2ax% + 2y2 +xy + 1 2by? =0
2x% +2y? + 2xy +2x(ax? + by?) =0
2(x2 +y? +xy)+21(ax? +by?) =0

2u+2(ab)=0

u+i(@b)=0
__Y
ab
2
From (3), 2x+y—%:0
2[1—£Jx+y:0
o .. (5)
From (4) x+2[1—%}y:0 .. (6)
Equation (5) x 2[1—§J equation .. (7)

(et
e

4(b-u)(a-u)y-ab=0 x=0
4(b-u(a-u)=ab

g
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66. Find the point such that sum of squares of its distances form four faces of given
tetrahedron shall be minimum.

Sol. :
u,y) = (X_X1)2 +(y—y1)2 +(X_X2)2 +(Y‘Y2)2 +(X_X3)2 +(y_Y3)2 +(X_X4)2 +(y_Y4)2
ou
x 2(X =Xq)+ 2(X = X5)+ 2(X = X3) + 2(X = X4)
ou
Y 2(y—y)+2y-y)+2(y—Y3)+2(Y - Y,)
ou
Condition for ‘f* be minimum is 8_u:0 and —=0
OX oy
ou
a—x=0 = 4X— (X +X, +X3+X,)=0

X1+ Xy + X5 +Xg4

X =

4
6u_0
5_ =  A4y-(y1+Y,+Y3+Y4)=0
_ YatYotYstVq
y= 4
2 2 aZu
= S g 5= U g =ZU g
ox? oxoy oy

n-s>=@8)(8)-0=64=0, r=0
u is minimum.

67. Find the maxima and minima of x? + y2 + z2 subject to the conditions ax? + by? + cz2=1
and Ix +my+ nz =0.

Sol :
Let u= x2+y>+7z? . (1)
and als6 given condition ax®> + by? + cz2=1 .. (2
and IX+my+nz=0 .. (3)
from (1)
= du = 2xdx + 2ydy + 2zdz
= Xdx +ydy +zdz =0 .. (4)
by (2)
= 2axdx + 2by dy + 2czdz =0
axdx + bydy + czdz = 0 .. 5
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by (3)

= ldx+mdy +ndz=0 ... (6)
Multiplying (4), (5), (6) by 1, &, A, and adding we get

(xdx + ydy + zdz) + A, (axdx + bydy + czdz) + A, (Ildx + mdy + ndz) =0

xdx + ydy + zdz + A axdx + A, bydy + A, czdz + A, ldx + A, mdy + A, ndz=0
xX+2rax+2A)dx+(y+Ar by+2Am)dy +(z+rcz+Andz=0

Equating to zero the coefficients of dx, dy & dz

we get
X+ahX+Ih, =0 . (1)
y+biy+mi,=0 ... (8)
Z+Chz+nk, =0 .. (9)

Multiplying (7), (8) & (9) by x,y, z and adding, we get
X(X+arX+IA,)+y(y+bry+mi,) +z(z+chz+nk,)=0
X% +ahx? +I1xh, +y? +bry? +myi, +22 +chz+znk, =0
(X +y?+7) + &, (ax? + by? + ¢cz?) A, (Ix + my + nz) = 0
u+i,@M+2,(0)=0
u+i, =0
A =-U

Sub A, =-uin (7)
x+a(-u)x+lx, =0
X—aux+Ir, =0

X(l-au)+Ir, =0

1,
X =
1-au
I,
X = —-
au—1

From (8) y+b(-u)y+mi, =0
y—buy+mix, =0

y(L-bu)=-mi,

g
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From (9)

—-mAi,
1-bu
-m,
—(bu-1)
mh.,
bu-1
z+c(-uz+ni, =0
z-cu)+ni, =0
-Nh,
1-cu
_ Nk,
T —(cu-1)
ni,
" cu-1

y:

y:

y:

Sub x,y,z inequation (3) we get

| A, . m ma, n ni, 0
au-1 bu-1 cu-1

1A,  m?x, n?a, 0
au—-1 bu-1 cu-1
2 2 2
2 ! LMo n =0
au—1 bu-1 cu-1

|2 m2 n2

+ + =
au-1 bu-1 cu-1

68.

Show that the maximum and minimum of radii vectors of the section of the surface
2 2 2

z . .
(X2 +y?+7%)? = ¥+§+C—2by the Ax + puy + vz = O are given by the equation
24 2 2.2 2.2
a“i b cv . . .
> + uz > ++ 5> = 0 we have to find the maximum value of radius vector’s
1-a°r 1-b°r 1-c°r

where r> = x? + y? + 72,

Sol. :

Given radius vector r is
. Q)

rZ: X2+y2+22

and vector of section of the surface

N
N
N

(r2)2: X_+y_+z_
a’? b? c?
a’? b? c?
and also, AX+uy+vz=0 . (3)

Rahul Publications
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Differentiating there equations and putting the condition dr = 0
From (1) = 0= 2xdx + 2y dy + 2z dz
Xdx +ydy +zdz=0 .. (4)

2X 2 2z
From (2) = 0= gdx+b—)2/dy+c—2dz

X y z
—dx+-=dy+—dz=0
a2 b2 y CZ (5)
From3) = Adx+pdy+vdz=0 ... (6)

Multiplying (4), (5) & (6) by 1,1, X,
Respectively and adding

Then we get
(X dx+ydy+zdz)+x{izdmlzdwizm}+x2(xdx+udy+vdz)=o
a b c
d X i Ld 2 d

xdx +ydy+zdz+ M?JFMF erle—2 Z +h, MdX+A,ndy+A,vdz=0

X y z _
X+h—5+ho A [OX +| y+2 ==+ A, [dy +| 2+ — +h,v [dz=0

a® b? c

Equating to zero the co-efficients of dx dy, dz, we get

x+x112+7»27»:0 o (7)
a
dy L 4,1 =0
Yt g+ b= .. (8
z
Z+M—+hyv=0 .. (9)
c

Multiplying (7), (8) & (9) by X, y, z and adding

2 X 2 y? 2 2?
X2+ 5+ A AX+ Y  + Ry S+ A uy + 2+ Ay —+ A, vz =0
a2 b2 c

2,2, .2 x* y? 7 oy -0
XT+y“ +29)+1 _2+F+_2 +hy, (AX+py+vz)
a

(@]
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By (1), (2) & (3)
= 240" +1,0)=0
rP+r*a, =0

45 _ 2
" iy =-r

%bM=%M(&@&@)

-1
by (7) = X+[ain(—2J+?m2 =0

r

X

a’r?

1- 1
X W +AA,=0

1
x[l—ﬁj =-1A,
Ay
1
l_
( azrzj

—a®r? i,
a’r? -1

X_

+}\.}\.2 :0

X =

—a?r? .,

X =
1-a?r?

by (8)

-1
y+%[r—2J+M}b2 =0

y
y—W-FM}\.z =0

y@fg%z}umzzo

_ —uA,
y= 1
b2r2
Y P i Y
T ob%%-1 pA?-1
b2r2

_ —b?r? i,
y - —(l— b2r2)

_ b?r? pi,
y 1_b2r2

—c?r2va,
cir2-1

—?r?v,

—1-c?%r?)
c2r?va,
1-c%r?
Sub, X,y &z in (3)

ie. AX+uy+vz=0
s a’r’an, . b2r? u, i c’r’ v,
1-a%? | M 1o 1-c?r?

a’r’ A,  brPpth, cfrivia,

= —+ -+ =
1-a?r? 1-b?r? 1-¢?r?

a2).2 b2 2 22
+ +
1-a?r? 1-b%r?  1-c?r?
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2 2 2
69. Find the maximum and minimum values of a_4+§+c2;_4 when Ix + my + nz =0 and
2
X2 y? z
S+ =1,
a? b? c?
Sol. :
Given U= 5+ L L )
ven U= "7+ 7% . (1)
andalso IXx+my+nz=0 .. (2)
x2 y ?
a—2 b2 C_Z_l .. (3)
Differentiating these equation and putting the condition du =0
2X 2
By (1) = U= —;dx+ ydy+—dz
a b*
Xax+ Y dve Ldz=
dx+ w0 dy+ dz 0 . (@)
By(2) = ldx+mdy+ndz=0 ... (5)

By 3) = 2—)2(dx+Eydy+—dz—0
a

y
dx+ d + dz—O
a2 b2 y ... (6)
Multiplying (4), (5) & (6) by 1, &, »,, and adding.

a_dXth:/ dy+—dz+7»1 (Idx + m dy + n dz) +A, [—dx+g/ dy+—dzJ:

[—+|x 2 —de+[l+mx 2, deer [i4+nxl+x2i2sz=o
a a b* b C C

Equating to zero the coefficients of dx, dy, dz we get

X X
—4+le+7»2¥:0 (7

y y
+mMi; +A =0
b? 1T ...(8)

z z
C—4+nxl+kzc—2:0 ..(9)

g
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Multiplying (7), (8), & (9) by x,y, z & adding

X X y Yy Z z
x[a—4+lkl+7u2a—2}+y£§+ mkl+k2FJ+z£C—4+nkl+kzc—2J:0

2 2 2 2 2 2
X X y y
a—4+xlkl+a—2k2+ +ymhi, +

z z
b_4 F)\,Z +c—4+Zn}\,l+)\/2c—2:0
X2 oy 72 x2 2 72
{a_4+b_4+c_4 +M[IX+my+nz] +A, ¥+F+C—2 =0
By (1), (2) & (3)
= U+20)+2,(1)=0
U+i,=0
A =-U
Sub A, =-U in (7), (8) & (9)

” = X -uX-o

a* a’
X |1
—|=-U|+Ir =0
a’ [az } '
X |1
Xl=_ul=-In
a’ [az } '
x Aty
a’ 1-Ua®
‘- —a*ln,
1-Ua?
y y _
8) = FerM_UF_O
%[—Z—U}+mkl:0
Yy _ -y
b2 1
Y
y —b?ma,
b?> — 1-b*U
—b*ma,
Y= 1-pn2u

g
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS

z z
@ = —+m-U==0
C C

z| 1
212 ul+my =0
C2|:C2 } !

z -’y
2  1-c?U
—*ny,
7 = >
1-c°U

Sub X,y &z in Ix + my +nz=0 we get

4 K4 _ A4
| @ Ik; m b rr;kl nl=C nle 0
1-Ua 1-b°U 1-c°U

a1y, b*m?in, c?n?),
M 2 2, " 2 =0
1-aU 1-b°U 1-c°U

a*1? b*m? ¢*n?
2, " 2 20
1-a°U 1-b°U 1-c<U

70. Show that the point within a triangle for which the sum of squares of its perpendicular
distance from the sides is least is the centre of the cosine - circle.

Sol. :

Let x,V, z be the perpendicular distance of sides BC, CA, AB respectively the sum of square of the
distance is given by

U=x2+y>+ 72 . (1)
AABC = AOBC + AOCA + AOAB

AABC = % (ax + by + c2)
= ax+by+c =k .. (2
Differentiating equation (1) and (2)
By (1)=du= 2xdx +2ydy + 2z.dz
For maximum or minimum du = 0

2xdx +2ydy+2zdz =0

xdx+ydy +zdz=0 .. (3)
By(2) = adx+bdy+cdz=0 .. (4)
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Multiplying (3) & (4) by 1,2, and adding
(xdx+ydy+zdz) + 2 (adx+bdy +cdz)=0
(x+ar)dx+(y+ A b)dy+(z+xrc)dz=0
Equating the coefficients dx, dy, dz to zero.

-X

x+ar; =0 = M=~

y+bik, =0 = 7»1:_—;/

z+ch =0 = M=

Consider x, y as independent variables and z is a function of x and .

Differentiating equation (2) partially w.r.t to x

0z
a+0+c. —=0

oX
0z -a
E—T .. 5
Partially differentiating w.r.t to ‘y’
0z
O+b+c-—=0
oy
a8
oy c .. (6)
Partially differentiate (1) w.r.t to ‘X’
CLi 2X+0+2 a2
OX X ’ OX
= 2x+2 & Si z_=2
= 2X Z o ince —~ c
_ —a
= 2X+ 2z c
ou 2z7a
Bl == (7
o 2X o (7)
— (144}
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Differentiating equation (1) partially with respect to ‘y’

Now

0z
a =0+ 2y+ 2z
oy oy

b
=2y +27|—
y+z[cj

ou 2zb
- :2y_—
oy C

2a 0

0
= a—X(ZX) - Ta_x(z) =2-

I
N
o X
/N
|
ol
~—

Since —

20z
c OX

0z

|
&

g
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Consider

2a® 2b? 2ab)?
= | 2+— || 2+— | _ | ££2
s ( c? j( c? J ( c? j

4b% 4a® 4a’b? 4a?p?
+ + -

= 4
¢ c? c? c*
4a® 4p?
=4+—+—>0
c c

nm-s>>0 and r=>0

The function u is minimum

. X_y_ 12 . L
Maximum value of u at 2 b ¢ where (X, Y, z) is the centre of cosine circle.

71. Discuss the maxima and minima of the function U = sinx Siny Sin z. where x, y, z are
the angle of triangle.

Sol. :
Given U=Sinx Siny Sinz . (@)
X, Y, Z are the angle of triangle x+y+z=mn .. (2

Differentiating equation (1) on both sides

d . . d . d, .
=sinysin z —(sinX)+sinx sinz ——(sin inx siny —(sinz
du smysmzdx( ) sin z dy( Y)+smx5|nydz( )

du = cosx sin y sin z + sin X cos y sin z + sin x sin y cos z

For a maximum or minimum of u, du =0

cosxsinysinzdx +sinxcosysinzdy +sinxsinycoszdz=0 .. (3
From (2)
dx+dy+dz=0 .. (4)

Multiplying 1, A to equation (3) & (4) and adding

cos xsinysinzdx + sinxcosysinzdy +sinxsinycoszdz+ A (dx +dy +dz) =0
(cos x siny sinz + A)dx + (sinx cosy sinz + L) dy + (sinxsinycosz +21)dz=0
Equating the co-efficients of dx, dy, dz to zero.

cosxsinysinz+ i =0

= —A=cosxsinysinz
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SN XCos VEnz + L= U
= —/.= sinxoos vEin z

snxsinvoosz+ L=0
= -l =sinxcosyoosz
COs®En ysinz =
Dividing byrsin x siny sinz on both sides

ocosxsinysinz  _ =3 g

5inx oos v Ein z = En

Bt SN oos 2

% 5iN YO0SE

smxsmysinz
cotx=coty=cotz

E
: };:y:z:i

Differentiating equation (2) partialky wrt t

MNow,
Differentiatingequation (1) partialkrwer. to

s xsnysinz {5in

Consider x v as independent variables and =

D Y

sy sinz

as a functionof x and w

.5}

[sin v) + sin xsny ™ [sinz)

Edk

AT

xR, Snysnz 7708 +sinx sinz ™

du

= =gnvsnzoosx+ 0 + sinxsin yogs z

B.L. . . . - {lz

A =sinysinzoos X + 5inxsin v oosz F™
From (5]

du

™ = gin y 5in zoos % + sinx sin v oesz (+1)

du

E = 5in ¥ 5N 2005 X — &N X 5N Yoos £
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Now wewil find r,5 and t
Fu ; SN Z— COSX + CO5X z [sinz ; rai.n:-: 5 [oosz) + cosz 2 I,smx,'l-l
= G sy s oo ] any [ o ]
= siny sinz|—sinx)+ mexcosz J—Ejnir' mxl:—mz:l——mﬁzmﬁxj
by (5)
= giny[-sinxsinz + cos xogszl-1)] — siny [-sin xsin z[-1) 4+ cos zcos %]
= —ENXENVENI-SNVCoEX oS I— SN VENXENZ—SN Voos 20068 X
= —Z2snxsinvsinz - 2coskopszsEiny
E
i
T a 3
FEh PR |.r,l,:x I.-',IE".I ‘AN & &
= _Pgn = |80 < |80 = | 12 ool — lcos| — |sin] —
% = |\.3;| |13,-| 3] TeP=13) '.haf.l LE-J
B[ E)[ L5
= |T,|‘|E,|'IE| 2(zflz) 7
'._ - L A b A -
_BB 8 4l g
4 4 4
E
r at 3= B3 <0
. Fu
Simiarky t= pe
t= - Z2snxsnvsn z— 2 cos Xjoos Z8n v
s
t at E=‘\E
Fu 8 _
5= B ay[anusmzm:sx—smxﬂnymﬁz]
2 2 1 3 3 1
= cosx | snz— (sny)+siny—-(sinz) | — sjnx[ain —cosz)+oosz —[siny] |
. . a I
= oosx| snzlcosy)+sinyooss —|| — sin x| 5N V(- 5N z)— + coszoosy
ay| &y

— [ 148}
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UNIT - 1l DIFFERENTIAL AND INTEGRAL CALCULUS
by (6]
= cosx[sinzoos v+ sinveoos z(+1)] — sin x [sin v (—sin 2j(-1) + cos voos 2]
O = COEXCOEVEHNI-COSXCOS ISRV SN XsSnNysSnz —sinxoosvoos s
S at %
(= D R A TP ST AT e R
B mh fm' 2 |Eﬂ' 3. |_m' 3' '3 Fm' Eﬂ.l‘ mi,jflamiil En!jﬂ.l_mﬂjfl N g
S 11 11 BIENE B
2 22 2 22 2182 2 2 22
B O R
8 & 3 8
=B B
8 2
5 at E = £
3 2
£yt
3
Now it — &8 = I:—x'g:'fﬂg:'—i _;r_i
= 5=
9
= —=»0
4“."-‘
=5 >0 and r <0 then the function I |is maximum.
|.r,l,;‘. |'r“-'~?"| x
Maxd valw = sin| 3| =sn| = =
T Em.‘_?:-. sin| 3 51.11.|535
- BABE
LA
Maximumvalweof wis = %ﬁ
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‘ Choose the Correct Answers I

1 The function has neither masxdimum nor minimum wahee if [b]
fa] rt—5=0 b) t—5<0
e =0 d) r=0D
2. If fix v} has continuwous second order partial derivatives f&_ and f_‘“ then [a]
fay f =1 by f =1
B Fed -~ i
€ £ <f (d} £, >1
B Eed - i
3. The function is masdmum vahee if [a]
la) t—s=0 r=0 b) t—-s=0,r>=0
] n—-s5<0r=<0 d) t-s<0,r=0
4. The conclution for masximum or minimum vahes are [EB]
WP &f oo of
fal hE= 0, ]-:E =0 =3 i 0, E =0
2% 3%
el z==0 Fr (d) None
5. Maximum vahwe of (log =)/ = [a]
la) == % (b) x==%x
ic) == :/Ej, d] ==10
&. The maximum vahe of sin x + cos xis [d]
a) 2 b 1
el 2 (d) 1+.2
7. Sinx (1 + cosx) is masdmum at [a]
a)] == % (b] x==%
] w= T (dl w=1
5 s 5 ‘d';l-:
B, Hy —3ax"+x =':Iﬂ1mE= [=]
—2lx—a) P —x*
@ )] 5
L, TEalx i
i) 5 (d) Mone
(150 )
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9. Euler's theorem on homogenous function if T is homooenous x. v z of degree n, then [d]
g8 P dF , oF
a) KE_}:E:FE (k) KE_KE=M
d& dF P dge, of, P
——v——z—=nF ! —+y—=+z—=nF
ic) K-ﬂ:{ ¥ Ee (i K&:{. e =
10. It = ¢ then d—"' [d]
3 I-“'.'rr =C -d_}c; 1
of f o E:
() EFET (bl T
of —fx
Sl @
| 151 |
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‘ Fill in the Blanks I

ou
1. Ifu=y then — =

OX
2. The value of f(a,b) is called —____ value of f(x,y)
3. If AX is increment in x then Ayis —_______iny
4. Legrange’s condition for maximum are and
5. Legrange’s condition for maximum are and

d
6. If u = (tanx) + y cot x then d—i =

ou
7. If u=x2-y?then

x
oz
8. If z=(cosy) / xand x = u?>-v,y = e¥ then PV
dz . .
9. at by composite function

10. If “+e" th M
. X=e"+e en =

ANSWERS
y* logx
Maxima or minima
Consequent increment
nt-s2=>0,r<0
n-s2=>0andr<20
a
2X
(cosy- xy siny) / x?

© No bk wbdRE

adx o dy
ox dt oy dt

10. e

g
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7 Curvature and Evolutes: Introduction - Definition of Curvature - Radius of )
Curvature - Length of Arc as a Function, Derivative of arc - Radius of Curvature
U N IT - Cartesian Equations - Newtonian Method - Centre of Curvature - Chord of
Curvature.

I I I Evolutes: Evolutes and Involutes_ - Properties of the e_volute. _ _
Envelopes: One Parameter Family of Curves - Consider the family of straight

lines - Definition - Determination of Envelope.

T O I
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IS EEEEEEEEEEEEEE]

B
T
TP P TP

3.1 INTRODUCTION - DEFINITION OF CURVATURE RADIUS OF CURVATURE

Introduction Definition of Curvature

Let AB and CD be two curves we observe that the curve AB bends more sharply than curve CD we
say that curvature of AB in greater than curvature of CD

i.e., nature of curve in called curvature

B

C
> Radius of Curvature

Let AB be a curve and P and Q are any two points on the curve. Let N is point in point if intersection
of normals of P and Q.

If N tends to a definite position C, as Q tends to B, then the point C in called the Centre of Curvature
of the curve at the point. The length CP is called the Radius of curvature of the curve it P in denoted by p

C B
N

A~ Q

4

1. Find the radius of curvature at any point of the following
(i) s =ctany (catenary).

Sol :

s=ctany

ds
Differentiating, the above equation with respect to v we get E = C sec?y.

{ 153 }
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(if) s =4asin y (cycloid)
Sol :

s = 4asiny
Differentiating the above equation s with respect to y we get,

o _,
dy = a cos y

1
(iii) s =4asin 3V (cardioide)

Sol :
Differentiating the above equation s with respect to y we get,
ds 4 1 1 4 1
~_ =4acos - y.—- = - acos <
dy 3V 373 3V
(iv) s =c log sec y (tractrix)
Sol :
Differentiating the above equation s with respect to y we get,
ds 1
-~ =¢C: © sec y tan y = ctan
dy secy viany v
(v) s=alog (tan y + sec y) + a tan y sec y. (parabola)
Sol :
Differentiating the-above equation s with respect to y we get,
ds a 2 t 2 t t
- = a-————— - (sec’y + secy tany) + a(sec y sec?y + tany secy tan
dy tany +secy OV y tany) + a(sec y sec’y W secy tan )
asecy(secy + tan
= wlsec v) + a sec y(sec? y + tan? y)
tanwy +secy
=asecy + asec vy (sec® y + sec’y — 1)
=asecy +asecy (2sec’y —1)
=asecy + 2asec®y —asecy
ds :
dy 2a sec® y

I 3.2 LENGTH OF ARC As A FUNCTION, DERIVATIVE OF ARC I

Lety = f(x) be the equation of a given curve on which we take a fixed point A. To any given value
of x corresponds a value of y i.e., f(x) and to this pair of numbers x and f(x) corresponds a point p(x, y)
on the curve, and this point p has some actual length ‘s’ from A. Thus, we have a function s of x for the
curve y = f(x) we need to prove that

'l 154 ',
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y)\ Q
A—F N
AX
>A
0 L M

We take a point Q(x + Ax, y + Ay) on the curve near P.
Letarc AQ = s + Asso that arc
PQ = As
From the rt. angled APQN, we have
PQ? = PN? = NQ?
= (AXY? + (AY)

- [
AX AX

chord PQ ? As Y Ay 2
= arcPQ ax) = ax
Assuming, on an intuitive basis that

jim SNOrAPQ _ 4
e->P arcPQ

we obtain in the limit

2 2
ds) _qi (%Y
dx dx
We make a convention that for the curve y = f(x) ‘s’ is measured positively in the direction of x
increasing, so that, s, increase with Xx.

Hence ds/dx is positive
Thus we have

& Y

B

Rahul Publications



B.Sc

| YEAR | SEMESTER

ds
2. Find ax for the curves y = cos h (x/c)

Sol :
y = cos h (x/c)
We know that

y = cos h(x/c)
Differentiating the above equation with respect to x we get,

Yo h (x/c) . 1/
dx—sm (xfc) . 1/c

2
dx dx

ds 1. 2
— — [|1+=-sinh“(x/c
= dx \/( c? ( )j

ds
3. Find ax for the curves y = a log (a%/a? — x?)

Sol :
y = a log(a?/a? — x?)
Differentiating the above equation with respect to x we get,

dy 1
— =a. .—a¥(a?-x3)?.-2x
x 7 ( )
a&—x
a?-x* 2a’x
= a. a2 '(az — x2)?
dy  2ax
dx  a?-x?

ds _ dy 2
dt 1+[_Xj]

2
ds :\/1+[ 22aX2j]
dt a —X

g
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UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

5
=

-X )+4a ]

(aZ)Z +(X2)2 _2a2x2 + 4a2x2
(aZ _X2)2

\/(a) +(x ) +2a

ds @ +x?y  a?+x?

dx — V(@ -x?? = a?-x2

ds
4. Find at forx =acos®t, y = b sindt

Sol :
Given that
X=acos*t,y = bsint
We know that for the parametric equation
x =A(t),y = F(t)

= ()]

X = acos®t

Differentiating the above equation with respect to t we get,

d 3 cos? t (- sint)

— = a.3cos?t (-sin

dt

dx 3asint 2t

— =-3asintcos
= dt

y =bsin®t

Differentiating the above equation with the respect to t we get,

d_}t/ = b3 sin?t. cost = 3b sin?t cost

{ 157 I T .
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ds
&= JI(=3asintcos? t)’ + (3bsin? tcos t)’]

= J[(9a%sin? tcos* t + 9b’ sin* + cos?(]

= /9sin’+ cos? t +(a® cos’t+ b? sin’t)

ds . ,
G = 3sint cost J(@ cos?t+ b? sin’t)

ds
5. Find ax forx =a(t-sint),y =a(l-cost)

Sol :
x=a(t-sint),y = a(l - cost)
x=a(t-sint)
Differentiating the above equation with respect to t we get,

a1 - cost
dt_a( — cos t)
y=a (1 - cost)

Differentiating the above equation with respect'to t we get,

ﬂ— 0 + sint) = asint
at = a( sin-t) = a sin

= ST ()]

= &= Vel cosh)? + @sint]

= Ja’(1 - cost)’ +a sin’t

= Ja’[L+cos?t - 2cost +sin’t]

= \/a2[1+1—2cost]

= /2a*(1-cost)
ds
gt 2a /(1-cost)

g
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ds
6. Find ax for x = aetsint, y = ae' cost

Sol :
X = ae'sint, y = ae' cost
X = ae'sint
Differentiating the above equation with respect to t we get,
dx (e cost + etsin 1)
—— = a(e' cost + e'sin
dt
d ‘(cost + sin t)
— = ae'(cost + sin
= dt
y = ae' cost
Differentiating the above equations with respect to t we get,
d_y = a(e'. —sint + e'cos t)
dt '
Y ae'( — sint + cost)
dt
ds d_X 2 N ﬂ 2
at dt dt
ds t ; 2 t ; 2
= g \/[(ae (cost +sint))” +(ae (-sint+ cost)’]
= \Ja’e®[cos? t +sin® t+ 2costsint + sin® t + cos® t — 2sintcost
= Ja’e®(1+1)
— /2a2e2t
ds > aet
- = ae
dt
. . ds
7. Find — forr=a (1 + cos 0)
de
Sol :

r=a (1 + cos 0)
We know that for polar equation r = f(0)

2
ds _ |,z (ﬂj
do ~ de

g
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r=a (1 + cos0)
Squaring on both sides we get,
r2 =a%1 + cos 0)> = a*(1 + cos®> 6 + 2 cos 0)
r =a(l+ cos0)
Differentiating the above equation with respect to 6 we get

dr_ 0-sinB) = in 0
de—a( —sin ) = —asin

ds
T \/[(a2(1+ cos” 8 + 2¢os 0) + (—asin 6)°]

= Ja?+a2cos?0+ 2a2cos0 +a’sin? 0

= Ja’(1+cos? 0 +sin’ 0 + 2cos0)

= Ja’(L+1+2cos)

= Ja%(2+ 2c0s0) = /2a’(1 + cos 6)

ds

% = ﬁa\/1+cose

) ds
8. Find —— for r> = a? cos 20

de
Sol :
r2 = a2 cos 20
Differentiating the above equation with respect to 0 we get,
2 ﬂ— 2 in20.2
rde = a2 -sin 20.
X &sin20
= rde =-a?sin
dr -a? .
= T = . sin 20
dr -a®sin20

_— = — _ in2 20)-12
= 90 avJcos 20 a sin 26(cos 20)

ds , drY’
_— = r-+—
de do

g
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= \/a’ cos 20 + a’ sin® 20(cos 26) *

_ [a?[cos26+ 3720 in2g
c0os 20

_ a\/cosz 20 +sin’ 20

c0s 20
_ 1
~ " Vcos260
ds
a0 a+/sec 20
dS ol 2m dzr 2m-1
9. In the Curve rm = a™ cos m@. Prove that %:asec ™ mo and a E_F mr=""=0
Sol :
Given curve is
rm=a"cosmo L (2)
Taking log on both sides
log rm = log (@™ cos mo)
mlog r = log a™ + log cos m@
mlog r = mlog a + log cos m6
Differentiating on boths sides with respect to '0'
4 I o I + d I 0
mde(ogr)— mde(oga) de(ogcosm )
tdr _ 0+ d 0
Mrde = cosme de(cos mo)
mdr _ -—msinmé
r do cosmo
a_ T
gg =~ mtanm
dr
= rtanme . (2)

We k thtﬁ— r2+(er2
e Know tha de_

g
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= \/rz +(-rtan me)2
= Jr*+r*tan’mo
= r/l+tan’mo

ds _ 0
qp = rseem
Sub equation (1) in equation (3)

But from (1) r™ = a™ cosm6

Yo

r= (a"‘ cos me)
r= a(cosme)%n

. by (3) = % =a(cos me)%n secmo
a(cos me)%ﬂ
cosmo

g
—a(cosme)m

1-m

=a(cosmo) m

(m-1)

=a(cosm@) m

1

-a —
(cos me)m%n

d (m-1)
il —=asec A mo
do
ds
from (3) I rsec mo = cosmo
o
rm
"
dS m.1-m
do —&f
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Consider
dr _ dr do
ds =~ do ds
ﬂ = t 0 L f 2
ds = —rtanm a.mr.l—m [ rom ( )]
dr e
— =—-a"rr""tanmo
g = @ rrottanmoo (5)

Differentiating equation (5) with respect to ‘x’

d’r _ ddr)_ dfdr\dr
ds? _ ds\ds = dr\ds)ds
d
= —(-a"r"tanmO})(-a "r" tan 0O
(8 )(-a )
— —a"r" tanmo d (rm tanme
— r™ tanm ( )dr(r anm )
-2m m m -1 de
= —a tanmo| m tanmo + mr™sec? med—
r
— ma>"r™tan me{ r™* tanme —r™ sec? melcotme}
r
= ma *"r 2rn‘1[tan2 mo —tan meseczmecotme}
1
= ma2"r?™*| tan> mo - tah mOsec? mOsec? mo
{ tafi mo
= ma*"r*™*[ tan® mo - sec’ mo |
— ma—Zerm—l(_l)
2
d_; — _ma-2mp2m-t
ds
2
d—;-i— ma—Zerm—l — 0
ds
2r
M —+mr’mt =0
s

|

g
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o d’r

. d
10. P hat f sin“g—+r =0.
0 rove that for any curve ¢d6 4s?

Sol :

dr
We know that = cos¢ L (1)

differentiating equation (1) with respect. to ‘s’

d(dr d
£[£J = g(cos¢)

@
gz SN
d’r . .do do
— = —-sing—.—
ds® do ds
d?r _dosing { ao . }
— =-sing——=>" o r—=sin
ds? d)de r ds ¢
ot _ sintgde
ds® rde
., do dir
—sin®p—=r—-
¢d6 ds’
do .. d°r
—sin®p——r—=
¢d6 ds?
rd—2r+sin2¢@—0
ds’ do

3.3 Rabius oF CURVATURE - CARTESIAN EQUATIONS I

> Radius of curvature Cartesian Equations
5302
1+ (dyj
d ¢ ds dx
Radius of curvaturep = —==—————~—
P= 4y~ dyldx

> Radius of curvature — Parametric equations
x =f(t), y = F(t)

fl2 t +F/2 t 3/2
Radius of curvature p = + LG (®]

~ FOFM) - FOf ()]

'l 164 ',
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>

Radius of curvature - Polar equations
Let r = f(0) be the given curve in polar co-ordinates.

X =rcos 0,y = rsin 0 where r = f(0)

. (1+yi)3/2 _ (r2 + rl2)3/2
Radius of curvature p = Y, T2y 22—,
where r, = f(0), r, = f(0)

) ] dr
Radius of curvature - Pedal equations p = r@
From the figure, w =06 + ¢

o/ P
(5} 4

Differentiating both sides with respect tos, we obtain

dy _ do do¢
ds ds ds
_ o [dp dr
T ds  ds ds
1 1 do do 1 . dr }
Z = T k& .+ — ==sin¢ and — = cos
A rsmd)+cos¢.dr { e ¢ as o
1 == (sin¢+rcos¢.@j
p dr
_1d
=T (rsin ¢)
_1d
T ordr
_ar
P rdp
(-2 )
kl6—5) Rahul Publications
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11. Radius of curvature when the equation of the curve is given in p and y or to prove that

d’p
p=p+ d_'-IJ2
Sol :
We have
dp _dp dr ds
dy ~— dr ds dy
dp
= ar cosd.p
= pcos¢.rE
dr dp
=rcos ¢
Now again

p* + il 2=r25inzd)+rzcoszd)=r2
dy

Differentiating with respect to p, we obtain

dp d’p d dr
sy 4B du el
dy dy“ dp dp

d’p
+ v

This is known as tangential polar formula.

or 0] P

1

12. For the cylcorid x = a(t + sint), y = a(1 - cost) prove that p = 4a cos (Etj

Sol :
X =a(t + sint)

Differentiating the above equations with respect to t we get,

B 2@+ cost
at =a( cost)
y = a(1 - cost)

Differentiating the above equation with respect to t we get,

_ 0 + sin t) = asint
at = a( sin t) = asin

{ 166 }
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dy
dy dt __asint _ 2sint/2cost/2
ax = 9x a@+cost)y  2cos’t/2 = tant2
dt
d® — 2 ¢/2 1 ﬂ
el
== 1Seczt./z ; = 1 sec?t)2 ————
2 “a(l+cost) 2 2a.cos’t/ 2
_ L 1 11
" 4a cos’t/2.cos’t/2 ~ 4a cos't/2
dy 2 3/2 l oo
1+ — 24
(2] (el
S S
dx?2 4a cos*t/2
1
_ (sec’t/2"*  cos*t/2
=11 — :
d4acos‘t/ 2 dacos*t/2
p = 4acos t/2

X
13. Find the Radius of curvature art any point on the curve y = ¢ cosh c (Catenary).

Sol :
. , X
The given curve is y = c cosh .
Differentiating it with respect to x, we have
] x 1 X
— =c.sinh —. — =sinh —
dx cC cC c
d dy _ coshi 1
and e T cc
,73/2
{14_((1)/) ]
dx
p d2y
dx?

g
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3/2
C [l +sinh? X}
c

X
cosh —
c

2 3
= c cosh? x/c =c. y_2=y_
c C

Hence p o (ordinate)?
14. Find the Radius of curvature art any point on the curve x = a (cost + t sint)
y =a(sint) -t (cos t).

Sol :

x = a(cost+tsint), y= (asint—tcost)
Let x =a(cost+tsint)

%:a[(—sint)+t(cost)+sint-1]

=a[tcost]

y=a(sint—tcost)
OI—y:a[cost—t(—sint)+cost-1]
dt

=a[tsint]

Q_atcost_t

= — =tant
dx atsint

2
d gzseczt.ﬁ
dx dx

3

2\2
[1+(dy) J
dx
dy?
dx?

Radius of Curvature in p =

(l+ tan? t)g

sec’t- a
dx

168 |
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sect dx
sec’t.-—
dx

=sect-aftcost]

Top=at

am

15. For the curve r™m = a™ cos m0, Prove that P = (m + 1) pm-1 -

Sol :
We have
rm=a™ cos mo
Apply log on both sides
log rm = log(a™ cos mo)

m logr = loga™ + log cos mo

m logr = m loga + log cos mo
Differentiate with respect to 6

1d 1 o
rdo cosme(_msmm)
m dr sinmo
—_—— = .
r do cosmo
dr r
— — . g —tanmOx—
do o
dr
= rlzﬁz—rtanme

again differentiate with respect to ‘0’

_dr _ , ar

rZ—E——rmsec mo6 — tan mo 40
= —rm sec? mo — tan mo (- r tan mo)
= —rm sec> mb + r tan> mo

Here,

(rz +r12)é

r? +2r12 —rr?

g
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%

[rz +(-rtan me)z}

r? 2(-rtan me)2 - [r(—rm sec? 0+ rtan? me)J

()72/)7Z [4tan2 mef/2

[rz +r2tan®mo+r’m secz}

r3 [sec2 me}%

r? [1+ tan? meJ +mrlsec’mo

r*sec® mo
r*sec2mo + mr®sec?mo

yz/sec?’ mo
- yz/seczme(erl)

rsecmo
(m +l)

r
I N 1 T
(m+1)cosmo m+1 cosmo®

- 1-\am-r
“im+1) ¢m

3a 3a
16 Show that the curvature of the point (??] on the family x® + y® = 3axy is

N
3a

Sol :
Given that

X2 + y® = 3axy
Differentiating

dy dy
2 2 = — —_—
3x% + 3y ax = 3ay + 3ax w )

d d
3y? d_i - 3axd—i = 3ay - 3x?

g
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2 4
= 9a® 3’
4 2
_ 6a®-9a® —[9a2—6a2]
~ 9a%-6a’ 9a” —6a°
= ﬂ =—-1
dx|( 3a 3a
3%
again differentiate (1)
( 2—ax)d—y =ay - x?
= Y ax Y
dy dy
22 _ -2 _ 2 —
y dx ade ay-x*=20
dy 4% dy dy ody
2de Ty dxz_ dx dx? —adX—ZX—O
2 2 2
dy d<y dy dy dey
— — — — +ax—=
2X+2y(dxj +y2d 2 = %0x dx dx?
Substituting =, 22 _ 1§ = tivel
ubstituting ==, =, = 1 for x,y, - respectively,
42
d—Z 32
X%|(3a3a) = S
(7:7] 3a
{171 }
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B.Sc
3a 3a
Hence the curvature at [77J
32
_diyldx® 3a
- 1 272
[“(dyj } 1 (2]
dx
3a
_ 3 _ -8J2
(2)32 3a
(x'2+ y'z)?/z
17. Ifacurve is defined by the equation x = f(t) ; y = ¢(t) Prove thatp= >/
X'y"—y'x

Sol :
Given that, x = f(t) y = (1)
differentiating with respect to ‘t’

dx . dy
a 'O o =00
i.e., X = f'(t) y- :fr(t)
Now
dy
dy _ dt _ ¥ SNy .
dx — dx ~ x where y' and x' are function of t
dt
o = il
dx2  dx\dx
- i{i} _ g[v_')g
— dx{x') T dt \x') dx
Xy'—y'x' 1
T X
_ Xymyxt
= 3
{172
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UNIT - 111
1| Y l+(yj
dx X'
p= q2 = X'y"—y'x"
dx? x'?
3
(X.z_y.z)é
(X.z)%
= Xy—yx
'3
3
(X.z_y.z)/z 3
= X = A
(c)ff XYY
3
_ (X.z_y.z)é
X'y'-y'x"
X2 2
18. Intheellipse — + “5 =1, show that the radius of curvature at an end of the major axis

is equal to semi latus-return of the ellipse.

Sol :

. X2 yz
The given curveis — + F =1
a

Differentiating with respect to ‘x’ we get

Differentiating with respect to ‘X’

{ 173 I
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dy
d2y _ﬁ y=X o
dx? a2 y?
—b?x
_ b y_x(azyJ
- 2 y2

Rahul Publications
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UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

(a4y2 n b4x2)%
) a*p?

p at one end of major axis (a, 0)

(a4 (0)+ b4a2)%

a*pb*

3
(b4a2)é b6a3 b2
A1 = —— = — Semilatus rectum

a4b4 a‘b a

r . do
19. Show that for any curve B=S'”¢ 1+£ .

Sol :

Consider

. do
sing [1 + %J

— r@ £1+@J
ds do

doé do d¢
ds ~ds do

e
ds ds
_ . d

- rdS (e + ¢)

_ do
= "ds

r

p
20. Find the radius of curvature for the curve r = a(1 - cos#).

Sol :

r=a(l-cos®) — r=a-acosb
differentiate with respect to ‘0’

dr

P =—-(-asinB)=asino

g
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again differentiate with respect to to 6

d?r

@zacose

3
2 (dl’jz A
r<+|—
do
p_
) (drjz d2r
r<+2 —| —-rl —
do do?

[rz +(a2 sin? G)Jé

r? +2(asin 6)2 ~r(acosh)

{[a(l— cose)]2 + [az sin? 6}}%

a?(1—cos0)’ +2a2sin? f—racos0

5
]

a®sin®0+2a’sin”0—[a(1-cos®)acos |

[az (1-cos6)’ +a?sin0

adsin0+a’sin?0

3a°sin0—a%cos0+a?cos?0
2a%sin?0
3a2sin®0

_ 2.0
—3asm

L p= %x/Zar

2

u z]sin3 ¢, where u = }
de r

21. Show that for any curve r = f(0) the curvature is given by [

Sol :

2
u
The curve r = f(0) the curvature is given by (U +@j sin® ¢.

{ 176 |
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O |k

1 dfdy
22. Prove that for any curve E =< \as

Sol :

Consider

ds

)
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d (dy d .
ax o) = &(Sln(p)

4 do
= d(p(sm(p)dx
_ de ds
_COS(pdx dx
do 1
dx ~ p

23. Find the radius of curvature at any point on the curves x = (acostt)/t, y=(asint)/t

Sol :

asint
X = acost, y=
t t
dx ! int) + tt| =2
— = — (- N i
at t( asint) + acos 2
—atsint—acost
= t—z
dy ! t).+ asi t{_ }
& _ = intl—
at t(acos) asin 2
—atcost—asint
= t—z
dy  —(atcost—asint)
dx =~ atsint+acost
Consider

—(atcost—asint)}2

1+ 2 = -
( yl) l+{ atsint +acost

(atcost—asint)?

M (atsint+acost)?

a’t?sin?t+a?cos? t + 2a’t shrt cost + a’t? cos? t +a’ sin® t — 2a°t siTt cost

(atsint+acost)?

{ 178 |
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a’t? (s.in2 t+ cos? t) +a’ (sin2 t + cos? t)

(atsint+acost)?

a’t? +a?

(atsint+acost)’
a2(1+t2)

(atsint+acost)?

Consider
= ——————(-atsint+acost DL _(atcostt
Y, = atsint+acost(_a sin acost—acos )dx —(atcos
in t) — (at cos t + asin t 't)Olt
—asin atcost+asint-asint)——
(atsint+acost)’ dx
_ —atsint t? + (atcost—asint)atcost t2
a+sint+acost atsint+acost (atsint+acost)2 (atsint+acost)2
—at3sint(atsint+acost)+t2(aztzcoszt—aztsintcost)
B (atsint+acost)?
_ —a’t*sin?t-a®tsintcost + a®t* cos® t —a®t> sintcost
(atsint+acost)?
~a?t*
= (atsint+acost)’
Consider
3
(i)
p _ —
Y2
2(;2 %
a (t +1) (atsint+acost)®
B (atsintJracost)2 —a’t*
3 3
B a3(t2+1)/2 _ —a(t2+l)/2
—a%t? t*
3
_ —a(t 1)
.p= t4
(179}
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24. Show that for the curve x = a cos 8(1 + sin 0), y = a sin 8(1 + cos0). The radius of

. . . . —T
curvature is a, at the point for which the value of the parameter 6 is —.

4
Sol :

X =acos0(1l+sinB), y=asin06(1 + cos0)

dx
X' = qp — &cos 6(cos 0) + a (1 + sin 6) (- sin 0)

= acos?’O—asin®-asin?20
= a(cos? 0 —-sin?0)—asin o
= acos20-0sino
d°x .
X'= —= = —2asin20-acos 6
do
y' = asin 0 (-sin 0) + a(1 + cos 6) cos 6
= —asin?0 +acos 0+ acos?0
= a(cos? O —sin?) +a cos O
= acos 20+ acos6
y'= —-2asin26-asin®

Now,
(x'2+y'2)%
P v
X'y"-y'x
2 2172
[(acosze—asine) +(acos20+acos6) }
= (acos20-asin6)(—2asin 20 - asin6) - (acos 20 + acos0)(—2asin 20 — acos6)
2 2%
a a
(&5}
- a a a
—2a+ —-2a-—
Al )
22 a2
22
= o2 a2 2a2 22
2 tatEt
28
p=a

g
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25. Show that for the curvey =

Sol :

Consider

a+ X

ax(

@]% _

ax
a+x

2 x (@ + ax{(aer)zJ
(:;i))(z a(a+x)-ax

g
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)4 +at )%

B ((a+x

—2a2(a+x)3

= -2a’(a+ X)’p

)4 +at )?/2

= ((a+x

= (—Za2 (a+ X)3 p)?/2 =@+r'+at

= (zp)% (a+x2)a% =@+x'+a

(20)%3

2] a?(a+xp?=(a+x)*+a
3

QD

(zpj% (a+x) | a’

= (2 - 2

26. Prove that for the cardioid r = a(1 + cos 0), pT is constant.

Sol :
Given,
r = a(l + cos 0)
_dr e
r,= 40 = —asin
d?r o
r,= —5 =-asin
2 de?

We know that
3
(r2 +r12)é

r= ——————
2 2
r°+2r -1,

|:|:a(l+ cose)]2 +(-asin G)ZT/2

(a(1+ cose))2 +2(-asin®)” ~[ (1+cos6)(-acos6)]

182
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}%

a® +a%cos?0+2acos0+2a%sin®0+a%cosd +a’cos’ 0

[az +a2cos?0+2a%cos0+a’sin? 0

3
(a2 +a?(1)+2a® cos O)A

a’ +2a (0032 0+ sin? 6)+ a2 cos? 0+ 2acos0

[Za2 (1+cos 6)}%

3a% +3a°cos0

2% a®(L1+cos 6)?/2
3a (1+cos0)

%
= 278.(14- cose)%

%
= ZTa(lJrcose)%
2% r
= _a J—
3 a
o 9%
Jr e

p2 8a 3 .
o = ? which is constant

27. Find the radius of curvature at the point of the curve r = a cos n@. Also show that at the

. . . a
point where r = a its values is > -
1+n

Sol :
Given, r=acosn9
dr .
r = T = -—ansinf
— dzr o 2
r,= @ = —an?coso

We know that

g
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(r2 2)4

2 2
re=2r" —rr,

)2}%

[(acos ne)” +(-ansinno

(acosnd)” + 2(-ansinn)” —(acos ne)(—an2 cos ne)

e}%

a®cosn?0 + 2a®n?sinn0 +an? cosn?0

[az cosn0+a?n?sinn?

3
a® [rz +a’n?sin nze}é

r? + nr? + 2a®n?sinn?0

[rz +a%n? (1— cos nzeﬂ%

r2 +n%r2 4 2a2n? (1— cos nze)

}%

+2a°n? - 2a%n? cosn?o

[rz +a’n? —a?n?cosn?

I’2 + n2r2

3
[rz REZH20 nzrz}/z

r? +n?r? + 2a°n? — 2n?r?

2 2)%

(I’2 +a2n2—n r

r? —n?r? 4+ 2a%n?

)%

a® —n%a® + 2a°n?

(a2 +a’n? —n2%a?

(T S

22+ a2n?2 a2(1+n2) 1+n

28. Find the radius of curvature of the curve r = a(1 + cos0) at the point where the tangent

is parallel to the initial line.

Sol :

Given r= a(l + cos0)

g
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We know that

%2

p= =5 a(1+cose)%

j%

3

2
p= 27 a(l+ cos—
3 3

3
% ¥
= 2_ a(l-l‘lj
3
3 1
_ 2" aﬁ L= 208,
3 oh 3
29. Find the radius of curvature at the point of the curve r = a sin n@ at the origin.
Sol :
Given r=asin no
_dr _ 6
n= 4o =—ancosn
d’r an sin no
r,= —— =ansinn
? do?
3 3
(r2 + 12 )A [(asin ne)2 +(-ancos ne)z}é
p: —
r2+2r2 —rm, (asin ne)2 +2(-ancos ne)2 —(asinn®)(ansinno)
3
B [az sin? nd +an? cos? ne}é
a?sin® 0+ 2a®n?cosnd —a2nsin? 0
patorigin® =20

[az sinn(0)+a’n?cos?n (O)T/2

~ a?sin?n(0)+2a2n? cos(0)—aZnsin?n(0)

[az (0)+a2n2(1)}%

a?(0)+2a®n?(1)-a®n(0)

g
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3
B (aznz)/2 _a’n® _ an
= =5 T o.2.2 _ 2
2a2n2 2a°n 2
. . A an
Radius of curvature curve r = a sin n6. at origin is p = >

13
30. Find the points in the parabola y? = 8x which the radius of curvature is 7—.

6
Sol :
Given thaty? = 8x
dy
2de—8

dy _ 8
dx 2y

_d_y_ 4 _ 4 _ 2 _\/E
1= Gx T ¥8x T 2y2x T 2x T %
dy _ V2
dX yl_ X

dx?

\ L (/%
T2

[1+[3){j2}%

dx?
27%

ll{ﬁ[\/l;ﬂ } (lJer% X+2 % y

i e
2 NE%
= —(x+2)?/2\/§
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13 125
p = 7> = —
16 16
2 2
y - _ 125 3,75 5@ _ (1253
(x+2)22 = 6 = [(“2) 2} (V2)® = 16
52
X+2 2% = "1/
(x+2) Rz
(X+2)2%> = 52.2_8/3
(x+2)=52.975.2 2
(x + 2) = 25.22
X+2 = )
_ 25 ,_25-16_9
X8 7T 8 T8
Sub X= 9/8iny?> = 8x
9
2 = — | =
y @ >
y = £3
9 9
i =3 =,-3
Points are [8 J [8 J
2 2 a2b2
31. Prove that for the ellipse — + b_2 = 1. The radius of curvature is p = 0® p being
a
the length of perpendicular from centre on the tangent at point (X, y).
Sol :
. x2 y2
Given,curve — + — =1
a b
x 2y dy
a2 " p? d
v dy _ 2x_dy = b
b2 x__zjdx_az Zy
dy —xb?
dx —  a?%y
(187 )
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dr? a?

T a2 a2y’ a*y® a2 p?
—p?
2 h2
7 @)
d2y2 _b4
a2 ay?
3
3 213
dy 27%2 1 —xb?
l+[ 2 /
dx avy _|:a4y2+x2b4:| 2 azyg
Py b \ a®y® G
dx2 a2y3
3
B —[a4b2+b4x}é
B a*p?

P is perpendicular distance from centre on the tangent at the point (X, y)

B 1 B 1 o a%®
P= 2 2 4.2 4.2  [4a,2 a2
X°y b™x“+a”y b™x“ +a”y
2t 7 4, 4
a~ b a'b

3 [—azbz :|3 a®p®
PP=1 a2, 42| = 3
b™x“ +a"y (b4x2+a4y2)é

We have
3
B —[a4y2+b4x2}/2
a a*pb?
6.6 6.6
b 3 a’b
by p3: a N (b4X2+a4y2)A = —
4,2 4.2 % p
(b X“+a'y )

{188}
Rahul Publications —



DIFFERENTIAL AND INTEGRAL CALCULUS

UNIT - 111
Then,
a®p°
s —a®h®  a%p?
p = 24h? = p3a4b4 p3
a’b?
p= p3
32. Find the radius of curvature of \/y + ./y = /3 atthe points where the liney = x cuts it,
Sol :

Given curve \/x + \Jy = \a

Differentiate with respect to ‘x’

d
2&+2\Nd—§:0

dx !
2Jx + 24y y, =0
\/;:_\/yyl

Here

_ o
-

Y:

Differentiate with respect to ‘x’

=28

11 Ay Wy
Tkl T L

_dy _ 1y

i

. dx?

We know that radius of curvature p = a2y
ax?

1+(dy

{ 189 }
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2x/2 2X ZX%

The point where the line y = x cuts the given curve is [

a
1+4
a
4
p = =
|(a/4,a/4) \/g 5
1 4 .
i a
42
4 4
3
22 _a
=7 = N
a
A A
P V2
X
33. Prove that the radius of curvature at any point of the catenary y = ¢ cosh s varies as the
square of the ordinate.
Sol :

. . X
Given curve is y = ¢ cosh .

differentiate equation (1) with respect to ‘x’
dy =c a [costh
dx dx c

o 5[1}
= csinh cle
dy

dy _ X
dx =sin c

Differentiate equation (2) with respect to ‘X’

'l 190 ',
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d’y X 1
= h=. =
NG cos c e
dy 1
—cosh—
e c c e 3)

The expression for Radius of curvature

2%
{lJ{dyj :l
dx
p= T ..... 4)

dx?
sub (2) & (3) in (4)

o[

p =
1cosh (Xj
c c

34. Find the value of pforr= ae’®~
right angle at the pole.

Sol :
Given that

r=ae”* 1)
differentiate equation (1) with respect to ‘0’

and show that the radius of curvature subtends a

'| 191 I|
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= —a— eecotoc
0 =*w® )
= ae™(cota) L (2)
dr_ t by (1 3
qg — cota vy L 3)
o _11 4
dar  rcote T (4)
L
rg = tana
LU
rdr =tan ¢
r 1 =tan¢ > by (3
“roola [+ by (3)]
EEN
coto, — @n ¢
tan o = tan ¢
o 0=a
The chord of curvature through the pole = 2psin ¢ ... (5)

Where

dr
p=r dp
Consider
p=r.singd
=rsina
dp _ .
qr —sina 1)
-
~ sina

Substituting the corresponding values in equation (4)

:2£;Jsin¢
sina

=2 -r sifia
(08
=2r
.. The chord of curvature through the pole = 2r

{ 192 |
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35. Prove that if p be the radius of curvature at any point p on the parabola y> = 4axand S be
its focal, then p? various as (Sp)3 .

Sol :
Given parbola is y> = 4ax and we know that, the radius of curvature
2%
{l+[dy} :l
dx
p= T ..... (1)
dx?
Since y? = 4ax
Yy = Jaax = 24/ax
y=2Jax L. (2)
Differentiating equation (2) with respect to x
dy 1
Y o ofa i
dx 2Ux
dy _Va 3
x=% W\ 3)

Differentiating equation (3) with respectto X’

212156

Substituting the coordinating values equation (1)

.G % y
[“(\EH 2{1+X} 3
by (1) = p= _\/aéx’gz - Ja

{ 193 }
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any point P(x,y) on the parabola, the total distance of the point P is,

SP= (x—a)2+y2

We have, Distance between the points
A(x,Yy,)and B (x,,VY,)is

AB = \J(x, =) +(y2-¥:)

= Jx?+y? +a’ - 2ax

= (x+a)2

AB=x+a . (6)
Focal distance (Sp) = (x + a)
from (5) & (6)

2o
o= 215

4 3
0 = g[SP]/2

. Square of the radius of curvature (p?) at any point of the curve varies as the cube of the focal
distance.

3V3 .
36. Show that T\F is the Least value of |p| fory = log x.

Sol :
Given,
y = logx
differentiating with respect to ‘x’

dy 1
x - x e (1)

Again differentiate with respect to ‘x’

dy _d(1
dx?  dx\x

= _ X2

g
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UNIT - 111

-1
X2

dy -1
dx*  x°
Radius of curvature (p) is given

(a]]
L (3)

p = d2y
dx?

sub 2 & IV Lates from (1) & 2)in (3
ub 5 NG values from (1) & (2) in (3)

[
I
[REY

- (Xz)% 1
(1)
]
p:—(x):rl)
() a

By Neglecting — ve sign p=

Rahul Publications

g




B.Sc

| YEAR | SEMESTER

Differentiating equation (4) with respect to x

dp _ i{ﬂ}

d_x dx X

x@( 1) (20)- (¢ +1)2 (1)

dp _ (x° +1)%(2x2 -1)

dx X2

p . -
For d_X to be maxima or minima

= = =
2x2-1=0
, _ 1
=5
_ .1
X==3

Again differentiate equation (5) with respect to ‘x’

dy  d {(x2 +l)% |:2X2 1]}

dx®> ~ dx x?

dx

o (1) (20 -2) || (o 1) (2 1)

(<)

‘l 196 ',
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-1

x| (X% + 1)% (4x)+(2x? —1)%(x2 +1)2 (2x)} - {(x2 + 1)% (2x* - 1)(2x)}

X4

(xz)(x2 +1)% (4x)+x(2x2 —1)(x2 +1)_% —(x2 ﬁtl)%(ZX2 —1)(2x)

x(x2 +1)%

x(x2 +1)V2

ax? +(2x2 -1)(x2 +1) " —(2¢? —1)(2x)}
4X% + (ZXX:+_11) ~(2x*-1) 2x}

X (x? +1)y2 [4x2 (x*+1)+2x? ~1-2(2x* -1)(x? +1)]

x* (x2 + l)

4" +4x% +2x* —x® —4x* —4x* +2x° +2

B x3Ux? +1

2x +x2+2
T ox3Ux2+1

1
T2

4 2
Z[lj + lj +2
1 1

g

Rahul Publications



B.Sc | YEAR | SEMESTER

1

p has minimum value at x = NA

Minimum value of p is

]
Pl EI Y
V2 V2
-3
_ (3)%(2) 2(2)"
Y]
2

37. Find the radius of curvature at the origin for the curve x® + y® - 2x2 + 6y = 0.

Sol :

The Given curve is X3 + y*—2x> + 6y =0

The curve passes through (0,0) and x-axis is-a tangent to the curve at origin then radius of curvature
at the origin is given by,

2
lim > = 20 @)

x—0
y—0 y

Dividing equation (1) by ‘y’

3 3 2
X_+y__2i+ﬂzo
y |y y y

3 2
X—+y2—2i+6:0
y y

Apply lim on both sides
x—0

y—0

2 2
Iim{xX—er2 _ +6} =0
x—0 y

y—0
x? 2
lim x(—} lim(y?)- 2Iim(—}+ lim(6)=0
x—=0 y x—0 x—0 y X—0
y—0 y—0 y—0 Y0
0(2p)+0-2(2p)+6=0
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—4p+6=0=>-4p=-6

I 3.4 NEwTONIAN METHOD I

38. Define Neewtanian Method
Sol :
If a curve passes through the origin and the axis of x is tangent at the origin.

2
Then Iim;—, as x — 0. gives the radius of curvature at the origin.
Yy

dy
Here y,(0) = [ dx (0.0) =0

2
X 0
Now, 2_y assume the indeterminate form 0 asx —» 0
lim ﬁ — Iimﬁ — 9
x—>02y 2y, -0
1 1

— lim— —
T xo0Yy, T Y, (0)

2
- [x
The origin where x - axis is a tangent p = )!ILHO(Z_yJ

2
Similarly the origin where y - axis is tangent p = lim (ZXJ

x—0

39. Find the radius of curvature at the origin of the curve x® — 2x? y+ 3xy? — 4y? + 5x2 — 6xy
+7y?-8y=0
Sol :
The given curve
X3 —2x%y + 3xy? —4y® + 5% — 6xy + 7y? -8y =0
It is see that x-axis is the tangent to the origin. Divide by ‘y’ we get

3

X2y 3yt 4y sk By 7y? By

+ _
y y y y y y y

y? x?
X~7—2x2+3xy—4y2+57 -6x+7y-8=0
2
. X
Let X — 0sothat Im —=2p
x—=0 Yy

g
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0.2 p)-2(0) + 52 p)-8=0

10p-8=0
10p =38
_8_4
P= 10 T 5
-4
Lop= 5
40. Find p at the pole for the curve r = a sin no
Sol :
The curve  r=asin nb
r,0are ‘0’
Intial line is tangent to the curve at origin
LT . _asinng
p= lim— = lim
60 20 650 20
. sinn® no no
= lim —_— = —
650 no 2 2
.= N
SP=
41. Find p at origin of the curve 2x* + 3y* + 4x2y + xy —y? + 2x =0
Sol :
Given that 2X4 + 3yt + APy + Xy -y + 2x =0
Since, the curve passes through the origin equating to zero, the lowest degree term
2x=0
=  x=0
y axis is tangent at the origin
Dividing by 2x.
4 4 2 2
2x +3y +4xy+ﬁ_y_:0
2X 2X 2X 2x  2x
4 2
y 2y y
X+ — +2Xy+ — - — +1=0
2 % Y72 T
Applying the limitsasx — 0,y — 0
we get
y2
x—0 2X =P
Lp=1
42. Find the r at origin of the curve y = x* — 4x3 - 18x?
Sol :

y=x-4x*-18x>*=0

{ 200 }
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The curve passes through the origin equating to zero, the lowest degree termy =0
X-axis is tangent at the origin
Dividing by 2y

yooxt ax® 18’

2y Ty T2y Ty

2_2y+ 2y+ 82y—0

Applying the limitsasx — 0,y — 0

2 X2 2

1
—_XZ.X_+2x~—+13X—:0
2 2y 2y 2y
1
5 ~0(p) + 0(p) + 180 =0
18p=-+ —_ L
P=7"2 =P7 736
_ 1
P~ 36

43. Find p at the origin of the curve 3x® + y* + 5y + 3y x2 + 2x =0
Sol :
X+ Yy +5y2+3yx2+2x =0
The curve passes through the origin, equating zero, the lowest degree term 2x =0, x =0

y-axis is tangent at the origin

Dividing by 2x
3 3 2 2
Ty 5y ekt 2
2X 2X 2X 2X 2X
3 2
y 5y 3
X+ — 4+ — + -yx+1=0
2 2X 2X 2

Applying the limitsasx — 0,y — 0

5
0+0+E(p)+0+l=0

50=-1

_ 1 _1
P= 5 =P~ 5

g
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44. Find the p at origin of the curve x*—y* + x® —y* + x> -y? -y =0
Sol :

The curve passes through the origin equating to zero, the lowest degree termsy = 0
X-axis is tangent at the origin.
Dividing by 2y

oyt 3y Xy
2y T2y Toy T2y Toy T2y Ty

1
0-0+0-0+p-0+ = =0

2
. _1 1

45. Find the radius of curvature of the cardioid r = a(1 — cos 0) at the pole (origin)
Sol
Given equation r = a(1 — cos6)
Differentiating with respect to ‘0’
d?r

dr ]
40 = asino, 402 = a coso

p —
r2 4+ Z(drjz - rd—2r
do d6?
3
|:|:a(l+ cose)]2 +[asin 6]2}/2
- [a(1- cose)]2 +2[asin6]’ —r[acos 6]
3
[az +a®cos? 06— 2a°cos0+a’sin® O]A
T a2 (1+ cos® 0 Zcose) +2a”sin*0—(a(1-cos0)(acoso)
B a® +a”cos?0-2a”cosf +a’sin’0
~ a®?+a?cos?6 - 2a%cos0+2a%sin?6—a? cosO+a’ cos?
At origin
p=20

{ 202 |
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46. Apply Newton's formula to find the radius of curvature at the origin for the cycloid
x =a(® + sind) ,y = a (1 - cosh)

Sol :

Given Cycloids are
Xx=a (0 +sin06),y=a(l-cosH)

X dy .
=a (1 + cosh); = = asind

do do
dy :
dy 4o asin®
dx ~ dx _ a(l+coso)
de
= 0
= tan/2
d
Y _0, wheno=0
dx
o N x> a’(6+sin@)”
Hence initial line is tangent to origin p = liM——=lim

6502y 050 23(1-c0s0)

a| 2(0+sin0)(1+cos6)
e—>02_ sin®

a _2(1+ cose)2 —sin6(6+sino)
— 0502 cos0

I 3.5 CeNTRE oF CURVATURE

The centre of curvature at any point P on a curve is the point which lies on the positive direction of
the normal at P and is at a distance p from it.

The centre of curvature at any point of a curve lies on the side towards which side the curve is
concave.

How can we decide the positive direction of the normal? The direction of the tangent in the x
increasing direction on the curve is considered to be positive. The positive direction of the normal is
obtained by the rotating this positive direction of the tangent through /2 in the antic lock wise direction.

N N N N
T T
P P P P
T T
{ 203 }
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d? d?
AtP )2/ will be +veand  AtP )2/ will be — ve and
dx dx

p will be — ve. Centre of curvature
curvature is on PN will be on NP produced
47. Find the coordinates of the centre of curvature of the parabola y? = 4ax.

Sol :

Given parabolaisy?=4ax ... @)
differentiating with respect to ‘x’
2yy,=4a
da_2a
yl_ 2y - y ..... (2)

Again differentiate with respect to x.

—2a —2a( 2a
.=yt T oy y

~4a?
Y, = y?
2
1+y? :14{§}
y
, Yy +4a’

1+y; 5

The coordinate of the centre of curvature is given as,

 n(yd)

X: y2 )
2a{y2+4a2}

2

X =X- Y yz

~4a

y3

* 2a
X=x+ 4ya2 F(y2 +4a2)

1
— — 2 2
X=x+ 2a(y + 4a?)
X=3x+2a [.y>=4ax]

1+y/°

Y,

Y=y+

g
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Yy
a2

=y - 7 O+ 4a)

y
4a?

-1y Jy]

4a®

—4ax~/4ax
—_

4a

[4a? — y? - 487]

—ZX%\/a
a

Y

-~ Va

ZX%\]

The centre of curvature is (X,y) = [3X +2a,

3.6 CHoRD oF CURVATURE

If there is any point P at the given curve and a circle having the radius of curvature r is drawn
passing through P, then any chord PN is called the chord of curvature. If C be the centre of the circle then

PN= RP cos RPN = 2 p cos RPN

= 2p COS o
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Chord of curvature through pole (origin). In the figure PN is the required chord of curvature

T
PN=RP cos RPN = 2p cos E_d)

Hence chord of curvature through pole = 2p sin ¢
Chord of curvature through the pole for the curve p = f(r)

Weknowr=rsing; .. sindg= %
Hence chord of curvature = 2p. p
r
=2.r E-R =2 ﬂ
dp r dp
dr 2f(r)
= 2f(r) % ie., f_(r)
48. Define Circle of Curvature.
Sol :

The circle with radius equal to radius of curvature p and its centre the centre of curvature (X, Y) is

called the circle of curvature.

Then the equation of the circle of curvature is
X=XP+y-YP=p

aa
49. Find the centre of curvature at the point (sz of the curve V/x +.Jy =+/a . Findalsothe
equation of the circle of curvature at that point.
Sol :
The given curve is \/x +.fy =+a
Differentiating with respect to ‘x’ we get,
1,1 () [y
S dy_
dy 2.Jy dx 2Jx
dx? X
aa 4
At —,— s =-1; = _
[4 4) Y 273
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If (X, Y) is the centre of curvature at (X, y)

y,(L+Yy3) 1+y;
Y=vy+

= ] =

Y2 Y,

4 4 4 (4/a) 4 2 4
4 (4/a) 4 2 4

3a 3a)

TT is the centre of the curvature.

H tion of the circle of t t(iij' X—§2+ y—%z—a2
ence equation of the circle of curvature at | 777 is 2 )=

50. Find the centre of curvature of the four cusped hypocycloid.
X = acos®0, y = asin®0, i.e., x¥3+y?? = a28,

Sol :
dx )
We have x = a cos®0, then T = - 3acos?0 sin 0
: dy :
y = asin®0, then — = — 3a sin%0 cos 6
do
dy dy/do
Then y = dx — dx/de =-tan 0
2y , . do
and y2=d7=—sec ed—x

1
= —sec4 0 cosec 0
3a

Now, if (X, Y) be the coordinates of the centre of curvature, then

ya(1+y35) , tan O(1 + tan? 0)
=X- —y =acos?0 +
2 —~ sec* 0-cosecO
3a

207
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= a c0s%0 + 3a sin%0 cos 0

1+y? 2
and Y=y++—y1:asin3e+(1+4tan 0) 3o

Yo sec” 0-cosecO

X
51. Inthe curvey =alog sec (gj prove that the chord of curvature parallel to the axis of y

is of constant length

Sol :

X

Given curve is, y = alog sec (gj ..... @)

Differentiating equation (1) with respect to ‘x’

Y aﬁs—x(%c@}

x

a

 RAE

dy X
ax = tan (a} ..... (2)

Differentiating equation (2) with respect to ‘x’

dzy L ® i(tan(ijj
dx? dx a

_ [z}
=sec’ |3 |

2
d’y zl.SecztiJ
dx? a a

|

The chord of curvature parallel to y - axis
= 2p CoS ¢

2p

T osecd

2p

2
1+ (dyj
dx

g
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= 2a

The chord of curvature parallel to y - axis is constant length.

3.7 EvOLUTES AND INVOLUTES - PROPERTIES OF THE EVOLUTE I

52. Define Evolutes and Involutes.
Sol :

If the centre of curvature for each point on a curve be taken, we get nene curve called a evolute of
the original one.

Also the original curve, when considered with respect to its evolute is called an involute.
> To determine the equation of an evolute
We know that the coordinates of the centre of curvature are given (x, y) where as

N Y1(1+Y12)
Yo
142
e £

Now are eliminate x & y and then relation between X & Y is required equation of the evolute.
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53. Show that the evolute of the ellipse x = a cos, y = b sin@ is

()73 + (by)’s = (a —b2)2/3
Sol :

Given x=acos0, y =bsin0

dx . dy
Ty = —asino, T} = b cosO
dy
dy =y do — bcqse = _—bcote
dx 1 dx —asino a
do
Y _ B e
ol y, = acosec X
= Deosecs. 2 :_—Ecosec36
a asino a

Let (x, y) be the coordinates of centre of curvature
Where,

2
bcote(l + b—z cot? OJ
a

X = acoso+

b b2 ) 2
= acos0+ 5 cot O 1+a_2C0t 0 T sin*6

b2
= acosO —acotOsin®0 (1+a—260t2 6}

. b2
= acos0-acos0sin?0 - — cos*0
a

: b2
= acos 0(1-sin?0) - Y c0s%0

b2
= acos 0(cos?0) — Y cos0

b2
= acos® 0— — cos*0
a

g
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a®-b?
X=cos*0| ——| .. @)
a
Consider
2
(1+ b—zcot2 OJ
Y = bsino + &
——C0S ec30
a

2 2 .3
— bsing+ |1+ 2 cot2p |_27SiN"0
a2 b

2.3
= bsine—&bne—bcoszesine

a2
= bsin6 (1 -cos?0) - Y sin® @

2
= bsin36—% sin® 0

2 .2
= b ba sin® 0

Now we have to elimate ‘6’ from x & y to obtain an evolute from (1)
ax =cos®0 (a2 - b?)

(ax)% = (a2 - bz)%’ cos2 0
From (2) by = (@?-b?)sin®6

(by)% = (a2 —bz)%’ sin” 0

(ax)72 + (by)?a = (az—bz)%

Which is required evolute

54. Show that the parabolasy =-x*+x + 1, x = -y?> +y + 1 have the same circle of

curvature at the point (1, 1)
Sol :
Given curve are
X ==y2+y+1,
y=-x2+x+1

8
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B.Sc
Consider
X =-y?+y+1
1= —2yy1 +y,
1=(-2y+1) Yy,
1
Y17 oy+1
_ 2y, _ 2 1 _ 2
2= (Coy+1 T (2y+17 —2y+1 — (2y+1)

We know that circle of curvature is
X=X+ (y-Y;-p,

y,1+y,%)
-

1 1
1+
x— —2y+l{ (—2y+1)}
2
(-2y +1)°

~1(1+1) _ 122
-2
1 -
-1
0

Xat(l,1)=1-

1+y,°
Y,

Y =y +

14 T

(-2y+1)?
2
(-2y +1)°

:y+

Yat(l,1)=1+ 1%1 =1-1=0

-1
@+y,’)y:
Y,

:I /2
1+7Z

2
(-2y +1)°

Consider p =
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%
pat(l, = VT = 5% o
= _2% :_\/E
p :_\/E = p2:
Consider
y=-x>+x+1
y,=-2x+1
y,= -2

We know that the circle of curvature is
X=Xy +(y-YyY=p
y,d+y,%)
_ —yz

. (=2X + D1+ (-2x+1)°]
0 2

. (-2X + D1+ (-2x+1)

[S—

2
=l+%
_1. 2
=1+ p
=1-1=0
2y%2
Now p:M
Y,

R+ (2x+ 17772

2
21%
bt 1) = L2
_ @+

2

=2% 21 2%
p? =2
Circle of curvature is x? + y? = 2 for the curve x = -y? + y + 1 and the curve have same circle of
curvature.
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3_Y 3_Y
X——a ——a =
55. Show that ( 2 j + (y 2 j
Jx + \Jy =y atthe point (% %)
Sol :
Givencurve x + .\Jy = \a
Differentiating the above curve
1 1
+ 2\/; y, =0
1 _ _yl
2Jx ~ 2y
12
T2y Ty
T
NN N
Again differentiate the above
-1 1 —1
ALy
T NN P 1
_ 1.0
.7 ox 2
We know that equation of circle of curvature is
(X =X)?+ (y - Y)* = p?
R ACCA)
=x- Y,
1+y,?
Y =
y+ Y,
Consider
NI £
Y,

Rahul Publications
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Circle of curvature is
X=Xy +(y-Yy=p

2 2 2
X — Ea + |y-— Ea = (Ej
4 4 2
56 If (X, Y) be the co-ordinate of the centre of curvature if the parabola v/x + ﬁ = Ja at
(X, y) then prove that X + Y = 3(x +y)

Sol :

S+ Y = a

1 1

olx tafy =0

g
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—1

_2ly Ay
NN

e -1
_ﬁ'z\/y'yl_( 2x7%
_ii(ﬂJJr\/y
T Uxo2ly W) T o
_1
y2_2X+2x%

We know that

Consider

2
_ y1(1+y1) v + l+y12

y, y 2

RN

=X+

i

g
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(x+y) 2Vx)

Consider

20y (x+y) - 2x(x+y)
X+Y =x+ \/;+\/§ +y+ \/;+\/§

2\/§(X+y)+2\/;(x+y)
=X+y+ \/;_i_\/y

[5+]
:X+y+2(X+y)W
=X+y+2x+2y

=3x + 3y
X-Y=3Xx+Yy)

X
57. In the curve y = C cosh [EJ show that co-ordinates of the centre of curvature are

g
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Sol :
) X
Given curve = C =cos h [EJ
y, = Csinh c-lc
] X
y, = sinh c
e XL
y, = Cos cC

We know that the coordinates of the centre of curvature are

y,d+y,%) a+y,*)
=x-""0—,Y=y+
Y, Y,
sinh > [ 1+sinh? X
C C
X =X-
1 X
— cosh =
C C
smhé(cosh2 Xj
X =X- 1 "
— cosh =
C

X =x-Ccosh E sinh

X
C
X =x-y [ coshz——lj

2
X =x-y §=—l

1+sinh?2 X

1

:y+
—coshé
C C

cosh? X.c
cosh—
C

g
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X
—y+CcoshE

Y =y+y

Y =2

y
X=x—yql%2 -1 & Y=2y.

58. Find the equation of circle of curvature at the point (1, —1) of the curvey = x3-6x> + 3x + 1.
Sol :

Given

y =x3-6x2+3x+1
y,=3x*-12x + 3
y,= 6x-12
We know that equation of circle is
X=Xy + (y-Y)*=p?

Where
‘= y,d+y,°)
= X - v,
. (8X? —12x + 3)(L+(3x* —12x + 3)%)
6x —12
o (3W-12(0+ 3) (L+(307 - 1200+ 3))2
Xat(1,1)=1- 012
L. 6-120+E-12+ 3)%)
N -6
_,_® (1-(-6)°)
-6
= 06D g
-6
Yoyt 1+y? _ L (1+(3x* —12x+3)7)

y, 6x —12

[1+(3(17 —12(1)+ 3)° |
6(1)—12

Yat(l, -1)=-1+

. [1+(3—22+3)2]

g

Rahul Publications



UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

_— 1+ 36

- -6
S LA
—TC T 687 6
_{1+yfr
P=|"y

B [1+(3x2—12x+3)2]% _ [1+(3_12+3)2]%
B 6x -12 - 6

_@n?
-6

2

_ @) @nEn? @)
- 36 6 36

Circle of curvature is

43> 378
+36)+ |\ Y+t—| = —
(x ) ( GJ 36

59. IfC and C, be the chords of curvature parallel to the axes at any point of the curve

1 1 1
y = ae*a. Prove that C. + C, = %aC

X

Sol :

Given
y = ae%l
y, = ae’"(2)
Yy, =

Y, =

C, is the chord of curvature parallel to x-axis.
C, = 2psing

vy
p = Y,

g
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Consider
2%
{1+(e%) }
p= e%
a
% a

2
=11 >%) . X
He } -
We know that

_dy
tan¢—dx—ea
Now

1 1

cosp = l+tant¢ = \/1+(e%)z

1
and  sing= 1-cos’¢ = 1{—}

1+
I RO e I N
I Y R R
Y1+ €y
Consider
C,= 2psind

s %
=2 [1+(e%)2}/2 : e% { lilf(e%)z}
=2a [1+(e%)2}% (1+(e%)2)%
C,=2a [l+(e%‘)2]

Let C, be the chord of curvature parallel to y-axis
Cy = 2p cospd

{ 222 |
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3 1
_ @ %2 |72
=2 e% [1+(e ) } l+(e%)2
a X\
= " 1 a
2 ECod
Consider
1 1 1 €%y

+ = +

Ce  Cp 4612[1+(e%)2}2 4a2[1+(e%)2:|2

1+ () _ 1
4a’ [1+(ex/2)2]2 4a* [1+(e%)2}

1
2a.2a [1+ (e%)z}

1
=~ 2acC,
1 1 1
C ) + C - ZaCX
X yZ
.o2r
60. Show that the chord of the curvature through the pole of the curve r"=a"cosn 0 is 1

Sol :

Given
M =a"cosn 6

nr”'lﬂ =a"(-nsin O
de =a (_ S )
dr  -na"sin®
do = nprt
dr _ -a"sinn@
d !
Consider
do
tang =r |

dr

g
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oI
a"sinnd

_—r" -a"cosnd
a"sinnd sinnd

T
tang = -cot n® = tan | 5+ no

Y
— o=~ +nod

2
p =rsing
T
=rsin [E”‘GJ
rn
=rcosng=r —
a
rn—l
p = an
dp 1
ar s a (n+ L)

We know that chord of curvature is given by

dr rn+1 an
2p —=2 Y n
A
T n+1l

2r
Chord of curvature through the pole of curve r" = a" cos n6 is -

61. Show that the chord of curvature through the pole of curve r? cos 20 = a.

Sol :
Given curve r? cos 20 = a?
2 = g2 1
c0s 20

r> = a?sec 20

dr
2r — = a?2sec 20 . tan 20

d0
ar & e 20 tan 20
do = o Sec . an

Rahul Publications
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_al 2 sin20  a’ 1 sin20 a®  sin26
= ;%Y 0520 T r c0s20 c0s20  r  cos20

2
a
r’cos 20 =a? = coszezr—2

a? sin20  r?
r ~cos20 ~ a?

dr sin 20

40 " cos20
We know that

=rtan 20

ang < O
anq>—rde

_ 1
~ " Ytan20
= cot 26

T
tand= tan [E - 29}

¢_ 2 -
Now
p=Trsing
T
=rsin [E—ZGJ
=rcos 20
a’ a’
= = = —
r? r

% — a2 [‘_ZJ-J — —az
dr r r?

We know that chord of curvature is

rr
— = -2r

dr a’
r a

Zpd—p =-2

Chord of curvature through the pole of curve
r? cos 26 = a?is -2r
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2 2

62. Show that for hyperbola 2—2 - Z—z =1 a“* = (a?+ b?) x3 b4y = (a? + b?) y® and the

equation of evolute is (ax)2/3 - (ay)2/3 = (a*+b? )2/3

Sol :

X2
Given hyperbola is 2z a2 1

A point on hyperbola is (a sect, b tan6)

X = a seco, y = b tano
L 0 tan®
40 = a sech tan
dy )
40 = b sec?0
dy dy /dx _  bsec’8
dx ~ do/ d0 ~ asecH.tan®
_ E secO
" a tan®
_ E 1 cos0
" a cosH " sind
_ b 1
" a-sind
b
= — cosecO
a
_dy b
y, = X = a cosec
—_b 0 cotd a
yz——a cosecO co X
= ? coseco . coto —asece “@ano
_ —b cos’6
~a? sin®e
(X, Y) be the coordinate of centre of curvature
Where
« y,d+y,%) v a+y,*)
=X - =
Y, Y™ oy,

226
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Consider
2
b cosech [1+bzcoseczej
X = asecO 2 a
- ~bcos’ 0
a%sin®o
b b> a®sin®o
= asecd + — coseco | 1+—C0s"6 | = > —
a ( a* bcos® 0
sin® o b?
=asec) +a —5 - + — sec®
cos’ 0 a
b2
= asech (1 + tan?0) + o sec30
b2
= a secO (sec®0) + o sec3d
2
= asec®0 + o sec3d
_ (@*+b*)sec®0
B a
2 2yx2
= @D A \
a
@*+b*)x®
e
‘X = (az + b2) X3
Consider
2
[1+chos eczej
Y = b tand + .
~bcos”0
a®sin®0

2 ain3 2
— btang_ 23N 0 (ler—2 coseczej
bcos® 0 a

a2
= b tand - F tan®0 — b tand sec?0

2

a
= b tan6 (1 - sec?0) — Y tano
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a2
= -btan%0 - F tan®0

(b* —a’)
b

b*y = -y3 (a2 + b?)

= —tan3®0

Now, we have to eliminate 0 from X + Y to obtain an evolute.

aX = (@®+b?sec®0

2 2

2 — —
3 = (a? +b?)3(sec®0)3

@x)
2 2
(@x)? = (@ +b°)* sec’0
bY = (a®+b?)tan® 6
2 2 2
bY3 = (a+b?)3 (tan® 0)3
2 _ 2
(bY)? = (a2 +b2)3 tanZ0
2 2 2 2
(@x)?~ (bY)? =@ +b?) sec?0-(a®+b*)? tan*6
2
= (@%+b?3 [sec2 0 — tan? 6}
2 2 2
(ax)3=(bY)3 = (a®+b?)3 is the required evolute.
b*y = -y3(a? + b?)

Now, we have to eliminate 6 from X + Y to obtain an evolute.

aX = (@*+b?%)sec’®0

2 2 2
(ax)3 = (a®+b?)3(sec® 0)3

2
(aX)g = (a®+Db%)?® sec?0

bY = (a® +b?)tan®0

2 2 2

bY3 = (a?+b?)3(tan®0)3
2 2

(by)§ = (a2 +b2)§ tan?0

2 2 2
(aX)g — (bY)? =(a? +b?)3 sec’0-(a®+b?)?3tan’0

228
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2
= (@®+b?)3 [sec2 0 — tan? 6}

2 2 2
(ax)3 — (bY)3 - (@* +b?)3 is the required evolute.

2 2
63. Find the evolute of the hyperbola X—Z—y—2= 1. Deduce the evolute of a rectangular
a
hyperbola.
Sol :
X2 y2
Given hyperbola is ?_F:1 ... Egn. (1)
Difference with respect to ‘x’, we get
2X  2yy b* x
?_ bzl:03y1:?§ .. Egn. (2)

Difference y, with respect to ‘x’; we get

G Px
_bz Yy — Xy, b? Y azy
.= 7 v )@z v .
2 2
= a4—y3(a2 y?—x2p?%) = 2y’ (- b?a?) [From egn. (1)]
—-b*
= a2_y3

We know that centre of curvature is given by

1+y2 1+y?
X :X_yl( +y1)’ Y=y Y1

Y2 Y2

bZX 1+ b4X2 —a2y3 3(n2 2 1
=X- 2y a'y? | | —p* | =X@+Db) |57

and Y =y+ (1+ b4X2] (—_azysl } = —_ys(az +b%)

a4y2 b4 b4
. 2 a4X 2/3 ] b4Y 2/3
l.e., Xc = a2+b2 y y - a2+b2
{ 229 '
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4 2/3 4 2/3
a'Xx 1 b*Y 1
From (l), a2 N b2 . ? - a2 N b2 F =1

— (aX)2’3 _ (bY)2/3 = (a2 + bz)z/3
Hence the locus of (x, y) i.e., the evolute of the hyperbola is
(aX)2/3 _ (bY)2/3 — (aZ + b2)2/3
For rectangular hyperbola, a = b.
Evolute of the rectangular hyperbola is x?® - y2? = (2a)?®
64. Show that the evolute of the cycloid x =a (0 —sin 0), y = a (1 - cos0) is another cycloid.

Sol :

dy dy/d6 0
We havey, = 4 =G4 7de 2

dy d ( ej d ( ej do 1 0
= ——|cot—|= — |cot— | — = _ — a__
Yz dx? dx 2 do 2 ) dx 4a COseC™5

If (X, Y) is the centre of curvature at any point of the curve, then

_on@+yd . 4acot(0/ 2)+(L+ cot?(0/ 2)
X =x-mry o =alosin )+ cosec*(®/2)
_ . 4acot(®/2) . 4acot(0/ 2)
= a0 -sin0) + cosec*(@/2) — a0 —sin 0) + 77 cot?(0/ 2)
= a(0 -sin 6) + 2a. M = a(b —sin ) + 2a sin 6
1+tan“(0/2)
= a(6 +'sin 0)
1+y?
and Y =y+ =N
Y,

1+cot’(0/ 2)
cosec*(0/ 2)
= a(l - cos 0) —2a (1 — cosB) = — a(1 - cos 0)
X=a(®+sinB)and Y =-a(1 - cos 0)
The evolute is given by x = a (6 + sin 0), y = — a(1 — cos 0) which is another equal cycloid.
65. Find the evolute of the astroid x =a cos®*0,y =asin®*0

=a(l-cos0)-4a. = a(1 - cos 0) — 4a sin?(6/2)

Sol :
We have
dy cdly 1 .
x = —tan0; = - ma sec*d cosec 0
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tanO(1 + tan® 0)
2 .3a
sec” Ocoseco

X =acos®0 +

= a cos® O + 3a sin?0 coso ()
1+tan’0
Y =asint0 + ——.
sec* Ocoseco
= a sin®*0 + 3a cos?0 sind (D}

To eliminate 6, we separately add and subtract (i), (ii) so that we have
(X +Y)=a(cos 0+ sin ) < (X + Y)¥® =a (cos O + sin 0)
(X-Y) =a(cos 0-sin 0)® < (X-Y)¥® =a(cos 0 —sin 0)
On squaring and adding, we obtain
(X + Y)22 + (X - Y)3 = 2823
as the required evolute.
66. Obtain the evolute of the parabola y? = 4ax
Sol :

Here the point (X, y) may be taken as x = at?, y = 2 at, which satsify the equation of the parabola.

dx dy
Hence — = 2atand — = 2a

dt dt
dy 1 d¥y 1 dt
dx t and dx? ~ t?.dx
_ 1
~ . 2at®

Then if (X, Y) be the coordinates of the centre of curvature, we have

1 1+£
y1(1+yf) t t?
- :atz_—

Y, 1
2at®

= at? + 2at? (1-%) = 3at’> + 2a

t

2 (1+1j
and Y:y+(l+y1):2at+—t2
Y, 1
2at®
= 2at + (2 + 1) (- 2at)
=-2at®
Now X =3 at? + 2a,
Y =-2at®

g
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Eliminating t between these relations, we obtain

X—2a 1/2 % 1/3
) )
or 4(X — 2a)® = 27 aY?

Hence the locus is
27 ay® = 4(x — 2a)®

67. Find the radius of curvature at the point (r,8)on the cordiode r =a(1+cos6)
Sol :

Given curve is r =a(1+cos0)

differentiating w.r. to ‘9’

dr

%_a+(0+(—sine)) = —asin®

2
dy =-acoso

3
)]
dé
dr’ d’r
r‘+2 ) —rl—
do do

(a(1+cos8)) + ((—asin 6)2)2
(a(1+cos 6))2 +2(-asin®)’ —a(1+cos6)(-acos)

Radius of curvature p=

p:

3
a’(1+cos6)” +(a’sin’ )2

2 .
a’(1+cos0)” +2a’sin’H+a’cosO+a’cos’ O

(a2 (l+ cos? 0 + 2¢0s 9) +a?sin? 6)2

aZ (l+ c0s2 0 + 2¢0s 9)+ 2a%sin® 0+ a?cos0 + a%cos? O

3
(a2 +a?cos? 0+ 2a” cos 0 + a? sin? 6)2

p_

a’+a?cos0+2a?cosO + 2a?sin?0+a?cosO +a’coso
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(a2 +a? (sin2 0 + cos? 9) + 2a’ cos 6))2

a? + 2a%cos0 + 2a> (sin2 0 + cos? 9) +a?cos0

3
(a2 +a?+2a’cos 0)2

a®2a’cosf+2a% +a’cosO

3
2

(Za2 +2a”cos 6)
3a? + 3a%cos’ 0

3

3 3 3
(Za2 (1+cos 6))2 _ (2a2)2 (1+cos0)2
3a?(1+cos®)  3a®(1+cosh)

3
22 /a‘/(l + oS 6)%
3a”

3 2
> r
— 2
=2}
_ a2
3

2J2+ar
3

Lp= %vZat‘

3.8 ENvELOPES: ONE PARAMETER FAMILY OF CURVES - CONSIDER THE FAMILY OF STRAIGHT LINES
- DerINITION - DETERMINATION OF ENVELOPE

> One parameter family of curves

An equation in two variables X & Y if the form F(x, y, o) = 0 where « is any constant, is know as
a curve.

If o takes all real values, then the equation F(x, y, o) = 0 is known as a family of curves with one
parameter o.

An equation in two variables x & y of the form F(x, y, o) = 0 is known as family of curve with two
parameter o & B if o & B takes all real values.
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For example

> The equation x? + y?—2ax = 0 determines a family of cirles with their centre on x-axis which pass
through the origin. Hence ‘a’ is the parameter.

> The equation y = mx + ¢ represents a family of straight line with one to parabola y? — 4ax with
one parameter °

> Consider the family of straight lines.

m-.

_ .2 .
y = mx o (1)

where ‘m’ is the parameter and ‘a’ is some given constant
The two members of this family corresponding to the vaues m, & m_+ Am of the parameter m are

y = mlx+i ..... (2
1

a
y=(m; +Am)x+——— ...(3)
m, + Am

We shall keep m,, fixed and regard Am as a variable which tends towards ‘O’ so tht the line (3)
tends to coincide wit the line (2)
The two lines (2) (3) are interested at the point X, y where
X,y where

a .. a(2m, + Am)

X=— - i yYy=—= "7
m,(m, +Am) ¥ m, (m, + Am)

As Am — O this point of intersection goes on changing its position on the line (2) and in the limit

a 2a

tends to the point (m_lm_ll which lies on (2)

The point is the limiting position of the point of intersection of the line (2) with another line of the

family when the latter tends to coincide with the former.

There will be a point similarly obtained on every line of the family. The locus of such points is called
the envelope of the given family of lines.

To find this focus for the family of line (2) we notice that the coordinate (x, y) of such a point lying

] ] a _2a
on the line ‘m’ are given by x = F y “m
Eliminating m, we obtain y? = 4ax
As the envelope of the given family of lines.
> Defintion

The envelope of a one parameter of family of curves is the lows of the limiting position of the prints
of interesection of any two curves of the family when one of them tends to coincide with the other which
is kept fixed.

> Determination of Envelope

Let f(x,y, a) =0 be any given family of curves. ... (1)
Rahul Publications 1234 ]



UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

Consider the two curves
fx, y,0) =0 and (X,y,a+A0) =0 ... (2
Corresponding to the values o and o+ Aa of the parameter.
The points common to the two curves satisfy the equation
fx,y,a+Aa) = f(x, y, ) = 0

f(x,y, a+Aa)—f(X,y,a) -0 3)
- ..

Let Ao —0

. The limiting positions of the points of intersection of the curves (1) satisfying the equation which is
the limit of (3).

f, (X, y,a)=0
Thus, the coordinate of the points of the envelope satisfy the equations.
f(x, y,a)=0, and f, (X, y,a)=0

Let the elimination of o between (1) & (4) lead to an equation.
o, y)= 0
This is, the required envelope.

68. Find the envelope of the straight lines x cos a +y sin o =1 sin a cos a, ‘a’ being the

parameter.
Sol :
The given equation of the family of straight lines can be written as
X €COs a + Yy sin o = | sin o cos o
cosa . sin o ]
sino.coso.  ~ sina.cosa
X y
—+ =1
sino.  cosa (1)
Equation (1) Differentiating partially with respect to ‘o’ we have
X . y in o= 0
T Hnlg cosa+ 2 csina=
1
X x3
tan® o = ; or tana= —
y3
So that
x3 Y3
sin o= 23 2/3 and cos o = ————
X774y x2/3 +y2/3
( 235 )
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Substituting the values of sin o, and cos o in (1), we get the required envelope as

f [ 213 2/3
X X2/3+y2/3 N Y/ X +y _

I
1/3
13 y

(or) (X2/3 er2/3)3/2 —

ie. X2/3 + y2/3 — |2/3

69. Find the envelope of the parabola y? = m?(x — m) ‘m’ being the parameter.

Sol :
The given parabola is y? = m*(x-m) ... @)
‘m’ being the parameter
Differentiating equation (1) partially with respect to ‘m’ we have

= 2mx - 3m?
m(2x —3m) =0
m=20, 3,=2Xx
3
m= 3

If we substute m = 0 equation (1)
we obtain y = 0 which is not a part of the envelope since it touches none of the given parabolas.

2X
Substituting m= 3 equation (1)
we obtain
y? = (x =m)

- (3] (<3)
-5 (%57

(s
=53

27y? = 4x3
Which is the required envelope of the given parabolas
Differentiating equation (1) partially with respect to ‘m’ we have
0 = 2mx - 3m?
m(2x —3m) =0
m =0, 3m = 2x

_ X
m="3

4
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If we substitute m = 0 equation (1)

We obtain y = 0 which is not a part of the envelope since it touches none of the given parabolas.
_— 2X . :

Substituting m = 3 in equation (1)

We obtain
y? = m?(x-m)

563

2_£(
Y'=

27y? = 4x®
which is the required envelope of the given parabolas.
70. Find the envelope of x?sin a + y? cos a = a% a is a parameter.

Sol :

The given curve is

x?sina+y?cosa = a?
Differentiating partially with respectg to o we have

x?cosa + y?(=sina)=0
x?cosa —y?sina =0
x%cosa = y?sina

2

X° sina
y? cosa
2
X
— =tana (or)
y
x® _ sinx
y?  cosx
2 2 2\2 2\2
XXy P+
sina cosa cos? o +5sin’ o
Xyt
o 1

g
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Putting the value of sin & and cos a in x*sina+y*cosa = a’
X4 y4
4 oAz T oa ., oawe =&
T +y) T +yT)

which is required envelope.

a .
71. Find the envelope of the curve y = mx +E where m is parameter.

Sol :
Y 1
y—mx+m ..... @)

Partially differentiating with respect to ‘m’

-1
O=x+a| 3
m
-a
—2+X:0
m
a m?
—2:X = _ =
m a
a
m? ==
X

Squaring on both sides

2
a X
y2 = {i\/;(x)ia g:l
2 2
:{\/EJ x2+az{\/gj +2X ia\ﬁ
X X X Va

1 238 |
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= 2x2,a2% L oxa
X a
= ax + xa + 2ax
= 2ax + 2ax
y? = 4ax
y? = 4dax is the equation of envelope.
72. Find the envelope of the curve y = mx + am® where is a parameter.

Sol :

y=mx+am* . (1)
Differentiating partially with respect to ‘m’
0 = x + 3am?

X = — 3am?
—-3am? = X
m2 = X
3a
=
m= £,/ —
3a

—X
I _ 42X
Substituting m 3 N 1)

- Shed Rl

Squaring on both sides

3

2
sl X o 2 X inJ a =X
Y=gl te 272\ 3a 3a

-9x% —x® +6x°

2 —
y 27a
,_ —10x° +6x°
o 27a
3
V2 = —4x
27a

Therefore 27ay? + 4x® = 0 is the equation of the envelope.
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73. Find the envelope of the curve y = mx + amP

Sol. :
y = mx + amP
Partially differentiating with respect to ‘m’
0= x + Pam™*
p
0=x+p——
aPmP = — mx
~ o X
y =mx- -5
Py = Pmx — mx
Py = mx(P-1)
(Py)” = m”x” (P-1)°
—mx P
P= —(P-1
-1y 5 P
Pyp = — —x (P-1
Py ap -1 (P-1)
pP yP — __yXP (P _1)P
a
aPP yPt = x” (P-1)"* is the required envelope
a2 2
74. Find the envelope of the curve —-COSa —7Sln0t =K
Sol. :

2 2
a
The given curve ?00501—7 sin a = k partially differentiating w.r.t to ‘o’..(1)

a’®, b?
—(sin0)-— cose=0 .. (2)
X y

Squarring and adding equation (1) and equation (2)

a’ b? 2 (a2 b? ?
(—cosoc——sinocj + (—(—sina)——cosocj = K2
X y X y

a* b*  , 2a’b? ] at | 2a’b?
—Cos“a+ —5Sin"a— Cos o sin o + —sin” o+ cos’a +
X X

cosa. Sino. = k?

{ 240 }
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a’ b?
— (sino. + cos o) + —- (sin? o + cos? o) = k?
X2 y2

4 b4

X—2+F = k? is the required equation of envelope.

75. Find the envelope of the curve y = t?(x — 1) where ‘m’ is parameter.
Sol :
Givencurveis y =t (x —1t)
Partially differentiating with respect to ‘t’
0 =1t(-1)+ (x-t)2t

—t% + 2xt — 2t2
0= —3t? + 2tx
2tx = 3t?
2x = 3t
oo
-3
Substituting
2. .
t:§X in y =1t (x-t)
2
2 2
- | £ X==X
y [ij [ 3 }
A 4X2 3X - 2X
=3 3
_ 40X
-9 3
_ax®
Y= 77

27y = 4x3 which is required equation of envelope.

76. Find the envelope of the curve tx® + t?y = awhere ‘m’ is paramter t
Sol :
The given curve is 3+ ty = a
Partially differentiate with respect to ‘t’
x3+2ty=0
2ty = -x3

g
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—X3

t= -

y
Substituting

—X3

t=—7—"1in tx*+ty?’=a
y y

_X6

4y
X8 = —4day

X8+ 4ay =0
which is required equation of envelope.

Rahul Publications

§



UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

‘ Choose the Correct Answers I

1. Radius of curvature at (X, y) of the curve y = ¢ cos h (x/(c) is [c]
(@) cy (b) y’lc
(c) vl (d) ylc
2. Locus of centre of curvature is known as [a]
() envelope (b) chord of curvature
(c) circle of curvature (d) evolutes
3. Normal of curve are [a]
() Tangents to its evolute (b) normals to its envolute
(c) chords to its evolute (d) none of the above
4. The ratios of curvature of any point (X, y) on the curve y = f(x) is given by [b]
3 3/2
=] R
@ @y O e
dx? dx?

2/3 2/3

(] )]

9O @y
dx? dx?
5. The pedal formula for the radius of curvature is [c]
dr dp
=r+— =r—
@ P=" g (b) P=r
p=rd _igdr
6. The radius of curvature of the origin if y-axis is the tangent at the origin, is given by [d]
2 y2
(@ lim— (b) lim>—
x—0 2y x—=0 X
2 2
. X .Y
2 lim-=—
© lim? (d) fim >
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10.

The radius of curvature at any point on the hyperbola pr=a? is

(a) r¥a? (b) r¥a?
(c) rla? (d) r
Radius of curvature of the curve y = e* at the point (a, 1) is
@ 22 (b) 32
(c) O (d) None
d(dx),
For any curve d_XLEJ .
1 -
@ (b)
) p (d) p?

The intrinsic formula for the radius of curvature is

_dy o= 08

@ p-o (6) P=gy
1 ds dy

= — — :S_

() p s dy (d) p ds

Rahul Publications
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UNIT - 111 DIFFERENTIAL AND INTEGRAL CALCULUS

‘ Fill in the Blanks I

1.

2.

10.

The envelope of the family of straight line y = mx + unital is

[P

The equation of the envelope of the family of curve F(x, y, a) where ‘a’ is a parameter, is
obtained by eliminating o between the equation F(x, y, o) = 0 and

The chord of curvature

The reciprocal of the curvature at that point is defined as the

The whole length of the envelope of the astroid x = acos®* 6,y = asin®0is
Envelope of x?sino+y?cosa =a? is

Envelope of the family of curve y? = t?(x —t) is

Envelope of the system of circles (x —a)? +y? = 4a IS

Envelope of the family of curve tx? +t?y =a is

The evolute of acurve isthe — of its normals.
ANSWERS
1. x*=4ay

0
_F DA :0
2. F(xy.a)

t
tan—
3. 5

4. Radius of curvature

5. 12a

6. x3+y®=a

7. 4x3 =27y

8. y?-4x-4=0

9. x%+4ay=0
10. Envelope

g
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= f(x) - Expressions for the length of arcs x = f(y); x = f(t), y = 2(t); r = f(?)
Volumes and Surfaces of Revolution: Introduction - Expression for the volume
obtained by revolving about either axis - Expression for the volume obtained by
| V revolving about any line - Area of the surface of the frustum of a cone - Expression
for the surface of revolution - Pappus Theorems - Surface of revolution.
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K[&I][I][I][I][I][I [I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I][I]%
I 4.1 RECTIFICATION dy — 2
dx 4a
1. Whatis Rectification
Sol : dy _ x
dx  2a

The length of area of plane curve whose
equations are given in the cartesian, is parametric
cartesian or polar form. This process is known as
rectification.

4.2 EXPRESSION FOR THE LENGTHS OF
CURVES Y = F(X)

> Cartisian equations y = f(x)
The length of arc of the curve y =f(x) included
between two points whose abscissae are a and b is

() e BT

> Cartisian equation x = f(x)
The length of the arc of the curve x = f(y)
included between two points whose ordinates are

cdis
[l b

2.  Find the length of arc of the parabola x?
= 4ay measured from the vertex to one
extremily of the latus rectum.

Sol :
Given curve is x> = 4ay
X2
=— ... 1
Y= 1)

Differentiating with respect to ‘x’

Rahul Publications

b dy 2
The length of arc is .[ l+(d_xj dx

y

A

{(Za, a)

2a

T 2a 2

_ 1{x\/x2+4a2

+2a° sinhlx}
2a

0

= i[2\/2a2 +2a?sinh™ 1}
2a

= a|:\/§+ Iog(l+\/§)}

3



UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

3.  Findthe length of the arc of the parabola

y? = 4ax cut off by its latus rectum.

Sol :
Given equation is y? = 4ax ......... 1)
Differentiating equation (1) w.r.t to ‘x’
dy
2y ix 4
dy _ 4a
dx 2y
dy _2a
dx Y
by equation (1) y> =4ax = y = f4ax
dy 2a
= dx — 4ax
dy 2a
- dx — Vaavx
dy 2a
= dx — 2Javx
dy 2 Va
= dx ~ Javx ~ a
dy _aa
= dx — avx
dy _ |2
= dx  Vx

The length of the curve

Let =t = x=¢t

1 1
2\/;dX = dt = \/;dXIZdt

dx = 2./x dt
But Jx =t
dx = 2t dt

If X =a=t=+a

If X=0=t=0

Va [i2
:z-l‘t-i-adx
0 X

Ja
:2jdﬁ+a2m
0

_ aa
=4 Era ™
0

ey

0

t 3 a, |[t+Va+t
= g|=Vt+a+=l
_4[2 209 a [
0]

g
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- {i [ - og j;“af‘ [ommm- o]
- o gt =] ol
=4 {:@ﬁglog %}— :glog(l)}}
4 {@Tgw 20
|

_¥+%|og(1+\/§)}—o}

= ﬁ:\/a-i- Iog(1+\/§ﬂ
= 2a|:\/§+ Iog(l+x/§)}

.. The length of the arc is 2a [\/EJr |Og(l+\/§)}

4. Find the length of the arc of the caterxy = c cosh (%) measured from the vertex (0,c) to
any point (x,y)
Sol :

1
Given curve is y = ¢ cosh [EJ (1)

differentiating equation (1) w.r.to ‘x’

g
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dy _ H
dx = sinh c

X
and we have the catenary y = cosh [EJ measured from the vertex (0,c) to any point (X,y)

1 , X
= J\/lJrSlﬂhz — dx [-1 + sinh? x = cosh? x]
0

Il
—_—
(@]
(@]
(2]
>
|
Q.
X

I

o
1

28

)

>
o|x
| I
o x

=c [sinhé—sinhg}
c c
X

— sinh—-0

c[soms o]

=csmn (%)
S =csinh c

X
.. the length of the arc is S = ¢ sinh [EJ

g
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5. Find the length of the arc of the curve y = log sec x from x =0 to x = é .

Sol :

Given curve isy = log sec X ........ 1)
differentiating equation (1) w.r.to “x”

dy_ 1 d
dx = secx dx (secx)

d_y—L,secftanx
X

dx ~ secX
d_y_t
g = tanx

The length of the curve is
b 2
dy
= 1+ —
S .!: (dx} dx
% 2
S = J‘\/1+(tanx) dx [--1+ tan?x = sec? x]
0

A
= I\/SECZX dx
0

sec? xdx

o

= [log(secx +tan x)]?

= {oa[sec(35) + an(35) | - fiog[sec(0) +an(o]
- [Iog(2+x/§)—log(l+o)}
= log (2+/3)-1log 1
=log (2+3) -0
S =log (2+3)

~. The length of the arcis S = log (2+\/§)

{ 250 |
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

6. Show that the length of the curve

2/3

X +y2/3

= a’* measured from (0,a) to = j 1+ dx

3
the point (xy) is is given by S= - 3vax?

Sol : = |\ dx
2, 2, 2, .l‘ X%
Given curve is X3 +yé ta’ 1)
differentiating equation (1) w.r.to ‘x’ a a%
2 21 2 Zigy = I —%dx [by equation (1)
§X3 +§y3 d_: oyX
X
—X3% 44—y’ = =
3 3y dx 0 2
Z{X_% +y_% d_y}_ = J dx
dx
Ky sy
dx =
_y /3 dy
y% dx —
dy _ x’
X B yi% —
p— 1 - a
dy _ (0 _ 1 ()P 5| x5
= — = a
. () 1 1
A ER
() i 0
X 3| 2
= a g
dy yY? L3k
2--() |
= E a% X%j|
2 0

a d 2
.. The length of the arc S = f l+(d§j dx
0

g
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4.3 EXPRESSION FOR THE LENGTH OF ARCS X =F(Y); X = F(T), Y = F(T); R = F(Q)

* The expression for length of arcs from cartesion equations x = f(y)

To determine the length of arcs  (6)
* Cartesian equation x = f(y)
* The length of the arc of the curve x = f(y) included between two points whose ordinates are c,d is

(o= LT

* Parametric cartesian equation x = f(t), y = ¢(t),

The length of the arc of the curve x = f(t), y = ¢(t) included between two points whose parametric
values are a, B is

&Y (2] e =fi s 0

* Polar equations r = f(0)

The length of the arc of the curve r = f(0) included between two points whose vectorial angles are
o, Bis

(&) o= [ 0 @] a

7. Prove that whole length of the curve x*(a® — x?) = 8a%y? is ma /2

Sol :
Given curve is x?(a® — x?) = 8a?y?
xFa?-xt=8a% @)
Differentiating equation (1) w. r. to ‘X’.

dy
a%(2x) — 4x3 = 8a2(2y)d—X

2xa® - 4x° dy
8a’(2y) ~ dx

¥
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2x(a2 — 2x2) dy x(a2 — 2x2) dy

16a%y T dx -

8x%y  dx

The length of curve

a dy 2
s = 4_([ 1+(d_XJ dx

a xz(a2—2x2)2
= 4.([ W dx

from (1) = x%a?-x* = 8a??

8a’(a’ - x°) dx

9a* —12a%x? + 4x*
8a’(a’ —x*) dx

t |8a* —8a’x? +a’ +4x* —4x%a?

{ 253 '
=2 Rahul Publications



B.Sc

| YEAR | SEMESTER

:4]i
0

3a? - 2x?

2/2ava? - x2 dx

4 %2a®+a®>-2x°

2J2ay

dx

Rahul Publications
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

ﬁ{ 2a’m+ 2a275:|
= 4

_ 2a’n

a

= J2an

The length of the given arc is a2
8. Find the perimeter of the loop of the curve 9ay? = (x — 2a) (x — 5a)>.

Sol :
Given curve is 9ay? = (X — 2a) (X — 5a)* ......... 1)
The loop lies between the limits x = 2a and x = 5a.
The curve is symmertical about x axis
.. The perimeter of the loop is double of the length of its part lying about x-axis.

ylk

avi
AL B\

(Za, O) (53,0)

differentiating (1) with respect to ‘x’

9a [ZYS—Q =(x- 2a)dd—X (x - 53)2 + (X — 5a)? dd_x (x - 2a)
18ay—i = (x-2a) [2 (x - 53)](1) + (x - 5a)? (1)
18ayg—i = 2(X — 2a) (x — 5a) +(x — ba)?

18 ay j—i = (x — 5a) [2(x — 2a) + (x — 5a)]

d
18ayd—i=(x—5a) [2x — 4a + x - 5a]

d
18ay d_i = (x — 53)[3x — 93]

dy (x—5a)(3x-9a)
dx 18ay

i
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dy _ 3(x-5a)(x-3a)

dx 18ay

dy  (x—5a)(x-3a)
dx 6ay

dy 3(x—5a)(x-3a)
dx 18ay

5a d
.. The length of the given are S = 2 I 1{0%} dx
2a

. ZT\/lJ{(x—Sa)(x—Sa)T N

5 6ay

_, T\/l+ (x—5a)2(x—3a)2

36a’y?

by equation (1) = 9ay? = (x — 2a) (x — 5a)?

(x—2a)(x-5a)°

y: =

I 4a(x—2a)

dax —8a® +x? +9a® — 6xa
4a(x - 2a)

:25"1‘\/4a(x—2a)+(x—3a)2 i

2a

dx
|' 256 |'
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22 J(x-a)

=2 [ ———dx
Jazx/g»\/x ~2a

J,—dex

Jx—2a+a

a261 VX —2a dx

LSTX—29+ a j
T Vai\Wx-2a x-2a dx

— — |JX—-2adx+a L dx
a 2a ZJ,;\/X_Za
5a % 5a B
:i (x-2a) dx+aj(x—2a)%dx
a 2a 2a
5a 5a
—i1
_ 1 (x —12a)2 . (x—12a)2
a “+1 —+1
2 2a 2 2a
5a 5a
(x—2a)% (x—2a)1
1
_ _a 3 +a 1
2 2a 2 2a

a

= %{%[(x —~ 2a)g Ia + 2a.[(x — 2a)% E}

= %{%[(Sa - 2a)% —(2a- 2a)%} - 2a[(5a - 2a)% —(2a- 2a)% }}
- %{%[(?@)% - o} n 2a[(3a)% - o}}
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_ T{ 3/2a/2+2a(3%a%)}
\/»[ 3\/_a«/5+2a\/_\/_}
_ J}I[E(s)u}
= 3a(4)

S =4ay3

The length of curve is 45./3

9. A curve is given by the equations x = a(cos8 + 0 sin 0), y = a(sinf — 0 cos 0). Find the
length of the arc from® =0to 6 = qa.

Sol :
Given curves x = a(cos6 +6sing) ... @)
y=a(ine-6cos®) ... (2
differentiating equation (1) and (2) with respect to ‘0’ by
ax
by (1) = 3 = a(-sinb — 6 cos 6 + (1) sin 0)
— _as10 +a0cos0 + asird
do =@ 6écoso6 L. 3)

by 2) = %:a(cose (6(—sin6)+(1)cos6))

—aces +afdsind—acesd

d_y_e 0 4
deasm ........ ()]

.. the length of the arc from 6 = 0to 6 = a

) (85

\/(aecose)z +(absin e)zde

S

O =y

— J‘\/a"‘e2 cos® 0 +a%6?sin*0 do

{ 258 |
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DIFFERENTIAL AND INTEGRAL CALCULUS

I
O —y

_ [ a0 (1) a0
0

= Taede
0

= aTOde
0

1
The length of given curve is =aa”

2

\/azez (cos2 0+ sin? 6) do

10. Show that the arc of the Upper half of the curve r = a (1 — cos 0) is bisected by 6 =

Sol :

Givencurve ist = a (1 — c0S 0) ..............
differentiating (1) with respect to 6 r = a — a cos 6)

ar o
dea—a(—sm )
a_
g — asin

. The length of the arc

B
0=2n /2

3
AKBF@;
oo &

2n
5

g
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— J\/[a 1-cos0) | asme) do

2n/3

J\/a 1- cose) +a’sin®0 do

2n/3
— J\/az(l+cosze—20056)+azsin26 do

0

2n/3
— J\/az+a200526—2azcose+azsin26 do
0

2n/3
_ J\/az+a2(sin26+cosze)—2azcose do

0

2n/3
— J \/a2+a2(l)—2azcose do

0

2n/3

— J\/2a2—2azcose do
0

2n/3

— J‘JZa"‘(l—cose) do

2n/3

_ T V2 e mcos0) 00

2n/3

— \/Ta J J1-cos0 do
0

2n/3
— faj ,/Zsm —
2n/3 6
:\/Ea.x/ij‘ ,/sinZE do
0

2n/3

_fafJS|n do

g
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

r 2n/3
—COS—

N
o

2n/3

= —2C0S—
20 200

0

r e 2n/3
= — COS—
da o5 |

0

T
2=
3 0
COS~————C0S| —
2 2
2n
= _ 4] COS ry —cos0

T
= - cos—-1
da |cos3 1]

1

— _4g|=-1
~-aa| 5]

e

4a
2
S=2a
The length of the upper half plane is a 2a.

2n

Hence 6= 3

is bisects the uper half of the curve.

11.

Sol :

Find the length of an arc of the curve r = e®ct* taking S = 0 when 6 =

Given curve is r =gfcte @)
differentiating (1) w.r.to ‘0’

dr Gti
d0 = 2" do (6 cot o)

= ae« (1) cota

0.

g

Rahul Publications



B.Sc | YEAR | SEMESTER

dr
do = acotoe

Ocota

dr
d0 = ae’“ coto

Ocota

By equation (1) we know that r=ae

dr
a0 =ecota

B 2
The length of the arcis S =J' r? J{%} ds

Which o =0& B =0

¢ dr\?
2
s:j r+(£J do

0

r? +(rCOtO(.)2 do

Il Il
o t—o ot—

(r* +r2cot’ o) do
0
_ JJF\/1+cot2a do
0
0
=r JV1+COt20ﬂ dé [ 1+cot’a = cosecza]
0
0
— rJ\/cosec"‘a de
0
0
=r Jcoseca do
0

0
= COSec o ere
0

0
Ocota
= COSEC o Jae do
0

0
Ocota
= a Cosec o Je do
0

i
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

gacota 0
= a Ccosec o cota .

_ a cosec o [eec"“* 3 eo]
cota

1
a——
— SIna |:eecota —l]
cosa

sina

1 —Cota
:acosa[ee ! —1]

S =asec a[e"cm“ —1}

The length of the arcis a sec o [eewt“ —1}

12. Rectify the curve x =a(b + sing), y = a (1-cos8).

Sol :
Givencurve is x =a(® +sing) ... @)
y=a(l-cos®) ... (2
A A Al
- .
5 > X

A point moves from one end A! to another end A of the one arc, the parameter 6 increases from
-t to .
As the arc is symmetrical about OY are AOA! = 2 arc OA.

. T (dx )’ dy :
ie., ZI (@J +(£j de

0

Now differentiate equation (1) & (2) with respect to ‘6’

X
by 1) = I a(1+ cos 0)
d .
by 2) = d—gz a(0 - (sind)
dy .
do =asind

.. The length of the arc

i
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. 2 2
J\de) "\ de

= 2;|£\/[a(1+cose)]2 +[asin6]" de

— 2j|£\/a2 (1+cos® 6+ 2c0s6)+a”sin? 6 do
0

— zjx/a"‘ +a%cos” 0+ 2a*cos0+a’sin*0 do
0

— 5 j|£\/a2 +a*(sin*6+sin”0) + 2a’ cos6 do

0

= 2j|£\/a2 +a*(1)+2a”cos6 do
0

= ZJ 2a*(1+cos6) do

0

= 2 V2a[V/1+cos0 do
0

=2 \/Eaj /Zcoszg do
0

T 0
— cos— |dO
—4a ]| cos3)

= 8a [sing—sin 0}

=8a(1-0)
S =8a
.. The length of the curve is 8a.

g
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

13. Find the perimeter of the cardiode r = a (1 - cos 0).

The curve is symmetrical about the initial line, and its perimeter is double the length of the arc of

Sol :
The Given curveis r = a (1 — cos 0)
differentiating (1) w.r.to 6
dr_ 0-sin6
a0 = a (0-sin 0)
a
g — asin
o= D
A Q)e:o X'
the curve.

t dr )’
i.e., the length of thearc S =2 I ré +(£J do
0

S = ZJ r"‘+(asin6)2 do
0

by equation (1) we have r = a (1- cos 0)

= ZI\/(a(l— cose))2 +(asin®)” do

0

:2.|‘\/a2 (1-cos®)” +a?sin?0 do
0

—> j|£\/a2 (1+cos® 6 - 2c0s6)+a”sin* 6 do
0

=2 J‘\/a2 +a”cos’ 0-2a’cos0+a’sind do
0

:2j|£\/a2 +a*(cos® 6+sin?6) - 2a* cos® do

0

ZZJ\/ZaZ —2a*cos6 do
0

'| 265 |
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= ZJ 2a*(1-cos0) do

0

= 223 /25in29 de
0 2

= 2J2a]V2,fsin" > do
0

=2x/§a.x/§jsingd6
0
e ™
—cos—
2
—da| 1
L 2

=8a —cosg +COS 0}

= 8a [0 + 1]
S =8a
The perimeter of cardiode is 8a

14. Show that the length of the loop of the curve 3ay? = x(x — a)?is 4%5 :

Sol :

Given curve is 3ay? = X(X — @)?........... )
Differentiating (1) w.r.t to ‘x’

dy _ d 2
3a(2y)dx—xdx(x—a) + (x-a)

=x@x-a) 1)+ x-a)y
2xX(x — a) + (x — a)?
2X(x — a) + (x — a)
= (x-a)(2x+x-2a)

d
Bay d_i =(x-a) (3x—-a)

dy (x—a)(3x—a)

dx 6ay

Q.

a 2
.. The length of the curve S = 2j 1+(—yJ dx
0
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DIFFERENTIAL AND INTEGRAL CALCULUS

2

2i\/1+{—(x —agsx - a)} dx

3x a)
\/ 36a2 2 o
y

But equation (1) we have,

%)
I

o'—.m

3ay? = x (X — a)?

2 +3a(x—a)2(3x—a)2 y
'c[\/l 36a2(x(x—a)2) ‘

dx

a\/lZax+9x +a®—-6xa

J~ / ax+9x +a? dx
0

o'—.

j‘.,/(SXJra)2 g

=2 BT &

g
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4a
The length of the loop of curve is ﬁ

1
15. Provethat theloop of thecurvex=t?,y=1t -3 t*is of length 4./3.

Sol :

Givencurveis x=1t?

=t lt3 2
y=t-3¢ . (2)

differentiating equation (1), (2) w.r.to ‘x’

1) =

@ =

¥
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

1
by (2) = y=t-3¢

t2
—t|1-—
=[5

2

X

2 — 1——
y X( 3j

Patting y =0 in equation on (2)

3t - =0
(3-1%) =0
t=0,3-2=0

t=0,t= i\/§

The length of the arc is twice the length of loop which ‘t’ varies from ‘0’ to * /3"’

dt dt
_2\/§ 2 2\2
= j./(zt) +(1—t) dt
0

Na
=2 IJ4t2+1+t4 —2t? dt
0

B rdx Y dy :
The length of arcis S = ZI (—J J{—J dt
0

=2

V2tt+tt +1 dt

, f./(tm)z o

t? +1dt

ce—%

Il
N
ce—%

g
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I
N

= 43

The length of the loop of curves is 4./3

16. Prove that the length of the arc of hyperbolic spiral r@ = a, taken from the point r=a a to

is a{\/g-\/ﬁﬂogz_h/g}

1+\/§
Sol :

Givencurveis rd =a

differentiating (1) with respect to ‘r’

d6 _-a
dr r?

g
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

2a a2
= _£4/1+r—2 dr
e,
Ea

r

dr

a
Let, P+a?=t =>rP=r-a=r= {2 _52

2r dr = 2t dt

Itr=2a = t2=(2a)* + a2

=4a® + &’
t? = 5a?
t: l5a2
t:\/ga
tr=a= t=a+a’
t?=2a?
t=a2

av5 2
_ JL.Edt
NG t2_a2 r

a5 tt
= dt
JE 2 _a2 /tz _ a2

ENG 12

= 2 2 dt
aﬁt —-a

aﬁtz_az_i_az
= 2 2 dt
N t°—a

_a«E t2 _ g2 a2
- 2 2t 3 2 dt
a2 t°—a t°—a

'| 271 I|
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:a(\/g—\/i)+%

= a(x/g—ﬁ)+%

= a(x/g—ﬁ)+%

= a(\/g—\/a)-i-%

T

L—%
Q.
—
+
o3}
N
—

a(x/g—ﬁ)+%

a(x/g—ﬁ)+%

a(x/g—ﬁ)+%

a2

e 222
e 22
G e e b
(@)2<1>2J,Og{(ﬁf<lfﬂ
(J§+1)2 (\/§+1)2
(Eiy}"){(éiyﬂ
\/§4+1) 9 (ﬁlﬂ)z}
(ﬁ}l)z
(2]
4(\/§+122}
(\/§+1)
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

-
~ a\5- f)+_|og{2(f:ll)J

=a(V5- \/_)+a|og[3i*+/_j

_a{\/_ x/§+log 21\/\/:}

The length of the arc is a{~/5 —~/2 +log 2+8
1+5

X

e
17. Find the length of the arc of the curve y = log o1

fromx=1tox=2.

Sol :

e -1
Given curve isy = log c-1 e @)
fromx =1ltox=2
differentiating (1) w.r. to ‘X’
dy 1 d e -1
dx e*-1dx|e*+1
e +1

e+ 1{(@ +1)(e)~(e* 1)@}

e -1 (eX +1)2

(eX Jrl)(eX +l)eX —(eX Jrl)(eX —l)eX

(e +1) (e" 1)

_ e* (e Jrl)[(eX +1)-(e" —1)]
(e +1) (e* -1)

{273}
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_ ex(ex+l)[}2/+l—)a/+l}

(e +1)"(e" 1)

B 2ex(ex+l) B 2¢e*

B (e +1) (e -1) (e -1)(er +1)

dy Zex ZEX

= (Frye-n) (1)

dy

b 2
The length of the curve is S = I 1+(—J dx

dx

Rahul Publications
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

= log (e? — e?) — log(e! — e™?)

I e?—e?
= log el _e!

. {(ewl)(e;el)}

e—e

S =log (e +e?)
Length of the curve is log (e + e™)
18. Find the length of the curve x = e®sin 0, y = e® cos 0

Sol :

Given curves x=e%ine6 .. @)

y=ecos6 . 2)
differentiating (1) & (2) with respect to ‘6’

£ =e"(cos0)+e’sin6

4
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dx _

g0 = ¢ (sin6+cos0)

dy .

Pl e’(-sinB)+e’coso

=—e’sin0+e’coso

ay = e°%(cosO — sind)
do

The length of the arc is given by
n/2 2 2
dx dy
= — | +| —
=] (deJ (dej %

_ T;|/;2\/(ee (sin@+ cose))2 +(ee (cos®—sin 6))2 do

n/2

= J\/eze(coseJrsine)z +e% (cos®-sind)” gg
0

n/2

= | \/e"‘e (cos? 0+ sin? 0+ 255irrB cos 0+ cos” 0+ sin° 0) - 2T cos O g
0

n/2

_ Ve (1) g0

n/2

_ J‘ /2826
0
n/2
= J2 [ Ve do
0

o T

= /3 ] € do
0

n/2

=z [e'];
— \/E |:en/2 _ee}
s :\/E |:en/2 _li|

The length of the curve is /2 [e“’z —1}
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

Introduction

4.4 \/OLUMES AND SURFACE OF REvoLUTION

Expression for the volume obtained by revolving about either axis

Volume of a Solid of Revolution

> The volume obtained by revolving about x-axis the arc of the curve y = f(x) intercepted between
the points whose abseissae are a, b is

b b
2
Jnyzdx i.e., Jn[f(x)] dx. If being assumed that the are does not cut x-axis.

> x = f(y) about y-axis between the point whose ordinates are a, b is

b
J < ay

2 2

X
19. Find the volume of the solid obtained by revolving the ellipse ¥+y_ =1 about the axis

of x.

Sol :

The given ellipse is

]

QD

a b

2 2
X y
> v 3

2:]'

b2

It is easy to see that the solid obtained by revolving the arc ABA! about x-axis is same as the solid
obtained by revolving the whole ellipse.

B
(a,b)

(@0
A
B’

{ 277 ' T .
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Volume of solid is V =

The volume of solid is V = Zﬁnyﬂ dx
0

27:.? yZdx
0

2

2 bz[a = j dx [+ by ()]

27[?2 j}(a2 —xz)dx
a 0

2[a a
27:5) Iazdx —Ixzdx}
a LO 0
21b? B 2a a ) 7
| a Idx—fx dx
a L 0 0 a
27[b2 | a X3 @
- %
2nb?| , a’
-0)-|—-0
a2 _a (a ) ( 3 Jj|
2nb®| aj
a4 T
a® | 3

a® | 3
2nb? ( 2a®
a? 3
4nb?a
3

41b%*a

Rahul Publications

Also, the volume of the solid is double the volume of the solid revolving the arc AB.
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

20. Find the volume of the solid obtained by resolving the cordiode r = a (1 + cos 0) about

the intial line.

Sol :
Givencurveis r=a (1 + cos 0)
Let X =1rc0s0, y = r sino.
x=al@+cos®)cos6 .. (1)
y=a(l +cos®)sin6 . (2

differentiating (1), (2) with respect to ‘0’

dx d d
= = 1+cos6)—(cos6)+—(1+cosO)cosO
b a] (1+c080) g (c0s6) -1y (1 cos)cosd|
= a[(1 + cos6) (- sinB) + (0 — sinB) coso]
= a[- sinB — sin6 cos6 — sinb coso]
dx : .
il a[sin6—2sin6cos®] ... (2

2a
The required volume isv =n J‘yz dx for OA
0

0=nwhenx=0
0 = 0 when x = 2a

(0, 2)

¢

2a
V= J yZdx
0
0
— nJyZdX
by (2) = dx = a[-sin6 — 2sind coso] do
0
= 7{[ [a(1 + cosB)sinb]? [a(- sin® — 2sin6 cosO] do
A

0
= 7{[ a?(1 + cos0)? sin?O(— a sind — 2a sind coso] do
A

0
— —n.[a2 (1+C056)2 sin?6(asin®+ 2asin ecose)de

K

'| 279 I|
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0
— —n.[a2 (1+ cose)2 sin0 asin6(1+ 2cos0)do

0
— —nja3 sin® 6(1+ cose)2 (1+2cos e)de

K

— na3.|‘sin3 0(1+cos 6)2 (1+2cos e)de
0

T 3 2
= na3j(25in9cong (ZCOSZQJ [1+ 2(200329—1Dd6
) 272 2 2

= na3j8sin3gcos394cos49(l+400329—2jd6
; 27 2 2 2

= 32na3jsin3900329(400329—1jd6

27T 2 2

= 32na3j(4 sin® 2 cos® ¥ _sin? Y cos’ 9} de
° 2 2 2 2

Lot 2=
e 2—
do = 2d¢
If O=n= 4"
¢ 2
If 0=0=¢=0

n/2

v = 32na’ J (45in® gcos® g —sin® pcos” ¢) 2do
0

n/2

— 64na’ J (4sin® ¢cos® ¢ —sin® pcos” )d6
0

n/2 n/2

— 64rna° J 4sin® ¢cos® ¢d¢ — 64ra’ j sin® gcos’ ¢d¢
0 0

n/2 n/2

— 256ma’ J sin® ¢cos’ ¢ ddp—64na’ j sin®cos’ ¢dd
0 0

R e e o) (e
Ism X cos" xdx =
5 m+n/){m+n-2 m+3/\m+1

280
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— 25673 9-1 9-3 9-5 9-7 [ 1
3+9)19+3-2)\9+3-4){9+3-6/{3+1
= 64na’ 7-3 7-3 1
3+4 \3+7-2){3+1
= 256ma°|[ o |[ 2 |2
12 )1 10 )\ 8
— 256na° i —64na® i
60 40

64na’ B 8na’
15 5

64na® - 24nad
15

407a®
15

_ 8na®
-3

8rna
The volume of the solid is r

21. Find the volume of the spindle shaped solid generated by revolving the hypocycloid

x73 +y% = a7 about x-axis.
Sol :
Given hypocycloid is x% + y% = a%

y% _ g2t X%

Cube on both sides (y% )3 = (a%)—(x%)3
= ]l
y? =a?-x*—3a’x’ + 32"

The volume of hypocycloid is double of the volume generated by revolving the area lying in the
1st Quadrant.

{ 281 '
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o <

(0.2)

v

(-a,0) (a,0)

0,-a) | B

9
The volume of the solid is V = ZInyde
0

= an‘yzdx
0

= 2n I(azx2 ~3a’%x7 4 Sa%x%)}dx
0

= 2n Iazdx - Ixzdx - Sa%jx%dx + Sa%_[x%dx}
LO 0 0 0

= Zn_azjdx - szdx - Sa%jlx% + Sa%ix%dx}
L 0 0 0 0

372 %+1 %+1
= 2n az(x)Z{X—} _3a% );— 133 ):1
3 —+1 —+1
3 0 3 0
3 % 7
=2n az(a—O)—[a——Oj—%% X vaalt| X
3 5 7
3 3 1

_ . .
=2n|a° —%—Sa%.g{ﬁ —O} + Sa%.g[a% —Oﬂ

=2%

a3
3 5 7

I 4
3a®-3a° _9aé a%+9a% 7 ]

{ 282 |
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- y a
=27 Zi — 92 +ga/3
3 5 7
[543 3
=2r Zi_gi+ga3
| 3 5 7
_ . [ 70a® -189a° + 135a°
=2n
| 105
3
— o 16a
105
_ 32na’®
~ 105
. .. 32ma’
.. Volume generated by revolving hypocycloid is 105
a3
22. Prove that the volume of the solid generated by the revolving of the curve y =m

2
a3

about its asymptote is

Sol :

a3

a®+x?

The curve is symmetrical about y - axis.

.. The volume generated by the revolution of whole curve is double the volume generated by the
revolution of arc.

Given curve  y=

. The volume of solid is V = ZJnyde
0

0 a3 2
= 2nj[a2 +X2j dx

0

® 6

P R —
o(a2+x2)
Let X =atan®6
dx = asec?0do
If X =, atan = «
tan 6 = o«
o= =
T2

4
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If x=0, atano6=0

tan®6 =0

0=0
/2 6

_ a ~asec” 0do
V. =2ng (a2 +(atan6)2)

/2 2

_ oma® asec” 0 _do
0 (a2 +a? tanze)
/2 2

_ 2ma® asec 0

! (az (1+ an? 6))2 do [ 1+ tan” 0 = sec® 6]

n/2 2
omal [ 369 4o

o a’ (sec2 6)2

27[&7 n/2 1

=g

2
5 Sec

— 2na3nj‘2(cos2 e)de

0

ST (1+cos26)

— 2ma do

0

_ 2na’ j (1+¢0s26)d6

n/2 /2
— na{ I 1d0 + I coszede}
0

= x|

|
5] Yor{ o)
{540

sin 26 “/2}

{ 284 |
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

The volume of solid is T

23. Show that the voulme of the solod obtained by revolving the area included between the

. b
curves y? = x3 and x> = y*and x? = y? about x-axis is - .

28
Sol :
The given curves are y*=x* ... @)
xx=y* (2)
by (1) = y? =x3
y= (x3)% ..... (3)

subin (2) = x%= {(Xg)%f

XZ — (X3)%
o
X% — X% =0

X2 [1—X%} =0

x2=0; 1—x5/2 =0

X =0; x5/2=l
x=0; x=1
The volume of solid generated by y® = x?

1
Vl — Jnyzdx
0

1
— nJyZdX
0
But y2=x?

Then y =(x2)%3

4
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V1=7

y = (Xa)%
y =x"
1
\V; :Inyzdx
0
1 2
— n_[(x%) dx
0
A
:TCJ‘(X 2)dX
0
1
x%+l
T
§+l
2 0
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

_n
VZ_Z

V = (The volume of solid generated by area y* = x?) — (Volume of solid generated by area y*> = x3)

lLe.Vv=V -V,

v=_=I
7 4
_1271—771
- 28
v=2F
28

24. Prove that the volume of the reel formed by the revolution of the cycloid x = a (6 + sin#@),
y = a (1 - cos0) about the x-axis is n? a3

Sol :
Givencurveis x=a(@®+sing) ... @)
y=a(l-cos®) ... (2
Differentiating (1) & (2) with respect to ‘6’
9+ s
40 = 2 ( cos 0)
o 0 ino
40 = a (0 - (-sinb))
dy .
g — asin 0
The volume of the reel is twice the volume of are
t_,dx
V=2 2=2do
iny de
toodx
=2n|y*==do
”iy de

= 27:2[ [a(1-cos 6)]2 [a(1+cos6)]do

287
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=2na’ 1.[de—1.|'cos.26d6+1J'00539d9—ljcosede
_20 20 40 40

— 213 l(n_o)_l(smzeJ +l(sm36j —%(sine)g

g

27c.|‘a2 (1-cos 6)2 a(1+cos6)do

0

2na3j|£(1 —¢0s6)(1-cosf)(1+cos6)dd
0

2na3j|£(1 —cOos 6)(12 —cos? e)de
0

2na3j|£(1— cos 6)(1— cos? e)de
0

2na3j|£(1— cos? 0 —cos0 + cos® e)de

0

= 2na3j 1- (MJ —C0s0+ (lcos 30 +§cos Oﬂde
0 2 4 4

1

= 2na3j(l—— - cosﬁ —cos0 +lcos 30+ Ecos ejde
0 2 2 4 4

= 2na3.|‘(1—lcos 20 +£cos 30 —lcos ejde
2 2 4 4

2 2l 2 ), a4l 3 ),

P E_l(smzn_smo}rl(sm&c_smoj_%(sinn_o)}

2 2 3 3

= 2na’ 2—1(0—0)+%(0—0)—%(0—0)}

= 2na’ g—mo-o}

Hence proved the volume of reel formed by the revolution of cycloid is x°a®

Rahul Publications
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

25. Show that the volume of the solid generated by the revolution of the cycloid

3 8
x =a (0 + sin 8), y = a (1 - cos 0) about the y-axis is na’ (Eﬂz '—J

3
Sol :
The Given curvesis x=a(0 +sin0) ... @)
y=a(l-cos®) ... (2
Differentiating (1) & (2) with respect to ‘6’
dx
Then o =a(1l+cos0)

dy )
ke a(-1-sino)

dy .
o = 2sino

The volume of solid is generated by revolution of the cycloid is y - axis

g dy
i — | nx*—2do
ie. V —J“ do

0

n(a(6+sin 6))2 (asin®)do

Il
O t—y

na? (6 +sin 6)2 asin06do

ot—a

— j|£na2 (6% +sin’ 6.+ 20sin6)asin® do
0

g

— Jna3 (62 +sin? 0+ 20sin e)sine do

0
= na3.[62 sin®+sin® 0+ 20sin®do
0

=na®| |a®sin0dO + |sin®>0d0 + 2| 0sin6do | ... 3
(3)
0 0 0

A B C

A = [0°sin6do

0

=62j|£sin ede—f%(e)zjsin 0de.do
0 0
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= 0%(—cos0); - [20(-cos6)do

0

=- [nz (COSn—coso)]Jr 2j|iecosed9
0
=-[n*(-1)-0]+2 {eicosede—i%(e).[cosede-de}

=+ 29{(5"‘9)3 —Tl(sme)de}

0

=+ z[nsinn—sino —(—cos)ﬂ

=m? + 2[0 -0 + cosn — cos 0]
=n*+2(-1-1)
=n? + 2(-2)

A=n*-4

B = [sin®0do
0

_ j[ﬁsine—lsinsejde
4 4

Ejsinole—1 jsinsede
4O 4 0

3 < 1(-cos30Y
= >(-cos@) —=
4( cos )O 4( 3 jo

-3 1
—7(0057:—0050)+E(cosSn—cosO)
= S+ =11
- 4 (_ _) 12(_ _)

_ =3 1
=7 (-2) + 12 =2)

_6 2
T4 12
_3 1
2 6

g
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

©
| |
[l [N

w|bd

w|ld wlo

c = [0sin”6do
0

Il
O ey 3
N | @
o
>
I
—
@
o
o
w
)
s
Q
>

17 107
= Ej‘ede > L[ 00529d9i|
= l{e_z}n %{ i c0s206d6 — J:%J'coszedede}

= 2= -0] - %{e(smzelj S'”Zzede}

2 0

2 _ n
™ _ 11 gsinpy - L[ 200529
4 2|2 o272 )],

o101, 1
= % -5 [E(nsm 2n—0)+z(c052n—cos(0))}

- %2 S [%(o—o)+%(1_1)J

2

n° 1
= 2(0+0)

C=— (6)

Substituting (4), (5), (6) in (8)

2
V= na’ n2—4+i+2 r
3 4

g
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— ma’
V= { 2 3

The volume of the solid genrated by revolution of the cycloid about

2
y — axis is ma® {3% - §}

3n? 8}

3

26. Find the volume of the solid obtained by revolving one arc of the cycloid x = a(® + sin#®),
y = a(1+ cosB) about x -axis.

Sol :
The givencurve x=a(@®+sine) ... (1)
y=a(l+cos®) ... (2
Differentiating (1) & (2) with respect to ‘6’
dx
by (1) = -5 =a(l+cosH)
do
dy .
by (2) = -5 =a(0 + (-sin6)
do
dy .
go — —asin 0
A
Yy 1B
/\ )
Al 0 A
The volume of solid is given as
toodx
V=2 2==do
"y e

0

= 2nj|£[a(1 +C0S 6)]2 [a(1+cos6)]do

0

— erja3 (1+ cose)2 (1+cos e)de

0
= Znaj(l+ oS 6)3 do
0

g

= 2na3j(l+ cos® 0 + 3¢os 0 + 3cos? e)de

0

{ 292 |
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

= 2na3j 1+ L 0053043 cos0+ 3c0s0 43 1799529 ) |4
0 4 4 2

- c0s30 = 1cos 30+ Ecose
4 4

1+ cos20

20 =
cos® 6 5

2na3j 1+100536+Ecose+§+§c0329 do
° 4 4 2 2

— 2na3.|‘F+Ecose+§00526+100536}d6
12 4 2 4

EG+E(sin6)+§ sin20 +1 sin30
2 4 2\ 2 4 3

6

r - H 2 0 - -
= 2na’ i(n—0)+%(8inn—sin0)+g(5m2n—Sm ( )J+£(sm3n_sm39ﬂ

w

— 2ma

|2 2 2 4\ 3 3
= 2na3[gwr%(o—0)+%(0—0)+%+%(0—0)}
— 2na® [En}

2

= 5n2a’
.. The volume of solid obtained by revolving one are of cycloid is 5n*a®
27. Find the volume of the solid obtained by revolving the lemniscate r> = a2 cos26 about

the initial line.
Sy Y4 .

INN

Sol :

The given curveis r*=a%*cos20 ... @)
differentiating with respect to ‘6’

2 I s 20).2
rde—a(—sm ).

g
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dr

[— = _— 2gj
40 ® a?sin 26
A
rgg = —@°sin

Squaring on Both sides

o(drY .
r T = a*sin’20

(drjz _a*sin?20

d0) ~ a?cos20
_a*sin?20
" a%cos20
(ﬂjz_ a?sin®20
do) cos20

The pol ionis S = 2o [9rY
e polar equationis o = %6

a?cos20+ M
- c0s 20

_ \/az cos” 20 +a” sin® 20
B cos 20

B \/az (cos2 20 + sin? 26)

\/€0s 20

a’(1)

\/€0s 20

ds a

do ~ Jcos26

Now, the surface are of lemniscate is

n/4

S=2 J Znyﬁ.de
0

do
nl4
ds
=4n|y.—.do
I
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

In polar r = (6)

X = c0sO

y =rsind
/4

= 4n | rsino. do

'[ \/€0s 20

r> = a?cos 20

= r =\a?cos20
I' = a+/cos20

—4757[./[4 Msmea

n/4

= 4na’ J sin6 do
= 4na2(—cose);%‘

= 4na2£—cos§—(—coso)J
1
= 4na’| ——=+1
&

— 4na’ (1 — %j

1
The surface area of lemniscate 4ra? (1——j

V2
- . x*(a-x)
28. Find the volume formed by the revolution of the loop of the curve y?> = o about
the x-axis.
Sol :
_ ) x?(a—x)
Givencurveis y?= X about x -axis & meets x-axis at (0,0) and (a,0)

I\J
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The volume of solid is

V =

g X
|
0

x?a—-x3
=

jlnyzdx
0

na 2dx
[y
0

X(2X) oy
a+x

a

dx

o atX

a 3
nj[—xz +2ax —2a? +2ijdx

0 X+a

x2 —x3

Re writing

—Xx% + 2ax - 2a% +

a+Xx

3

a

a

a

X+a
_x® —x%a+ 2ax? + 2a%% — 2a°% - 2a° + 24
X+a
—x3 +ax?
X+a

1

X+a

n_jf—xdeJrZajlxdx—2a2_a|ldx+2a3jil dx}
0 0 0

0

_[X_;l ¥ 2a[x—;ja —2a%(x), + 2a° (log (x + a))ﬂ

0

a® . a® 3
3 +2a.?—2a a+2a°[log(0+a)—log(0+a)]

3

B 3
T _Z +,2/a —2a3+2a3(I092a—Ioga)}

Zz

3

& L a%-_2a%+2a° log (EH
3 a

J
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

_ 3
= 7{ 43a +2a° IogZ}

3
- 2"j‘37°[_2+3|ogz]

= 2237[ [—loge’ +log,’ |

2 3
= 7c3a [log 8 — loge?]

3
_ 2na [Iog%}
3 e

. _ 2na’®
.. Volume formed by revolving the loop is 3 log P

29. Show that the volume of the solid obtained by revolving about x-axis the area enclosed
by the parabola y?> = 4ax & its evolute 27ay> =4 (x-2a) ®is 80 n a3

Sol :

Givencurve y*=4ax ... @)
Its evolute is  27ay? = 4 (x — 2a)®

4(x -2a)’
gz A=y )
2+a
equating (1) & (2)
4 _ 3
dax = M
27a

27a(,4/aX) = A(x-2a)’

27a%*x = x® — 8a® — 6ax® + 12a% x
X3 —8a®-6ax?+ 12a2x - 27a?x =0
x®-8a-6ax*-15a’x =0
x+a?(xx-8a) =0
x+a?=0;x-8a=0
X+a=0; x=28a
X=-a

Since reglecting x = —a on the curve
.. X = 8a

The volume of the solid obtained by revolving about x - axis the area enclosed by parabola and

its evolutes.

Volume generated by area of parabola (V,)

{ 297 '
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V, =

8a
.[Ttyde y? = 4ax
0

4ma (8a)2 — 0}

4na

[ 64a2
2

128 nad

Now, volume generated by its evolutes (V,)

V. =

2

by (2) = y*=

%[(% ~2a)" —(2a- 2a)4J

%[(%)4 -0]

a

%a[lz%a“ ]
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

V,=48na’

. The volume of solidisV =V, -V,
V =128na*-48ra®
V =80nra®

4.5 ExPRESSION FOR THE VOLUME OBTAINED BY REVOLVING ABOUT ANY LINE I

30. Write the Expression for the volume obtained by p.
Sol :

Let y = f(x) be curve, P be point on the curve. G, H, are the extreme ends of the arc. PM be the
length of the perpendicular to x-axis of revolution. X denote the distance of the foot of the perpendicular
M from a fixed point O on the x-axis. and A, B are the perpendicular from the entreme ends G, H of the
arc.

M H
Y G —
N\ \—_’F/
0 A M B X

OB

Then the volume obtained by revolving the are GH abent line AB is | & (MP)’d(OM)

OA

31. Find the volune of the solid generated by the revolution of the ciossoid y? (2a—x)=x3
about its asymptote.

Sol :
The given ciossoids y? (2a -x) = x® .......... 1)

The line x = 2a is the asymptote of the curve. The perpendicular distance MP of any point P(x,y)
on the curve 2a —x.

28-Xx=0= x-2a=0

.. The asymptate parallel to y-axis is X — 2a = 0 the length of the perpendicular from P(x,y) to line
x-2a=20
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MP = x - 2a
(MP)? = (x — 2a)?
‘A’ is point where the asymptote meets the x-axis is fined point on the axis of revolution.

The volume of the solid obtained by revolving the whole curve about the asuymptate is double of
the volume obtained by revolving the part of its lying in the 1st Quadrant.

i.e. AM =y
but y?(2a-x)=x3

3

X
2 —
y 2a—X
X3
AM =y = acx e (2)

2a

The required volume is V = 2”.[ (MP)2 d(AM)

0

2a d X3
=2 —a)—
v n;[(X 2) dx{ 2a—x}

d df | x*
Now, we will find d_X(AM):&{ 2a—XJ

{1t
dx| V2a—-x ZJZTdX{ZaXJ
1 _(2a—x)(3x2)—x3(—1)}
2\/ x| (2ax)

_ 1 6ax® —3x° +x°
2\/ < (2""‘>‘2)2
2a—-XxX
_ 1 6ax® —2x°
2% (2a—x)2
J2a-X
\J2a—-x| 6ax? —2x

— 2k {(Za—x)2 }dx
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

Let

J2a-x Zx*(3a-x)
T Zxx(2a-x)

J2a-x+/x (3a-x)

- (2a—x)2

d J2a-x+/x (3a-x)

dx (AM) = (2a—x)2

J2a-x+/x (3a-x)
d(AM) = (2a—x)2 dx

- ZnIM“Za;\F/;; X) gx
— ZnT\/Za—x&(Sa—x)dx

X =2asin’0

dx = 2a (2 sin6 cos6) do
dx = 4a sin6 coso do

X =2a, 2asin?0 = 2a
sin?0 =1

0="1
Xx=0=2asin?0=0
sin6=0
0=0

/2

V = ZnJ \/2a—2asin26\/2asin26(3a—2asin29) 4a sind coso do
0

n/2

=2nj ,/2a 1-sin%0 \/ smea 3 - 2asin? 9) 4a sind cosd do

n/2

21 j 4a*+/2a~/2a cos0sin6(3 — 2sin” H)sinHcos OdO
0

n/2

— 4a2~2a.2nj (3-2.5in”6)sin” Bcos’ 6dO

n/2

= 16na® I3sin2600526—25in4 fcos? 6do
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/2 /2
= 16na’ { Ism 0cos? 6do — ZI sin ecoszede}

s Jonrm (22 ) )2
- {3 e
-see o35} 42 3]
e ()]

lGna

N

s 1371

= 2a3 s
V =2an
Volume of the solid is 2a® &t

X2 2
32. The smaller segment of the ellipse ?+§=1 cut off by the chord i+%:1revolves
a

completely about this chord. Show that the volume generated is

%(10 -3m)a’b? (a2 +b? )%

Sol :
. X2 y?
Givenellipse is ?+F=l
X
Given chord is ~+Y =1
a b
bx + ay _
= ab
= bx +ay = ab
= bx +ay-ab=0

(O.b)

IR,
N

§
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

The chord 5+% =1joins the point A, B.
a

Take any point P (a cos6, b sin6) on the ellipse. M be the perpendicular from P to the chord AB.
A= (a,0) &P = (acosb, b sind)
APZ = (X, =X+ (y,-Y)?
= (a cosO — a)? + (b sin6 — 0)?
AP? = (acos6 — a)* + (b sinB)?
The length of the perpendicular from (a cos6, b sinf) to bx +ay —ab =0
b(acos6)+a(bsin)—-ab=0
va® +b?
abcos6+absind—ab
SN ~ e
ab(sin6+cos6-1)
MP =
va® +b?
ab(sin6+cos0—1)
(MP)2 =

JaZ+b?

a’b?(sin-cos0—1)°
a’+b?

=

(MP)2 =

From figure
AM? +MP? = AP?
AM? = AP? — MP?

, a’b?(sin6+cosb-1)°

= (acos6-a)’ +(bsin®) i

(cos+sin®—1)°
a’+b?

— a?(cos8-1)" +b?sin*0—a’b?

(a® +b? )[a2 (cos® —1)2} +(a®+b*)[ bsin? 6 |-a’b? [(cose—l)2 +5in? 0+ 25in6(cose—1)]

a’+b’
_ a'(1-cose)’ +a2b2£1/—eos/9j2 + 2SI’ 0 + b sinze—ﬁ(/:lzcos/@)2 — a%b?sin’ 0 — 2a%h? sind(cosH—1)
B a’+b’

a* (1-cos6)” +b* sin? 6 - 2a’b*sin6(cos6 - 1)
a’+b?

a* (1-cos6)” +b* sin? 6+ 2a’b?sinB(1-cos6)
a’+b?
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[ (1-cos6)+b’sin GT

AM? =
a’+b?
AM — \/(az (1-cos0)+b?sin0)’
a’+b?

a’(1-cos6)+b*sin6
AM = \/m ...... (2)

differentiating (1) with respect to ‘6’

d A= 9 a’(1-cos6)+b*sin6
do “M= g Ja? + b?
1 d .
:mﬁ[az(l—cose)mzsm(ﬂ
1

[aZ(O ~(sin0))+b? cose]

—— [azsin6+ bzcose]
a‘+b

a®sin0 + b? cose]

d 1
g0 AW ="T=—|
a’sin0+ b?cosO

daM) =" 9

AB

Now, the volume generated V = J “(MP)Z d(AM)

0

*?a2b? (sin@+cos6-1)" a?sind+ b2 cos®

= . do
v § 0 a2+b2 \/a2+b2
na2b2 /2
= J' [(cosze+sin29+1+ Zsinecose—20059—25in9)(a2sin9+ b? cose)Jde
(a2+b2) 29
naZbZ /2

(az T bz)% 0

212 12
ra‘b®

=—— = || (1+1+2sin6cosO—2sin6—2cosB)(a®sin6+b*cosO) |dO
( )

e j 2(1+cos0sin®—sin® - cos e)(a2 sin0 + b? cose)de

= (a2+b2)% 0
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Rahul Publications =)



UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

_ 2ma’bh? ¢ . . 5 . )
= j(1+cosesme—sme—cose)(a sin0+b cose)de
(a +b2) 2

2 a b2 /2
= jazsin6+ b? cosB+a?sin>0cos0+ b?cos?0sind

(a2 +b?)7 5
— a2 sin? 0 — b? sind cosd — a2 cos O cosd — b? cos?do
2ﬂa b2 /2
(@)

(azsin9+bzcose+ a?sin® 0cos0-+ b? cos? esine—(a2 + bz)sinecose—a2 sin 0—a? cos? e)de

n/2 n/2
_ _2m’p’ { IS|n6d6+ szcosed9+a Ism 0cos0 +szcos 0sin0do - (a’ + b* ) jsmecosede

2 /2 0
b
(a + ) @) (b) (© (d Q)

nl2 nl2

—b? _[ cos?0d0 —a® _[ sin?0do | - 3)
0 0

U] @)

n/2

@ = Jsm@d@:[ cos0]

n/2

:—cos%—(—cose)
=0+1
=1

n/2

(b) = J‘cosedez[sine]g/2
0

=sin™, —-sin0

2
=1

n/2

) = jsinzecosede

Let t=-sinO
dt= cos 0 dO

n/2

— j t2dt
0

{ta }/ {sin%}%
= | = =
3 0 3 0

4
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(ol

1 1
= 3[@)-0]=3

n/2

d = Jcoszesinede
0

Let t =cos 6

dt=-sindo
/2 t3 %
t?.(-dt) = - {—}
{ (-dt) 5|
— _?1[00336]:/2

%
€) = |sin®0cos6do
0

Let t=sin0

dt= cos0 do
/2 2 % a2 %
J‘t.dt:{t—} — {Sm e}
0 2 0 2 0
. ofm) 2
:E{sm [Ej sin (0)}
1
=35 (1)-0]
_1
T2

4
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

n/2 n/2
H = Jcosz 6de = J‘% de
0 0

[n/2 /2
_1 I1d6+ Icoszede}
2 0 0

0

1_[61%‘{5"]26}%
2|l T2

- s

1 1
_T
T4
@ = [sin’6do = I#de
1|7 7
=3 [ 1d6 - [ cos26de
1_[9]’72 _[sin 26}%
= 2 o 2 i
= : E—l(sinz(ﬁj—sin(o)ﬂ
212 2 >
1fn 1
=322 —0)}
_T
T4

Sub (a), (b), (c), (d), (&), () & (9) in (3)
2na’b? ) ) ,(1 ,(1 , (1 g ,(m
v = m{a (1)+b?(1)+a (gj*b (Ej—(a b )(Ej—b (Zj—a (Zﬂ

2na’b? PR
=" +h ==
(a2+b2)% 3 3 2 2 4 4
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:ﬁﬁ(fmq[hg_g_gm

Znazbz(a2+b2) 10-3n
- (a2+b2)32 ( 12 j

7'[;a2b2 (10 - 37[)
(aZ + bZ)% 6

vV = g(lo —-3n)a’b?(a’ + b’ )_%

Volume generated by g(lo —-3n)a’b?(a’ + bz)%

a
33. Theellipse b? x? + a?y? = a? b? is divided into two parts by the line x =5 and the smaller

part is rotated through four right angles about line. Prove that the volume generated is
3 1
a’b| =+3-=
n (4 N J
Sol :
The givenellipseis, b?x*+a?y?=a?b> ... (1)

bZXZ a2y2 _ a2b2
a?b? | b’ alb?

dividing by a2 b?

NG yz o . | .

a2 + P 1. Which is divided into two parts of line x = Sa
1

x=5a= 2x-a=0

Let P(x,y) be any point on are of the ellipse and M be the part of the perpendicular drawn from P
to the line such that PM L CC*

YaB

/ [ M P(xY)
N DA‘X

B' ¢t

Al

The length of the perpendicular from P (x,y) to line 2x — a is,

{ 308 }
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DIFFERENTIAL AND INTEGRAL CALCULUS

UNIT - IV
2X—a
PM ="
2x —a (2x—a)2
= 2 =X 007
PM o = (PW) -

Let DM =y by (1) = b*?*+a’y’ =a’b?

azyz — a%p? — b?x?

=b

N

a

Differentiating (DM) with respect to ‘x’

Il
o
Sl
1
Q| o
QD
N
[
x
N
| I

a
v CL)

4

Rahul Publications



B.Sc | YEAR | SEMESTER

—bx

d _TX
d_x(DM) T oava?-x?

—X
dOM = =

.. The volume generated by revolving the are CAC! is twice the volume generated by revolving
the are CA

The volume of solid is given

dx

a

v = 2[n(MP) d(DM)

%
_ 2ni(2x—a)z[ —xb jdx
7, 4 av/a? — x2
—27b § 2
= 2X — d
2a ;( x-a) = X
2

Let x=asin
dx = a cosO do
If xXx=a= asinf=a

. a
sino= —
a
sind=1
0= —sint (1
= 5 sin @
o= =
)
If x=- = asino=—
X = 5 = asind = >
. e_i
sin = %
. 6—1
sin =5
6=sin'1£1J
2
o= =
6

g
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

/2 .
V = inbj (2asin6—a)2.Lezacos(9d6
4a a’—(asin@)
b2 ;

— LbIaZ(ZSine—l)z.Lne.cose do
2a % Ja?-—a?sin?0
_aARbT(Zsine—l)z sin6cos 0 4o

~ 2a % av1l-sin’0
“ba’ T(4sin 20-+1-4sin®0) 229600 44

Y % J1-sin?0
—nba®™?, . ., 1 Sin0.cos0

_ 4sin20+1-4sin“0)————do

- %( ) \Jcos? 0
—nba? % sin6.cos®

— _[(4sin 20+1-4sin0)=———>—do

Z % sosb
_beaz /2

_ J(4sin3e+sine—4sin36)d6

n/6

2| % %
=— [4sin®6d6+ [ sin6de— [ 4sin° 6do
2|7 % Yo ra
_ “ga [ (3sin6-sin30)do + [ sinedo - 4(%}19]
—nba’® 7 4 4cos26
_ j(3sine—sinse+sine——+—Jde
= 2 | 2 2
L/6
2|7
_ “Za [ (4sin6-sin30-2+2c0s26)de
%

2 _ i %
—-nba {4(—6056)—[ 603536j_29+2(sm229ﬂ
%
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%
_ -2’ | 40050+ 2539 594 sin ze}

2 L 3 A

_ —nt23a2 :—4(0052—cosg)+%(cos3(g}°°53[g})_z(g_gj{sng_sngﬂ
_ —mba’ __4(0_§j+%(0—0)—2(%}+(0—§J]

_ —nba? 43 2n \/5}

V =

V3 n ) o
nb a? 2 3 by Neglecting negative sign

Volume generated by solid is na?b {T 3

Bﬁ_n}

34. A quadrant of circle of radius a revolves about its chord. Show that the volume of the

T
1 1 —— _ 3
spindle thus generated is 642 (10 - 3m)as.
Sol :

Given circle is X2+y?=a?
X +y =ais achord of circle
XxX+y-a=20
Let X = a cosb, y =asind
Then p(a cos 6, a sin 8) be point on the circle and M be the foot of the perpendicular drawn from
P to the chord AB.

(0,0)

P
M (a, 0)
A /A

The length of the perpendicular from (a cos 6, asin 8) tochord x +y-a=20

{312}
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS
MP = acos0+asinf—a
V17 +1°
P a(cos0+sin6-1)
B V2
VP2 a?(cos+sin6-1)°
- =
(2
VP2 — a?(cos®+sin—1)°
2
Here,
= (a,0) P=(acos 6, asind)
AP = \/(acose—a)z +(asin6-0)°
(AP)?2 = (acos 6 —a)? + (asin 0)?
(AP)> = a?(cos 6 — 1) + a?sin? 0
AMZ = PM? - AP?
AM? = PM? - AP?
2 . 2
— 2%(c0s 0 1) + & sin? 0 - a’(cos0 +23|n6—1)
_ 2a%(cos®-1)° +2asin’6-a’[(cos6-1) +sin6]’
B 2
2a?(cos-1)" +2asin?0 - a’ [(cose ~1)" +5in®0+2(cos6 —1)(sin 6)}
- 2
_ 2a*(cos6-1)" +2a’sin?6—a*(cos®—1)° —a’sin?6 - 2a*(cos®—1)sinO
B 2
_a’(cos0-1)" +a’sin?0—(-2a”sin6(1-cos0))
B 2
_a(1-cosB)’ +a?sin®6+2a?sinO(1—cosh)
a 2
AV — [a(1-cos6)+asin6]’
B 2
(a(1-cos6)+asin 6)Z
AM = >

g
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AM =

a(1-cos0)+asin®

V2

Differentiating AM with respected to ‘6’

g A=
do AM)=

d =
do AM)=

d(AM) =

d (a(l-cos6)+asind
do 2

1 d
E@(a(l—cose)+asin6)

% (a(0 - (- sinB)) + a cos 0)

asin®+acos0

N

asin®+acos0

\/E do

The volume of the spindle is given as

V =

nT(MP)Zd(AM)

0

“?a’(cos®+sin0-1)" asin®+acoso

™) 5 N

ma? " . :

o0z E[(coseJrsme—l) -a(sin®+cos0)do

ra’ nj‘z(coszeJrsinz6+1+Zsinecose—Zsine—2c056)(sin9+cose)d9
22 2%

na® ] _ _

22 2L(l+1+ 2sin6cos6 —2sin®—2¢os0)(sin6 +cos0)do
ma’ T(2+Zsinecose—25in6—20036)(sin9+cose)d9
22 4

227\57; i(lJrsinecose—sinecose)(sin6+cose)d9

ma® ¢

V2 3

Rahul Publications
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

3 [n/2
T V2 [

[ /2 /2

\/5 (@) () ©

n/2

(a) [sin6de = [(-cose)]"”

— —cos” 0
= 5 —(-cos 0)

=0+1
=1

n/2

(b) jcosede = [sine]

n/2
0

. T .
= smE -sin0

1-0
1

n/2

() j sin0cos0do
0

Let sin0=t
cos 0 do = dt

n/2 t3 /2
jt2~dt =N {—}
0 3

0

sl ol

1l g2t
_3[_]_3

n/2
(d) Jsinecosz 0do

0

Let cos6 =t
—sin 0 do = dt

I SiN0 +cos 0 +sin>0cos0 +sin0cos® 0 — 2sin ecose—(sin2 0 + cos? 9) do

2

nl2 nl2 nl2
na’ Jsin6d9+ Jcosed6+ I sin® 0cos0do + I sin@cos? ede—zj sinBcos6do — I (sin26+cosze) "
0 0 0 0 0

0
(d) (C] ()

g
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/2

n/2

/2

t3

—j t2.dt = {—}
0 3 0

(€) J sin@cos06do
0

Let sind =t
cos0 do

/2
jt~dt - {

0

_ 1 _1
= 30-D=3
= dt
Erzz 1 {sinz(ﬁj—sinz(o)}
2], T2 2
_1
= J[1-0]

n/2

1
2

f) J (sin*+ cos” 0)do

0

Twdo = [o]”

0

Ioo
2

r
2

Suba, b, c, d, e, &fvaluesin (1)

na’ 11 1) =«
——|1+1+=-=-2|=|-L
ﬁ{ 3 3 (2} 2}

3
a 2+1+1—1—E
3 3 2

V2

ni{lg_z}
J2 3 2
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

-Gl
_ nTa; [10;%}

- - n
The volume of spindle is /2 (10 - 3n)

35. Find the volume of the solid generated by the revolution of the curve (a — x) y> = a?x.
about the curve.

Sol :
Givencurveis(@a-x)y?=ax. ... @)
The asymptotes for the given curve can be obtained by equating the coefficients of higher power of
X & y to zero
a-x=20

= xXx-a= 20
The asymptote parallel to y-axis is x = a

X =2a

A(a, 0)

Let P(x, y) be any point on the curve M be the foot of the perpendicular to A which drawn from P,
The length of perpendicular from P(x, y) to line x—a =0 is

MP = x-a
(MP)? = (x - a)?
AM =y

by (1) (@-x)y* =ax

o= a’x
a—x
_ |a%
y =
a—x
Y= azx
X
AM = a,|——
a—x

g
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differentiating AM with respect to

dx( )= dx Va-x

1 d(x}
:a h—
d _
, [ x dxla-x
a—x

_ a [<a—x)<1)—x<—1)}
—20x (a—x)2

a—Xx

ava—XxX a—-X+X

- 20x (a—x)2

ava—x a a

2x  (a-x)’ (a-x)’

The volume of the solid is given as

d(AM) = dx

a

v = 2[n(MP)" gam)

0

_ ZnJ(x—a)z-a a-x 2 dx
0

- 24X '(a—x)z
K Ja-—x 1
2na’ . . dx

_ !M =

2

ta-x
= na’ dx

e

Let X = asin’0

dx = a(2 sin6 coso) do
dx = 2 sin6 coso do

If X =a = asinf6=a
sinf6=1
sing=1

6 =sin™ (1)
T
0=3

g
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

If

L. T
Volume of solid is

Xx=0 = asin?06=0

sinf@ =0
6 = sin(0)
=0

~2Ja—asin?0

na? | —7——— 2asind coso do
o +asin’0

/2
% j —F————2ain0d cosO dO

Ja(l—sinze)
o +asin’0

2 J& cos? 0

2nad sind cosO do
" 0 %sine

n/2

ona® | €089 Gin6 cos6 do
0

S0

n/2

2nad j cos? 6 do
0

/2
2nad J‘(dee
0 2

n/2

/
273" T (1+cos 20) do
2 0

sin2071"?
2

na3 |:9 +

0

o o)

g
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36.

Sol :

Prove that the volume of the solid genetated by the revolution of an ellipse round its
minor axis, is a mean proportional between that generated by the revolution of the ellipse
and of its auxiliary circle round the major axis.

XZ y2
We have equation of ellipse is e + el i @)

Auxillary circleis x2+y2=a?
The volume of solid generated by the revolution of an ellipse about its minor axis

2 2 2 2
y X 1-y
from (l):> ?4_?:1:}? = b2
X_2 _ bz_yz
a’ b’
2 2
=
a2
X2 = F[bz_yz]

b
The volume of solid is V, = J2nx2dy

1

V., = Znszdy

_ 2na’ _-tl)‘ bzdy _ .tl)"yZdyj|
LO 0

= Zn_a:bZ[y]g_%[bs —0]}

= 2;‘? :bz[b—o] —%[b3 —0]}

Rahul Publications
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

2na?| 3b® - b®
3

= "7
2na? | 2p°
~ b2 | 3
_ 47ma’b
V=

Volume Generated by revolution of an ellipse about Major axis.

The volume of solid is V = JZnyzdx
0

by (1) =

V = 27[} yZdx
0

2 2
ol
a? —x2
yz = p2? 22
b2
v = -]

Rahul Publications



B.Sc | YEAR | SEMESTER

2nb*( 3a® -a°
- af 3
2nb’ ( 2a°
- a* (3
_ 4rb’a
-3
Now, volume generated by revolution of Auxillary circle about it major axis.
by(2) :>x2+y2=a2:>y2=a2—x2

The Revolution of arc about x-axis is same as the revolution of the entire solid.
The volume of solid is twice of the volume of arc.

The volume of solid is V, = IZnyde
0

2

V, = 27[} y?dx
0

.. Mean proportion between the volumes generated by revolution of ellipse and auxiliary circle
bound it major axis.

4nab? y 4na’

Il

VRN
&
W o
N

(o
~
N

§

Rahul Publications



UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

4.6 AREA OF THE SURFACE OF THE FRUSTUM OF A CONE EXPRESSION FOR THE SURFACE OF
RevoLuTiON

We can easily see that the area of the surface or right circular cone, the radius of whose circular base
is r, and slant heightiszis zr ¢ .

If we tear a right circular cone along one of its generators, we get a circular sector whose radius OA
is equal to the circumference of the circular base of the cone.

o)

A B

The area of this sector and, therefore also the surface of the cone is equal to nre.

r
If o be the semi vertical angle of the cone, we have 7= sin o.

The surface of the cone is also equal to nr¢ = mr (r sin )
y ro. :
= np?sin a [zzsma rzmna}

Vv

C=D\P

My
Consider the frustum CDBA of cone VAB, let the radil O’A and OC of its circular base be r, and r,
respectively and let its slant height CA be |..
The area of the surface of this frustum

= n(AVZ2 - CV?)sin o

(e, r2=r—r2
AV2 - CV?)

w(AV - CV) (AV sin o + CV sin )

nAC(O'A + OC)

=nl(r,+r)

= 1 % slant height X sum of the radil of two bases.

{ 323 }
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37. Find the surface of the solid formed by revolving the cardioid r = a(1 + cos 08) about the

initial line.
Sol.:
Given that
r =a(l + cos 0)
Tc K
A \D X
The surface of the solid formed by revolving the cardioide is
f ds
S=|2ry— do
£ ™30
We know that
ds , (drY
—_— = I+ —
do do
r =a(l + cos 0)
d .
d_(; = a(0 + sin 0)
=-asind
ds
= i J[a( +cos ) +[-asin O
ds
i Ja?(L+cos0)’ +a’sin’ 0

= \/a2(1+ cos’ 0+ 2cos0) +a’sin’ 0

= \/a? +a%cos? 0+ 2a% cos0 +a’ sin’ 0
= /2a® +2a’cos 0
= /2a’(1+cos0)

= [2a? (ZCOSZQJ
2
= |4a? cos? 2
2

g
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

A _, 0
do = a0032

O'—..‘-l

“y—de [-- y=rsin0]

a

= [ 2n(rsin6)2a cos 6/2 do

0

Jzn[a(l+ cos0)sinf] 2 a cos % do

T . e
= 4na? £(1 +€0s0)sino. cosEde

2 JZ sin 90059.2005290059%
4ma” ) =" 2" 272

=4 x 4 a2 Jcos“gsingde
1T 272

=16 t a2 (-2) Jcos“ g( > j[singj do

=-32rna? j(cosgj ( sm% 1jde

0

cos4+6/2}“
0

e 2
32rma { 241

{ [ @ ()0 = fm(e)}

_ 32na?

[0035 ¢]Z where g =¢

= _ 32na’ {0055 (Ej —cos® (0)}
5 2

_ 32na?

[-1]

32na’

S=
5

n a’

32
The surface of solid formed by revolving the cardioid is
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38. Evaluate the surface area of the solid generated by revolving the cycloid x = a(0 - sin ),
y = a(l - cos 0) about the liney = 0.

Sol.:
Given cycloid’s are
x=a@®-sin0) . (1)
y=a(l-cos®) . (2
ds dx dy :
- = — | +| =
We know that 90 (de} (de
Differentiate (1) with respect to ‘0’
1 d_X =a(l 0
. = 4o = a(1-cos 6)
Differentiate (2) with respect to ‘0’
2 b _ 0 ino
. = de—a( —(-sin 6)
=asind
E — 1 62 H 92
" _\/[a( —cos0)’ +[asinoJ’ |
= \Ja’(1-cos6)’ +a’sin’0
= \Ja’(1+cos® 0+ 2c0s 0) +a’ sin’ O
= Ja® +a?cos?0 - 2a2cos0+a’sin’0
= \2a® - 2a’ cos@
= /2a’(1-cos0)
= /2a225in29
2
= 432 Sir\z9
\ 2
ds _ 0
qo = 2asing
Y
P
Al X
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS
The required surface 2
. 3 3-1 2
sinxdx — | —=| = =
2n dS f— J 3 3
0 Which is required the surface area of the
cycloid.
2n 6
=2n j a(l-cos0) 2asin—do 39. Find the surface of the solid generated
0 2 by revolving the arc of the parabola
. y? = 4a x bounded by its latus return
=4na2j(1—cose)sin9d6 about x-axis.
2 .
0 Sol.:
2 0 0 Given arc of the parabola is
= 4na? j 2 sinzz.sinade y2 = 4ax
° To find the surface area of solid is
=4 aZTZSinZQ sin2do t ds
= 47 J > 5 S = IZny d_ dx
o X
_ 2 o feina 0 ds
= 8ma .2jsm Ede Now, to find —
0 dx
. 0 Differentiate (1) with respect to ‘x’.
= 16nazjsin3—d6
> 2 oy ¥ = 4a
Yax =
0
Let 5= ¢ dy 4a
dx 2y
do = 2d¢ dy _2a
f 0= = ey
=1 = ¢= 5 :
f  0=0=¢=0 ds _ i[9y
dx dx
n/2
= 16 na? J sin® ¢ 2d¢ >
0 [Zaj
= J1+| —
n/2 y
= 32 na? J sin® ¢
0 2
2 4ax
=32 na{g}
2
64 = ./1+ 3a
S = ?na2 ax
a
n/2 _ = 1+—
J sin" x dx = [n_lj X
° n
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ds _[x+a

dx X

Now surface area of solid is,

f ds
— | 2ny—dx
S_;[ nydx
— 2n.|‘\/4ax ,x;a dx
0
zsz‘Z\/aixﬁij(_a dx
0

47&/5.?)%\/? dx

47[\/5.T(X + a)% dx

a

47_[\/5 (X + a)y'fl

1+l
2 0

(%Jx4n\/g [(x +a) 2
%n\/g[(a + a)% -0+ a)%:|
8 % _a%

37: \/5[(2a) a :|

%n a%(z% a2 —a%)

8 a%.a%( 2% —1)

3

%n a’2(242 -1)

= %n a?(2y/2-1)

Surface area of the solid = %naz(zﬁ -1

40.

Sol.:

Find the surface of the solid generated
by the revolution of the astroid

X = a cos®t, y = a sin®t about the
axis of x

Given astroid X = acos®t . (@)
y =asin®t .. (2
Differentiating (1) and (2) with respect to ‘t’.
at = a (3 cos?t) at (cos t)
= 3a cos? (- sin t)
ax__ 3acos’tsint
dt
dy _ L d
i a(3sin?t) at (sint)

= 3a sin’ (cos t)

d_y = 3asin? cos t
dt

ds _ [(ax)" (ayY
dt — \ldt dt

= \/ (-3acos’ t sin t)? +(3asin® t cost)’

= \J9a? cos* tsin?t + 9a® sin” tcos? t

= \/9a? cos* tsin® t (cos? t +sin’ t)
= 3acostsint.
The surface area of the solid.

/2
ds
s=2] 2ny- -t

0

n/2

=4n J (asin®t) (3a sin t cos t)dt
0

n/2

— 12732 J sin® tcost dt
0

sint* ™
4+1 }

0

= lZna{

Rahul Publications
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

N n/2 . ' ~ fn+1(e)
{. !f (e)f(e)de_—ml}

— 12 Tl:a2 |:Sin5 (Ej _ SinS(O):|
5 2

127a?

= =) - 0]

12na’
5
Which is required surface area of asteroid.

S =

41.

Sol.:

Find the surface oft he solid obtained by revolving the cardiodie r = a(1 —cos 0) about

the initial line.

Given cardiodie is r = a(1 — cos 0)
Differentiating (1) with respect to ‘6’

LI PR
do ~ %gp 1-C059)
= a(- (- sin 0))
a
g — asin

ds , (dr)
—_— = r-+| —
do do

= \/[a(l —cos0)]? +(a sin 0)°

= \/az(l—cose)2 +(asing)?

- (1)

= Ja? +a2cos?0—2a%cos0+a’sin 0

= {2a%-2a%cos0O

= /2a’(1-cos0)

= /2a225in29
2
ds

ds _ 0
de_ asm2

The surface of solid is S = IZny%.de
0
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t ds
=2rx|y—db
I o

= ZnJrsine.Za.sin%de [y =rsin 0]
0
— o - 6
= 2nj[a(l—cos@)sm6. 2asin Ede
0
T . .0
=4naj a(l—cose)sme.smz do
0
.. ,0,..06 06 .6
= 2sin”=.2sin —cos—.sin—do
47""{ 27727272

.0 .0 0
(1 — — 2 2 —
[-(1—cos 6) =asin > sin 6 = 2 sin 5 oS 2]

= 4na JZsinzg.Zsin 9059 sin%de
) 2272

= 4na2j25in29 ZsinZQCosgde
Y2 272
t..0 0

= 2 | sin* =cos—do

16na J; > >

o0Y (1 o
= 16ra’ sin— | | =cos— | do
o 2%[( Zj (2 2)

a0
S|n4+17
2

4+1

= 32na?

5 0
2
_ 32ra {sin5 [Ej - sinS(O)}
5 2
2
— 32;“5‘ [1-0]
s = 32na’
-5
32na’

Surface area of solid is S = 5
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UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

42. Prove that the surface generated by the fevolution of the tractrix.
1 t .
x=acost+§ a log tan? E,yzasmt
about its asymptote is equal to the surface of a sphere of radius a
Sol.:
a t
Here x= acost+ 5 log tan? 5 e )
y=asint . (2
t = y 2
Asymptote
Differentiate with respect to ‘t’ to equation (1)
dx . a 1 d [ 2
—— =a(-sint+ . —|tan®.5
2
dt 2 tan2£ dt
2
= int+ a 2t L Sec? ti
=-—asin T an - .Sec’ 5.5
tan® —
2
sec"%
=-asint+—
t
tan—
2

. 1 1 cosy2
=-asint+ ~ a el
COSZE sm/2

a 1
=-asint+ - ——F
2 sm%cos%
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. a

=—asint + 0

sinz(j
2

. a
=-a.sint+ —

sint
asin’t+a
sin t
a(L—sin’t)
T sint
dx _a cos?t
dt ~ sint

Differentiate (2) with respect to ‘t’

dy
at =acost

ds _ |(dx)", (dy)’
dt — \ldt dt
2 2
= \/[ac_os tj +(a cos t)?
sint

2 4

a’cos’t

= \/T-l‘az cos’t
sin“t

Ja? cos* t +a’cos? tsin’t
B sin t

_ \/az cos” t (cos®t +sin’ t)
B sint

_ \/az cos* t +(cos” t +sin” t)

sin t
_ va’cos’t
T sint
ﬁ_ acost
dt ~  sint

.. The surface area of tractrix.

/2
ds
S=2|2ny—dt
! t

n/2
. cost
= 4TEJ.aS|nta — dt
0 sint

/2

= 4n a2 | COStC
0

/2

= A4r a? J.C()Stdt
0

= 4na?(sin t);'?

— 4n a{sing—sin (O)J

=4ra?(1-0)
=4na?

. The surface area of sphere of a radius.

43.
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Sol.:

Prove that the surface of the solid ob-
tained by revolving the ellipse
b2x? + a?y? = a? b? about the axis of x is

1 .
2nab {\/1— e? +—S|n‘1e}
o .

Given ellipse is b?x* + a?y? = a?b? . (@)

Differentiating (1) with respect to ‘x’

b?(2x) + a2 2y.d—y =0
dx

2b2x + 2a2yd_y =0
dx

g



UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

dx

ds Y ibix
dx a’y
The surface area of solid is

f ds
s = 2|2ny—dx
;[ dx

= 4njy. 1 a‘y? + b*x? dx.
avy

0

= %T\/a“yz +b*x? dx
0

by (1) = b?>x*+ a?y? = a? b?
a2y2 — a2 b2_ b2 X2
_ =)

a’ a

a 2 2 2
_ 4} J [Na_;x)}w "
a a

0

b?x?
T2

y2

= %J‘\/az(a2 — b?x?)+ b*x? dx
0

2

a 2
= 4—? J‘\/azbz(a2 —X*+ ba)z( ) dx
0

4u ¢ | 2
= a—? I ab az—xz[l—%J dx
4 a 2 K2
=z abj\/az—xz[a 2b j dx
a® a
_ Anb [Va*—e*x* dx
0

a

g
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4nbe t |a®
_[ = —x%dx
a j\e
a’ x\T
47nbe | x |a2 Y N
S5 -x +Esint| &
a 2\e 2 e

2 2.2
Anbe | @ [a° —e‘a a“ .
— |+ Sin (e
2 2 2¢e? ()}

47nbe

2
Anbe "jzl—a\/l—e2 + ;2 sinl(e)}
e

2 2

Ambe |8 1 "e7 ;2 sinl(e)}
e

a _29

2
Anbe a” [\ll—ez +lsin‘1e}
e

a 2e

4n2ba {\/1— e? +15in_1 e}
e

2nba {\/1 —e? + lsin‘1 e}
e

The surface are a of ellipse is

ana[\/l “e? + Lsint e}

e
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UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

4.7 PaprpUs THEOREM - SURFACES OF
RevoLuTiON

44. State and prone pappus theorem for vol-
ume of revolution.

Statement

If a closed plane curve revolves about a
straight line in its plane, (the straight line not
intersecting the curve), then the volume of the
solid of revolution thus formed is obtained on
multiplying the area of the region enclosed
by the curve with the length of the path
described by the centroid of the region.

Proof :

Suppose that the curve is such that every line
parallel to y-axis and lying between the co-ordinate
X = a, X = b of two points A, B meets the curve in
two and only two points P, P,.

Y
PZ
/ B
AN
@) G M H X

LetMP =y, MQ =y,
The volume of solid of revolution is given as

V:njiy';‘ dx—njl.‘yl2 dx

The ordinate of the centroid of the region is
given as,

b
1
[S0:+Y2) (v, -y, dx

(2)
Substituting equation (2) in equation (1)
V= 2n (2AY)

V=2nAy

Where 2ny length of the path described by
the centroid.

45. State and Prove Pappus Theorem for
Surface area.

Statement

If a closed plane curve revolves about a
straight line in its plane (the straight line not
intersecting the curve) then the surface of the
solid of revolution thus formed is obtained on
multiplying the length of the curve what that
of the path described by the centroid of the
curve.

Proof :

Suppose a curve lying between the
coordinates.

X=a and Xx=b

revolvecy about x-axis such that every line is
parallel to y-axis.

Let MP =y

The surface of solid of revolution

S = |21y gs

O ey

=2n Jl‘y ds
0

'| 335 I|
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y\
A H
< » X
0 L M N

The ordinate of the centroid of the curve is
given as

1
_ yds
=17

0
vl = J yd

0

..... (2)
from equation (1) and (2)

S =2ny/

where ¢ = length o the are of the curve

2ny = Length of the path described by the
centroid.

Find the surface of a sphere of radius

a.
Sol :

Given that, the radius of sphere is a equation
of circle is x2 + y> =a? ... (1)

Differentiating (1) with respect to ‘x’.

N
N

46.

dy _ dy _
2x+2yd 0= 2 dx —2X

d_y_—X

dx y

= 1+%
y2+X2
= y2
ds 1 2 2
— = Yy +X
dx y y

1
by (1) = ;Ja?

ds _a

dx
The surface area of sphere is

f ds
= 2| 2ny—dx
S J; nydx
t a
= 4n y.—dX
Iy

— 4z aTl dx
0

=4n a(a)
= 4na?
.. Surface area of sphere 4na2.

47.
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4

Sol :

An arc of a circle of radius a revolves
about its chord, it the length of the arc is
2aa(a <m/2). Show that the area of sur-
face generated is 4na?(sin a. — o COS a).

The equation of circle is, x? + y*> = a?
Letx=acos0,y=asin0
Differentiate ‘x” and ‘y’ with respect to ‘0’




UNIT - IV

DIFFERENTIAL AND INTEGRAL CALCULUS

1o = alsino) = naal‘(cose—cosoc) 0
=-asind ) .
dy — a(cos ) = 4na? Icosede—fcosade
do L0 0 i
=acos0 - o
= 4na?| [sin 6], - cos ocjd@
ds _ |(dx) (dy)’ L o
de~ \lde) "lae
= 4na?[sin a.—sin(0)—cosofa—0) |
o Surface are of solid 4rwa? [sin 6 — cos a].
= \Ja?sin? 6+a?cos’ 0 48. Find the surface of the solid generated
- by revolution of the curve x2 + 4y? = 16
= \/a’(sin? 0 + cos® 0) .
about the x-axis.
= Ja? Ans :
ds The given curve x? + 4y?> = 16 . (@)
a4 _ . -
m — divide by 16
The surface area of solid is given as x* . 4y* _ 1
. g 6 16
— 2|2 as
s = 2[2r pw) o co. -
16 4
X Now, differentiating with respect to ‘x’
2 2ydy _
A 16 4 dx
M / p(X! y)
'_>\ X, ydy dy _x 2
/ —_t == O = = x
e > 8 2dx dx 8 ¥
SVANE
\ \L / (a, 0) _x
\ = Zy
—/B
2
PM = ON - OL dx dx
PM = x - acos a -
a = 1+[ij
:4nj(x—a005a)a.de 16y
0
X2
— 2 ¢ e 1+ >
=4na I(a cos0—a cos o) do 16y
0
|' 337 |I
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_ [y’ +x* 16y° +x*
- 16y> 4y

by (1) x*2+4y>=16

4y =16 - x?
yi= 16 —x?
4
_16_x*
T4 4

_ 1 /64-3x
— 2V16-4x?
1 [64-3x?
=3 2y?
ds 1 64 —3x?
X 2 2y

Rahul Publications

The required surface generated by the cone
about x-axis.

t ds
S=2 y—dx
T ;[1 dz

g



UNIT - IV DIFFERENTIAL AND INTEGRAL CALCULUS

‘ Choose the Correct Answers I

X2 2
1.  The volume of the solid generated by revolving the ellipse ?+§ = 1 about the initial line is
[d]
2
(@) mnab? (b) gnab2
1 4
Zrab? —mab?®
© 3™ CI
2. The volume of the solid generated by revolving of the loop of the curve y?> = x? (a — x) about the
X-axis is [b]
& b iTca4
(a) (b) 75
(©) %na“ (d) %na“
3. Area of the surface of a cone whose semi vertical angle is o and base a circle of radius ris [ d ]
(@) m=nresina (b) mr?cos a
(c) = (d) mr?cosec a
4. The surface area of the solid of revolution of he circle x2 + y> = a?about the diametersis [a]
(a) 4na’ (b) 3na’
(¢) 4na (d) 2na?
5. The surface area of the solid generated by revolving the asteroid. x = a cos®t, y = a sin®t about the
X-axis is [a]
12na? 12
@ ¢ (b) -
12n a®
(c) T; (d) None
6. The volume of a come of height ‘h’ and base radius ‘' is [c]
nreh nrh
(@ = (b) =3
nreh nrh
() 3 d -
7. Surface area of the segment of a sphere of radius a and height ‘h’ is [a]
(&) 2mah (b) mah
ah
(c) TCT (d) None

339
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i H}L=al:ﬁ+sinﬁ:lﬂmm% [b]
fa) alf+ cos6) (b all +coosh)
) acos® (df Mone
25 The arc length of the curee v = fix) king between twro points for which x=a andx=bis [c]
) Jydx by *[viax
(e} _I' 1-IFE Isdx (df None
i \ ke
10. Perimeter of the curner = 2 cos B is [d]
@ = by =
3
) E’.i: (dYy 2=
R
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v

DIFFERENTIAL AMD INTEGRAL CALCULUS

Fill in the Blanks

of the loop of the curne v = ¥ (2 —x) about x-

ching the curve r = 2 a cos § about the intital line

ecardicde r = a (1 +m=sﬁ'labc-ut1ruhaJhJ1E1=a

of the catenarvv=coosh E about the axis of =

= cardicdier = all + cos §) about the initial line

¥ F = ak

1. The vohume of the solid generated byr
is
25 Area of the ELI.Tf-El.'DE of revolution formed by rens
is
3. EUJ'f-EI.EE-EIIEa-Dfﬂ'I.EEPhE'E
4. Theunhu‘n-eafﬂm&n]:dmatedblﬁere’r:\h ing of the curve (a —
. The volume of the solid obtained by revohing
1
5. Intrinsic equation of the catenarvy = ccos h | E | is :
1=9
7. Airea of the surface of the frustum of a cone
il Surface generated by the revclution of an arc ¢
. The surface of the solid formed by revoling
ds
10, Frie
AnswErs
1 _ .
1 EE
2 4rsf
3. 4
=T _E
4 .;a/Ef
Bxa®
5. Bmalf
8. s=atang
7 ®i(r +r)
(s Cann(=]]
& ":CI :{—Eam hi-\_Ef-i!
2] %’Ea‘
10.
{241 1
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FACULTY OF SCIENCE

B.Sc. | - Semester (CBCS) Examination
DIFFERENTIAL AND INTEGRAL CALCULUS

MODEL PAPER - |

Time : 3 Hours ]

[Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

1.

10.

If u=1log (x®+ y®+z% - 3xyz) Show that

(X L (Y o, ,ou_
If u=sin?* {yj + tan™! (xj then prove that Xax +y8y =0,

Expand f(x, y) = eXcosy by Taylor’s series in power of x and y

such that it includes all terms upto third degree.

Find 2 for o = y-
ind - forx =y

Expand f(x,y) =log (x + eY) by Taylor’s series in powers of (x-1)

and y such that it includes all terms up to second degree.

ds
Find ™ for x = ae'sint, y = ae' cost

Find the points in the parabola y?> = 8x which the radius of

curvature is 7?'

If C_and C, be the chords of curvature parallel to the axes at any

1 1 1
point of the curve y = ae*?. Prove that c vt = .
2 C. 2aC,

Find the length of the arc of the curve y = log sec x from

x=0tox:%.

Rectify the curve x =a(® + sinf), y = a (1-cos60).

ANSWERS

(Unit -1, Q.No. 6)

(Unit -1, Q.No. 18)

(Unit-11, Q.No. 40)

(Unit-11, Q.No. 16)

(Unit-11, Q.No. 37)

(Unit -11I, Q.No. 6)

(Unit - 11, Q.No. 30)

(Unit - 1l Q.No. 59)

(Unit -1V, Q.No. 5)

(Unit-1V, Q.No. 12)

342
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11. Hu=3(x+my+nz2)?-(x+y?+22)&P+m?+n2=1

Show th ofu  2%u o 0
owthat — + 5 +— =
ox2 oyt a2

12. Find the length of an arc of the curve r = e« taking S = 0 when 6 = 0.

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]
Note : Answer any Four of the following questions
13. (a) State and Prove Euler’s theorem on Homogenous function.

(OR)

Xy a%u 1

— _1— J—
(b) Ifu=tan /1+x2+y2 Showthataxay = (

14. (a) State and prove Equality of fXy and fyx.
(OR)
(b) Show that fxy(O, 0) = fyX(O, 0) where f(x, y) = 0.if xy;="0,

1+x2+y2

)%

X
f(x, y) = x*tan™ %—yz tan'ly ifxy = 0
15. (a) Find the radius of curvature at any point on the curves

x = (acostt)/t, y=(asint)/t

(OR)
3 Y 3.\ (aY
(b) Show that (X -Zaj + (Y-Zaj = (Ej is the circle of

curvature of the curve \fx + +Jy =y at the point (y %)

16. (a) Find the length of the arc of the parabola y?> = 4ax cut off by
its latus rectum.
(OR)

e -1
e*+1

(b) Find the length of the arc of the curve y = log

fromx=1tox = 2.

(Unit -1, Q.No. 8)

(Unit -1V, Q.No. 11)

(Unit -1, Q.No. 28)

(Unit -1, Q.No. 32)

(Unit-11, Q.No. 29)

(Unit-11, Q.No. 28)

(Unit -1l Q.No. 23)

(Unit - 1Il, Q.No. 55)

(Unit -1V, Q.No. 3)

(Unit -1V, Q.No. 17)

g
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B.Sc. I-Year I-SEM

FACULTY OF SCIENCE
B.Sc. | - Semester (CBCS) Examination
DIFFERENTIAL AND INTEGRAL CALCULUS
MODEL PAPER - 11

Time : 3 Hours] [Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]
Note : Answer any Eight of the following questions

ANSWERS
h 2y o%u h X
1. Verify that = —— when u=sin7 Unit - 1, Q.No.
fy OX0y  0Oyox y (Unit -1, Q.No

2. Verify Euler’'s Theorem for Z = ax® + 2 hxy + by? (Unit -1, Q.No.

_d?y
3. find d_z for x® + y® = 3axy (Unit - 11, Q.No.

X

4. Discuss the maximum and minimum of x* +.2x%y - x2 + 3y~. (Unit - 11, Q.No.
5. Find a point within a triangle such that the sum of the square

of its distance from the three vertices-is a minimum. (Unit - 11, Q.No.

) 3a 3a )
6. Show that the curvature of the point S5 jon the family
. —8v2

X3 + y® = 3axy is 8v2 (Unit - 11, Q.No.
7. Find the radius of curvature at the origin of the curve

X3 —2x2y+ 3xy? —4y? + 5% — 6xy + 7y? -8y =0 (Unit - 1ll, Q.No.
8. Show that the chord of curvature through the pole of curve

r? cos 2q = a2 (Unit - 111, Q.No.
9. Find the surface of the solid formed by revolving the cardioid

r = a(1 + cos qg) about the initial line. (Unit -1V, Q.No.
10. Show that the voulme of the solod obtained by revolving the area

included between the curves y? = x® and x? = y*and x? = y?

.. 5w
about x-axis is ETR (Unit -1V, Q.No.

16)

45)

21)

51)

48)

16)

39)

61)

37)

23)

'. 344 ',
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S LY ou  ou
11. Ifu=sin? {yj + tan™ (Xj then prove that Xé_x+y@_o'

12. Acurve is given by the equations x = a(cos6 + 0 sin 0),

y = a(sind — 6 cos 0). Find the length of the arc from 6 =0to 6 = a.

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer any Four of the following questions

13. (a) Ifz=1(x, y) is homogenous function of x, y of degree,

th X2622+2 0’z +y282_z_ 1
en o XY ox oy oy = nn-1)z
(OR)
3,3 2 2
(b) Ifu=tan? X ; Show that x28 . + 2xy ou
- ox? OXoy
o%u . .
+y? oy2 (1 -4 sin? u) sin 2u.

14. (a) Discuss the maxima and minima of the function U = sinx
Siny Sin z. where X, y, z are the angle of triangle.
(OR)
(b) In a plane triangle find the maximum value of
u = cos A cos B cos C.
15. (a) Find the coordinates of the centre of curvature of the
parabola y? = 4ax.
(OR)
(b) Show that the evolute of the ellipse x = a cos6,
y = bsinb is
16. (a) Find the perimeter of the loop of the curve
9ay? = (X — 2a) (X — 5a)>.
(OR)
(b) Find the volume of the solid obtained by revolving one arc of

the cycloid x = a(b + sin6), y = a(1+ cos6) about x -axis.

(Unit-1,Q.No. 18)

(Unit -1V, Q.No. 9)

(Unit-1,Q.No. 29)

(Unit -1, Q.No. 35)

(Unit - 11, Q.No. 71)

(Unit - 11, Q.No. 63)

(Unit - 11, Q.No. 47)

(Unit - 1ll, Q.No. 53)

(Unit -1V, Q.No. 8)

(Unit -1V, Q.No. 26)

'l 345 '|

Rahul Publications



B.Sc. I-Year I-SEM

FACULTY OF SCIENCE
B.Sc. | - Semester (CBCS) Examination
DIFFERENTIAL AND INTEGRAL CALCULUS
MODEL PAPER - 111
Time : 3 Hours] [Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

ANSWERS

X

1. If u=x2 tan-1¥— y? — tan'lg; xy # 0. prove that

2°u _ x2-y?

oxoy — x2+ y2

(Unit-1, Q.No. 4)

. v o%v
2. If V= At% e"‘z“‘"’12t prove that —=a> — (Unit - 1,Q.No. 10)
ot oX

3. Obtain Taylor’s formula for the function ex*Y

at(0,0) for n=3 (Unit -1, Q.No. 39)
4. Find the maxima and minima of x? +y?+ z? subject to the conditions

ax?+by?+cz2=1and Ix +my + nz = 0. (Unit - 11, Q.No. 67)
5. Show that the evolute of the cycloid x = a (6 — sin 0),

y = a (1 - cos0) is another cycloid. (Unit - 1ll, Q.No. 64)
6. Find the Radius of curvature art any point on the curve

X

y = ¢ cosh c (Catenary). (Unit - 11l, Q.No. 13)
7. Find the radius of curvature at the origin for the curve

X2+ yi-2x2+ 6y =0. (Unit - 1ll, Q.No. 37)
8. Find the length of the curve x = e®sin 6, y = e° cos 6 (Unit -1V, Q.No. 18)

9. Show that the volume of the solid obtained by revolving about

x-axis the area enclosed by the parabola y?> = 4ax & its evolute

27ay? =4 (x-2a)®*is 80 n a® (Unit -1V, Q.No. 29)
10. Find the volume of the spindle shaped solid generated by revolving

the hypocycloid 73 +y% = a% about x-axis. (Unit -1V, Q.No. 21)
x2 y2 22
11. Ifu=|x 'y z]|showthatu + u +u = 0 (Unit -1, Q.No. 15)
1 1 1
y . fly/x)  x(y+xy) .
12. Ifz=xy f[x} and z is constant. Then show that f(y/x) = y(y-xy)" (Unit - 11, Q.No. 14)

'| 346 ',
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PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer any Four of the following questions

x3 +y?
13. (a) If U=tan? x—y ' X # Yy Show that
ou ou .
X—+y—=sin2u
oX oy

(OR)
(b) If U= Zex>+by where z is a homogenous function in x and y

xa—u+y6—— (@x+ by +n)u
of degree n, prove that ox oy :

14. (a) State and prove Taylor’s theorem

(OR)
(b) Obtain Taylor's formula for f(x, y) = cos (x + V) ;
n=3at (0, 0)
ds m1
15. (@) Inthe Curve r" = a™ cos m0. Prove that T =asec ™ mo
d2 2m-1
d a®" —+mr" =0

an e

(OR)

(b) Find the radius of curvature of /x +,fy =+/a at the points
where the line y = x cuts it,

16. (a) Prove that the volume of the reel formed by the revolution
of the cycloid x = a (6 + sin6), y = a (1 — cos6) about the
x-axis is w? a®

(OR)

2 2

X
(b) The smaller segment of the ellipse ¥+§= 1 cut off by the chord

+ = =1revolves completely about this chord. Show that the

Q| x
o<

volume generated is g(lo —-3n)a’b?(a’ + b’ )_%

(Unit -1, Q.No. 47)

(Unit -1, Q.No. 50)

(Unit-11, Q.No. 31)

(Unit-11, Q.No. 34)

(Unit-1I, Q.No. 9)

(Unit - 11l, Q.No. 32)

(Unit -1V, Q.No. 24)

(Unit -1V, Q.No. 32)
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FACULTY OF SCIENCE
B.Sc. | - Semester (CBCS) Examination
OCTOBER / NOVEMBER -2020
DIFFERENTIAL AND INTEGRAL CALCULUS

Time : 2 Hours ]

[Max. Marks : 80

PART - A (5 % 4 = 20 Marks)

Note : Answer any Five questions

o°f
1. If f(x,y) = Y+ cosx then evaluate Xy
— 2 2 af (3f
2. If f(x,y) = log(x? + xy + y?) then evaluate — , <
oX oy
X + yzj ou au
3. Ifu=lo then show that x—+y— =1
J [ X+y X yay

cosy oz

4, Ifz= — and x = u?2-v, y = e’ the evaluate a
oz
5. Ifz=x2+ y3 x = at, y = 2at? then evaluate Y

6. Expand f(x,y) = 6x3y? as Taylor’s series interms of (x — 1) and (y — 1).

X
7.  Find the radius of curvature of the curve y = ¢ cosh ¢ atany point P,

8. Find the envelope of the family of straight lines y = mx + 1

m

9. Using Newton’s method, find the radius of curvature for the curve y = x* —4x® —18 x2at O (0,0).

1
10. Find the length of the curve y = §(X2 + 2)*2 from x =0tox = 3.

11. Find the length of the arc of the curve x =3 cot, y = t?sin t.

2 2

X
12. Find the volume of the solid. Obtained by revolving the ellipse ?Jr%—l about X — axis.

'| 348 ',
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PART - B (3 x 20 = 60 Marks)

Note : Answer three the questions

2 2

o‘u o0 1
13. Ifu=1({r), r= /x> +y? then show that yJFW:f"(r) +?f'(r)

oz

— 2 2 g__ 2—4 1-————
14. Ifz (x +y) = x? + y? then show that x oy

15. Find the minimum value of x? + y? + z2 subject to the condition x + 2y -4z =5
16. Find the maximum and minimum values of f(x,y) = x* + 2x?y — x*> + 3y?
17. Find the evolute of the ellipse x =a cos 6, y = b sin 6.

1 1
18. Find the envelope of the family of parabolas &JZ +(%J2 =1 where ab = ¢?

19. Prove that the length of the arc of the curve x = a sin 20 (1 + cos 26).y = a cos 260 (1 — cos 20)

4
means used from O(0,0) to P(x,y) is 32 sin 30

20. Find the volume of the solid. Obtained by revolving the cardiod r = a( 1+ cos6) about the initial
line.

g
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FACULTY OF SCIENCE
B.Sc. | - Semester (CBCS) Examination
NOVEMBER / DECEMBER - 2019
DIFFERENTIAL AND INTEGRAL CALCULUS

Time : 3 Hours] [Max. Marks : 80

PART - A (8 < 4 = 32 Marks)
[Short Answer Type]

Note : Answer any Eight of the following questions

1. If f(x,y) =y cos xy then evaluate a_f ﬂ
ox oy
Xy o%f
2. If f(x,y) = —X2+y2 then evaluate oxdy

2 2 ou
3. Ifu=sinl| 2 Y |then show thatx — + y d_ tan u.
X+Yy ox oy

oH oH oH

4. If H = f(y -z, z —X, X — y) then show that —+—+—=10
oX oy oz
dz
5. Ifz=x2+y2 x = at?, y2 = 2at then evaluate o

6. Expand f(x;y) = x2'+ 2xy — ye as a Taylor’s series in powers of (x =1) and (y-2).

30
7. Find the radius of curvature for the curve y=" at P(3,10).

8. Find the envelope of the family of curves y = mx + am?.

9. Using Newton’s method, find the radius of curvature for the curve x3® +y? — 2x> + 6y = 0 at the
origin O(0,0).

10. Find the length of the curve y = x¥2 from x = 0to x = 4.

s
11. Findthe length of the curve x =e’sin®, y = €’ cos® from 6=0 to =3

12. Find the volume of the region generated by revolving the curve y = cosx, y = 0 from x = 0 to

I .
X = Eabout X — axis.
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PREVIOUS QUESTION PAPERS DIFFERENTIAL AND INTEGRAL CALCULUS

PART - B (4 x 12 = 48 Marks)
[Essay Answer Type]

Note : Answer ALL the questions

3 3

Y j (x#y) then show that

X
13. (a) Ifu=tan'1[

i Xa—u+ ya_u =sin 2
(M) ox oy —sih <u
o%u ? o%u
.- v 2 2 7 — _ in2 i
(i) x o + 2xy 8x8y+y Y (1 -4 sin?u) sin 2u
OR
ox? ou o’u  , 0%

then using Euler’s theorem show that, X2 — +2xy

ox? oxoy oy?

14. (a) If f(x,y) possesses continuous second order partial derivatives f and f then show that
f andf -
Xy yX

(0) U= Yoy

OR

a® a°
(b) Show that the minimum value of u(x,y) = xy +Y +a7 is 3a2.

15. (a) Find the evolute of the hyperbola 2xy = a?
OR

X m m
(b) Find the envelope of the curve (Ej +(%j =l where a" + b" =¢"

16. (a) Show that the length of the curve x? = a? (1 — e measured from O(0,0) to P(x,y) is
a+x
alog (35 —X
OR

(b) Find the volume of the solid obtained by revolving one arc of the cycloid x = a(6 + sing),
y = a(1 + cosB) about X — axis.
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