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Frequently Asked & Important Questions

UNIT - |
a b . .
1. Prove that the set GL (2, R) = {L d}/a, b,c,d e R,ad-bc = O} is a non abelian
group with respect to matrix multiplication.
Ans . (May/June-2019)
Refer Unit-I, Q.No.6
2. Let G be a group and let H be a non empty subset of G. If ab is in H whenever aand b are
in Hand a?is in Hwhenever a is in H then H is a subgroup of G.
Ans . (June-2019)
Refer Unit-I, Q.No.27
3. Let G be a group and let a be an element of order nin G, if ak = e then n divides K.
Ans . (Jan.-2021)
Refer Unit-I, Q.No.38
4. Let ‘a’ be an element of order n in a group and let k be a positive integer. Then prove that
n
(8) <ak>=<awsw> ®) 131 = ged (n, k)
Ans . (Jan.-21)
Refer Unit-I, Q.No.39
5. State and prove fundamental theorem of cyclic group.
Ans . (Jan.-21)
Refer Unit-I, Q.No.43
UNIT - 1l
n!
1. Prove that forn > 1, A has order 5
Ans . (May/June-19)
Refer Unit-1l, Q.No.13
2. Let ¢ be an isomorphism from G to G. If K is a subgroup of G. Then oK) ={d(k)/k e
K} is a subgroup of G
Ans . (Jan.-21)
Refer Unit-1l, Q.N0.33
{ m }
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AnS :

The set of Automorphism of a group and the set of inner Automorphism of group are
both group under the operation of function composition.

(Jan.-21)
Refer Unit-1l, Q.N0.39

4.  The order of a subgroup of a finite group divides the order of the group

Ans . (Jan.-21, May/June-19)
Refer Unit-Il, Q.No.54

5. Prove that a group of prime order is cyclic.

Ans . (Jan.-21)
Refer Unit-1l, Q.No.57

6. Prove that the group rotation of a cube is isomorphicto S,.

Ans . (May/June-19)
Refer Unit-1l, Q.No.67

UNIT - 1l

1. Prove that a subgroup N of a group G is a normal subgroup of GiffgNg*=N v g € G.

Ans . (May/June-19)
Refer Unit-1ll, Q.No.5

2. If Gis agroup and N is a normal subgroup of G. Then prove that % = {Nx/x € G} forms
a group w.r.to coset multiplication as the binary operation

Ans . (Imp.)
Refer Unit-lll, Q.No.8

3. Let f: G — G be an onto homomorphism then prove that f is an isomorphism iff K = {e}

Ans : (Imp.)
Refer Unit-lll, Q.No.17

4. Fundamental theorem of homomorpic in group.

Ans : (Imp.)
Refer Unit-lll, Q.No.20

5. Anonempty subset S ofaring R. is a subring if S is closed subtraction and multiplication
ie., (i) a-beS (ii) abeS when a, beS

Ans . (Imp.)

Refer Unit-lll, Q.No.30

Rahul Publications

|' v ||



FAQ’s & IMPORTANT QUESTIONS ALGEBRA

6. Prove that Q [\/EJ ={a+ b+/2 /a, b € Q] is a field with respect to ordinary addition
and multiplication of numbers.

Sol : (Imp.)
Refer Unit-lll, Q.No.43

7.  The characteristic of an integral domain is the O or prime.

Ans . (Jan-21, May/June-19)
Refer Unit-lll, Q.No0.46

8. If D is an integral domain, Then prove that D[x] is an integral domain.

Sol : (May/June-19)
Refer Unit-lll, Q.No.48

9. Prove that Z, [i] = {a + ib/a,beZ, } is afield of order 97

Sol : (May/June-19)
Refer Unit-lll, Q.No.50

UNIT - IV

1. Let R be a commutative ring with Unity and let A be an ideal of R. Then % is an integral
domain if and only if A is Prime

Ans : (May/June-19)
Refer Unit-1V, Q.No.8

2. Let R be a commutative ring with Unity and Let A be an ideal of R.
Then % is a field if and only if A is maximal.

Ans . (Nov.-20)
Refer Unit-IV, Q.No.10

3. Let ¢ be aring homomarphism fromaring RtoaringS. Let A be a subring of R and Let
B be an ideal of S If ¢ is an isomurphism If and only if ¢ is onto and Ker ¢={r € R/
o(r) = 0} ={0}

Ans . (May/June-19)
Refer Unit-IV, Q.No.16

4, Let R be a commutative Ring of characteristics 2,
Then prove that the mapping a — a? is aring homomorphism from R to R.

Ans : (Nov.-20)

Refer Unit-IV, Q.No.22

{ v }
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AnS :

Let ¢ be aring homomorphism from Ring R toring S. If R is commutative ring prove that
o(R) is commutative.

(Jan.-21)
Refer Unit-IV, Q.No0.26

6. Prove that ring with unity contains z_or z.

Ans . (Jan.-21, May/June.-19)
Refer Unit-1V, Q.No.27

7. Let ¢ be a ring homomorphism from aring Rto aring S. Then Ker ¢ = {r € R/ ¢(r) = 0}
is an ideal of R.

Ans . (May/June-19)
Refer Unit-1V, Q.N0.28

8. If F is a field of characteristic zero then prove that F contains a subfield isomorphic to
the rational numbers.

Ans . (Jan.-21)
Refer Unit-IV, Q.No.29

9. Show that the set M,(z) of 2 < 2 matrices with integer entries is a non commutative ring
with unity.

Ans . (Jan.-21)
Refer Unit-IV, Q.No0.32

10. Define ring homomorphism show that ¢ : C— M, [R] given by

a b

¢ (a+ib)= Lb a} v a, beR, is an isomorphism of C into M, [R].

Sol : (May/June-19)
Refer Unit-IV, Q.N0.33

11. Prove that Z, the ring of integers modulo 7 is a field.

Ans . (Jan.-21)

Refer Unit-IV, Q.No.34
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1.1 Grours I

1.1.1 Binary Operation

Q1. Define binary operation with examples.

AnS :

A binary operation (*) on any non empty set
‘G’ isa mapping *: G x G — G is the Cartesian
product of G into itself. They are also denoted by
o, . @, etc.

Properties

(i)

A binary operation (*) is commutative on a
set ‘G’ iff

a*b=b*avabeG

A binary operation (*) is associative on a set
‘G iff

@*b)*c=a*{b*c)vabceG

Example

(ii)

i) Natural numbers
x = +
aeN,beN
1+2eN
3N

atbeN=
a=1b=2
1+2eN
2eN

. + is binary operation on S

axbeN
a-1¢N
a=1,b=2
1-2¢N
‘-’ is not binary operations on S
Whole Numbers
axbeN
a=1,b=2
a+beW
‘+’ is binary operation on W
axbeW
=X
a=1,b=2
axb
1%x2

=2eW
. X 'is binary operation on W.

ii)

* =+

axb=

1.1.2 Definition and Examples of Groups
Q2. Write some examples of groups.

AnS :

Let ‘G’ be any non-empty set, * be binary
operation on G. If (G, ) is said to be group it
satisfies four properties.

Closure law
2. Associative law
3. Identity law
4. Inverse law

g
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Closure Law

If ‘G’ is any non-empty set and “*’ is binary
operation, then forac G, beG=axbeGit
is called closure law.

Note: If “« " is a binary operation on G if and
only if it satisfies closure law.

Ex: (N, +) (R, -)

Associative Law

If “*" is any binary operation on non empty
set ‘G’ If a,b,ceG; (axb)xc = ax(bxc) is
called associative law, otherwise ‘«’ is not
satisfies associative law on G.

Example
i) N
x =+

a=2,b=3,¢c=5
(a+b)+c = a+(b+c)
(2+3)+5= 2+(3+5)

5+5= 2+8
10=10
‘+’ satisfies associative law on N.
Q = Rational
. = —
5 10 7
a =§,b=?,c=—5

@-b)-c=a-(b-c)

S 1Y)y (_7ry_5 (107
3 3)°\L 2)7 373 2

5.7_5 (20+21
3 2 3 6

_10+21 _ 5 41

6 3 6
11 _ 10-41
6 6

i1 31

6 = 6

.. — does not satisfies associative law on Q.

Identity Law

Let ‘G’ be any non empty set and “*’ be any

binary operation on G. VaeG 3eeG >
exa = axe = a. Here ‘e’ is called identity
element.

Eg:
i) (N, ), ‘1 isidentity element
a=2
1%x2=2%x1=2
a=3=1x3=3x1=3
(N, <) here ‘1’ is identity element
i) (w,+)+{0,1,2, ..}
0+2=2+0=2
- (W, +) has an identity with
respect to addition i.e., ‘0’
Note:
(i) ‘0’ is called additive identity element.
(i) ‘1’ is called multiplicative identity
element.

Inverse Law

An element ‘a’ is said to be invertible 3x < G
> X+ a=e = a=xX, here ‘a’ is called invertible,
X’ is inverse of a.

e, alsa=e=axal

Q3.

Define Commutative Law with an
example.

AnS :

Let ‘G’ be any non empty set, « be binary

operation on G. Hence ‘«’ is commutative on G.

If a,beG=a*b=b=*a

Example :

1. (Z, +)is an abelian group
We know that (Z, +) is group
vab eZ = a+b=b+a
— Satisfies commutative property

(Z, +) is abelian group.

Rahul Publications
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Key Point :

1. LetR*=R-{0} setofall non zero real
number. Then (R*, -) is a group.

2. Let R*= Q- {0} = setof all non zero
rational numbers then (Q*, -) is a
group.

1.1.3 Elementary Properties of Groups

Q4. What are the Elementary Properties of
Groups?

AnS :

(i)  Uniqueness of the Identity

It states that “in a group G, there exists only
one identity element”.

(if) Cancellation Laws
Let a, b, ¢ be the elements of a group G.
ba = ca = b = c (Right cancellation law)
ab = ac = b = c (Left cancellation law)
(iii) Uniqueness of Inverse

It states that “For each element a in a group
G, there is a unique element b in G such that
ab=ba=e¢e"

(iv) If a, b are the elements of a group G, then
(@ab)* =b*a™

a b
Q5. Arectangular array of the form L d}

is called 2 < 2 matrix. Prove that the
array is group under addition.

AnS :

a b
Given array is c d

S/

Required to prove that (G, +) is a group.
Let us consider,

Where A, A, A, €G
To prove (G, +) is group
It is enough to prove the following properties.
Closure Properties :

VA,A,eG 5> A +A G
al bl a2 bZ_
= le, d] T le, d,)

a,+a, b, +b,]
T e +c, dy+d, ]|

Associate Property :

VY A,A,A €G
= A1+(A2+A3):(A1+Az)+A3

_al bl_ a2 b2 + a3 b3
= e, d] T e, d,] [c, dy

[a, b, ]| a,+a, b,+b,
c,+c; d,+d,

[a, +a,+a, b, +b,+b,
~ |c +C+cy dy+d,+d,
Similarly

(A +A) + A

a,+a,+a, b, +b,+b,
c,+C,+C; d,+d,+d,

A1 + (Az + A3) = (Al + Az) + A3
Identity Property :
Identity element under addition is ‘0’

00
So, here identity of 2 < 2 matrix is {0 0}

= A +I=I+A=A

a, b 00_a1b1
= ¢, d, | T|o o] Tlc, d,

Rahul Publications
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4. Inverse Property :
Inverse of element ‘a’ under addition is ‘-a’
So, LetA € G
= A+(-A)=(A)+A =e

al bl _al _bl . . . .

= ¢, d, = ¢, d, | which is an inverse of a matrix A,
_a1 bl_ _—al —bl__ 00 B

= |c, d,] + ¢, —d,|=|0 0 =e

2 x 2 is satisfies the all above 4 properties under addition

a b
¢ d is group under addition

d
group with respect to matrix multiplication.

Ans . (May/June-2019)
Given setis GL (2, R)

a b
2{ }/a,b,c,deR,ad—bc;tO}
c d

Required to prove GL(2, R) is a non abelian group under multiplication :

a b
Q6. Prove that the set GL (2, R) = {L }/a, b,c,d e R,ad-bc = O} is a non abelian

Which is enough to prove that not a commutative property.

_ al bl _ a2 b2
Let A = c, d, A, = c, d, &

_ a3 b3
A, = c, d, €R

1. Closure Properties :
Let ALA,cG = A A

a, b a, b, a,a,+bec, ab,+bd,
= ¢, d,| |c, d,|~ |ca,+dc, cb,+dd,| €R
2.  Associative Property :
Clearly, Associative property satisfies
VALALA €G= A AA)=AA)A,
In matrix multiplication. The associative property satisfies.

(4 )
Rahul Publications —
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3.

Identity Property :

Identity of matrix under multiplication is

o

VA eG=AI=IA=Al

a, b1 0 a, O
= ¢, d, |0 1| |o d,| €C

AA, = AA
GL (2, R) is not an abelian group.
So, which is a non abelian group under matrix

multiplication.

Q7.

Prove that the set of R* of non zero real
numbers is an abelian group under
ordinary multiplication.

AnS :

Given set is R* = non zero real number

4. Inverse Property : ie, R*=R- {0}
a b a b Required to prove R* is abelian group under
Inverse of ¢ d is = LetA = ¢ d multiplication.
_ So, it is enough to prove the following
|Al =ad-bc # 0 properties.
b b 1. Closure Property :
i{d _b}: ad—bc ad-bc Let a, b, e R-{0}
IAl'L=c a —C a ~ a.beR-{0}
ad—bc ad-Dbc
Let a=1, b=2
GL (2, R) is a group = ab=102)=2 e R*
5. Commutative Property : 2.  Associative Property
In general matrix multiplication need not to Let a,b,c €e R* = a(bc)=(ab).c
be commutative. i
Letusconsidera=1, b=2, ¢ =3
For example : 2 > 2 matrix abc) =1(2.3) = 1(6) = 6
{1 2} {4 2} @.b).c=(1.2.3=>2.3=6
Let A = , A=
1347231 a.b.c)=(.b).c
A A =AA, 3. Identity Property :
~ Identify element under multiplication is ‘1’
N 1 2|4 2 _ 4+6 2+2 So, leta=2 =1
3 413 1 12+12 6+4
Va.l =1l.a=a vaeR*
(10 4 a.l=2.1=2
A1A2:_24 10 l.a=1.2=2
) 4. Inverse Property :
4 21|11 2 4+6 8+8
AAL=13 1||3 4|7 |3+3 6+4 U
L + + Inverse element ‘a’ under multiplication is P
(10 16 1 1
[ 5 }
— Rahul Publications
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Let a=2 > 3 C? 1=
1 1 _

R* is forms a group

To prove R* is abelian group

It is enoug to prove commutative property.

v a,beR* = a.b=Db.a

Let a=1, b=2
a.b=1.2=2¢R*
b.a=2.1=2¢R*

R* of non zero real numbers also
satisfies the commutative property.

R* is forms a abelian group under
multiplication.

1.1.4 Addition Modulo “@ and

Multiplication Modulo “ ® ”
Q8. Define Addition Modulo.
Ans :

If a and b are any two integers and m is a
fixed positions integer. Then a + b under addition

modulo ‘m’ is denoted by a @ b and it is defined

as,a® b=a+bifat+b<m

a®b=r

where ‘r’ is the least non negative (> 0)
reminder by dividing a + b by m if
a+b>m

Example :
1. 2€3r)7=0
i 2+7=9

(i) a+b>m = 92>3

9
(iii) divide 3= reminder ‘0’

Q9. Define multiplication modulo.
Ans :

If a and b are any two integers.
Then a into b under multiplication modulo
‘m’ is denoted by a ® b and is defined as

a® b=axb if axb<m
a® b=r
where

‘r' is a the least non negative reminder
obtained by dividing

axbbymifaxb>m
Example :

1. 2®8=0
4
() 2x8=16
(i) 16 > 4

... 16 .
(i) i reminder ‘0’

2. 2® 4=2

() 2x4=38
(i) 8>6

8
(iii) 6 reminder is ‘2’

Q10. Define Cayley’s Table.
Ans :

Sometimes an operation = on a finite set
conveniently be specified by a table called the
composition table.

The construction of composition table is
explained below :

Rahul Publications

[ 6 )
)



UNIT - |

ALGEBRA

Let S={a,a,..

a, a ... a } be afinite set
with ‘n’ elements.

Let a table with n + 1 rows & n + 1 columns
be taken.

Let the squares in the first row be filled in
witha, a,, ..., a_& the squares in the first column
be filled inwitha, a,, ..., a_

Let a (1l <i<n)anda (1 <j<n)beany
two elements of S.

Let the product &, = a, obtained by operating
a, with a be placed in the square which is at the

integer section of the row headed by a and the
column headed by a..

Q11. Check G {0, 1, 2, 3} is a group under
multiplication modulo 4.

AnS :

G = {0, 1, 2, 3} under multiplication
modulo ‘4’

By composition table :

® (01 2 3
0[0 000
1101 2 3
20 20 2
303 21

To check G is group or not. It is enough to
satisfies the given following properties.

1. Closure Property :

This property satisfies, as the all entries in the
table are the elements of G.

2.  Associative Property :
v a,b,ceG

= @®b®c=a® (b®c)
4 4 4 4

which leaves the same reminder when divided
by ‘4’
3. Identity Property :

Since the top most row coincide with the
second row corresponding to the elements
1. We have e = 1 is the identity element.

4. Inverse Property :

From the composition table, it is clear that
the Inverse of 1 is 1,

Inverse of 3 is 3.

where the inverse of ‘0’ and ‘2’ can’t find the
it

Here Inverse Property is does not exists
in G.

G is not group under multiplication
modulo ‘4’

Q12. Show that {1, 2, 3} under multiplication
modulo 4 is not a group but that {1, 2,
3, 4} under multiplication modulo 5 is
agroup.

AnS :
G={1,23}

(i)  Toshowthat ‘G’ is multiplication modulo 4 is
not group.

By composition table

1. Closure Property :

By the given table, we can observe that,
all the entries of the table except ‘0’ is
included in the set ‘G’.

So, here closure property is not satisfies
as closure property not satisfied. Then
we need not to proceed for other
property.

G = {1, 2, 3} is not group under
multiplication modulo 4.

(i)  To prove that ‘G’ is multiplication modulo ‘5’
is group.

G={1,2 3,4}

- J
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By composition table

® |1 2 3 4
11 2 3 4
22 41 3
3131 4 2
414 3 21

1. Closure Property :

This property satisfies, as the all entries
in the table are the elements of G.

2. Associative Property :
v ab eG
= (@®bec=a® (b®ec
4 4 4 4
which leaves the same reminder when
divided by 5
3. ldentity Property :

Since the top most row coincide with
the 1st row corresponding elements we
have e = 1 is the identity element.

4. Inverse Property :

From the composition table, It is clear
that the

Inverse of 1is 1
Inverse of 2 is 3
Inverse of 3 is 2
Inverse of 4 is 4

Under multiplication modulo 5, each
element has inverse.

All 4 properties are satisfied.

Then G = {1, 2, 3, 4} is a group under

multiplication modulo ‘5’.

Q13. Show that the set {5, 15, 25, 35} is a
group under multiplication modulo 40.
What is the identity element of this
group ?

AnS :

G = {5, 15, 25, 35} under multiplication
modulo 40.

Required to prove (G, ® , ) is a group

By composition table

®|5 15 25 35

40

525 35 5 15
15(35 25 15 5
255 15 25 35
35|15 5 35 25

1. Closure Property :

This property is satifices, as all entries in
the table are the elements of ‘G’.

2. Associative Property :
v a,b,ceG
= (@®bec=a® (b®c
40 40 40 40
which leaves the same reminder when
divided by ‘40’.
3. ldentity Property :

Since the top most row coincide with
the 3rd row corresponding elements.
e = 25 is an identity element of the

group.
4. Inverse Property :

From the composition table, It is clear
that the inverse of 5 is 25

Inverse of 15 is 15
Inverse of 25 is 25
Inverse of 35 is 35

G is group under multiplication modulo
‘40°. and the identity element of this
group is ‘25’.

Q14. What is Relatively prime ?

Ans :

If n is a positive integer. Then, we define
U(n) = Set of all positive integers less than n and
relatively prime ‘n’

Relatively Prime :

If two integers are said to be relatively prime
if there ged is 1.
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Q15. Show that (U(10), 1@3) is a group.

AnS :

Here U(10) = Set of all positive integers less
than 10 and relatively prime ‘10’

u(10) =4{1,3,7, 9}

By composition table

@\Jool—\|5®
© N W R R
N R © w| o w
W © P N~
R w N © ©

1. Closure Property :

Closure property is satisfied, since all the
elements are present in the U(10)

2. Associative Property :
v a, b, c e U0)
= @®b®c=a® (b ®c
10 10 10 10
which leaves the same reminder when
divided by ‘10°.
3. Identity Property :

Identity element under multiplication is
‘1’. Since the top most row coincide with
first row corresponding element.

4. Inverse Property :

From the composition table, It is clear
that the

Inverse of 1is 1
Inverse of 3 is 7
Inverse of 7 is 3
Inverse of 9 is 9

All 4 properties are satisfied. Then U(10)
form a group under multiplication
modulo ‘10’

Q16. Prove that {1, 2, 3, ... n-1} is a group
under multiplication modulo ‘n’.

Ans :

Let Z ={1,2,3,..n-1}

Required to show that (Z , ®,) is a group.
Key Points :

1. Ifnis prime number and if n/ab = n/a
or n/b

2. A prime number n does not divide ‘a’
wherel <a<p-1

1. Closure Property :

vabeZ a®b=reZ

where 1 <r<n-1

where r = 0 is not possible because ‘" does
not divide a < b

2.  Associative Property :
v ab,ceZ
= @®b)®c=a® (b®c)

which leaves the reminder when divided
by ‘n’
3. Identify Property :

let aeZ Je=1eZ FJa®l

=l®a=a

4. Inverse Property :
Let SeZ (1<S<n-1)

Now, consider the products
1®S,2®S, ... h-1)®s

The above product are elements of Z by
closure property.

Also, we have the above products are distinct.
Because,

If 1®S=j®S wherei xS

[ 9 }
= J
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= P/(ixS-jxY9)
= P/S(-J)
= Pl/i-jorP/S

Which is not possible because ‘n’ cannot divide
i—jand ‘n’ cannot divide ‘S’ because 1

<i-j<n-1,1<S<n-1
Theproduct1®S, 2®S,...(n-1)®S.
are distinct,
Since as the elements of Z_

Wehave S'® S=1

Where 1<S<n-1

= S'is the inverse of S

(Z, ®) is group.

Q17. Inagroup G, there is a only one identity

element.
Ans :
Given that (G, .) is a group.
Assume e & e' are the identity elements
Since e is identity element of G

VaeGieeG

= a.e=e.a=a . (@)
Similarly
eeGra.e=e.a=a .. (2)

By (1) > a.e=a Puta=e¢

.e=¢ .. (3)

e
By (2) > e'.a=a Puta=e
e.e=e o (4)
From equation (3) and (4), e'=¢
We can conclude that

There is a only one identity element in a
group G.

Q18. Define Cancellation Laws.

Ans :
If a,b e G.
Then we define cancellation law holds.

1. Left cancellation law

a.b=a.c
b=c
2. Right cancellation law
b.a=c.a
b=c where a=0
Q19. Inagroup G the left & right cancellation
laws hold i.e.,

(i) a.b=a.c=b=c
(i) b.a=c.a=b=c
Ans :
Given that (G, .) is a group
Left cancellation law : Leta,b,c e G
= a.b=a.c . Q)
Since a € G and G is a group
= aleG
Multiply equation (1) with a™*
al(@a.b)=al(@.c
(@'a).b=(ata)c —» [byAssociative
property
(ab) ¢ = a(bc)]
e.b=e.a » a'a=e=aa’
= b=c¢ — [By ldentity property
a.e=e.a=a
Left cancellation law proved
Right Cancellation Law :
Let a,b,c e G
= b.a=c.a .. (2
ae G and G isagroup

= aleG
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Multiply a=* to equation (2) on right side
(b.a)a* = (c.a) a*
b(aa™?) = c(aa™)

b.e=c.e

By Associative

property
= b=c aa't=e=a'a
ae=ea=a

Right cancellation law proved.

Q20. For each element in a group G there is a

unique element b in G such that
ab=ba=¢e
Ans :
Let ae G
Giventhat a.b=b.a=e¢e . (@)
= bisainverse ofa
Suppose that
cisalso inverse ofa € G
= a.c=c.a=e .. (2)
From(1)and (2) a.b=a.c
By left cancellation law
b=c
For group elements a & b,
(@ab)*=b'a?

Q21.

Ans :
Suppose that (G, ) is a group
a,beG
Required to prove (ab)™* = ba*
a,beG=a.beGCG
(Closure property)

Since

aeG=DbtleG
beG=0Db'eG
bleG, ateG=b'l.atleG
(Closure property)
Let ab=c and b'a'=d

To prove (ab)*=b"'a?

It is enough to prove ¢*=d
= <cd=e

Consider

c.d = (ab) (b™*a™?)

= [(ab) b*] a* Associative property

= [a(bb™)a? Associative property
= [ae]a™ bb'=b'b=e
= aa’ ae=ea=0G

cd = e

ct=d

= (aby=ba’

Hence proved

Q22.
AnS :

By the definition of Inverse

Prove thatinagroup (a?)*=a Vv a

VaeG=aal=alta=e
Inverse ofa™* = a
@)t=a

1.2 FiNITE GROUPS : SUBGROUPS I

Q23. Define order of a group with example.
Ans :

If (G, -) is a group then the number of
elements of a group (finite or infinite) is called its
order.

It is denoted as the order of G (or) |G|
Example :

uU(10) = {1, 3, 7, 9} is a group

Then the order of G = |G| =4

1.2.1 Order of Element

Q24. Define order of element with example.
Ans :

The order of element ‘a’ in a group G is a
smallest positive integer n such that a" = e. Then
we say that ‘a’ has infinite order. The order of an
element ‘a’ is denoted by |a].

|l 11 ||
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Example :

U@5) = {1,2, 4, 7, 8,9, 11, 13, 14} under
the multiplication modulo 15. Here order 8.

The order of element 7 is

=7
7?2 =4
7* =13
=1
So, |7] =4

1.3 SuBGROUP TESTS - EXAMPLES OF
SUBGROUPS

Q25. What is subgroup.
Ans :

Let (G, -) be a group. Let H be a nonempty
subset of G such that (H, -) be a group then H is

called subgroup of G and it is denoted by H < G.

Q26. Let G be a group and H a non empty
subset of G. If ab? isin H, then H is a
subgroup of G.

Ans :
Given that (G, .) is a group
and ‘H’ is nonempty subset of G
Required to prove H is a subgroup of G
< ablteH VvabeH
Suppose that

H is subgroup of G, Prove that ab® € H
vV abeH

beH = b'eH
Now, a€ H, bte H = ab'eH
Conversely suppose that,
VabeH=ab'eH . (@)
Prove that H is a subgroup of G

(@) Associative Property :

v ab,ceH = (ab).c=a(b.c)

(b) Identity Property :
aeH a'teH= aa'eH
=ecH .. (2
(c) Inverse Property :
eeH by (2
eeH aeH=-eateH by(1
=a'teH
vVvaeH=a'eH .. 3
(d) Closure Property :
vVabeH=abeH
beH=Db'eH
aeH beH=aby)*eH
= abeH

Q27. Let G be a group and let H be a non
empty subset of G. If ab is in H
whenever a and b arein Hand a?tis in
H whenever a is in H then H is a

subgroup of G.
Ans :

Given that H is a non empty subset of G

(June-2019)

Required to prove H is a subgroup of G
< VaeH=at'eH
VabeH=abeH
Suppose that
H is a subgroup of G

By the definition of elements of H satisfy all
the properties of a group.

Conversely suppose that
vaeH=a'eH
VabeH=abeH

Required to prove ‘H’ is a subgroup of G.

(@) Closure Property :
vVabeH = abeH
(by Assumptions)
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(b) Associative Property :
vV abceH = (ab).c=a(b.c)
H is a subset of G
(c) Identify Property :
By() >a'eHVvVaeH
Now, ae H ate H= aat e H
=eeH
(d) Inverse Property :
valteH vaeH
Q28. If G is an abelian group and H, K are
subgroup of G then prove that H.K =
{h.k/h € H, k € K} is again a subgroup
of G.
Ans :

Giventhat HK = {h.k/h € H, k € K}

H & K are subgroups of G

i.e., HK = 0, e € HK

as e=e.e where e € H, e € k

By applying two step subgroup test required

to prove HK is an subgroup of G

1.

Let x,y € HK
x=hk ~where h €H,k €K
y=hk, where h,eH, k €K
Consider
xy = (h k) (h,k)

=h, (k, h,) k, Associative

=h, (h, k) Kk, Commutative

= (h, h) (k, k) Associative
e HK

Show that v x € HK = x* € HK
x=h k,
= x*t=(h k)*
=K *h™ (Socks shoe property)
=h k™ Abelian
e HK
H K is an subgroup of G.

Q29. Let H be a non empty finite subset of a
group G. If H is closed under the
operation of G, then H is a subgroup
of G.

Ans :
Given that
H is non empty finite subset of a group G.

Required to prove that, H is a subgroup
of G.

Also, given that,

H is a closed with respect to multiplication i.e.,
H satisfy closure property with respect to
multiplication.

Apply - two step subgroup test
1. Closure Property :
From equation (1) it is satisfied
2. Inverse Property :
i.e, Toshow, a' e H, v a€ H
Case (i) :
If a=ethenateH vaeH
= aleH (~ aeH)
Case (ii) :
Let a z e

Now consider the products a, a2, a3, a*, ...
which are elements of H

H is finite
Say, a = a where i>]j
= a.al=a.al

= ad=a"=e

= al=e
Consider
a.art=a"
=e

a7! . The required multiplication.
= Inverse of a = whenever a7 € H

Because a@ =e

g
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Sincee = a Q32. The center of a group G is a subgroup
i—jxl=i-j>1 of G.
i—j-1>1 Ans :
a1 s at By the definition of center of group
Q30. Let G be a group and let a be any element 2(G)={a e G/lax=xa Vv xin G}
of G. Then, <a>, is a subgroup of G

eeZG) asea=ae VvaeG

i ZG) = ¢
Required to prove Z(G) is subgroup of G.

AnS :

Giventhat <a> = {a"/n € Z}

Obviously <a> constains the elements ‘a’ Apply two step subgroup test.
Now, we shall prove that, 1 Closure Property :

<a> is subgroup of G Let a.a e Z(G)
1 72

Apply one step subgroup test.

= a, € Z(G)
Let a™ a" e <a>, where m,n e Z
S (@) = aXx=xa vVXxel . (1)
. ange = a, € Z(G)
- a™e<a> [+ m-neZ = ax=xa, Vxel - (2)

Let ‘T’ be a another subgroup of G We shall show that a,, a, < Z(G)

Containing the same element ‘a’ Itis enough to show (a, a,) x = x(a, a,)

Required to prove <a> is smallest. VXxelZ
<a>c T Consider
Let x e <a> (a,a))x=a,(a,x) Associative
= X=a =a,(xa,) from (2)
Sinceae T = (xa)a, Associative
We have by closure property =(a,x)a, from (1)
aeT = X(a, a,) Associative
XxeT 2. Inverse Property :
<a=>c T Requuired to show,
<a> is the smallest subgroup of G vV a, € Z(G) = a* € Z(G)
Containing ‘a’ i.e., to show,

Q31. What is a center of group? ax=xa" vxeZ

Ans : From (1)

The center, Z(G) of a group G is the subset

. ; ax=xa xeG
of elements in G that commute with every element !  VXE

of G, In symbols, at(@x)=a"(xa)
2(G)={a e G/ax=xa Vv xin G} = (@, 'a)x=(a, ) a, Associative
— ( 14 ',
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= ex=(a/'x)a, Required to show,
= x=(a,'x)a, a(x, x,) = (x,.x,)a
— xal'=(a'x)a a’ Consider
= at=("x)e a(x, x,)
= xal=al(x.e) a(x, x,) = (ax,) x, Associative
=(x,a)x, from(2
= xa,'=a X (x, @) x, )
. =x, (ax,) Associative
Z(G) is a subgroup of G. 1 @%)
. . . =X, (x,a) from(2)
Q33. Define centralizer of ‘a’ in G. o
= (x,x,) a Associative

AnS :

Let a be a fixed element of a group G

The centralizes of a in G, c(a), is the set of all

elements in G that commute with a. In symbols,

c@={xe G| xa=ax}

Q34.

For each a in a group G, the centralizer
of a is a subgroup of G.

AnS :

Given that G is a group
From 1.4.2
C@={xeG|]a.x=ax}
Required to prove,
C(a) is a subgroup of G
C@ # ¢
--eec(@asea=ae
Apply the two step subgroup test.
Closure Property :
v X, X, € ¢(@)
= XX, € c(a)

X, € ¢(a) = By the definition

= Xa=ax, . (1)
Similarly
X, € ¢(a) = x,a=ax, .. (2

Now, to show that

X, X, € ¢(a)

2.

a(x, x,) = (x, x,)a
Inverse Property :
Here, required to show,

VX, € c@ = x* e c(a)
So, prove,

xfa=ax*

X, € c(@) = from (1)
X,a = ax,
X, (x,@) = X" (ax)

(x,*x)a=(x"a)x,

U4

ea = (x,"a)xl

U

a = (x,"a) x,

Apply x,*
= ax," = (xfa)x, X"
= ax, ' =(x"a)e
= ax, " =x"(a.e)
= ax,'=x'a

c(a) is subgroup of G.

1.4 CvcLic GRoup - PrRoOPERTIES OF CycLIC

GRoOUPS

Q35. Derive cyclic group with example.

AnS :

A group G is said to be a cyclic group if there

isan elementa € G.

|l 15 l
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Such that G = {a" | n e z} such an element

‘a’ is called a generator of G.

Example :
G ={1,-1,i, -} is a cyclic group generated
by ‘i’
Because it=i
iP=-1
=i
‘=1
‘i’ is a generator of G.
Q36. Find whether (U(10), 1@3) is a cyclic or
not : find its generator ?
Sol :

u(10) = {1, 3,7, 9}
We know that U(10) is a group under %
3 =3
¥ =3®3=9
F=3FR®3I=93=7
10 10
F=3FRI=7T®3=1
10 10
<3=>={3,9,7, 1}

i.e.,, (U(10), 162) is a cyclic group and ‘3’ its

a generator.

=7

7=707=9

P=7®7=9®7=3
10 10

*=7T7=307=1
10 10

<7=>={7,9 3,1}

7 is also generator of (U(10), %)

9t =09

P2 =9®9=1
P =92R9=1®9=9
10 10

9 =9P®9=9®9=1
10 10

Here 1, 9 one only the elements which
included in the U(10), but not 3 & 7.

So, 9 is not a generator of (U(10), 162)

Q37. Let G be agroup, and let a belong to G.

(i) if a has infinite order, then a' = &
if and only if i =]

(if) Ifahas finite order, say n, then <a>
={e,a,a%...a"tand a = alifand
only if n divides i —j

Ans :
Given that G is a group

and ae G
(i)  Giventhatais a infinite order
By the definition,

It is not possible to find a +ve integer ‘n’ such
thata" = e

So, consider
a=a
adt=1(=¢e)
ai=a’
i-j=0
=]
(i)  Given that ‘a’ has finite order say ‘n’
ie,, Ja] =n
By the definition ;
a"=e,

where n is lest positive integer satisfying the
condition.

To show that <a> = {e, a, @, ... a"'}

Consider a¢ where k € z
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Apply division algorithm i-j=ng+r
k=ng+r where 0<r<n i—-j=nq
Consider = ndividesi-j
ak =am*r Case (ii)
=am. Conversely suppose that,
=(@).a n divides i—j
—el. g Required to prove that a' = a
—e.a Again ndividesi—j = i—j=nq
ax =a where 0<r<n Consider
<a>={e, a, a2 ...a"'} -l =am
Given that order of a = n = (@)
ie., lal=n = €
By definition, a” = e where ‘n is the least arl=e=a’
positive integer. Now, multiply both side with a
To prove that a' = &l iff n divides i — | a-l.a=a’.aj
Case (i) a=a
Suppose that a' = @ to show that n divides | (1) Give an example
-] For any group element a, |a] = |<a>|

Consider
a=al
al-l=e
Now, we shall apply division algorithm to
i—-j&n

i—-j=ng+r where 0<r<n

ai-i = gna+r
e =au+’
= aqM gr
= (an)q, ar
=ea'
e =a
a=e

r < nis not possible because n’ is the least
positive integer such that a" = e

= r=0

Substitute r = 0 in the equation

G is a cyclic group
Which is generated by a
Consider G = {1, -1,1i, -i}
= (G, *)is agroup
Also, cyclic group
G = <i> where ‘i’ is the generator
|G| =4 also |i] =4
Because ‘4’ is the least positive integer
Such that i*=1
1G] =1

|<i>| = il

Q38. Let G beagroup and let a be an element

of order n in G, if ak = e then n
divides K.

Ans :
Given that G is a group

(Jan.-2021)

a is an element of order nin G

g
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We know that,

If a has finite order, a' = a <
n divides (i —j)

Given that Ja] = n

Also ak=e
ak=a°

= ndividesk =0

n divides k

Q309.

AnS :

Let ‘a’ be an element of order n in a
group and let k be a positive integer.
Then prove that

(a) <ak> — <ang (n K>

n
() la“| = ged (n, k)

ad = gns+ kt

= agns akt

— (an)s akt

=g akt

= ea“

= gkt
ad = (ak)t
<a’> - <ak>

From (1) and (2)

<al> = <agk>

= <ak> = <al>

<ak> — <agcd (n, k)>

<agcd n K>

. (2)

(Jan.-21) | n n
Given, ‘@’ is an element of order ‘n’ 1= ged (. K)~ d
= ie,]al =n Required to prove that result, determine |a’]
We know that ‘n’ is the least positive integer Consider,
Suchthat a"=¢e ]
@ Let ged (n, K) = d (a%) =a"=e
= d divides k i
= K=dr where r e z (ad)aze
Required to prove, <at> = <a®d k>
e, <a>= <ai> & < g e
i.e., We shall prove that
() <a>c <a> Let ‘i be an integer where i<
(i) <a’> c <a>
(i)  Consider = @)y=a=e
ak = g Because n is the least positive integer
ak = (ad) Suchthat a"=¢e
<a> c <a’> - (1) We have id<n
To prove (ii) <a’> < <a‘> @) = e
Since d = gcd (n, k) N
= 3steZ>d=ns+kt 'l =3
Rahul Publications @
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Now, consider |a¥|
la“] = |<a>|
<ak> — I<agcd(n, k)>|
<ak> = |<a’>|

= &’

Q40. Prove that every cyclic group is abelian
group.

Ans :
G is a cyclic group
and say ‘a’ is its generator
= G=<a>
By definition, we knowthat G ={a" | n € z}
Required to prove
The commutative property true
Let x,y € G
= Xx=a
= y=
Consider,
Xxy=a'.a’
= ar+S
= aS+r
=a%.a
Xy = yx
G is abelian group

Q41.If G is a cyclic group generator by an
element ‘a’ then prove that ‘G’ is also
generated by a™

Ans :
Given that, G is a cyclic group

ie., G =<a>

Required to prove G = <a'>
Let xe G

= X=a wherereZ

= x= (@

Every element of G is expressed as
integral part of a*

a’is the generator of G

G=<a'>

Q42.
AnS :

Find all subgroups of Z_,
(Jan.-21)

Z, =1{1,2,3,5,6, 10, 15, 30}
<1=>={0,1, 2, ..... 29} order is 30
<2=>={0, 2,4, ..... 38} order 15
<3=>=4{0,3,6 ... 27} order 10
<5> = {0, 5, 10, 15, 20, 25} order 5
<6=> = {0, 6, 12, 18, 24} order 5
<10= = {0, 10, 20} order 3
<15=> = {0, 15} order 2
<30=> = {0} order 2

1.4.1 Classification of Subgroups of Cyclic
Groups

Q43. State and prove fundamental theorem of
cyclic group.

Ans : (Jan.-21)
(G, ) is a cyclic group
Let H be a subgroup of G
Case (i)
If H=G
or H={e}
GiscyclicandH=G
= Hisalso cyclic
If H={e} then H = <e>
={e"|neZ}

= Hiscyclic

|l 19 l
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Case (ii)
Let H= G and H = {e}
= dJa=zxeeH
Since a € H and H is a subgroup of G
We have the elements of H are the form a'
Now, am™ € H,

m is a least positive integer

Required to prove,

H=<a">
Let an=C
i.e., H=<C>

b € H is expressed as integral power of C
beH = beG
b=a"
Apply division algorithm to ‘n” and ‘m’
n=mg+r where 0 <r<m
By substituting
b =an
= gma+r
an=ami*’
a.am=a . (@)
a"eH [ b=a"e H]
a"eH = @) eH
= a-mg e H
a"eH, a™MeH
= a"a™ e H
= a™eH
= aeH
r < m is not possible

Because a™ € H, m is least positive integer

r=20
Substituting r =0in b =am™*"
b=am
b= (@m)

b=C
H=<C>

H is a cyclic group.

Q44. If G is a cyclic group generated by an

element ‘a’ of order ‘" and if |<a>|
= n. Then prove that the order of the
subgroup of group generated by a is a
divisor of ‘n'.

Ans :
G is a cyclic group
and G = <a>, also, |a] =n

= a" = e where ‘N is the least positive
integer

Required to prove,
The order of the subgroup of <a> is a divisor

[P

of ‘n'.

Means, the order of the subgroup of G is a
divisor of n = |aj

Now, by fundamentals theorem of cyclic
group.

If beH

= b:an:amq+r
a"=amM=e
n=mq

Also we have H is the subgroup of G
generated by a™

H=<a">
H={a" @m?.... (@™ = e}
H=q

n=mgq = %
IH
- /IG|

Q45. Aninteger Kiin Z is a generator of Z_iff
ged (K, n)=1

AnS :

If G is a cyclic group generated by an element
‘a’ of 0 order ‘N’

Rahul Publications
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Then a™ is generator of G

< ged(m,n)=1
Z =40, 1,2, .. (n-1}is group with respect to @ also Z_is generated by ‘1’

= Z_is cyclic group

Z =<l1>
Also, |1] =n
Z is a cyclic group generated by 1 of order ‘n’
Then 1% is generator of

G=Z < gdKn=1

K is generator of G

=Z < ged (K n=1

Q46. If d is a positive divisor of n. The number of elements of order ‘d’ in a cyclic group of
order ‘n’ is ¢(d)

Ans :
Let G = <a> be a finite cyclic group of order ‘.
la] =n
a, d is positive integer

If d is divisor of n,

Then n=dm

Now, |]a] = n = a"=¢e
= am=¢e
= (@) =e

= la"] <d
Let |a™] =S where S<d
Then (@")°=-e
= a™=-e where ms <md
Since |a] =n
Where ms<n
a™ = e is abscrd
S«die S=d
a™ e G where |a"] =d

Thus <a™=> is a cyclic subgroup of order d.

' 21 | -
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Q47. Every group of prime order is cyclic.
Ans :

Let ‘p’ be a prime

and G be a group

Suchthat |G| =p

Then G contains more than one element
Let ge G

Such that g = e

Then <g=> contains more than one element
Since <g= < G

By Lagrange’s theorem

| <g>| divides P

Since |<g>| =1 and |<g>| divides a prime,
|<g>| =P = |G|

Hence <g=>=G

Gis cyclic

Q48. Let G be the group of polynomial under addition with coefficients from Z_ .
Find the orders of
f(x) =7x2+5x +4
g(X) =4x2+8x + 6
and f(x) + g(x)

Sol :
Let G ={¢(x) =a,+ax' +ax’+..+ax"+.. where a,a,..a .77}
be the given group under addition modulo 10.
Let f(x) = 7x2 + 5x + 4 and
gx) =4x2+8x+6 € G
Then

fX) +gxX) =7 +4) x>+ (5+8)x+ (4 + 6)
=1x*+3x+0
= x? + 3X
By the definition of order of an element n,
o) =0 = 1¢4x)| =n
= Now, 10 f(x) = 10 [7x® + 5x + 4]
=0x2+0x+0

=0

g
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1fx)] = 10
= 5g(x) = 5[4x® + 8x + 6]
=0x2+0x+0
9] =5
= 10 [f(x) + g(x)] = 10 (x* + 3x)
=0
[f(x) + g()| = 10
The order of f(x), g(x) and f(x) + g(x) are
10, 5 and 10 respectively.

Q49. If ais an element of a group G and |a] = 7. Show that a is the cube of some elements
of G.

Sol :
Let (G, .)isagroup
and e be the identify element of G
Let ae G and |a] =7
ie, a’=e
Consider a=a.e
=a.a’

= a8

= (a°)?

Hence a is the cube of a® of G.

Q50. Suppose that <a>, <b> and <c=> are cyclic groups of order 6, 8 and 20 respectively.
Find all the generator of <a>, <b> and <c>.

Sol :
Let <a>, <b> and <c> be cyclic group order 6, 8 and 20 respectively.
i.e,, |<a=|=6; |<b>|=8;
|<c=| =20
Now, gcd (6, 1) =gcd (6,5) =1
The generator of <a> are a and a°
Now, gcd (8, 1) and gcd (8, 5) = ged (8, 7)=1
The generator of <b> are b, b*, b% and b’

' 23 |
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Now,
ged (20, 1) = ged (20, 3) = ged (20, 7)
= gcd (20, 9) = ged (20, 11)
= gcd (20, 13) = ged (20, 17)
=gcd (20,19) =1
The generator of <c> are

C, C3, C7, C9, Cll, Cl3, Cl7, Cl9

Q51. How many subgroups does Z, have? List a generator for each of these subgruops.

Sol :
Let Z,,={0, 1, 2, ... 19} be a group
By definition of generator of a
s <a>={a"|neZ}=27Z,
Now,
<l>=2Z,
<2> = {0,2,4,6,8,10,12,14,16,18}
<4> = {0, 4, 8, 12, 16}
<5> = {0, 5, 10, 15}
<10> = {0, 10}
<20=> = {0}
There are six subgroups of Z,,
The generator for the subgroups are
1, 2, 4, 8, 10, 20.

Q52. Consider the set {4, 8,12, 16}. Show that this set is a group under multiplication modulo
Q,, by cons-tructing its Cayley table.

What is the identity element? Is the group cyclic ?

If So, find all of its generator.

Sol :
Let G = {4, 8, 12, 16} be a set under multiplication modulo 20

®, | 4|8 [12]16
4 [16|12] 8
8 [12] 4 |16] 8
12 [8[16] 4 [12
16 |4 |8 [12]16

' 24 }
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(G, ®,,) is satisfies. Closure, Associative identity and inverse properties.

Here, identities elementis e = 16

and the inverse element of 4, 8, 12, 16 are
4,12, 8, 16 respectively.
(G, ®,,) is a group

By definition of cyclic group
<a>=G={a"/neZ}
8e G 8 =8

= 8=8® 8 =4
20
88=82®8=4® 8=12
20 20
8'=8®8=12® 8=16
20 20

8 is the generator of G.
and the inverse element of 8 is 12.
Also, generator of G.
G = <8> = <12>is a cyclic group

8 and 12 are generator of G.

g
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‘ Short Question and Answers I

1. Let G beagroup and let a be an element
of order n in G, if a« = e then n divides
K.

Ans :
Given that G is a group

a is an element of order nin G
We know that,
If a has finite order, a' = a <
n divides (i —j)
Given that Ja] = n
Also ak=e
ak=a°
= ndividesk=0

n divides k

2. Find all subgroups of Z_,

Ans :

Z,=1{12,3,5,6, 10, 15, 30}
<1=>={0,1, 2, ..... 29} order is 30
<2=>=4{0,2,4, ... 38} order 15
<3>={0,3,6..... 27} order 10
<b> = {0, 5, 10, 15, 20, 25} order 5
<6=> = {0, 6, 12, 18, 24} order 5

<10=> = {0, 10, 20} order 3
<15=> = {0, 15} order 2
<30=> = {0} order 2

3. Let G be a group and let H be a non em-
pty subset of G. Ifab is in H whenever a
and b arein H and a* is in H whenever
aisin H then H is a subgroup of G.

AnS :

Given that H is a non empty subset of G

Required to prove H is a subgroup of G

& VaeH=a'eH
VabeH=abeH
Suppose that
H is a subgroup of G

By the definition of elements of H satisfy all
the properties of a group.

Conversly suppose that
vaeH=a'eH
VabeH=abeH

Required to prove ‘H’ is a subgroup of G.

(@) Closure Property
vVabeH = abeH
(by Assumptions)
(b) Associative Property
v ab,ceH = (ab).c=a(b.c)
H is a subset of G
(c) Identify Property
By() >a'eHVvVaeH
Now, ae H ate H= aate H
=eeH
(d) Inverse Property
va'eH vaeH
4. Prove that the set GL (2, R) =

a b ]
{ }/a,b,c,deR,ad—bc;tO}ls
c d

a non abelian group with respect to
matrix multiplication.

Ans :
Given setis GL (2, R)

a b
2{ }/a,b,c,deR,ad—bc;tO}
c d
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Required to prove GL(2, R) is a non abelian
group under multiplication :

Which is enough to prove that not a
commutative property.

_ al bl _ a2 b2
Let A = c, d, A, = c, d, &

_ a3 b3
A, = c, d, €R

5.

Define binary operation with examples.

AnS :

A binary operation (*) on any non empty set

‘G’ isa mapping * : G x G — G is the Cartesian
product of G into itself. They are also denoted by

o . @, etc.
Properties
(i) A binary operation (*) is commutative on a

set ‘G’ iff

)] Closure Properties a*b=b*avabeG
Let A, A, €G = ALA (i) A binary operation (*) is associative on a set
a, b] [a, b, e
= ¢, d, c, d, @*b)*c=a*{Mb*c) v ab,ceC.
6.  Write some examples of groups.
a,a,+bec, ab,+bd, .
= |:Cla2+d102 c,b,+dd,| R Ans _
Let ‘G’ be any non-empty set, * be binary
ii)  Associative Property operation on G. If (G, ) is said to be group it
Clearly, Associative property satisfices satisfies four properties.
VALAA €G= A (AA))=AA)A, a) Closure law
In matrix multiplication. The associative b) Associative law
property satisfices. ¢) Identity law
i) Iden'Flty Proper'.[y o d)  Inverse law
Identity of matrix under multiplication is
a) Closure Law
10 . -
{ } If ‘G’ is any non-empty set and “*’ is binary
01 operation, then forac G, beG=axbeGit
VA e€G=AI=IA=AL is called closure law.
Note: If “« " is a binary operation on G if and
a b |11 0/ Ja 0 only if it satisfies closure law.
= d| |0 1/ T |0 d,| €©
G % L Ex: (N, +) (R, -)
iv)  Inverse Property b)  Associative Law
a bl a b If “** is any binary operation on non empty
Inverseof | . ylis = LetA=1. set ‘G’ If a,b,ceG; (axb)xc = ax(bxc) is
called associative law, otherwise ‘«’ is not
|Al =ad-bc = 0 satisfies associative law on G.
b b Example
i{d _b}: ad—bc ad-bc ) N
IAl |-¢ a — a R
ad-bc ad-bc a=2b=3c=5
GL (2, R) is a group (a+b)+c = a+(b+c)
[ 27 ]
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(2+3)+5= 2+(3+5)

5+5= 2+8
10=10
‘+’ satisfies associative law on N.
Q = Rational
. = —
5 10 7
a= §,b= 30653

@-b)y-c=a-(b-c)

5 10} (_7)_5 EJJ
3 3)°L 2)7 373 2

5,7_5 (20+21
3 2 3 6

_10+21 _ 5 41

6 3 6
11 _ 10-41
6 6

1 3

6 = 6

.. — does not satisfies associative law on Q.
C) Identity Law

Let ‘G’ be any non empty set and “*’ be any

binary operation on G. VaeG 3eeG >
exa = axe = a. Here ‘e’ is called identity
element.

Eg:

i) (N, ), 1 isidentity element
a=2
1x2=2%x1=2

a=3=1x3=3x1=3
(N, ») here ‘1’ is identity element
i) (w,+)+{0,1,2, ..}
0+2=2+0=2
. (W, +) has an identity with

respect to addition i.e., ‘0’

Note
(i) ‘0’ is called additive identity element.

(i) ‘1’ is called multiplicative identity
element.

d) Inverse Law

An element ‘a’ is said to be invertible 3x < G
>Xxa=e = axX, here ‘a’ is called invertible,
‘X’ is inverse of a.

e, alsa=e=axal

7. What are the Elementary Properties of
Groups?

(i)  Uniqueness of the Identity

It states that “in a group G, there exists only
one identity element”.

(if) Cancellation Laws
Let a, b, ¢ be the elements of a group G.
ba = ca = b = c (Right cancellation law)

ab = ac = b = c (Left cancellation law)

(iii) Uniqueness of Inverse
It states that “For each element a in a group
G, there is a unique element b in G such that
ab=ba=e¢e"

(iv) If a, b ar the elements of a group G, then
(@b)*=bta

8. Define Addition Modulo.

Ans :

If a and b are any two integers and m is a
fixed positions integer. Then a + b under addition

modulo ‘m’ is denoted by a @ b and it is defined
as,a® b=a+bifa+b<m
a®b=r

where ‘r’ is the least non negative (> 0)
reminder by dividing a + b by m if

a+b>m
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9. Define multiplication modulo.

AnS :

If a and b are any two integers.
Then a into b under multiplication modulo
‘m’ is denoted by a ® b and is defined as

a® b=axb if axb<m
a® b=r
where

‘r' is a the least non negative reminder
obtained by dividing

axbbymifaxb>m

Example :
1. 2®8=0
4

() 2x8=16
(i) 16 > 4

... 16 .
(i) i reminder ‘0’

2. 2® 4=2

4
(i) 2x4=28
(i) 8>6
.. 8 . .
(iii) 6 reminder is ‘2’
10. Define Cayley’s Table.
Ans :

Sometimes an operation = on a finite set
conveniently be specified by a table called the

Let the squares in the first row be filled in
witha, a,, ..., a & the squares in the first column
be filled in witha , a,, ..., a

n

Let a (1l <i<n)anda (1 <j< n)beany
two elements of S.

Let the product a « a obtained by operating
a, with 8 be placed in the square which is at the
integer section of the row headed by a and the
column headed by a..

11. Define order of element with example.

AnS :

The order of element ‘a’ in a group G is a
smallest positive integer n such that a" = e. Then
we say that ‘a’ has infinite order. The order of an
element ‘a’ is denoted by |a].

Example :

U@5) = {1,2, 4, 7, 8,9, 11, 13, 14} under
the multiplication modulo 15. Here order 8.

The order of element 7 is

=7
7?=4
7*=13
=1
So, |[7]| =4

12. Derive cyclic group with example.

AnS :

A group G is said to be a cyclic group if there
isan elementa € G.

Such that G = {a" | n e z} such an element
‘a’ is called a generator of G.

Example :

G ={1,-1,i, -} is a cyclic group generated

composition table. by ‘i’
The construction of composition table is Because it=i
explained below : 2= _q
Let S={a,a,..a, a ... a_} be a finite set 3 = _j
with ‘n’” elements.
. ‘=1
Let a table with n + 1 rows & n + 1 columns
be taken. ‘i is a generator of G.
[ 29 }
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13.

Every group of prime order is cyclic.

AnS :

Let ‘p’ be a prime

and G be a group

Suchthat |G| =p

Then G contains more than one element
Let ge G

Such that g = e

Then <g=> contains more than one element
Since <g= < G

By Lagrange’s theorem

| <g>| divides P

Since |<g>| =1 and |<g>| divides a prime,
|<g>| =P = |G|

Hence <g= =G

Gis cyclic

Rahul Publications
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‘ Choose the Correct Answers I

1.

10.

Inagroup (G, .)fora,b € G = (ab)* =

(@) (ba)™*
(c) ba?

If every element of (G, ) is its own

(@) Identity

(c) Inverse
Additive identity is
@ao

(c)-1

Multiplicate identity is

@ao
(c) -1

The order of a infinite group is

@)1

(€0

Every cyclic group is
(a) commutative

(c) cyclic

Every subgroup of a cyclic group is

(a) cyclic

(c) normal
Group satisfies
(@)1

()3

If H is any subgroup of group ‘G’ then H* =

(a) H*
(c) G

H is any subgroup of group G. Then HH =

(@) H?
(c) H

(b) atbt
(d) ab

(b) Associative
(d) Group

(b) 1
(d)

(b) 1
(d)

(b) -1

(d) commutative

(b) normal

(d) homomorphism

(b) subgroup
(d) abelian

(b) 2
(d) 4

(b) H
(d) G+

(b) H*
(d) O

[c]

[c]

[a]

[b]

[c]

[a]

[a]

[d]

[b]

[c]

|l 31 ',
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‘ Fill in the Blanks I

1. Every permutation of a finite set can be written as a cycle or
2. Every permutationins ,n> lisa
3. The set of even permutation in s forms a
4. <ak>= <a®™¥>and |a| =
5. In a finite cyclic group, the order of an element divides the
6. In a finite group, the number of elements of order d is a
7. If ‘x” is a binary operation on G if and only if it satisfies
8. Additive identity element is
9. Multiplicative identity element is
10. Let(G,.) be agroup fora, be G(ab)> = a?b?iff __.
11. The identity element of subgroup H of G is same asthe ___ of group G.
12. If H is any subgroup of group G Then HH =
13. Intersection of two subgroup of group G is
14. The union of two subgroups is again a subgroup of group iff
15. Any two left (right) cosets of subgroup either (or)
ANSWERS

1. Product of disjoint cycles

2. Product of two-cycles

3. Subgroup of Sn

4. nlged(n, k)

5. - order of the group

6. Multiple of ¢(d)

7. Closure law

8. Zero

9. 1

10. G isan abelian group

11. Identity element

12. H

13. Again a subgroup of group G

14. -- one is continent in another

15. Disjoint, Identical

g
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2.1 PerMUTATION GROUPS I

2.1.1 Definition and Notation

Q1. Define Permutation group.

AnS :

LetS = a,, a,, ... a_be finite set then a
permutation is a mapping f: S — S which is both
one — one and onto (or)

IfS={a, a, ... a }then a one-one mapping
from S onto itself is called a permutation of
degree n.

The number n of elements in S is called the
degree of permutation.

Q2. Write examples for permutation.
Ans :

A Permutation of set A is a function from A to
A is both one to one and onto. A permutation of a
set A is a set of permutation of A that forms a group
under function composition.

Example :

1. Define a permutation of set {1, 2, 3, 4} by
Specifying.
a(l) =2, o(2)=3
ad3) =1, a4 =14

1 2 3 4
“Tl231 4
2. Define a permutation o of the set {1, 2, 3, 4,
5, 6} given by

p)=5 B =3 BE =1,
p@A)=6, pB)=2 p(®)=4

123456
BP=|5 316 2 4

Q3. Define composition of permutation with
example.

AnS :

b, b,..... b,
g= be two elements.

Here b, b, ..... b, (or) c,c, ... c, are
nothing but the elements a , a, ..... a_of Sin some
order.

None, f(a,) =b,, g(b) =c,
fa,) =b,, gb)=c, ....
By definition we have
¢, = g(b,) = 9(f (a,))=(a) (a,)
i.e,. (9f) (@) =c,
Similarly
(9f) (a) =c,, (@f) (@) =c, .....
(9f) (a) =,

al a2 an
gf— Cl Cz Cn

|l 33 ',
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Example :

Sol :

1 2 3 4 5] [1 2345
=|5 412 3/ (24351
1 2 3 4 5]
= |4 21 3 5]

2.2 CycLE NoOTATION

Q4. Write notation for cycle.
Ans :
Let S={a,,a,..a}
={a,,a,..a,4a,,a,,..a}
Consider a permutation which is of the form

¢ [al a, a3 a, - o Ay anj
e, a; g, - a By @

n

is called as cyclic permutation whose length is K and degree ‘n’
where fla) =a,, f(a) =a,..... f(a) =a,
f(a

The above cyclic permutation is expressed as f = (a, a,, ... &)

) =a, ....f@a)=a

I 2.3 PROPERTIES OF PERMUTATIONS

Q5. Every permutation of a finite set can be written as a cycle or as a product of disjoint
cycle.

Ans :
Let A be a set,
A={1,23..n}
Let o be a permutation on set A

Let a, be an element of A

g
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ie, a, €A
The element a, is obtained as,
, = o(a,) . Q)
Similarly,
a, = a(a(a,))
= o (a,) and so on.
= Then the sequence
a, a@,), a’@,) ..... must be finite

= a, = a"(a) forsomem < n.

Consider
Case (i) :
If m = n then there is no repetition
a, = a’(a,)
=a,

a,= (o) (@) = aa,
a, = (u)* (@) = o’a,
= a=(@,a,... a) . 2
Equation (2) represents a single cycle.
Hence, a permutation of a finile set can be expressed as a cycle.
Case (ii) :
If m<n,
Then there must be repetition
i.e., If ai(a) =a'(a,) for some i < j
Then ,=a" (@)
Where m=j-i
a,=aa,=aa,
a =a"a,
The sequence obtained is,
a, =(@,a,... a ) .. (3
Equation (3) represents a cycle
Let b, be an element of a which is not present in first cycle. i.e., o,
b, = a(b,)

2

b, = o(b,)

3
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The sequence obtained
b, b, ... is a finite sequence.
b, = a (b,) for some K.
The second cycle and first cycle does not contain common elements as they are disjoint cycles.

If o'(a,) =al(b,) for some i and j

i=j =
= oJa =b

= a, = b, is acontradiction

The cycle is,
a, = (b, b, ... b,) .. (4)
Similarly, the third cycle will be of the for m
o, =C,C, ... C,

The process is continued till the elements of A get exhausted.
Multiplying equation (3), (4) & (5)

o ,0,,0,=(@,a,... a ) (b,b,... b) (c.c, ... c)
If o .a,.0, =athen

a=(a,a, a, . a) (b, b, ... b) (c.c, .. c)

a=(a,a,a, ... a ) (b, b, ... b) (c,c, ... c)

If can be seen for equation (6). That the permutation of A is a product of disjoint cycles. If there are
‘N’ number of disjoint cycles,

Then.
a=(a,a,... a) (b, b,... b) (c,¢, .. C) o d

Hence, every permutation of a finite set can be expressed as a product of disjoint cycles.

Q6. If the pair of cycles, o = (a,, a, ....... a) and B = (b, b, ... b ) have no entries in
common, Then aff = Ba.

Ans :
Let a=(a,a, ... a)
Let B=(b,b, ... b,)
& S=(c,C, .. c)
Let us say that oo and [ are permutation of the set
S={a,a,...a, b,b,...n, c,c, ...a}

Where C’s are the numbers of S left fixed by both a and .

: 36 ',

Rahul Publications



UNIT - 1l ALGEBRA

To prove, aff = Ba
i.e., to prove that (a B) (X) = (B o) (X) for x € S
For x e A the following cases carries.
Case (i)
Let x € {X, X, ...... X}
f(x) e {x, X, ... X}
Since a, B are disjoint cycles.
{a,a,...a} n {y,y, .. Yr=2¢
X, f) e {y, Y, o v}
BX) =x & P((ax)) = a(x)
Now, (Ba) (x) = B (o)) = a(x)

and ((@B) (x)) = (a(B(x))) = a(x)
and hence, (Ba) (X) = (af) (x) for x e s.
Case (ii) :

Let X e {y,Y, - A
B e {yy,Y, - ¥}
Since
a, B are disjont cycle.
Lo X, o Xy Ly, y, .. yt} =¢
X, B(X) & (X, X, ... X))
Now,
(B o) (%) = B(ax)) = B(X)
and
(a B) ) = a(B(x)) = BX)
and, Hence Ba(x) = af (x)
Case (iii) :
Let X ¢{x,X,..x} and x ¢{y,Yy,..y}
oX) =x and B(x) = X
Now,
(Ba) (¥) = Ba(x)) = P(x) = x
and (ap) (X) = a(B(x)) = a(x) = x
Hence,
(Ba) (x) = af (x)

Ba=ap for x e S.

4
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Q7. Every permutationin S, n> 1, is a product of 2 - cycles with example.
Ans :
The identity can be expressed as (1 2) (1 2) and so it is a product of 2 - cycle.
We know that by product of disjont cycles every permutation can be written in the form
(@,a, ...a)((b,b, ...b)..(c,c, ..c)
A direct computation show that this is same as
(@) @a) ... (aa) (b,b) (b,b..) .... (b,b,) .... (cc) (cc,) ... (cc,)
Example :
Let f= (2 3 4) of degree 4
Then f=(23)(24)
1 2 3 4)(1 2 3 4 1 2 3 4
& 3 2 J[14 32}2[14 32}2Q43
Also
Wehave f=(23) (12) (21) (24)
f=013) 31) (23) (24) etc.
This every cycle can be expressed as a produt of transposition.
Q8. Ife=p, B,..B, where the B’s are 2 - cycles, Then ‘1’ is even.
Ans :

Clearly r = 1,

Since a 2 - cycles is not the identity

If r=2, we are done.

We suppose that r > 2,

and we proceed by induction.

Suppose that the right most 2 - cycle is (a b)

Then, sine (i j) = (j i)

The product B_ B, can be Expressed in one of the following forms.
e=(ab)(ab)
@b)(bc)=(ac)(ab)
(@c)(cb)=(bc)(ab)

(@ b)(cd) = (c d) (a b)

If the first case occurs,

We may delete _, B from the original product to obtain

e= B, B, . B,,

: 38 ',
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and therefore, by the second principle of mathematical induction.
r—2 iseven.

In the other three cases, we replace the form of B_ B on the right by its counters part on the left

to obtain a new product of 2 - cycle.

Now, we repeat the procedure just described with B, B |

and as before, we obtain (r — 2) 2 - cycles equal to the identity

or new product of ‘r’ 2 - cycles.

Where the right most occurrence of a is in the third 2 cycle from the right.
Continuing this process, we must obtain a product of (r — 2) 2 cycles equal to identity,

Because otherwise we have a product equal to the identity in which the only occurrence of the

integer ‘a’ is the left most 2 - cycle.

and such a product does not fix ‘a’, where as the identity does.
Hence, by the second principle of mathematical induction

r—2iseven and ‘' is even as well.

Qo.

If a permutation a can be expressed as a product of an even (odd) nhumbers of 2 -
cycles, Then every decomposition of a into a product of 2 - cycles must have an even
(odd) number 2-cycle. In symbols, If

a=B0B,.... B, and a=y, 7y, .... v,
where we B’s and the y’s are 2- cycles

Then r and S are both even or both odd.

AnS :

Let the polynomial in x corresponding to S
Let P.(X) = (X,—X,) (X, = X;) ..... (x,=x)

(X, = X;) oo (x,=X)

=TI (x,—x) where i<j, 1<i<n-1land2<j<n.
Now,
P_(x) can be split into the following three types of product corresponding to a transposition (r, S).

M L= [T &x-x

i,j#r, S

i)y Mm=T] x-x) (x-x)

i=r S

(i)  x -x

S

p,(X) =+ LM (x - xs)

g
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We considers the effect of transposition (r, s) on p_(x).
Then (ns)y L=1L

(r,s) M = (r, s) i_H X =%,) X=%) | =M™

i%rs
(r,s) [(x - xs)] =X-X = —(x. - xs)
(. 8) [p,()] = (1, s) [+ LM (X = Xx)]
=2 @s)L.(rns) M.(rs) (X -Xx)
= [LM{x - xs}]
=+ [LM-{x -x}]
= —p,(X)
A transposition (r, s) changes p _(x) to p,_(x)
Let fbe a permutation on S.
If fcan be expressed as a product of r permutation.
Say f,f, ...f then
f(p,()) = f,, , .. T, [p, ¥]
=t f, o iy (C1) P,090) = (1) p,)
Again if f can be expressed as a product of S transpositions,
Then f(p,(x)) = (-1)' p,(X)
Since f is a permutation
f(p, (X)) is Unique
(1) p,0) = (-1 p,)
For this to be true,
Both r, s must be even (or) odd.

Q10. What is odd and even permutation?

AnS :

Even and odd permutation.

— A permutation that can be expressed as a product of an even number of 2 - cycles is called an
Even permutation.

— A permutation that can be Expressed as a product of an odd number of 2- cycles is called an
odd permutation.

Q11. Determine whether the following permutation even or odd.
@ (@35
(b) (1356)
(c) 13567)
d (12)(134)(152)
() (1243)(3521)

g
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Sol :
(@ (135 =@13(@15)
= Product of two permutation.
(b) 1356)=(13)(15)(16)
= Product of three permutation.
(1 3 5 6) is odd permutation
(c) 13567)=(13)(@A15(@X6)@7
Product of four permutation.
(d 121234152 =(1213)(14H(15 (12
Product of five permutation
(12)(134)(152)isan odd permutation.
() (1243)(83521)=(12)(14(13)B5 (B2@B1)
Product of six permutation

It is a even permutation.

Q12. Define Alternating group of degree ‘n'.
Ans . (June-19)

The group of even permutation of n symbols is denoted by A_and is called the alternating group of
degree n.

n!

Q13. Prove that forn > 1, A_has order E .

Ans . (May/June-19)
Let S ={e,e,...e,0;,0,..0.} bethe permutation group on ‘n'.
Where e, e, ... e, are even permutataion .
and o, 0,....0_are odd permutataion.
q
p+q=n!
Let t e s and‘t’ be a transpontion since permutataion multiplication follows closure law in S
We have te,te, ..... te ,to, to, ..... to_as elementn of S
p 1 2 q n
Since ‘t’ is an odd permutation.
te, te, ... te_are all odd and
p
to,, to,....to_ are even.
q
Let te =te fori<p j<p
Since S_ is a group by left cancellation law. e, = €
te, # te, and hence the p permutation

te,, te, ... tep are all distinct in S..

' 41 | .
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But S, contains exactly q odd permutation

p<q

. (1)

Similarly we can should that g even permutation to,, to, ..... to, are all distinct even permutation

inS

n

g<p

from (1) & (2)

. (2)

n!
D—Q—E

Number of even permutation in S, = number of odd permutation in S =

2.4 A CHeck DiGIT SCHEME BASED ON D5

Q14. What is Digit Scheme based on D,.

AnS :

n!

2

The international standard book Number (ISBN) method was capable of detecting all single - digit
errors and all transposition erross involving adjacent digits.

Q15. Letthe Banknote AG8536827117.
To nesify that 7 is the appropriate check digit.

Sol :

Using Verhoeff’s check -- digit scheme

o(a,) * o*(a,) *

Where a,a, ..,

Here

is a string with digits is a,,

a,=Aa,=G,a,=8,3,=5,a,=3,3,=6,a,=8,3,=2,a,=7,a,=11, 3, =7
Let a=(01589427)(36)

Then from (1)

1+ 2) 2
32 %6
0+ 6) « 6
6 % 6) * 5
0 % 5) * 2
B8%2) 0

L I R (Y

*

*

*

*

*

*

6

6
5
2
0
1

* 6% 5 % 2 %0 %1 %7
* 95 % 2% 0x1x7
* 2 %0 %1 % 7

* 0% 17

* 1 %7

* 7

11

o(A) * 6%(G) * 6%(8) * 6*(5) * o° (6) * &7 (8) * 6(2) * 6%(7) * co(U) * 7
o(0) * 6%(2) * 63(8) * c*(5) * 6%(3) * 6® * (6) * ¢7(8) * 03(2) * 6%(7) * ¢1(7) * 7
(L*0)*2*2*x6*6*5%x2*x0*1*7
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= B8%0)«1x7
= Bx%1) %7
= 7+7=0

Hence, the given banknote number is the appropriate check digit 7

2.5 IsoMoRrpPHISM, MoTIVATION - DEFINITION & EXAMPLE - CAYLEY'S THEOREM I

Q16. Define Homomorphism.

AnS :

Let (G, -) and (G, =) be two groups then a mapping ¢ from G — G is said to be a homomorphism

Q17. Define Isomorphism.

Ans :
A mapping ¢ G —» G is said to be an isomorphism
If ¢ is homomorphism, one - one & onto

Here the group G & G are said to be isomorphism to each other and donoted as G = G
isomasphism to each other 4 donoted as G = G

i.e., dab)=4¢@) ¢ (b) v a binG.

G

1 ()
1 ()
1 f(a) f@)

‘G’ Operation Operation Preservation
. . ®@ . b) = ¢(a) . ¢(b)
. + o@ . b) = ¢(a) + ¢(b)
+ . ®@ + b) = ¢(a) ¢(b)
+ + ¢@ + b) = ¢(a) + ¢(b)

Q18. ¢ :G —» G when ¢ = 2. Show that ¢ is a isomorphism.
Sol :
p=2

To prove Isomorphism

g
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1. To prove Homomorphism
2. one - one and onto.
Suppose 2* = 2¥
Apply log
log 2* =log 2¥ = x log 2 =y log 2 (right commutation law)
= X=y.
¢ is one - one
For onto, we must find for any positive real number y some real number x.
ox) =y
ie, 2=y = x=log,y.
¢ is onto.
= ¢ is Homomorphism
Suppose  d(x+y) = 2%
=22
= ¢(x) - ¢(y)
¢ is Homomorphism v x,y € G
Q19. Prove that U(10) ~ Z,and U (5) ~z,
Sol :
Let z, =10, 1,2, 3}
Z,+)=10,1,23, +}
uG) =41, 2,3, 4}
UG),+) =4{1, 2, 3,4, +}
u1o)=4{1,3,7,9,.}
are groups
Let the mapping. ¢ :Z, — U(10)
¢(e) = e'and ¢(a*) = [¢(a)l*

Where e=0c¢€z

e'=1 e U(10) are identity elements and a € z,
That ¢0) =1
o(1) =3
02) =4
o3) =2
Here ¢:z, —» U, is anisomorphisms

ie., z, ~ U(10)

g
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Now, let the mapping v :z, — U (5) is defined as
y(e)=¢e & y@") = [y@]*
Where e=0¢€z,

e' =1 e U (5) are identity
Elements and a €z,
Then ¢(0) =1, ¢(1) =7, §2) =9, ¢(3) =3
Hence vy :z, — U(5) is an isomorphism

i.e., z, ~ U(5)

Q20.
Sol :

Prove that U(10) ~ U(12)

Let U(10) = ({1,3,7,9}, )
and U(12) = ({1, 5, 7, 11}, .) are groups
There doesn’t exist any mapping
¢: U (10) —» U(12) is an isomorphism.
Since,
vae Ul12) - a?=1
ie, 1,5 7,11 e U(12) =12 =1
3¥=5
7=1
112=1
Now ¢(9) = ¢(3.3) = ¢(3) ¢(3) =1
o1) =91 . 1) = ¢(1) . §(1) = 1
But ¢9) =¢1) = 9 =1
U(10) ~ U(12)

Q21.

Sol :

Let G =SL (2, R) be a group of 2 x< 2 real matrices with determinant 1.

Show that the mapping ¢,, : G — G be defined by ¢,,(A) = MAM™, V AeG is an isomor-
phism.

b
Let G=SL (2,R) = {(i dj/ad—bc:l&a,b,c,deR}

Be a group under multiplication

Let M be any 2 x 2 real matrix with determinant 1.

45 J
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P q
ie., MZ{ J = detM=ps-qgr=1 for p,q, 1,5 € R.

r

Let the mapping ¢ : G — G be defined by ¢_(A) = MAM™ then prove that ¢,_is an isomor-

phism.

Now consider (MAM™) = (det M) (det A) (det M)™*

=1.1.11
=1
det (MAM) =1
= MAM!'e G
= ¢ (A) = MAA*

¢_is well defined.

Let A,B e G = ¢ (A) = MAM*

and ¢ (B) = MBM™*

Consider ¢ _(A) = ¢ (B)

U4 U Ul

=

MAM-! = MBM™

= A=B [By left & light cancellation law]

¢, is one - one

v Be G = B=MAM! 3 A € Gsuchthat det B=det MAM*=1
A=MAM?'e G

o (A) = MAM™

M (MBM)M-*

(MM?) B(MM)

IB1

B

¢, is onto.
Let AABe G = ¢ (A)=MAM* and ¢ (B) = MBM™

Then AB € G = ¢ _(AB) = M(AB) M

=MA.l.M?
= MAM! . MBM™
= 4,A) . 4,)
o, (AB) = ¢,(A) . ¢,(B)
¢ is homomorphism.

¢ is Isomorphism.

g
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Q22. Every group is isomorphic to agroup of | (a) Closure Property
permutations. Let a,beG, f,fcG
Ans for x e G,
Given that G is a finite group. . _
. . Consider (f f) (x) = f_ (f,(x))
Consider f : G — G defined by f (x)=ax — f (bx)
vXxeG = a(bx)
Required to prove f_is a permutation on G = (ab) x
i.e, to prove (fa fb) (X) — fab(X)
i) f iswell defined ' .
Y i eGoffeG
(i) f,is one - one (b) Associative Property
(iiiy f,is onto For a,b,ce G, f,f,f € G
() Letx,y e G For x c G
ax, ay € G Consider
X=Yy = ax =ay _
o — 1 ((F, f,) 1) 6 =1, () f. )
= L= =11, (%) )
f is well defined =1 f (f(x)
. a b \c
(i) Let x,y €G = (f f())
a‘'b ‘c
We have f (x) = f (y) _
()t =1 ()
= ax=ay (c) Existence of Identity
= X=Y Let e be the identity in G
f, is one - one feG&ff=f=f
(iii) f isonto fFf=f
xeG, JalxeG =f
= f (@' x)=a@"Xx) Identity in G' is exists
= (aa™)x (d) Existence of Inverse
=e.X f aeG=aleCG
— f.eGandf f=f_
f .G — Gisonto
=f
f isG — G is permutation on G ¢
i G'is invertible
Let us define G'={f /a € G} )
) ) G'is a group
Let G'be the set of all permutation defined
on G. Next to show that G = G'
Here, we required to prove, Consider (1) : G - G'defined by d)(a) . fa for
G' is a group w.r.to permutation aeG .
multiplications. ¢ Is one one
[ 47 )
— Rahul Publications



B.Sc.

Il YEAR IV SEMESTER

Consider ¢ (a) = ¢ . (b)

f =1
f(x) = f,(X)
ax = bx
a=b>b for x eG,
a,beG
¢ is onto

Consider f e G', a € G such that
#(a) = f,
¢ is structure preserving
a,beG
ab e G
¢ (@b) =1
= fa fb
= ¢(a) o(b)
G=z=G

Since

G'is called permutation group.

Every finite group G is a isomorphic to
the permutation group G'

Q23. Find the regular permutation group U(12)
for U(12)

Sol :
Let U(12) = {1, 5, 7, 11}
Which is a group under multiplication

By Cayley s Table.

ua) | 1|57 |11
1 [1]s5]7]11
5 [5]1]11]7
7 [7]11]1]5
11 [11]7[5]1

By Caylay s Theorem
T.:U(12) — U(12) which is defined by

T(xX)=f(x) v x e U(12)

157 11
ff=1eU12=T,=|; 5 7 11
15 7 11
f f=5eU12) > T,=|c 1 11 7
1 57 11
ff=7cU12) = T,=|; 11 1 =

157 11
11 5 7 1

If f=11 ¢ U(lZ):;TM:[

Then the permutation group is

icat u(12) = {T,, T,T,, T,,} under multi-
plication

Then the regular representation of U(12)

® Tl T5 T7 Tll
Tl Tl T5 T7 Tll
T5 T5 Tl Tll T7
T7 T7 Tll Tl T5
Tll Tll T7 T5 Tl
Here U(12) ~ U@12)
I 2.6 PROPERTIES OF ISOMORPHISM

Q24. Suppose that ¢ is an isomorphism from

a group G onto a group G then ¢ car-
ries the identity of G to the identity

of G
Ans :

Let us denote the identity in G by e and
identity in G by &

Then, Since, e = ee

Then we have ¢(e) = ¢(ee)

d(ee) = ¢(e)
= §e) ¢(e) = € d(e)

(¢ is homomorphism
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&, oo < &) = ¢@)=[@]" [ Case ()]
— ¢(e) = & By right can cancellation = @) =[p@]"
done in G o@) = [¢@)]" v nez
Q25. Suppose that ¢ is an isomorphism from | Case (iii)
group G onto a group G than for every Let n=0¢ z
integer n and for every group element a #@°) = )
in G, ¢(@") = [¢(a)]" — al — 0
= e = [¢(a)]
Ans :
) oe) = @) vnez
Let (G, o) and (G, -) be two groups. Q26. Suppose that ¢ is an isomorphism from
. . . . a group G onto a group G for any ele-
Let ¢:G — G isanisomaplism required mgntsz & bin G,ga arr:d b commute if
to prove and only if ¢(a) and ¢(b) commutes.
@) =[@)]"vaeG&vneZ. (1 AnS -
Case (i) :
Let ‘G'beagroup,a,be G
Let ne z* .
) = (G, .) be an abelian group
By using mathematical induction
for n=1 (G, -) be an isomorphic group.
L. H. S = ¢(a') = ¢(a) $:G - G bea onto
= [o@)] v a,be = ab=bha .. ()
=R.H.S Required to prove ¢(@). d(b) = ¢(b) . ¢(a)
equation (1) is true for n =1 Consider
Assume that equation (1) ®@) . ¢(b) = ¢(ab) ¢is homomorphic
is true for n =k = ¢(b a)
ie., ¢o@) = [¢a)] - (2 = §(b) . &)
o@ ) = ¢(@. a) f is homomorphic
= @) 9@ 4@) - 4(b) = 4(b) - o(@)
[~ ¢ homomorphism] Conversely suppose that,
= [o @] o@) o@) . o) = o(b) . &(a)
[~ equation (2)] Then required to prove ab = ba.
= [¢ (@] Consider
Equation (1) is true for n = k+1 @) d(b)= o(b) ¢(a)
o@) = [¢@)]" v nez = ¢(ab) = ¢(ba)
Case (ii) : (¢ is homomorphism)
Letn € zz Then m=-n = ab=ba
me z* (¢ is one one)
[ a9 } —
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Q27. Let ¢ be an isomorphism from group G onto group G. Then G = <a> if and only if
G = <ia)>.
Ans :
Let (G,:) & (G, -) ba atwo groups
¢:G — G isan isomorphism.
Suppose that : G = <a> then prove that
G = <{@)> = {(¢a))"/ n e z} is a cyclic group
Let G =<a> ={a"/ nez} be acyclic group
vV §a@) € G
= daeG=aeCG
= ¢@) e G
= @) =[@]" vnez
G = <d{a)> is a cyclic group
Conversely suppose that
Let G = <d(a)> is a cyclic group
Required to prove
G = <a=> is a cyclic group
vaeG = ¢§a) e G
= [¢@]"e G vnez [+ G isacyclic]
= ¢@)e G Vvnez
= aeG ¢ is onto
G=<a>={a"/nez}

Which is a cyclic group.

Q28. Suppose that ¢ is an isomorphism from a group G onto a group G then |a] = |¢ (A)] V
a in G (isomorphism preserve orders).

Ans :
Let G, G be a two group.

®:G — G is an isomorphism.
Let a € G of order n

ie,, la] =n

g
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Then, Required to prove |a] = n
By definition a"=e where e is an identity in G
= #@") = ¢(e)
- ¢a.a..a=¢€e eecG
= 0@ . ¢a) ... §a)=-¢
[o(@)]" =€
Order of (a) < n . (@)
Suppose that the orders of ¢(a) is m
where m<n
Then b =e¢'
o@m) = ¢(e) [ ¢ (e) =€
an=c¢e [~ ¢ is one one]
which is a contradiction
Since n is the least integer such that a" = e
m=n
Hence |¢(@)] = m =n = |a]|
[o@@)] = n
[o@)] = lal

Q29.

Let ¢ be an isomorphism from a group G onto a group G, then for a fixed integer K and
a fixed group elements b in G. The equation x* = b has the same number of solution in G
as does the equation xk = ¢(b) in G.

AnS :

Let G, G be two groups.

Let ¢: G — G.be anisomorphism for a fixed integer K, and fixed group elements b in G.
Then the equation x* = b has the same in G.

But x* = ¢(b) does not have same number of solutions in G .

Example :

Let G=C*& G =R’

K=4 & b =1 (identity)
Then x* = 1 has four solutions in C*
i.e.,, x={1, %,i, -}

But the equation x* = ¢(1) = 1

has two solutions in R

g
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Q30. Suppose that ¢ is isomorphism from a group G onto agroup G.Than If G isfinite, Then
G and G have exactly the same number of elements of every order.

AnS :

Let G & G be a two groups

$:G — G is an isomorphism
Let G be a finite
The order of G be ‘n’
ie,, |Gl =n

aeCG, = |lal=n=oa=e=1

»G) = G .+ ¢ is onto
1=91) =¢@) =@

G & G have exactly the same number of elements of every order.

Q31. Suppose that ¢ is an isomorphism from a group G onto a group G . Then ¢ is an isomor-
phism from G onto G.

Ans :
Let G, G be a two groups.
$:G — G is an isomorphism

and ¢|G] ={d(@a) € G /a € G}
acG = b=a) e §G)

=G
Then $1(G)={¢'(b)/beG}

= a=¢'(b)e¢'(G)=C

Consider
o' (b) = ¢ (b)
= §¢" (b)) = ¢ (¢ (b)) [~ ¢ one - one ]
= eb, =eb,
= b, =b,

¢'is one one.
Vg e G =¢(0) < ¢G) =G

= ¢@=79

g
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39eG = ¢'%¥0)

= ¢'(9Y)
= 9=¢9")
¢! is onto

vV X,y e G =G)
= X'=4¢x) & y'=¢(y)IX,YeG
= M) =x & YH=y [+ ¢'is one one.]
Now x,y' e G = ¢ (x'Y)
= ¢ (0%) - &)
= ¢ (9(xy)) [+ ¢ is homomorphism]
= e(xy)
= ¢ () ¢'(Y)
(X y) = ¢™(X) ¢7(Y)
¢'is @ homomorphism.

Hence ¢is an isomorphism.

Q32. Suppose that ¢is an isomorphism from a group G onto a group G then G is abelian if
and only if G is Abelian.

Ans :
Let G & G be a two groups

$:G — G is an isomorphic

Let G be an abelian group
Then required to prove G is an abelian group.
Let a,be Gabda,b' e G

vabeG ma=¢@ JacG
& b=db)3IbeG

Consider
a'b* = ¢(a) ¢(b)
= ¢(ab)
= ¢(ba)
= ¢(b) . (@)
=b. at

g
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alb! = pblat

G is abelian group.
Conversely suppose that

G is an abelian group then prove that G is an abelian group.

vVabeG=a=¢'(a)

= a=¢"'(b)
Consider

ab = ¢! (@) ¢ (o)

3de

b e

G

(9]

= ¢ (alb?) [-+ ¢ is homomorphism]

= ¢ (b'a?)
=4 (0 ¢ @)
=b.a
ab = ba. v abeG

G is an abelian group

Q33. Let ¢ be an isomorphism from G to G. If Kis a subgroup of G. Then ¢(k) = {¢ (k) / k

K} is a subgroup of G
Ans :
Let Gand G be the two groups.

and ¢: G — G is isomorphism.

Let K be a subgroup of G.

Then oK) = {§(k) / k e K} is subset of G

e, e=1eG
de)=¢e =1¢€ §K)
ok) = ¢ and € (k) € G

v ok, k) < oK) = 3 K, k, € k.

— k -k, ekandk.k, ek

= ok, - k) e ¢k and ¢k, . k) e §(K)

Consider
ok,) — ok, e ok, —k,) e d(Kk)
& k) . dk) € ok, k) e &K)

®(k) is a subgroup of G.

g
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Q34. Suppose that is an isomorphism from a group G onto agroup G then, If K is a subgroup

of G then ¢/(K) ={g € G /4(g) K } is a subgroup of G.

AnS :

Q35.

Let G & G be a two groups.
Let ¢:G — G be an isomorphism.

Let K be a subgroup of G
Then required to prove that

¢'(K ) is a subgroup of G.

let e =1eg = € e K
= §e)= e'=1
= e =¢'(e)=1 € ¢'(K)
o'(K)=¢and ¢'(K) € G

®g) =g, v g, € ¢(K)

®g) =g,V g, € ¢'(K)
= 9, =¢'(g)) &9, = ¢ (g}) 3059, €K
= ¢,-0,,€K&g;g,eK
= #9; - g3) € &(K) and ¢(g}. g5)eqK)
Consider

®9, —9,) = ¢'(9;) — ¢ (g5)
= ¢(g; - 95) € &(K)
and g,9, = ¢'(9;) ¢ (9;)
=¢7(9. 93) € ¢7'(K)
9,9, =¢'(9;- 95)
¢'(K ) is a subgroup of G.

I 2.7 AUTOMORPHISM

Define Automorphism.

AnS :

An isomorphism from a group G onto it self is called an automorphism of G.

|l 55 ',
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Q36. The function ¢ : C — C given by ¢(a +bi) = a - bi be an automorphism of the group of
complex number under addition.

Sol :
Let (C. +) be a group
¢: C > Cisdefineby¢(a+hbi) =a-bi v a,b e R.

To prove ¢ is automorphism required to prove one - one, onto & homomorphism (i.e., to prove
isomorphism).

v a +ib,a+bieC
Consider

#(a,+ b,i) = dfa, +b,)
= a-ib =a,-ib,

a, =a,andb, =b,

U

= a +bi=a +bh,i
¢ is one - one
va-bieC=a+(-h)ieC
= ¢(@+i-b)=a-i(-b)
=a+ibeC
¢ is onto
v a+ib,a,+ib, e C
= (a,+ib)+ (a,+ib)
= (a,+a)+ib,+b)
= eC
Consider
dl(a, +ib)) + (a, + ib,)] = ¢l(a, + a,) + i(b, + b,)]
= (a,+a)-(b,+Db)i
= (a,—bi) + (a,-b,i)
= ¢ (a, +ib) + ¢ (a, + ib,)
¢ is Homomorphism.
¢ is an isomorphic
¢:c — cis Automorphism,

Q37.R2={(a, b)/ a, b € R}. Then ¢(a, b) = (b, a) is an automorphism of the group R? under
component wise addition.

Sol :
Given, R?={(a,b)/a,b e R}

: 56 i,

Rahul Publications



UNIT - 1l ALGEBRA

¢:R* 5 R?, definedas ¢ (a, b) = (b, a) v (a, b) € R?
¢@,b, )=(,a) & ¢a,b,)=(b,a)v(@,b)&@,b,)& e R?
Consider
#a,, b)) = ¢a,, b,)
= (bya)=(b,a)
b,=b, a =a,
= (a,b)=(a,b,)
¢ is one one.
= o¢@,b)=(b,a) e RV (a,b) e R?

¢ is onto

U

Now , Consider

0@, b,) + (@, b)] = ¢ [(@, + a,) + (b, + a,)]i
= (a,+a)-(b+b)i
= (a,—b,i) + (a,-b,i)
= ¢(a, b) + ¢ (a, b))

¢ is Homomorphim
¢ is an automorphism of group R?
Q38. What is Inner Automorphism?

AnS :

Let G be a group, & Leta < G. The function ¢, defined by ¢, (x) = axa™ v x € G is called the
inner automorphism of G induced by a.

Q39. The set of Automorphism of a group and the set of inner Automorphism of group are
both group under the operation of function composition.

Ans : (Jan.-21)
Let ¢,: G — G is an isomorphism.
Let a € G & the set of all inner Automorphism of G induced by a
Inn (G) = {¢,/ ¢,(x) = axa* v x € G}
Closure Property :
Let ¢, ¢, € Inn G) =» , (x) = axa™
= ¢,(x) =bxb* v x e G

Consider

(9,°9,) X) = ¢, [¢,(x)]
= ¢, [axa™]
= b [axa?] b?

g
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=(ba)x(atb?)
=(ba)x(ba)?
(bxb™) (axa™) = (ba)x (ba)™ € Inn (G)
Associative Property :
Let ¢, ¢,, ¢, € Inn (G)

¢x) =cxc?, v x e G

Consider

[(d,0 ¢,) 0 0] (X) = (9,0 ¢,) [0,(X)]
= 9,[0,( $.())]
= ¢,[9,(cxc)]

= ¢ [b(cxc)b™]
= a[b(cxct)b?]a™
= [(ab) c] x [c*(a™"b™)]
= [(ab) c] x [c*(ab)~]
= [(ab) c] x [(a b) c]*
= [(a (be] x [a (bo)I™
= [4,0 (4,0 9] X)
Inn (G) is satisfies the Associative.
Identity Property :
eeG = ¢, € Inn(G)
¢,(x) =exe™
=exe
=X
(@, 0 0) ) = ¢, [¢,(]
= ¢, (ax a™)
=e(axat)e?
=(ea)x(ate?)
=(ea)x(ea)™
=axa?
(9, 0 6) (9 = ¢, ()
By (4,00) () =9, ()

¢, = Iis an identity element of Inn(G)
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Inverse Property :

Consider (¢, o ¢,4) (X) = ¢, [¢,,(X)]
= ¢, [a™* xa'*
= (a*xa')*
= (aa™) x (@aa™)*
=exa?
= ¢, (%)
Similarly
(9,20 9) () = ¢, ()
Inn(G) is satifies the inverse property

Inn(G) is group under the operation of composition of function.

Q40.
Sol :

Compute Aut (Z,).

Let Z,={0,1,2,3,..9} beagroup
Under addition modulo 10.
By definition of Automorphism of G
Aut (G) ={a/a:Z 6 — Z, isisomorphism}
Consider
a(K) =a(l + 1+ ..+ 1 (Ktimes)
=ol) + a@) + ... + a(l)
=K. a(l)
la(1)] =10 and a(l) =1, a(d1)=3, (1) =7, a(l)=9
Aut (Z,,)) = {a,, a,, o, o} is group under multiplication with identity o,

By Cayley’s table

Q41.

From every positive integer n, Aut (Z ) is isomorphic to U(n).

AnS :

Let ‘n’ be a positive integer
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and Aut (Z) & U(n) are groups under multiplication.
T:Aut(Z) — U(n) be defined by T(a) = a(1) with a(K) =K. (1) Vv Ke Z
a, P e Aut (Z)

a(l) = B(1)
= oK) =K. al)
K. B(1) = B(K)
oK) = B(K) v KeZ
Consider
T(o) = T(B)
= ofl) = BA)
= oa=29f

T is one - one
Let r e U(n)
Consider
a:Z — Z
a(S) =Sr(modn) v SeZ
Then a is an isomorphism of Z_
Ta) =o(l) =
T is onto from Aut (Z ) to U(n)
Let o, B € Aut(Z)
Then T(ap) = (af) (1) = a(B(1))
= ol+1+.. +1)
= a(l) + a(l) + ... + a(l) (B(1) times))
= o(l) . B(1)
= T(o) - T(B)
T is homomorphim

Hence Aut (Z) = U(n)

I 2.8 CoseTs AND LAGRANGE’S THEOREM - PROPERTIES OF COSETS I

Q42. Define right coset of H in G and left coset of H in G.
Ans :

Let G be a group and let H be a non empty subset of G. For any a € G. The set {ah/h € H} is
denoted by aH, is called left coset of H in G generated by a and the set Ha = {ha/h  H} is called right
coset of H in G generated by a.
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Q43.
Sol :

Let G=S,and H = {(1), (1, 3)}. Then find left cosets of H in G are

Let G=S,

= {fl f2 f3 f4 f5 fG}

={1) (12) 13) (23) 123) (132}
is a group under permutation, multiplication and

1) (1 3)] .
H={1),@3)}= {(2} (3 1}} is a subgroup of G

M eG=DH={1) 1), 1) Q13)}
= (. @3r=H
120eG= (12H={12@1), (1213}
= {12, 132}
= (132
=H
(13) e G = (L3)H ={13)(1), (13)(13)}
={13). (13}
=H
(23) € G = (23)H ={23)(1), (23) (13)}
={@3). (123}
=(123)H

Q44.
Sol :

Let H={0, 3, 6} is Z, under addition. Then find the left cosets of H is Z,.

Let Z,={0,1,23,4,5,6,7, 8}

is group under addition modulo 9

and H = {0, 3, 6} is a subgroup of Z

0eZ = 0+H ={0,3,6}y =3+H=6+H
leZ = 1+H={1,47y=4+H =7+H
2eZ, = 2+H = {2,584 =5+H =8+H

Q45.

Let H be a subgroup of G, and let a belong to G. Then, aH = subgroup of G < a € H

AnS :

Let (G, -) be group
H be a subgroup of G
Let a e G

g
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Then the left coset H in G is
aH = {ah/h € H} is a subset of G
ie, eeH=a.e=aeaH
aH = ¢ and aH < G
Let aH be a subgroup of G
Then required to prove a € H
aH=eH < aceH
aH = H s subgroup < a € H
Q46. Let H be a subgroup of group Gand a,b € G then (ab) H= a(bH) and H(ab) = (Ha) b
Ans :
Let (G, -) be group

H be a subgroup of G
Let a, b € H then the left cosets of G
is bH={bh/h e H}
Consider
a (bH) = {a (bh) / h € H}
={(@b)h/h e H}
= (ab) H
(ab) H = a(bH)
Similarly,
The right coset H of G is Ha = {ha/ h € H}
Consider (Ha) b= {(ha) b/ h € H}
={h (@b)/ h € H}
= H (ab)
(Ha) b = H(ab)
Q47. Let H be a subgroup of G, and Let a & b belong to G aH = bH if and only ifa € bH
Ans :
H be a subgroup of G
a,beH

Suppose that aH = bH

Required to prove a € bH

a € aH where a € bH (- aH =bH)
[ 62 }
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Conversely suppose that a € bH
Required to prove aH = bH
aebH = a=bH
Consider aH = (bh)H
= b(hH)
= bH
aH = bH
Q48. Let H be asubgroup of G, & a,b € G
Then aH=DbH or aH N bH=¢
Ans :
Let H be a subgroup of G
& abeG
Here aH & bH are left cosets of H in G
1. If aH & bH are dijoint

i.e., aH n bH = ¢. Then there is nothing to prove.
2. If aH & bH are not adjust
i.e., aH N bH = ¢
3ceaH n bH
ceaH = c=ah  where h eH
cebH = c=bh, where h eH
ah, = bh,
Multiply with h;* both sides
(ah) h;* = (bh) h;*

a(th,h,*) = b(h,h;")

ae = bh,h;*
a = bh,
We shall prove that
aH = bH
Consider aH = (bh,)H
= b(h,H)
= bH
aH = bH

g
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Q49. Let H be asubgroupof G, &a,b e G
Then aH=bH < a'beH

Ans :
H subgroup of G
Required to prove aH =bH < a'b e H
Suppose that aH = bH
i.e., toprovea'b e H
Consider bH&b € H
= beaH
= b=ah where heH
Multiply with a=* on both sides
ah = a'(ah)
a'b=(a'a)h
a'b=eh
a'b=h
a'beH
Conversely suppose that a'b € H
Required to prove aH = bH
a'beH = ahH=H
= a(a?!bH)=aH
= (aa')bH=aH
= ebH=aH
= bH =aH
aH=bH < a'beH
Q50. Let H be asubgroupofG& a,b € G
Then |laH| = |bH]
Ans :

Let (G, -) be a group
& Let H be a subgroup of G
Let |[H]=n

Let a, b € G then the left cosets of H in G are aH & bH
aH={ah/h € H} = JaH| =|H]=n
bH={bh/h € H} = |bH|]=|H]=n

laH| = |bH|
v a,beG
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Q51. Let H be asubgroupof G, & a,b € G
Then aH = Ha ifand only if H = aH a*
Ans :
Let (G, -) be a group
& Let H be a subgroup of G
Let a € G then the left and right cosets of G are aH & Ha
Consider aH=Ha « (aH)a*
< (Ha)a-1 [ ate @]
< aHa'=H (aa?)
< aHa?!=He
< aHa'=H
aH=Ha < H=aHa!
Q52. Find all the left cosets of {1, 11} in U(30).

Sol :

Let U(30) = {1, 7, 11, 13, 17, 19, 23, 29} be a group under multiplication modulo 30 of order
8.

i.e., JUBO)| =38

Let H = {1, 11} be a subgroup of U(30) of order 2

ie., |[H| =2

IUEBO)I 8
The number of left cosets = [H] =5 = 4

1H =11H = H = {1, 11}
7TH =17H = {7, 17}
13H = 23H = {13, 23}
19H = 29H = {19, 29}
The required left cosets are
1H, 7H, 13H, 19H.
Q53. Find the cosets of H = {1, 15} in G = U(32)

Sol :
Let G = U(32)
={1,3,5,7,9,11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31} is a group under multiplication
& H={1, 15} is a subgroup of U(32)
1€G = 1.H={11,115}={1,15} = H
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3€G = 3H={3, 13} =13 H
5€G = 5H={5 11} =11 H
7€G=7H={7,9}=9H

17 € G = 17.H = {17,31} = 31 H
19 € G = 19.H = {19, 29} = 29 H
21 € G = 21.H={21,27} =27H
23 € G = 23.H = {23, 25} = 25

I 2.9 LAGRANGE’S THEOREM AND CONSEQUENCES

Q54. The order of a subgroup of a finite group divides the order of the group
(or)

If His subgroup of a finite group G then, |%|

Ans . (Jan.-21, May/June-19)
Given that H is subgroup of a finite group G

Case (i)
Let H={e}
& |G|l =n

_ = |
L omer s M

f H=G = [H| = |G|

=n
H
- %I
Case (ii)

Let H= {e} and H = G
Suppose that H = {h,, h,, ... h }

= |Hl=m
also H has m distinct elements
i.e., h = hj where =]
Now, required to prove the right costs, so let us construct right cosets
Let e € G = H.e is the right coset

He =H

[ 66 }
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H e has ‘m’ distinct elements
If hia=hja for i =]
h = hj for i # ]
which is a contradiction because
h = hj when i # ]

= If H & H a are only two distinct right cosets then

G=HuUHa
|Gl = [H] + [Ha]
n=m-+m

n=2m — %

N IFy
S|

Q55. If Gis afinite and H is a subgroup of G

Then |G:H| = |%|

Ans :
Let G be a finite group

and H is a subgroup of G

and H is also finite group.
By definition of index of subgroup of a finite group is G : H
Then |G :H|] = No. of distinct cosets of H in G

No. of elements in G
No. of elements in H

1G]
IH]

G
s

Q56. In a finite group, the order of each element of the group divides the order of the group.

Ans :
Let G be a finite group

and the orders of G is n
ie., |G]=n

g
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Let ae G
and the order of an element a = e € G
la] = m then
|H] = <a>is a subgroup of G
and |[H] =m
|H] divides |G|
= |a] divides |G|

Q57. Prove that a group of prime order is cyclic.
Ans : (Jan.-21)
Given that G is a group of prime orders
= |G|=P
IG|=P =2
Case (i)
Let P=2
= |G| =2
= G=4{e,a} where a=ze
We required to prove that
Gis cyclic
aeG aeG = a2eG

= a’=e (0or) a?=a

If a*=e
G={e a}
={a* a}
={a a%}
G =<a>

G is a cyclic group

If a?=a
aa=a.e
a=e By left cancellation Law

Which is not possible because a = e
Case (ii) :
Let |G]=P>2

JazeeG=|a|>1
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Let Jal]=m=m>1
By definition, a” = e where ‘m’ is least positive integer,
Consider
H={a, a?a®..a"=¢e}
H is a subgroup of G

By Lagrange’s theorem

e =

= m=1 or m=p
= m=p
(m = 1 is not possible because we have m > 1)
= |HI = |G|
= G=H=<a>
Gis cyclic

Every group of prime order is cyclic

Q58.

Let G be a finite group, and let a € G. Then al®l =e.

AnS :

Let G be a finite group

We know that |%| . (1)

Suppose that Ja] = m
By definition a™ = e where ‘m’ is the least positive integer

Substitute Ja] = min (1)

= r%GI

|G| = K.m where kis the positive integer

Consider
LHS alfl = am
= (@
= ek
alel = ek
all = e

g

Rahul Publications



B.Sc.

Il YEAR IV SEMESTER

Q59. State and prove for every integer ‘a’ and every prime ‘p’, a> mod p =amod p

Ans :

Given that, ‘a’is integer and p is a prime number
To prove
Apply division algorithm to ‘a’ and ‘p’
3 m and r which are integer

Ja=pm+r where 0 <r<p

a-r = pm
= pla-r

By congruence, we have a = r (mod m)

Required to prove r° = r (mod p) . (@)
Case (i)
Let r=0
Substitute r =0 in (1)
So, that to prove 0 = 0 (mod p)
0 = 0 (mod p)

Case (ii)
Let r=1,2,3,...p-1
Also, By definition

U(p) = Set of all positive integer less than p and relatively prime to p

Up) =1{1,2, 3 ... (p- 1)}

Also, we have U(p) is a group with respect to multiplication modulo p

reUp) and [U(P)| =p-1
alél = e
= VeIl = e = 1
rrt=1

rr1-1=0

% we have %,_1 -1

By congruences definition
r-t =1 (mod p)
r" = r (mod p)

g
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Q60.

For two finite sub groups H and K of a group, define the set HK = {hk/h € H, k € K}

HI K
Then |HK]| = II%qu

AnS :

Let (G, .) be a group

Let H & K be two finite subgroup of G

The set HK = {hk / h € H, k € K} is also finite subgroup of Gand 3 hk = h'k'

Where h = h' and k=K'

The intersection of H & Kis H n K
is also finite subgroup of G

The product of order of HK and order of H n K is the product of order of H and the order of K
i.e., |HK].|H n K] = |H]. K]

IHI1K]

IHKI= TR Ak

Q61.
Sol :

Q62.

A group of order 75 can have at most one subgroup of order 25

Let (G, -)is a finite group of order 75
ie, |G| =75

Let H & K be two subgroup of G

Then |H n K] divides |[H] = 25

and |H n K] divides |K] = 25

ie, [HNn K|=121orb5

IHIIK] 25.25 (25) (25)
IBKI= Ak = 71 (s

=625 (or) 125
Hence |H n K] =25
and H=K

I 2.10 AN APpprLICATION OF COSETS OF PERMUTATION GROUPS

Define stabilizer of a point.

AnS :

Let G be a group of permutation of a set S, for each i in S, let Stab_ (i) = {¢ € G/ ¢(i) = i}

' 71 | .
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Q63. Define Orbit of a point.
Ans :
Let G be a group of permutation of a set S. For each s in S, but
Orb (S) ={¢ € (S)/ ¢ € G} The set Orb (S) is a subset of S called the Orbit of S
Under G, we use |Orb (S)| to denote the number of elements in Orb (S)
Q64.Let G={(1),(132)(465)(78),(123)(456),(123)(456) (7 8), (7 8)}
Then find stabilizer of 1, 2, 4 and 7 in G.
Sol :
Stab of (1) = Stab (1) = {(1), (7 8)}
Stab of (2) = Stab_(2) = {(1), (7 8)}
Stab of (4) = Stab_(4) = {(1), (7 8)}
Stab of (7) = Stab (7) = {(1), (13 2),(456), (123)(456)}
Q65.Let G={(1),(132),(456)(78),(123)(456),(L23)(456) (7 8), (7 8)}
Then find orbitof 1,2,4and 7in G
Sol :
Orbit of 1 in G = Orb (1) = {1, 3, 2}
Orbit of 2in G = Orb (2) = {2, 1, 3}
Orbit of 4 in G = Orb_(4) = {4, 6, 5}
Orbit of 7 in G = Orb (7) = {7, 8}
Q66. Let G be a finite group of permutation of a set. Then, for any i from S,
|Gl = |Orb(i)] |Stab(i)]
Ans :

Given that ‘G’ is a finite group of permutation defined on S
Required to prove that
|G| = IStaby(i)] 10rb ()]
Let H = Stab_(i)
K = Orb(i)
Stab(i) is a subgroup of G
H is a subgroup of G
To prove the result, it is enough to prove
IGI = [HI IK] .. (D)

By Lagrange’s theorem

g
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(i)

(ii)

(i)

1G|
Number of left cosets = ;73
IH]

= |G| = |H] > No. of left cosets .. (2)
Definite a mapping

T:{oH/a € G} - {afi)/ o € G}
Defined as T(aH) = af(i)
T is well defined

if aH = pH

Required to show that

T(aH) = T(BH)

Consider

oH = BH o peC

= ao'peH

= oB)=i

= o. o' (i) = afi)

= B() = ai)

T(aH) = T(BH)
T isone - one :

If T(aH) = T(PH) = oH = BH
Consider

T(aH) = T(BH)

o) = B()
= ota (i) = o?p (i)
= 1@)=ao?B ()
= =B (i)
= a'p e Stab(i)
= a'feH

oH = BH
T is one - one
T is onto
Let je K
JieS>al)=]j
= T(aH) =]

T is onto

g
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The number of left cosets |K]
IG] = IKI [H]
IG| = [Stab (i)| [Orb ()]

2.11 THe RoTtAaTioN GRouP OF A CUBE AND A SOcCER BALL I

Q67. Prove that the group rotation of a cube is isomorphicto S,.

AnS :

(May/June-19)

Let G be the group of rotions of a cube and Lable the six faces of the cube

1,2,3,4,5and 6
Then G be a group of permutation on the set

S={1234,5, 6}
Required to prove. G is isomorphic to a subgroup of S,.

Cube has four diagonals and labelling the consecutive diagonals 1, 2, 3, 4

The rotation 90° that yields the permutation a = (12 3 4)

The another 90° rotation about the axis perpendicular to first axis yields the permutaiton
onp=(1423)

The group of permutation included by rotation contains the eight element subgroup
{e, a, o3, o, B, P2%a, P?a?, B2’} of G and the order of af is 3.
i.e., (ap))=c¢

The order of the rotation group must be divisible by both 8 and 3
The rotation yields all 24 permutation

ie., |Gl =24 |S,|

Hence G = S,
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‘ Short Question and Answers I

1. The set of Automorphism of a group and the set of inner Automorphism of group are
both group under the operation of function composition.

AnS :

Let ¢,: G — G is an isomorphism.

Let a € G & the set of all inner Automorphism of G induced by a
Inn (G) = {¢,/ ¢, (x) = axa’ v x € G}
Closure Property
Let ¢, ¢, € Inn (G) = ¢, (x) = axa™
= ¢,(x) =bxb* v x e G

Consider

(9,°9,) X) = ¢, [¢,(x)]
= ¢, [axa™]
= b [axa?] b?

=(ba)x (atb?)
=(ba)x(ba)?
(bxb™) (axa™) = (ba)x (ba)™ € Inn (G)
Associative Property
Let ¢, ¢,, ¢, € Inn (G)
o(X) =cxct, v x e G

Consider

[(®,0 ¢,) 0 &) (X) = (9,09, [9.()]
= 4,[0,( 0,1
= ¢,[¢,(cxc)]

= ¢,[b(cxc™)b™]
= a[b(cxct)b]a
= [(ab) c] x [c*(a™b™)]
= [(ab) c] x [c**(ab)™]
= [(ab) c] x [(a b) c]*
= [(a (bc] x [a (bo)I™
= [0, (4,2 9)] (¥)

Inn (G) is satisfies the Associative.

' 75 | "
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Identity Property
eeG = ¢, € Inn(G)
¢,(x) =exe™
=exe
=X
(6,0 6) 6) = 4, 6,0
= ¢, (ax a™)
—e(axa?t) et
=(ea)x(ateld)
=(ea)x(ea)™
=axa?
(4, 00) ¥) =9, (%
By (¢,0¢) () =49, (%

¢, = lis an identity element of Inn(G)

Inverse Property

Consider (¢, o ¢.2) (X) = ¢, [¢,,(X)]
=¢, [a* xa "
= (atxa?)?
= (aa™) x (aa™)*
=exa?

=6, ()

Similarly

(9,2 09) () = ¢, ()

Inn(G) is satifies the inverse property

Inn(G) is group under the operation of composition of function.

2. Let ¢ be anisomorphism from G to G. If K is a subgroup of G. Then ¢(k) = {¢ (k) / k

K} is a subgroup of G
Ans :

Let Gand G be the two groups.

and ¢: G — G is isomorphism.

Let K be a subgroup of G.

g
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Then ¢(K) = {§(k) / k e K} is subset of G
ie, e=1eG

de)=¢e =1¢€ ¢K)

oK) = ¢ and € (k) € G

v dk), dk,) € oK) = 3 k, k, € k.
— k, -k, € kandk_.k, e k
= ok, —k) e ¢(k) and ¢k, . k) e oK)
Consider

dk) - dk)e ¢k, — k) € oK)
& k) . k) e dk, k) e dK)

®(k) is a subgroup of G.

3.  The order of a subgroup of a finite group divides the order of the group

(or)

If His subgroup of a finite group G then, |%|

Ans :

Given that H is subgroup of a finite group G
Case (i)

Let H={e}

& |G]=n

_ N | A
L omer s M
1G]

fH=G = |H|=

=n
H
- %I
Case (ii)

Let H= {e} and H = G

Suppose that H = {h,, h,, ... h }
= |JH|=m

also H has m distinct elements

i.e., h = hj where =]

S

Rahul Publications



B.Sc.

Il YEAR IV SEMESTER

Now, required to prove the right costs, so let us construct right cosets

Let e € G = H.e is the right coset
He =H
H e has ‘m’ distinct elements
If hia=hja for i #]j
h = hj for i # ]
which is a controdiction because
hi;thj when i # ]
= If H & H a are only two distinct right cosets then
G=HuUHa
|Gl = [H] + [Ha]

n=m-+m

n=2m — ”y

-

4.

Define Permutation group.

AnS :

LetS=a,a,, ... a_ be finite set then a permutation is a mapping f: S — S which is both one - one
and onto (or)

IfS={a, a, ...a } then a one-one mapping from S onto itself is called a permutation of degree n.

The number n of elements in S is called the degree of permutation.

Write notation for cycle.

AnS :

Let S={a,,a,..a}
= {al ! az a ak+1’ k+2 s }

Consider a permutation which is of the form

¢ [al a, a; a, - 4 ,y - anj
B a, a; a, - a &, - a

n

is called as cyclic permutation whose length is K and degree ‘n
where
fla) =a,, f@,) =a, ... f(a) =a,
f(a fla)=a

k+1)_ k+1 """ n

The above cyclic permutation is expressed as f = (a, a,, ... ).
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6. Define Isomorphism.

AnS :

A mapping ¢ G —» G is said to be an isomorphism

If ¢ is homomorphism, one - one & onto

Here the group G & G are said to be isomarphism to each other and donoted as G = G
isomasphism to each other 4 donoted as G = G

i.e., dab)y=4¢@) ¢(b) v a binG.

G

1 ()

1 f(a)

\

| f(a) )

‘G’ Operation

Operation Preservation

®a . b) = ¢(a) . ¢(b)

®@a . b)= ¢(a) + ¢(b)
o@ + b) = ¢(a) ¢(b)
0@ + b) = ¢(a) + ¢(b)

7. Compute Aut (Z,).

Sol :

Let Z,={0,1,2,3,..9} beagroup

Under addition modulo 10.

By definition of Automorphism of G

Aut (G) ={a/a:Z 6 — Z, isisomorphism}

Consider

a(K) =a(l +1+ ..+ 1 (Ktimes)

o(l) + o(1) + ...

K. al)

+ a(1)

la(1)] =10 and al) =1, o) =3, ol) =7, al) =9

Aut (Z,,)) = {a,, a,, o, o} is group under multiplication with identity o,

9 J
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By Cayley’s table

8. Let H={0, 3, 6} is Z, under addition. Then find the left cosets of H is Z,.

Sol :
Let Z,={0,1,23,4,5,6,7, 8}
is group under addition modulo 9
and H = {0, 3, 6} is a subgroup of Z
0eZ = 0+H ={0,3,6}y =3+H=6+H
leZ = 1+H={1,47y=4+H =7+H
2eZ, = 2+H = {258 =5+H=8+H

9.  Agroup of order 75 can have at most one subgroup of order 25.

Sol :
Let (G, -) is a finite group of order 75
ie, |G| =75

Let H & K be two subgroup of G

Then |H n K] divides |[H] = 25

and |H n K] divides |K] = 25

i.e., [HN K]=21o0r5

IHIIK] 25.25  (25)(25)

or (

IHKI:|HmK|: 1 5

=625 (or) 125
Hence |H n K] =25
and H=K

10. Listthe applications of factor groups.
Sol :

Let G be a finte group and H be the subgroup of G and H = {e}. The factor group is denoted by

G
-

{ 80 }
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(i)  The structure of group G and factor group % is same. Hence, a less complicated approximation of
G can be obtained from the approximation of %because% is smaller than G.
i) The properties of a group G can be obtained by examing the properties of factor group %
iii)  The position of element in a factor group gives the costs of group.
iv)  The order of subgroup can be obtained by means of factor group.
11. IfH and K are subgroups of a group G with |[H| = 24, |K] = 20 then show that H ~AK is
an abelian group.
Sol :
Given,
H and K are subgroups of a group G
IH] =24
IK] =20
Then, H~K = ¢, as identity element ‘e’ is comon to H and K.
According to Lagrange’s theorem, the order of a subgroup of a finite group divides the order of the
group.
|H~K] divides both |[H] = 24 and |K] = 20
Since, |H| = 24 and |K| = 20 are relatively prime,
[HAK] =1
i.e., the orderof HANK =1
Hence, H~ K is as abelian group.
12. Find all idempotent elements in thering (Z,, + ,/ > )
Sol :

Given,

(Z,, + 1, X, isaring.

Here,Z ={0, 1,2, 3,4,5,6,7,8, 9}
a2=a

Then
0°=0x,0=0

12=1x 1=1

1

g
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2=2x 2=4
$2=3%x_3=09
#=4x 4=6
B2=5x 5=5
62=6x_ 6=6
2=7%x_ 7=09
g2=8x 8=4
®2=9x 9=1

02=0, 1= 1,5*>=5, 62 = 6 are the idempotent elements.

g
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‘ Choose the Correct Answers I

1.

10.

fab) =

(a) f(ba) (b) f(b) f(a)
(c) f(a) f(b) (d) 0
Kerf={x e G/f(x)=

@e (b) 0

€1 (d) e'

hH =

(@ H (b) G

() S (d) None of the above
aH n bH =

@0 (b) 1

© ¢ (d) H

The order of any subgroup of finite group divides order

(@) element (b) group

(c) subgroup (d) none

A group of prime order is

(&) commutative (b) normal
(c) cyclic (d) subgroup
IHl IK] / (H ~ K)

(@) |KH] (b) IHK]

(© IH] (@) IK1

If a is self conjugate element of group G is , vV xeG
(@) a = xax (b) a = x*ax
(c) a = xax™* (d) a = xx"a
If a is said to be a normalizer if N(a) =

(@) xa = ax (b) x'a = x
(c)x*ta=a (d) xa = x"a
Intersection of two normal subgroups of G is

(&) commutative (b) normal
(c) cyclic (d) zero

g

[c]

[d]

[a]

[c]

[b]

[c]

[b]

[b]

[a]

[b]
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‘ Fill in the Blanks I

1. Let ¢ be a group homomorphism from G to G. Then ker¢ is a

If ¢ is @ homomorphism from a finite group G to G, then |§(G)] is
If H is cyclic, then ¢(H) is

If H is abelian, then ¢(H) is

®Q9)=—_ Vv ninZ

(@) = ¢(b) if and only if

o g oA w N

~

If K is a subgroup of G, then ¢(K) =

8. If G is a group of order p?, where p is a prime, then G is

9. For any group G, G/ Z(G)is

10. Let G be a group and let Z(G) be the center of G. If G / Z(G) is cyclic then G is
11. A subgroup H of G is normal in G if and only if

12. If Gis a finite group and H is a subgroup of G, then

13. A group of prime order is

14. For every integer ‘a’ and every prime p, a® modp =

15. Let G be a finite group, and let a € G, then

ANSWERS
1. Normal subgroup of G
2. Divides |G| and | G |
3. Alsocyclic
4. Alsoabelian
5. (6(9))"
6. akerdp = bkerd
7. {Ke GI/§K) e K} isa subgroup of G
8. Abelian
9. Isomorphic to Inn(G)
10. Abelian
11. xHx*'c H, v x € (G)
12. |G:H| = |G|/ |H]
13. Cyclic
14. a modp
15. al°l=e

g
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3.1 NoRMAL SUBGROUPS AND FACTOR GROUPS I

3.1.1 Definition

Q1. Define Normal subgroup with example.
Sol :

A subgroup ‘N’ of a group ‘G’ is said to be a normal subgroup of ‘G’ v g € G, v n € N
= gng'eN
Eg.
Let G={1,-1,i,-i}
= G is group w.r.to multiplication
Sol :
We have N = {1, -1} is a subgroup of G
Let g=1, n=-1 = gng*=1x(-1)1)=-1€eN
Let g=-1, n=-1=gng*=(-1)x(-1)x(-1)=-1€eN
g=i,n=-1=gng'=()x(-1)(-)=-1€e N
g=-in=-1=gngt*=()x()x@{i)=-1eN
N is a normal subgroup of ‘G’.
Note :

If ‘N’ is @ normal subgroup of ‘G’ then we write itas N < G

Q2. Prove that every subgroups of an abelian group is always normal.
Ans :

Let ‘G’ be an abelian group

Suppose that ‘N’ is a subgroup of ‘G’

To proe that ‘N’ is a normal subgroup of G

We shallshowthat v ge N, v ne N=gng?te N

' 85 |
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Consider
gng* =(@ng*
= (ng) g* [gn = ng as G is abelian]
= n(gg™) Associative property
= ne ggt=e=g7g
gngt=n
gngteN

N is a normal subgroup of G

Q3. Prove that intersection of any two normal subgroup of ‘G’ is again a hormal subgroup
of ‘G’.

Ans :
Let ‘G’ be a group
and suppose that H & K are two normal subgrop of ‘G’.
H and K are subgroups of G
= H n Kisalso subgrop of G
[intersection of two subgroups of group is again a subgroup]
Required to prove H n Kis a normal subgroup of G

We shall show that

VgeG, VxeHNK = gxg* € HNK

XeHN K = xeH &xeK

H is a normal subgroup of G
We have by definition

vgeG, vxeH = gxg? . Q)
Similarly

K is normal subgroups of G

By definition v g€ G, v X e H= gxgteK .. (2)
Dand (2) => gxgteHNK

H n K is a normal subgroup of ‘G’

Q4. Write a condition for normal subgroup.

Sol :

Second definition of normal subgroup of : A subgroup ‘N’ of a group ‘G’ is said to be a normal
subgroup ‘G’'if v g e G = gng*c N

{ 86 }
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Q5. Prove that a subgroup N of a group G is a normal subgroup of GiffgNg*=N v g € G.

Ans :
Given that N is a subgroup of of ‘G’
To prove that N is normal suubgroup of G
< gNg'=NvgeG
Ist Part :
SupposethatgNg*=N v ge G
= gNg'c N vgeG
= N is a normal subgroup of G (by definition )
Conversely suppose that
N is a normal subgroup of G
ToprovethatgNg'=Nv ge G
N is a normal subgroup of G
= BydefinitongNg*c N v geG
geG = gteG
Writing the condition (1) for ‘g™’

= g'N(@)* <N

= g*'NgcN [ (@)t =d]

= g(@'Ng)g* <cgNg™

= (9")N(g™") = gNg*

= eNecgNg?

= NecgNg? [eN = N]

= NcgNg? [Ne = N] .. (2)

equations (1) & (2)
gNg*'=N vgeG

(May/June-19)

m (1)

Q6. Prove that a subgroup ‘N’ of a group ‘G’ is a normal subgroup of G iff product of two right
(left) cosets of N in G is again a right (left) coset of ‘N’ in ‘G’.

AnS :

Note : If ‘H’ is a subgroup of a group G w.r. to multiplication

Then HH=H

Similarly if H is a subgroup of G under additionthenH + H=H

Given that ‘N’ is a subgroup of G

To prove that N is a normal subgroup of G <

Consider product of two right cosets of N is again a right cosets of N.

L8
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Ist Part :

Q7.

Suppose that ‘N’ is a normal subgroup of G.
By definitionaN=Na Vv ae G . (1)
for a,b e G
Na and Nb are the two right cosets.
Now consider the product of two right cosets = Na . Nb
= N (@aN)b
= N(Na)b by (1)
= NNab
Na.Nb = Nab (N N=N)
Which is again a right coset because a, b € G
Conversely suppose that

Product of two right cosets is again a right coset.

To Prove that ‘N’ is a normal subgroup of G we shall verify that ‘N’ is a normal subgroup

By 1st definition i.e.,
Toprovethat vyg e G,ne N = gngte N
Consider gng?
= e.gng* [eg=d]
e NgNg?

=Ngg* [Na.NDb=Nab product of 2 left cosets is again a right coset]

= Ne
=N
gng'N

= N s a normal subgroup of ‘G’.

I 3.2 FacTtor Group (0R) QUOTIENT GROUP

Define factor group.

AnS :

Let ‘G’ be a group and ‘N’ be a normal subgroup of ‘G’. Then the factor group or the Quotient
group denoted by

G
N—{NX/XEG}

i.e., the set of all right cosets of N in G forms a group know as factor group

or Quotient group wr, to the binany operation multiplication of two right cosets.

Rahul Publications
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G
Q8. IfGisagroupandN isanormal subgroup of G. Then prove that N {Nx/x € G} forms

a group w.r.to coset multiplication as the binary operation

AnS :
Given that

(Imp.)
‘N’ is a normal subgroup of G

G
NI{NX/XEG}

G
Let Nx,Ny & Nz € N where X,y,z2 e G

1. Closure Property

Nx, N E Nx N E
VX,YEijyeN

Because X,y e G = xy e G
2.  Associative Property

G
v NXx, Ny, Nz € N

Consider (N Ny) N = (ny) e N, N, (Ny N)=N, (Nyz)

=N, .. =N, @
3. Identity Property

vV N E N E G
XeNEi ey [e € G]
5> Nx Ne = Ne Nx = Nx

Nx Ne = Nxe = Nx

G
Ne = N acts as the identity element of N

4. Inverse Property
N ¢ 3 Nx? ¢
VY NX e N X+ e N
5 Nx.Nx?* = Nxx*=Ne [+ X e G = xT
Similarly

Nx* Nx = Nx*x = Ne

G
N forms a group

g
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G
Q9. Prove that if G is a abelian group and N is a normal subgroup of G then — is also an

abelian group.

AnS :

Given that
G is an abelian group and

N is a normal subgroup of G

N

multiplication as a binary operation.

G
Commutative Property v Nx,Ny e —

N
Consider
N N
Xy
= Xy
yx [xy =y, as G is abelian]
N N =N N
X y y X

N

G
— = {Nx/ x € G} forms a group known as Quotient group (or) factory group w.r.to cosets

G
Q10. Prove that if G is a cyclic group then — is also a cyclic group.

N

AnS :

Given that G is a cyclic group
Let N be a subgroup of G

G is a cyclic group = G is abelian
= N is a normal subgroup of G

[-- every subgroup of an abelian group is normal]

G
N:{NX/XEG}

G is a cyclic group
v Xe G = x=a" where n ez and
ais a generator of G

ie., G=<a>

G
Let Nx e N (where x € G)
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= Nx=Na" [- x=a"
= NaNa ... Na [N, =N_N,]
Nx = (Na)"

G .
N is also a cyclic group.

Q11. Let H be a normal subgroup of G and K be any subgroup of G then prove that
HK ={hk/h e K, k € K} is also subgroup of G

Ans :
Given that
H is a normal subgroup of G
K is a subgroup of G
HK={hk/h € K, k € K}
HK # ¢
e € HK
and e=e.e where e e H, e e K
Now, we shall show that HK is a subgroup of G by applying “one stop subgroup test”.
Let h,K,h,K e HK where h h, e H K,K, e H
Consider
(h, K) (h, K)*
=h K K ™*hy? [Socks - Shoes property]
=h, (K K h™
=h h*(K K™ e HK

= HK is subgroup of G < Ha=aH ie,ha=ah,

3.3 Grour HomMoMoORPHISM - DEFINITION, EXAMPLES I

3.3.1 Applications of Factor Groups
Q12. List the applications of factor groups.
Ans :
Let ‘G’ be a finite group and ‘H’ be the subgroup of G and H = {e}. The factor group is denoted

byﬁ.

G . o
(i) The structure of group G and factor group a is same. Hence, a less complicated approximation

G G
of G can be obtained from the approximation of a because a is smaller than G.
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G
(i) The properties of a group G can be obtained by examining the properties of factor group e

(iii) The position of element in a factor group gives the cosets of group.

(iv) The order of a subgroup can be obtained by means of factor group.

Q13. Define Homomorphism.

Sol :

A Homomorphism ¢ from a group G to a group G is mapping from G into G that preserves the
group operation.

i.e., ¢(ab) = ¢(@) ¢(b) v a,binG

I 3.4 PROPERTIES OF HOMOMORPHISM

Q14.Let ¢: G —» G be a homomorphism then prove that
(i) o(e) =& where e & € are the identity element of G and &
(i) ¢o(@™) = [¢@)]" Vv a € G, $(g") = (#(9))"
(iii) If |g] is finite then |&(g)| divides |g]

Ans :

1. Given that

Let ¢: G — G be a homomorphism

To prove that ¢(€) = €

Let ae G
¥a) € G
Consider
€ . ¢(@) = ¢a) (- ea=a)
= ¢(e . a)
= ¢(e) ¢(a)

€ . §a) = ¢(e) dofe)
e = ¢(e) (By Right cancellation law)
2. Toprove that (@) = [¢(@)]* v a € G
from (i) we have e = ¢(e)
= ¢(aa™)
= (@) ¢(a™)

=€

g
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Using the definition of inverse
Weget [¢@@)]" = @)
3.  To prove that ¢(g") = [¢(Q)]"
We shall apply the principle of mathematical induction on n.
The result is obvious forn =1
Put n=2 LHS = ¢(g? =¢(g . Q)
= ®(9) #9)
= [6(9)]?

The result is true forn = 2
Let the given result be true for n = k
We have §(g9) = [¢@)] .. (1)
To prove that ¢(g**") = [¢(g)]*"*
LHS = ¢(g"") = ¢(g* . 9)
= ¢(9") ¢(9)
= [9@1° @)
= [o(@)I*
By the principle of mathematical induction
We have §(g") = [¢(9)]"
4. Given that |g] is finite
Let Jg] =n [finite number]
By definition g" = e, where n is the least the integral

Consider

[d(@)]" = ¢(@") From equation .. (2
=) g'=e
[B@" =% )= ¢

By the definition of order of an element

We have (@)l / n

= 1o/ @© — Il

Hence Proved the Properties of Homomorphism

Q15. Define Kernel of Homomorphism

Sol :

Let f:G — G be a homomorphism then the Kernel of f denoted by Kerf (or) K. (or) K is defined
asKerf={x e G/¢xx)= €}
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Note :
1. i.e., Inother words x € Kerf < ¢(X) = €

2. Kerfis non empty because e e Kerfas ¢§(x) = €

Q16. If f: G — G is ahomomorphism with Kernel K then prove that K is a normal subgroup
of G.

AnS :
Given that

f: G — G is a homomorphism
Kerf =K={x e G/f(x) = ¢}
To prove that K is a normal subgroup of G
1. Kisnonempty (or) K # ¢
K% ¢
e ek [e f(fe) = €]
2. Toshow that K is subgroup of G [Applying 2 step subgroup test]
(i) Closure Property
Let X,y € K toshowthatxy € K

xeK=f(x)=¢
} 1)

yeK=fy)=¢
Consider
f(xy) = f(x) f(y) -+ fis homomorphism
=e.e
f(xy) = &
xy € K

Closure propery holds good.

(i) Inverse Property

To show that x* € K v X € K
Consider
f(x™)
= [f)]* Properties of homomorphism
=(e)t From (1)
=8 Inverse of an identity element is itself

Inverse property holds good.
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(iii) We shall show that
vgeG, vxeK = gxgtekK

Now, consider

flaxg)
= f(g) f(x) f(g™?) -+ fis homomorphism
=1(g) e f(g) From (1)
= f(g) . f(@™) -» fis homomorphism gg* =g'g=-¢e
=fg.9"
= f(e)
fgxgt)=¢ (- property of homomorphism)
gxgltek

K is normal subgroup of G

Q17.Let f:G - G beanonto homomorphism then prove that f is an isomorphism iff K = {e}
Ans : (Imp.)

Given thatf: G — G is homomorphism and onto

To prove that f is an isomorphism « Kerf = K = {e}
Ist Part

Suppose that f is an isomorphism

To proe that K = {e}

Let x e K
- fx)=¢ [& isidentity of G]
= f(x) = f(e) [ fe) = €]
= X=e f is isomorphism = fis one - one
K= {e}
Conversely suppose
K= {e}

To prove that f is an isomorphism
It is enough to prove that f is one one

Given that f is homomorphism and onto
fis one - one

Let x,y € G
> f(x) = f(y)

g
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Multiply both sides f(y™) to the right side

=
=
=
=

f(x) fy™) = f(y) fy™)

fixy™) = fiyy™) f is homomorphism

fixy™) = f(e) yyt=y'ty=e

fixy') =€ -+ property of homomorphism
xyt e K [- K={e}]

xyt=e

Multiply ‘y’ to the right side

Xyly =ey
xe = ey
X=Yy

fis one - one

Hence f is isomorphism.

Q1s.

G
Let f:G » — bedefinedasf(x) =Nx v x e G

N

Where N is a normal subgroup of G then prove that

(i) fisahomomorphism and also (ii) Kerf =N

AnS :

Given that

(i)

(ii)

G
f:G > N defined as f(x) = Nx

f is homomorphism

To show that f(xy) = f(x) f(y)

Consider f(xy)
= Nxy -» Coset multiply Na . Nb = Nab
= Nx Ny

fixy) = f(x) f(y)
Kerf = N
Let Kerf=K={x e G/f(x) =N}

To prove that K =N whichisto prove (i) K =« N (ii)N < K

(@) Toshowthat K< N
Let x e K
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= fx)=N

= Nx=N f(x) = Nx

= XeN Ha=H=aH < aeH
(b) ToshowthatK < N

Let x e N

= NxeN

= f(x)=N aeHwaH=H=Ha
= xeK f(x) = Nx
= NcK By definition of K

K= Nis Kerf=N

Q19. Define Automorphism Homomorphism Image and Isomorphic Image.

Sol :

()

(i)

(iii)

Automorphism

Amapping f: G —» G is said to be an automorphism if “f’ is an isomorphism i.e., in other words f’
is homomorphism, 1 - 1, & onto

Homomorphic Image
If f:G — G is homomorphism & onto

Then G is called as homomorphic image of G

Isomorphic Image

If f: G — G is isomorphism. Then we say that G and G are isomorphic to each other and

denotesas G = G and G is called is isomorphic image of G.

3.4.1 The First Isomorphism Theorem

Q20. Fundamental theorem of homomorpic in group.

AnS :

(OR)

Prove that every homomorphic image of a group is isomorphic to some Quotient group
of G.

(Imp.)
Let G be the homomorphic image of G
By definition we have f: G — G such that ‘f’ is homomorphism and ‘f’ is onto

Let ‘K’ be the Kernel of f

= K is normal subgroup of G

Where K={x e G/f(x) = ¢}

g

Rahul Publications



B.Sc. Il YEAR IV SEMESTER

= {Kx / x € G} is a Quotient group or factor group.

G
=~ X

G _
Now, define a mapping ¢ : K™ G as ¢(Kx) =f(x) v x e G

(i) ¢ is well defined :
G
Let Kx, Ky € K2 Kx = Ky
To prove that ¢(Kx) = ¢(Ky)
Consider
Kx = Ky
xyteK
) = &
fx) fy") = &
f(x) fy) f(y) = & f(y)
fx) fyy) = f(y)
f(x) f(e) = f(y)
f(xe) = f(y)
f(x) = f(y)
¢ is well defined

L I O A

(i) ¢ is homomorphism :
To show that ¢(Kx. Ky) = ¢(Kx) d(Ky)
LHS = ¢(Kx . Ky) = ¢(Kxy) (- By coset multiply) (-~ Ha Hb = Ha)
= f(xy) (" By definition ¢) (v f is homomorphism by definition ¢)
= f(x) f(y)
d(Kx Ky) = ¢(Kx) ¢(Ky)
(iii) ¢ is one - one

Let Kx, Ky e % 5 O(Kx) = ¢(Ky)

= f(x) = f(y)

= fx) . fy") =1y . f(y?)

= fixy™) = fyy™) ("~ Multiply f(y™))
= fixy™) = f(e)

= fixy)=¢ (- fle) =e)
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= xylekK
= Kx =Ky (- Ha=Hb < ab™ € H)
pisl-1
(iv) ¢is onto

Since f: G — G isonto

Wehave Vye G 3xe G = y=f(x)
= ¥y = ¢Kx) [~ f(x) = §(KX)]

¢ is onto

Q21.

Let ¢ be a homomorphism from a group G to a group G.

Let H be a subgroup of G then prove that the following
(i) o&H) = {¢(h) / h e H} is subgroup of G

(i) If His cyclic then ¢(H) is cyclic

(iii) If ‘H’ is abelian. Then ¢(H) is abelian

(iv) If ‘H’ is normal in G. Then ¢(H) is also normal

AnS :

Given that H is subgroup of G
o(H) = {o(h) / h e H}
To prove that ¢(H) is subgroup of G
() oH) = ¢
e e ¢(H)
or € = ¢e) where e € H
(i) Now we shall apply “2 step subgroup test”
(@) Closure Property
Let ¢(h), f(h,) € ¢(H), where h,h, e H
To show that ¢(h,), ¢(h,) € ¢(H)

Consider
o(h,) ¢(h,)
= ¢(h, h) (-~ ¢ is homomorphism)
e o(H) (- h h, € Has His subgroup)

(b) Existence of Inverse

To show that v ¢(h)) € ¢(H) = [o(h)I" € &(H)

1 99 ]

Rahul Publications



B.Sc. Il YEAR IV SEMESTER

Consider

[o(h )] (-~ Property of homomorphism)
= ¢(h,™) (-~ h*eH h eH)

€ ¢(H)

®(H) is subgroup of G
2. If H is cyclic then ¢(H) is cyclic
Given that H is cyclic

By definition H = <a> where a is generator of H

= §@a), ¢$@? ..... o(H)
= @) . [H@), ... € ¢(H) #(9") = [bWI"
o(H) = <¢(a)>
= ¢(H) is cyclic group
3. If H is abelian then ¢(H) is abelian
Given that

H is abelian to show that ¢(H) is abelian

His abelian = h h,=h_h, v h h eH
To prove that ¢(H) is abelian we shall show that ¢(h,) ¢(h,) = ¢(h,) ¢(h,)
Consider
¢(h, h)) = ¢(h)) o(h,) (-~ ¢ is homomorphism) ... (1)
Also
o(h, h,) = ¢(h,) o(h,)
= ¢(h,) ¢o(h,) - (2)

By (1) and (2)
o(h,) oh,) = o(h,) oh,)
4. If ‘H” is normal then ¢(H) is normal
Given that H is normal in G
= By definition vgeH vheH=ghg'eH

To prove that

®(H) is normal in G

We shall that

vV #0) € G, Vv ¢h) e o(H)
= &0) o(h) 6(g™) e §(H)

g

Rahul Publications



UNIT - 1l ALGEBRA

Consider

®(9) o(h) ¢(9)™

®(9) o(h) ¢(g™)

=¢ghg?)

e O(H) - ghg'eH

I 3.5 INTRODUCTION TO RINGS - MOTIVATION AND DEFINITION

Q22. Define Ring, Commutative Ring & Ring with Unity.
Ans :

A ring R is set with two binary operations, addition (denoted by a + b) and multiplication (denoted
by ab). Such that for all a, b, ¢ in R.

a+b=b+a
@+b)y+c=a+(b+c)

JjoeR>3>a+0=a vV aeR

1
2
3
4, 3 -aeR>a+(-a=o0
5. a(c)=(ab)c

6. a(b+c)=ab+acand(b+c)a=ba+ ca.

InaRing (R, +,.) ifa.b=b.a

for a, b € R Then we say that R is commutative ring.

Aring (R, +, .) is said to be a ring with Unity if R has Unit element

ie, vaeR 31eR>a.1=1la=a

3.5.1 Examples of Rings
Q23. State the examples of Rings.

Ans :
Example 1:

The set Z of integers Under ordinary addition and multiplication is a commutative ring with Unity 1.
The Unity of Z are 1 and -1

Example 2:

10
The set M, (Z) of 2 < 2 matrices with integer entries is a non commutative ring with Unity[0 lj

Example 3:

The set 2 Z of even integers under ordinary addition and multiplication is a commutative ring with
out Unity.
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Example 4:

and multiplication is a commutative ring with Unity f(x) = 1

The set Z [x] of all polynomials in the variable x with integer coefficients under Ordinary addition

3.5.2 Properties of Rings
Q24. Leta, b & c belong to aring R.

Then a.0o =0.a =0

AnS :

Ginenthata, b,c € R
Consider a.o=a.(0 + 0)
=a.o+ 0.a (byidentity)
a.o=o

= a.(o+0) =ao+ao [a.0e R=a.0¢€eR]
a.0+0=0+a.0=ao
By Applying the left canellection law in (R, +)

Weget ao0=o0
Similarly o.a = o.

Q25. Leta, b, ¢, € R Then a(-b) = (-a)b =—(ab)
Ans :

Giventhat a,b,c € R
Required to prove a(-b) = —(ab)

Consider

a(-b) + ab = a[-b + b]
a(-b) + (ab) =a(o)

=0
a(-b) + ab =0
= a(-b) = —(ab)

Similarly (-a)b = —(ab)

Q26.

Leta, b,c € RThen (-1)(-a) = -a

AnS :

Ginenthata, b,c € R.
Required to prove (-1)(-a) = -a

Consider
l)a+a=(1)a+1l.a
= [-1+1]a
=o0.a
=0

(-lata=0 = (-l)a=-a

§
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Q27.

Leta, b, & c € R Then
(-a)(-b)=ab va,beR

AnS :

Giventhata, b,C € R

Consider

LHS = (-a)(-b)
= —[(-a)b]
= — [~(ab)] v [a(-b) = —(ab)]
= ab

~(-a)(-b) = ab

Q2s.

Leta,b&ce RThena(b-c)=ab-ac&(b-c)a=ba-ca

AnS :

Q29.

Giventhata, b,C e R
Required to prove a(b - c) = ab - ac
Consider
ab-c) =alb+ (-0)]
=ab + a (-¢)
alb-c)=ab-ac -+ a(-b) = -ab

Similarly we can also prove (b —c)a=ba-ca

I 3.6 SUBRINGS

What is subring?

AnS :

A subset S of ring R. is a subring of R if S is itself a ring with the operation of R.

Q30.

AnS :

A nonempty subset S of aring R. isa subring if S is closed subtraction and multiplication
ie, (i) a-besS
(i) ab € S when a,b eS
(Imp.)
Suppose S be a subring of R.
Required to prove
(i) a-besS
(i) abesS Whena,b e S
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(i)

(ii)

(i)

(i)

Leta,b e S

beS=-b eS .+ S is subring

aeS -beS—=a+(b)esS
a-beS

a,beSvabesS -+ S is subring

(S, .) is semi group

Conversely suppose that a—-b € S&ab € S

Required to prove S is a subring of R.

(S, +) is an Abelian group

(@)

(b)

(©)

(d)

(e)

Associative property
= VvabceS
(a+b)+c=a+ (b+c) -+ SCR
Existence of Identity :
aeS -aeS —a-a eS
=0¢€S ()}
Existence of Inverse :
0 e S,
L0eSaeS=>0-aes
=0+(-a) e S
= -aes$S
Closure Property :
va,beS=at+beS
beS=-besS
aeS -beS=a-(-b)esS
—a+besS
Commutative Property :
va,beS =at+b=Db+a -+ SCR
(S, +) is a abelian group.

(S, .) is a semi group

(@)

Closure property :

vabeS —a.b, S

(b) Associatine property

vabceS
=(@.b)c=a(.c)
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(c) Distributive property
LDL :a(b+c) =ab+ac

vabceS
RDL :(b+c).a =b.a+c.a

vabecS

a b

o c} is a subring of the ring of 2 x 2 matrices whose

Q31. Show that the set of matrices {

a b
elements are integers and S = {0 C}o,ab,c € Z}

Sol :
ThenS pand SCR.
al bl a2 b2
Let A, B € SsothatA = 0 ¢ B= o c, where

oa,b,c,a,b,c,eZ

a,—-a, b,-b, a,a, a,b,+bc,
.'.A—BZ[ o Cl_Czj and ABZ[ o Clczj
Sinea,-a,b,-b,,c-c, eZ

ab +bc,cc eZ
we have A, B e S =A-B e SandAB € S
Hence S is a Subring of R.

Q32.Leta € R. Let S = {x € R | ax =0} show that S is a Subring of R.
Sol :
Given,a eR
S={xeRl]ax=o0}

Required to show, S is a Subring of R.

If o € R is the Zero element of R.
anda € R
we have ao=0=0¢S
S z2¢andSCR
Letx,y e SThenx,y eRandax =o0,ay =0
Now a(X —y) = ax — ay
=0-0

=0

g
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X-yeS
Also a (xy) = (ax) y
= oy
=o0
=Xy €S

. Sis asubring of R.

Q33.If Risaringand C (R) = {xe R/xa = ax v aeR} Than Prove that C (R) is a Subring
of R.

Sol :
ForO € R
The Zero element of the ring
we have oa —ao vaeR
By the definition of C(R), Oe C (R)
CR)# ¢ &C(R) < R
Let x,y € C(R)
Thenx,y € R and xa = ax
ya=ay vaeR
vaceR, ax-y)=ax-ay
=xa-ya
=(x-ya
vaeR,a(xy) =(@x)y
= (xa)y
=x (ay)
= x(ya)
= (xy)a
- X, ¥y € C(R)is asubring of R.

a a
Q34. Let M, (2) be the ring of all 2 < 2 matrices over the integers and Let R= {b b}/a’ be Z}

prove or disprove that R is a Subring of M, (2)
Sol :

P q
Let M, (2) = {r S}/p,q,r,SEZ} be a ring.
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a a
HenceR= 1|, abeZ is a subset of M, (2)

ifa=b=0¢€eZ

OO0
:>00=OeR

a,b,a,b, ez
a,-a, a-a,
ThenA-B = b,—b, b, b, e R.
[a,-a,eZandb,-b, € Z]

a,a,+a,b, aa,+ab,
and AB :{a2b1+blb2 a2b1+blbj €R
[.aa,+ab,eZ & a, b, +bb, €Z]
Thus vVA.BeR=A-BeR
=A.BeR
~. Ris a Subring of M, (2)

3.7 INTEGRAL DOMAINS

3.7.1 Definition and Examples

Q35. Define zero divisors with example

AnS :

A Zero divisor is a non Zero element ‘a’ of a commutative ring R. Such that there is a non zeco
elementb € Rwithab = o

Example :

Inthe ring, (z,, ®,, ®,) where

z, ={0,1, 2, 3, 4, 5,} with Zero divisors
2 70, 370 = 2® 3=0
3#0, 470 =3 4=0
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Q36. Define integral domain with example.
Ans :

An Integral domain is a commutative ring with Unity and no Zero divisors.
Example 1:
(Z, +, -) is an Integral domain

Example 2:

(Z,, ®,, ®,)isan example of finite integral domain
Example 3:

The ring Z(x) of polynomials with integer coefficients is an integral domain.
Example 4:

Z ® Zis not an integral domain.
Q37. Define Cancellation Law.
Ans :

If (R, +, o)isaring, then (R, +) is an abelian group. So cancellation law with respect to addition all
true in R.

Left cancellation Law :
a.b=a.c=>b=c
Where a,b,ceR, a=0
Right cancellation law
b.a=c.a=b=c
where a,b,c e R, a # 0
Q38. Aring R has no zero divisors if and only if the cancellation laws hold in R.

AnS :

Suppose that R has no zero divisors required to prove the cancellation laws hold in

i.e., To prove
(i) Leftcancellation law
(@b=ac=b=¢c
(i) Right cancellation law
(ba=ca=b=¢c)
(i) Let a,b,ceR where a0
Consider
ab=ac
ab=ac=0
ab-¢)=0
a=x0

g
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and R is without zero divisors
b-c=0
b=0 - ab=0=a=0o0o b=0
(i)  We can also prove right cancellation laws as (i)
If R has a no zero divisors then the cancellation laws hold in R.
Conversely suppose that
If cancellation laws hold in R
Then Ring R has no zero divisors
Suppose that R is with zero divisors
By definition
Ja#0e€R b=0eR butab=0
= ab=a0
b=0 LCLasa = 0
Which is a contradiction because b = 0
Our assumption is wrong

R is without zero divisors.

3.7.2 Fields
Q39. What is field? Write some examples.
Ans :

A field is commutative ring with unity in which every non zero element is a unit.

Example 1 :

(Z, +, -) where Z = the set of all integers is not a field, because all non-zero elements of Z are not
units.

Example 2 :

(Z,, +, -) where Z_ = the set of integers under modulo 7 is a filed.

Q40. A finite integral domain is a field
Ans :

Let us consider a finite integral domain

ie, D=A{0,1,4a,a,..a} be all elements of the integral domain D.
and it containing n + 2 distinct elements

e, a # a for i = j

Required to prove D is a field

i.e., To prove every non-zero element of ‘D’ has multiplicative inverse in D.
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Let a=0e€D
aD={a,alaa,aa,..aa}
aeD,aeD = aaeD

Also the elements of a.D are distinct because

If aa= a.a for i = j

a=a fori=]

[~ D is without zero divisors applying LCL as a # 0]
Which is a contradiction as the elements of D are distinct
The elements of a.D are same as elements of D

Wehave 1e€a.D
= al=1 o a.a=1

a=1 or a.a=1
a'=1 or aistherequired

Multiplication of inverse of a = D

A finite integral domain is a field.

Q41. Every field is an integral domain.
Ans :
Suppose that (F +, -) is a field
Required prove F is a integral domain i.e., to prove F is without zero divisors
Case (i) :
Consider a,b € F where a # 0 and a.b =0
a=x0¢ekF
We have a* € F
Consider
ab=0
= ala.b)y=at.1
(@ta)b=0
1b=0
b=0

u v J

Case (ii) :
Consider a,b € F where b = 0anda.b=0
b-0ekF
We have
blteF

g
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Consider
a.b=0
(@b)p*=0.b?
a(ab) =0
a(l)=0o0
a=20
By case (i) and case (ii)

ab=0=a=0o0r b=0

Q42. For every prime p, Z, the ring of integers modulo p is a field.

AnS :

(Z,, +, -)isaring.

Sine Z,= 0, 1, 2,.... p—1) has p distinct elements, Z, is a finite ring.

Required to prove Z, is an integral domain
Clearly,

lez is the unity element
for a,b e Zp

ab (mod p) = ba (mod p)

ab = ba
Hence Z is commutative
for a,b e Zp

and ab =0 = ab = 0 (mod p)

= plab=plaorpl|b

= a=0(modp) or b =0 (modp)
= a=0or b=0

Z, has no zero divisors
Thus, (Z,, +, -) is a finite integral domain

Zp is a field.

Q43.

Sol :

Prove that Q [\/E] ={a+ b2 /a, b e Q] is a field with respect to ordinary addition

and multiplication of numbers.

Let x,y,z€ Q [\/ﬂ

g
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So that
x=a, +b+2, y=a +b,2, z=a3+b3x/§
where a, b, a, b, a,b, € Q

x+y=(a +b2)+ (@ +b,2)

=(a, +a,)+ (b, + b)2

where a, +a,=a, b, +b,=b e Q

X.y=(@, +b~2).(@a,+b,2)
=(a,a,)+a, bZ\/E +<':12bl\/E +b, b,
=(a,a,+2b,b)++2 (a,b,+a,b)

X.y=c+d2
where c=aa,+2bb, € Q

and d=ab,+ab €Q
Addition and multiplication of numbers are binary operations in Q-2
x+y=(a, +a)+(b,+b)V2 =(@,+a)+ (b, +b)2

= (a, + b,v2) + (8, + b,+/2)
= y =+ X
= addition is commutative

(x+y)+z=(a1+a2+a3)+(bl+b2+b3)x/§

and x+(y+z)=(al+a2+a3)+(bl+b2+bg)x/E
= X+y)+z=x+(y+2)

Addition is associative

for 0e€Q

We have 0+ 0+/2 =0 e Qx/E
So that

Xx+0=x for x e Q42 = 0 e Q+/2 isthe zero element

for x=a,+b,v2 € Q2

We have

X =(-a) + (-h)V2 e Q2

= 112 =
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So that
X+ (x)=0
= Additive inverse exists
(Qx/E, +) is commutative group
x.y=(a +b~2). (a,+b,N2)=(aa,+2bb)+ (ab, +ab)vV2
= (a,a, + 2b,b) + (a,b, + b,a)v2
=y.X
Commutative under multiplication

(x.y)z=(aa,+2bb, + ab, +a,b,v2) . (a, + b,\/2)

=(a,a,a,+2b b, a,+ 2a b, b, + 2a,b b)+(a a,b,+2b b, b,+a a b,+a a,b) J2

and

x.(y . 2) = (a, + b,/2) (a,a, + 2b,b, + a,b, +a,b, V2)

=(a,a,a,+2a b, b, +2a,b b, +2a b b)+(a a,b,+a a b+a a b+2b b,b,) J2

X, (y.z)=x.(y.z) multiplication is associative

x.(y+z):(a1+b2x/§) (a,+a, + b2+b3x/§)

=(a,a,+a,a,+2b b,+2b b)+(ab,+ab,+ab +a, b)y2

and

X.y+x.2=(aa,+2bb,+ ab,+a,b, J2) + (a,a, +2bb, + ab, +asb, V2

= (a,a,+ 2bb, +aa, +2bb) + (ab, +ab +ab, +ab)Vv2
X.(y+2)=x.y+x.z

Distributivity is true
Hence (Q+/2, +, -) is a ring.

1=1+0+2 € Q2
So that

x.1 =(a1+b1x/§)(l+0x/§)
=X VXEQ\/E

Q+/2 is a commutative ring with unity element to show that Q~/2 is a filed we have to prove

further every non-zero element in Q\/E has multiplicative inverse

' 113 |
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Let a+byv2 eQvJ2 anda=0 & b =0
Then

- 525 ) )
a+by2 T aZz_2p?  \a?-2b? a? —2b?

Since a>-2b?> # 0 for a0 and b= 0

a -b
a?—2b? " a?-2b? € Q

a,beQ=

a

, b
for a+bv2 # 0 e Q2 there exists [az_szJ + [az_szJ V2 e Q2

Such that

(a+bx/§)K a j{ b jﬁ}:1:1+0x/§

a®-2p? a®-2pb?

Every non zero element of Q+/2 is invertible

Hence Q+/2 is a field

Q44. For every prime p, Z, the ring of integers modulo p is a field.

Ans :
We know that

(Zp, +, .)isaring
Since Z, = {0, 1, 2, ... p- 1) has p distinct elements.
Z, is a finite ring
We prove now
Z, is an integral domain
Clearly, 1 € Z, is the unity element
for a,b e Zp
ab (mod p) = b a(mod p)
= ab =ba
and hence Z_ is commutative
For a,b e Z, and ab =0 = ab =0 (mod p)
= p/ab
= p/a or p/b
= a=0(modp) or b =0 (mod p)

= 114 i,
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= a=0o0r b=0
Z, has zero divisors

Thus (Zp, +, .) is a finite integral domain
Z,isafield

3.8 CHARACTERISTIC OF A RING

Q45. State the characteristic of a ring with example.
Ans :

The characteristic of ring R is the least positive integer n such that nx =0 v x in R.

If no such integer exists, we say that R has characteristic 0. The characteristic of R denoted by
char R

Example 1:
For any element x € Z, [i]ring
We have
3x=0V xe Z[i] = Characteristicof Z, [i] =3
Example 2:
The Set R = {0, 2, 4, 6, 8} is field under addition and multiplication modulo 10.

Q46. The characteristic of an integral domain is the O or prime.
Ans . (Jan-21, May/June-19)
Let (R, +, ) be an integral domain
Let the characteristic of R = P(=0)
If possible. Suppose that P is not a prime
Then P=mn where 1<m,n<p
az0eR=aa=a’eRand a># 0
R is integral domain
Pa?=0 = (mn)a?=0 = (ma)(na) =0
= ma=0or na=0
Let ma=0 forany x € R
(ma)x=0 = amx)=0 = mx=20
This is absard
1<m<p and characteristicof R = P

ma # 0
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Similarly, we can prove that na = 0
This is contradictional

Hence P is a prime.

Q47. If R is a commutative ring with unity of characteristic = 3. Then prove that (a + b)® =
a2+b®vabeR.

Sol :
R is a ring with characteristic = 3
3x =0, zeroelementofR v x € R
Since R is a commultative ring.
By Binomial theorem
(@ + b)® = a® + 3a’b + 3ab? + b?
a,beR = a%h, ab>?c R = 3a?h=0
3ab2 =0
(@+b)P=a*+b?

Q48. If D is an integral domain, Then prove that D[X] is an integral domain.

Sol : (May/June-19)
Suppose that,
D is an integral domain
i.e., commutative ring with Unity and has zero divisors.
Since D [x] is ring
If D is commutative rivg with Unit element
fx) =1
required to prove D [x] has no zero divisors.
Let f (x), g (X) be non zero polynomials in D [x] where
fx)=ax"+a_ x'+..+a,a #0
gx) =b x"+b_, x"*+ .. +b,b #0
Since D is an integral domain
a,b #0
f(x) #0, g (x) #0
fx) g(x) #0
Thus, D [x] has zero divisors.
If D is an integral domain,

Then D [x] is an integral domain.

g
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G
Q49. Let G be the group and let Z (G) be the Centre of G. If m is cyclic. Then G is abelian.

Sol :

Given that,
G is a group

and Z (G) is a Centre of G.

G
If ﬁ is cyclic required to prove G is abelian.

i.e., ab = ba,

= <gZ()>= %
a, b are arbitrary elements of G
Then, 3 integers i and j Such that
azZ(G)=(Z(G))=d Z(G)for some ‘¥’
bz (G)=(gZ(G)) =g Z(G) for some
azZ(G)=9dgZ(G)
a=g¢Z for some Z, € Z(G)
Similarly
b=g2z for some Z, € Z(G)
Consider ab = (9'Z) (9' Z))
=99(@Z72)
ab=9"(Z,2)
=9¢"7(Z,2)
=99(@Z72)
= gj Z2 gi Z1
= ba
. ab = ba.
. G is Commutative

i.e., Gis abelian

G
.. G is abelian when m is cyclic

g
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Q50. Prove that Z_ [i] = {a +ib/a,b €Z, } is afield of order 9?
Sol :
Z,[l={a+ib/ab e Z}, &the elements of Z, are 0, 1, 2
ie, 2,=0,1,2
fora=0,b=0 = 0+i0=0

a=0,b=1 = 0+1()=i

a=0,b=2 = 0+2i =2i
a=1,b=0 = 0+0i =1
a=1,b=2 = 1+2i =1+2i
a=1,b=1 =1+ i) =1+
a=2,b=0 = 2+0i =2
a=2,b=1 =2+ i) =2+

a=2,b=2 = 2+2i =2+2i

S Z1=40,1,2i,1,1+2i,1 +1i,2,2+1i,2 + 2i}
= Z, [i]is afield As Z, [i] has g elements
= Itorderis9

- Z, [i] is a field of order 9.

(May/June-19)

Q51. Prove that the ring of Gaussian integers z[i] = {a + ib/a, b € z} is an integral domain.

Ans :
Given that
Z[il={a+ib/a, b e z}
c is a ring of complex numbers
Zfi] = = ¢
and z[i] c ¢
Let a+ib, c+id e z][i]
z[i] is said to be the subring of c,
It is satisfies the following conditions
ie, a,bez[i] = a-be z[i
a,bezlil] = ab e z[i]

Let a, b, c, d e Z[i]

g
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Consider
(@ + bi) - (—(c + di)) = (a + bi) + (-c —di)
=@+ () + (b + (-d)i
=@-c)+(b-d)i - (1)
Since a, b, c,d e z
= (@a-c)ezand(b-d) ez
(@-c)+ (b-dji e z[i]
a—c+ bi-di e z[i]
(@ + bi) - (c + di) € z[i]
Consider
(a + bi) (c + di) = ac + adi + bci + bdi?
= ac + (ad + bc)i + bd (-1)
= (ac - bd) + (ad + bc)i € z[i]
(@ + bi) (c + di) € z[i] .. (2
from equation (1) and (2) are satisfied

Hence z[i] is a subring of complex number ¢

G
Q52. Let G be a group and let Z(G) be the centre of G. If ﬁ cyclic then G is abelian.

AnS :

Given,
G is a group
Z(G) is the centre of G
G is said to be abelian if it satisfies the following condition
ab = ba

G
Let m is cyclic, then three exists some generator gZ(G) such that,

G
<gZ(9)>= 7(0)

Let a, b are arbitrary elements of G

Then, there exists integers i and j such that,
aZ(G) = (9Z(G))' = g'2(G) for some ‘I’
bZ(G) = (9Z(G)' = g'Z(G) for some *J’
aZ(G) = gZ(G)

|l 119 ||
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= a=gZ, forsome Z €Z(G)
Similarly,
bZ(G)=gZ(G)
= b =gZ, for some Z,, €Z(G)
Consider,
ab = (9’23 (92,
= ab=99Z7Z,
As the elements of centre Z(G) commute with all elements of G
ab=997,2, =9"Z,Z,
=g*727Z =9972Z,
= ¢Z,9Z=ba
ab = ba

= G is commutative i.e., abelian

. . G | .
Hence, G is abelian when 2(G) is cyclic

g
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‘ Short Question and Answers I

1.

The characteristic of an integral domain is the O or prime.

AnS :

Let (R, +, ) be an integral domain
Let the characteristic of R = P(=0)
If possible. Suppose that P is not a prime
Then P=mn where 1<m,n<p
az0eR=aa=a’eRand a># 0
R is integral domain
Pa?=0 = (mn)a?=0 = (ma)(na) =0
= ma=0or na=0
Let ma=0 forany x € R
(ma)x=0 = amx)=0 = mx=20
This is absard
1<m<p and characteristicof R = P
ma = 0

Similarly, we can prove that na = 0
This is contradictional

Hence P is a prime.

Sol :

If D is an integral domain, Then prove that D[x] is an integral domain.

Suppose that,
D is an integral domain
i.e., commutative ring with Unity and has zero divisors.
Since D [x] is ring
If D is commutative rivg with Unit element
fx) =1
required to prove D [x] has no zero divisors.
Let f (x), g (X) be non zero polynomials in D [x] where

fx)=ax"+a  x"'+ ..+a,a #0
n n-1 0 n

{121}
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gx) =b x"+b_ x"*+..+b,b #0
Since D is an integral domain
a,b #0
f(x) #0, g (x) =0
fx) g(x) #0
Thus, D [x] has zero divisors.
If D is an integral domain,

Then D [x] is an integral domain.

3. Define Normal subgroup with example.

Sol :
A subgroup ‘N’ of a group ‘G’ is said to be a normal subgroup of ‘G’ v g € G, ¥ n € N
= gng'eN
Eg.
Let G=4{1,-1,i, -}
= G is group w.r.to multiplication
Sol :

We have N = {1, -1} is a subgroup of G

Let g=1, n=-1 = gng*=1x(-1)1)=-1€eN

Let g=-1, n=-1=9gng*'=(-1)x(-1)x(-1)=-1€ N
g=i,bn=-1=g9gng*=(@{x(1)(-)=-1€N
=-in=-1=gng*=(-)x(-1)x(@)=-1¢N

N is a normal subgroup of ‘G’.

4. Define factor group.

AnS :

Let ‘G’ be a group and ‘N’ be a normal subgroup of ‘G’. Then the factor group or the Quotient
group denoted by

G
NI{NX/XEG}

i.e., the set of all right cosets of N in G forms a group know as factor group

or Quotient group wr, to the binany operation multiplication of two right cosets.

= 122 =
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5. List the applications of factor groups.
Ans :
Let ‘G’ be a finite group and ‘H’ be the subgroup of G and H = {e}. The factor group is denoted

by >
Y H-
. G . . o
(i) The structure of group G and factor group 1y issame. Hence, a less complicated approximation

G G
of G can be obtained from the approximation of m because m is smaller than G.

G
(i) The properties of a group G can be obtained by examining the properties of factor group e

(iii) The position of element in a factor group gives the cosets of group.

(iv) The order of a subgroup can be obtained by means of factor group.

6. Define Automorphism Homomorphism Image and Isomorphic Image.
Sol :

(i)  Automorphism

Amapping f: G — G is said to be an automorphism if “f’ is an isomorphism i.e., in other words f’
is homomorphism, 1 - 1, & onto

(i) Homomorphic Image
If f:G — G is homomorphism & onto

Then G is called as homomorphic image of G

(iii) Isomorphic Image

If f: G — G is isomorphism. Then we say that G and G are isomorphic to each other and

denotesas G = G and G is called is isomorphic image of G.

7.  State the examples of Rings.
Ans :

Example 1:

The set Z of integers Under ordinary addition and multiplication is a commutative ring with Unity 1.
The Unity of Z are 1 and -1

Example 2:

10
The set M, (Z) of 2 < 2 matrices with integer entries is a non commutative ring with Unity[0 lj
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Example 3:

The set 2 Z of even integers under ordinary addition and multiplication is a commutative ring with
out Unity.

Example 4:

The set Z [x] of all polynomials in the variable x with integer coefficients under Ordinary addition
and multiplication is a commutative ring with Unity f(x) = 1

8. Define integral domain with example.

AnS :

An Integral domain is a commutative ring with Unity and no Zero divisors.
Example 1:

(Z, +, -) is an Integral domain
Example 2:

(Z,, ®,, ®,)isan example of finite integral domain
Example 3:

The ring Z(x) of polynomials with integer coefficients is an integral domain.

Example 4:

Z @ Zis not an integral domain.

9. Define Cancellation Law.

AnS :

If (R, +, o) isaring, then (R, +) is an abelian group. So cancellation law with respect to addition all
true in R.

Left cancellation Law :
a.b=a.c=>b=c
Where a,b,ceR, a=0
Right cancellation law
b.a=c.a=b=c
where a,b,c e R, a# 0
10. What is field? Write some examples.

AnS :

A field is commutative ring with unity in which every non zero element is a unit.

Example 1 :

(Z, +, -) where Z = the set of all integers is not a field, because all non-zero elements of Z are not
units.

Example 2 :

(Z,, +,-) where Z, = the set of integers under modulo 7 is a filed.

' 124 }
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‘ Choose the Correct Answers I

1. Characterstic of a ring of the farm [a]
(@ na=0 (b) na=0
(c) a=0 (d n=0

2. The intersection of subgroup of a ring is . [b]
(@) ring (b) subring
(c) closed (d) commutative

3. @+UV)+b+U) = . [a]
(@) a+b+U (b) a-b+U
(c) —-a+b+U (d) a+b-U

4. Ring satisfies conditions. [d]
(2) commutative ring (b) field
(c) ideal (d) group

5. arat=_______. [b]
@ o (b) 1
(c) a (d) none

6. atat=____ [a]
(@ o (b) 1
(c) a (d) none

7. Multipliative identity is [b]
@ o (b) 1
(c) a (d) e

8.  Additive identity is . [d]
@ 1 (b) e
(c) a (d o

9. Set of all integers satisfies [a]
(a) prime ideal ring (b) group
(c) maximal (d) ring

10. R=(Z, +,)isa [d]
(@) ring (b) group
(c) maximal ideal ring (d) principle ideal ring

(15 )
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‘ Fill in the Blanks I

a-e=________.
If (R,+, -) is said to be boalean ring if

Commutative property is —______ with respect to multiplication
Distributive laws .

The intersection of the subgroups of a ring is

A commutative ring with unity is containing no zero divisors is called
If every non-zero elements of R has a

Characteristic of a ring of the farm

© N bk wNRE

R . . . .
9, ] is commutative, if R is

10. (@+U)+b+U)=______ VabeR.
11. (@+U)b+U)=___ VabeR.

R . .
12. If ] has a unity element, If R is

13. The ideals is generated by a prime number is

o . R .
14. Let ‘U’ be an ideal of commutative ring R. Uisa . Iff g san
15. LetR be a commutative ring & y = R IS a prime ideal. If

ANSWERS
-~ As—a
a’=a,a’=a,vVaeR

1

2

3. ab=ba, VabeR
4. a(b+c) = ab+ac

5. agianasub ring

6. Integral domain

7. multiplicative inverse
8. na=0, VaeR

9. commutative

10. (a+b)+U

11. ab+U

12. unity element

13. amaximal ideal

14. prime ideal, integral domain

15. VabeR & abeU saeU (or) beU
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I V Cyclic Groups: Properfies of Cyclic Groups -Classication of Subgroups Cyclic
Groups.
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4.1 IpeALs AND FACTORs RINGS I
Q1. Define ideals.
Ans :
A non empty subset ‘S’ of aring ‘R’ (R, +, -) is said to be an ideal of R.
If 1. Sisa group of R, w.r.to addition
2. vreR, vseS = rs&sresS
Q2. Define improper ideals.
Ans :

The ideals S ={0} and S = R are Known as improper ideals of R. The ideals other Than S ={0}
and S = R are known are proper ideals of R.

Q3.

If R is a Unity and ‘U’ is an idel of R. Where 1 € U. Then prove that U = R.

AnS :

Given that
‘R’ is a ring with Unity
Uis anideal of R
leU
Uis anideal of R
By definition U< R ... 1)
Required to prove R < U
Uis anideal of R
We have by definition
VreR 1eU=r1r.1&1.reyU
= reu
= RcU .. (2)
From equation (1) and (2)
We can conclude that U = R

g
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Q4. If Ris acommutativeringand a € R then Ra={ra/r € R } is an ideal of R.

Ans :
For 0e R, 0a=0¢e¢Ra
Rae ¢ & RacR
Let X,y e Ra
Then x=r a
y=r,a wherer,r, eR
X-y=ra-r,a

=(,-r)a whenr,r,eR

X, ye Ra=x-yeRa v (D)
Let xeRaand reR
X.r=(ar (x=r,a whene r, € R)
=r(ar)
=r, (ra)
=(r,na
=ra where r'=r rerR .. 2

Sinec R is commutative ring,
= XI=r.x
xeRa, reR
= Xr=rxeRa
Hence from (1) & (2)

Ra is an ideal of R

4.1.1 Factor Rings
Q5. Define factor Ring.

AnS :

R
Let (R, +,.) be aring and ‘U’ be an ideal of R Then U= {u + x/x e R} form a ring known as
a factor ring with respect to the operations defined as follows
() W+rx)+U+y)=u+(x+y)

(i) U+x. (uU+y)=u+xy

R
Q6. (R, +,.)bearing, ‘U’ be an idea of R. Then — is factor ring.

U
Ans :
(R, +, .) be aring.
U be an ideal of R.

g
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R .
Required to prove " forms a factor ring

1.

2.

R
Loy

Let

(@)

(b)

(©)

(d)

R
[U’ "'J is an abelian group

R - -
[U’ 'J IS an semi group

"‘J is an abelian group

R
U+x, U+y U+Z e " where X,y,z € R

Closure Property :

R
v U+x U+y, e ] SU+x)+ (U+y)

R
:U+a+weU

Associative Property :

[(U+x)+U+y]l+U+Z=(U+x[U+y)+ U+ 2)]

Consider

[(U+x)+U+y]+U+2)=[U+ x+y)]+(U+2
=U+(Kx+y) +z
=U+ X+ (y+72)
=U+x)+ U+(y+2)
= U +x) + [(U+y) + (U +2)]

LHS=RHS
Identity Property :

R R
va+xe — 3U+0e —

U U
>U+x+U+0)=U+(x+0)
=U+x

Similarly (U +0) + (U +x) = U + x

Inverse Property :

vV U RE|U+ R
+ — _ —
XeU (X)eU
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2.

3> (U+x)+ U+ (x) =U + (X +(X))
=U+0
Similarly (U + (x)) + U +x)=U+20
(e) Commutative Proparty :
VU+Xx,U+ye 5
u

U+rx)+U+y)=U+(x+Yy)
=U+ (y+Xx)
=U+y)+U+Xx

R
[U’ "'J is abelian group
R
[U’ J is a semi group
(@) Closure Property

R
vU+X,U+yeU

R
= U+x)+U+y)=U+xye —

U
(b) Associative Property
R
vVU+x,U+y & U+Z ¢ U
Consider
[(U+x)+ (U +y)]U+2 =(U+xy) (U+2)
= U+ (xy)z
= U+ x (y2)

=U+x)+ (U+y
=U+x)U+y)U+2
R
[U’ J is a semi group

Distributive Law

R
LDL:v U+x, U+y, U+z eU

U+x[U+y)U+]=U+x)U+y)+U+x U+72
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Q7.

LHS =(U+x)[U+y)+ U+ 2)]
=U+x U+ (y+2)]
=U+x(y+2)
=U +xy + xz

=U+xy)+ (U +x2)

=U+rx)U+y)+U+x)U+2

RHS
Similarly R D L is also holds good

4.2 PRIME IDEAL AND MAXIMAL IDEAL I

Define Principal Ideal.

AnS :

If R is a commutative ring with Unity, we observe for a givena € R the set {ra/r € R} is an ideal
in R that contains the element ‘a’ here ‘a’ is called principal ideal generated by ‘a’. is denoted by (a)

or (a).

R
Q8. Let R be a commutative ring with Unity and let A be an ideal of R. Then A is an

integral domain if and only if A is Prime

AnS :

Given that

‘R’ is a commutative ring with Unity and ‘S’ is ideal of ‘R.’

R
To prove that — is an Integral domain < S is prime ideal of R.

S

R
Suppose that S is an Integral domain

R
= — is without zero divisors.

S
By definiton
. R
We have ifS+a, S+b ¢ S such that
(S+a).(S+b) =S=S+o0
= S+a=Sor S+b=S .. 1)

Now we shall prove that

Sis a prime ideal of R

(May/June-19)
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Let Se SwhenS=a.bwhenabeR
Toshowthat aes or bes
SeS = S+S=S
= S+ab=S
= (S+a).(S+b) =S
= S+a=So S+b=S by ..... 1)
= aeS=SorbesS
Sis a prime ideal of R
Conversely suppose That
‘S’ is a prime ideal of ‘R’

R
Required to show S is an Integral domain

It is required to show that

R
g is with out zero divisors.

R
Let S+a,S+b+§
= (S+a) (S+b) =S
= S+ (ab)=S
ab e S
aesorbes
= S+aeSorS+beS
R . L
S is without zero divisors.
Q9. Define maximal ideal.

AnS :

A maximal ideal M of a ring R is an ideal different from R such that there is no proper ideal U of R
properly containing M.
Q10. Let R be a commutative ring with Unity and Let A be an ideal of R.

R
Then A is a field if and only if A is maximal.

Ans . (Nov.-20)

Given that
R is a commutative ring with unity and ‘S’ is an ideal of R.
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R
Required to prove S is field

If and only if S is a maximal ideal of R

R
Suppose that S is a field.

Let S'be anideal of RwhenS # S'andS < S' < R
i.e., to prove S is maximal ideal of R
Consider

ScR= 3JaeRs>aegs

= S+a=xS

. R
= S + ais non zero element of —

S
Similalry
ScS = 3beS
3 begsS
S+b=xS

. R
= S + b is an non zero element of g

iy field
g isafield.

R
S is an integral domain

R
S is without zero divisors

WecanfindS +C e %

5 S+a=(S+Db)(S+¢)
= S+a=S+hbc

a-bceS

Ses L. 1)
we have S” is an edeal of R

wehave bes &ceR
bc e S° e (2)
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Apply closure property to the element
a—-bc & bc
= a-bc+bceS
aes
v a eRwehavea e S'
RcS
S'=R
Hence ‘S’ is maximal ideal of R
Connversely suppose that

S is maximal ideal of R

R
Required to prove S is a field.

R is a commutative ring with Unity
R . S , .
We have S s also commutative ring with Unity .
Required to prove

R R R
S is field it is enough the show, every non zero element of S has multiplication inverse of S

R
Let S + a be a non zero element of g

Consider the principle ideal generated by ‘a’
i.e., <a>={ax/x € R}

The sum of two ideals is again an ideal.
We have S + <a> is also an ideal.
ScS+<a>cR

S is maximal ideal of R
We have

S+ <a>=R

Rc S+ <a>

leR=1+S+ <a>

1=d+ ax

deS=S+d =S

S+(l-ax)=S

g
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S+1=S+ax
=S+ (1-ax)=S
S+1=S+ax
S+ 1=(S+a)(S+x)
S + x is required multiplication inverse

R field
g isafie

4.3 RING HOMOMORPHISM

4.3.1 Definition and Examples
Q11. Define Ring homomorphism.
Ans :

A ring homomorphism from a ring R to ring S is a mapping from R to S that preserves the two ring
operations.

ie, vabeR
da + b) = @) + ¢(b)
d@@ b) = (@) . ¢(b)

Let R & S be two rings w.r. to the binary operations ‘+’ & ‘«’ defined on them, then ¢ is said to be
an isomorphism if ¢ is homomorphism, ¢ is one one & ¢ is onto.

Q12. Let nbe an integer with decimal representationa_a,_, + ...... a, a, is divisible by 9 ifand
onlyifa +a_, + ...... a, a, is divisible by 9.
Sol :
Let n=a.a_ + ... a, a,
=a 10k+1a_ 10"+ ... +a .10+ a;

Let the natural mapping

oz — z, be defined by
aX) =y(mod 9) Vv X € z
a(10) = 1 is a homomorphism

n is divisible by 9

a(n) =0
< ofa 10+a_ 10+ ... +al0+a]=
< a@) [a(10) + afa, ) [(10)]< + ... + a(a) =
< a@)+a@,)l+ ... +a(@)=0
< af@+a +..+a +a)=
< a +a_ +... +a +a isdivisible by 9
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I 4.4 ProperTiES OF RING HOMOMORPHISM

Q13. Let ¢ be a ring homomorphism from a ring R to aring S. Let A be a subring of R and let
B be an ideal of S. Then for any r € R and any position integer n, ¢(nr) = ng(r) and ¢(r")

= (o(n)".
Ans :
Let Rand S are two rings
¢ : R — S be aring homomorphism for any r € R
and any positive integer n = n.r € z
Consider
on.rn = o +r... + r) n times
= o(r) + &) + ..... + ¢(r)
o(nr) = n. o)
orm = ¢ .r ... r) (n times)
= 0() o(r) ... ¢(r)
o) = [o(n]"

Q14. Let ¢ be a ring homomorphism from a ring R to a ring S. Let A be a subring of R then
d(A) = {d(x) / x € A} is a subring of S.

AnS :

Let Rand S are two rings

Let A asubring of R.
d(A) is a non empty

0 e ¢(A)as 0 = ¢(0)
Let ¢(a,). ¢@,) € ¢o(A)
where a, a, € A
(i) Required to show that
oa,) - d(a,) € o(A)
= i(a,) + o(-2,)
= ¢(a, + (-a,))
= ¢(a, - a,) € ¢(A)
(i) Required to show ¢(@,), #@,) € §A)
Consider ¢(a,) . ¢(a,) = ¢[a, a,] € ¢(A) a, a, € A
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Q15. Let ¢ be aring homomorphism from aring Rtoaring S. Let A be a subring of R and let
B be an ideal of S. If A'is an ideal and ¢ is onto S, then ¢(A) is an ideals.

Ans :
Let S & R be two rings
¢: R — S be aring onto homomorphism
Let A be anideal of R.
Then the range set ¢(A) = {¢(x) / x € A} is Subset of S
i.e., The identity element
0ceR=0eA= ¢0) =0 ¢A)
and 0' € S where 0'is an identity element in S
®(A) = ¢ and ¢(A) < S
V9, oy) € ¢(A) = I X,y € A
= X-yeA
= dx —y) € §A)
Consider
ox —y) = dx + (-y)
= o(x) + oY)
= o(x) - ¢y) € ®(A)
Let reR and x e A = rx and xr € A
reRand X e ¢(A) > r=¢r) 3reR and X =¢(X) I x € A
Consider
rox =) - ox)
= o) € ¢(A)
X =0(x) . )
= o(xr) € ¢(A)
Hence ¢(A) is an ideal of R

4.4.1 Kernel of Homomorphism

Let ¢ be a ring homomorphism from a ring Rto a ring S. Then Ker ¢ = {r € R/ ¢(r) = 0} is an
ideal of R.

Q16. Let ¢ be aring homomarphism fromaring RtoaringS. Let A be a subring of R and Let
B be an ideal of S If ¢ is an isomurphism If and only if ¢ is onto and Ker ¢={r € R/

o(r) = 0} ={0}
Ans . (May/June-19)

Let ¢ be an into isomarphism i.e., f is one one homomorphism
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We prove that Ker ¢ = {0}
aeR¢@=d= ¢@=¢(0)
= a=0
0 € Ris the only element in R
So that ¢(0) =0
By definition Ker ¢ = {0}
Conversely Suppore
Let Ker ¢ = {0}
Required to prove ¢ is one — one
a,b e R and ¢(@) = ¢(b)
#@) - ¢(b) =0" = ¢ (a-b) =0’

= a-b e Ker¢={0}

a-b=0

a=b>b

¢ is one — one

Q17. Let ¢ be an isomorphism from a ring R onto a ring S, Then ¢ is an isomorphism from
SontoR.

Ans :

Let R and S are two rings

Let ¢: R — S is an isomorphism then the range set (R) = {¢(X) /x e R} =S
¢':S — Ris an inverse function of ¢
o7'(s) = {¢7' (x}) / x* e s} is also subring of R

Now, ¥ X, ¥V eS = ¢'X)=x & ¢'(y)=y3ax+yeR

= X+yeR&XyeR

= X +y) = ¢(x) + &y)

=x+Yy
oxy) = ¢(x) . oY)
=X y'
Consider
¢ X+Y) =x+y
=¢" () +¢'(y)

& ¢'(Xy) =xy = ¢() ¢(y)
¢':S — Ris a homomorphism
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Let $:R > Sis1l-1
and onto then ¢': S— R is also one one and onto

¢':S — Ris an isomorphism.

Q1s.

Let R be a ring with Unity 1. The mapping ¢ : Z — R given by n — n.1 is a ring

homomorphism.

AnS :

Let R be a ring with Unity 1

Then mapping ¢ : Z — R be defined by
on)=n.1 vnez

vmnez = ¢émM=m.1 & ¢n)=n.1

Now, m+nez = ¢m+n=m+n).1

= m.l+n.1

= ¢(m) + ¢(n)
andm,n ez = ¢(m.n)
=(m.n).1
=(m.1l)(m.1)

¢ (M. n) = ¢(m) + ¢(n)

¢:Z — R is a homomorphim

Q109.

For any positive integer n. The mapping ¢ : Z — Z_defined as ¢(x) =

(mod n) is a ring homomorphism.

AnS :

Given that
0:Z > Z
defined ¢(x) + T where x = r(mod n)
Required to show,
o (X +y) = o(x) + ¢(y)
Let ofy) = S
where y = s (mod n)
X +y=r+ s(mod n)
Similarly
X.y=r.s(mod n)

r+s = 17+5S

w

s

(%]

T.

g

T where x =r
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LHS  ¢(x+y) = r+s
=T+5S
= ¢o(x) + &)
dxy) = 15
=T+5S
dxy) = ¢(x) + ofy)

¢ is homomorphism

R
Q20. If Alisanideal of aring R . Then show that the Quotient ring A is ahomomorphic image
of R.

AnS :

Let R be aring
A be an ideal of R.

R
N {r +A /r e R} is ring with respect to addition and multiplication of cosets

@+A+b+A =@+b)+Aand(@a+ A) (b +A)

R
—ab+Afora+ A b+ A e—

R
Let ‘f’ be a mapping from a ring R to the ring A

e, f:R > =
e, f1R > —+

A is said to be homomorphic image of R.
If it satisfices the following conditions
(i) fis well defined
R ,
f:R > A defined by

fa) =a+ A v aeR
vabeRa=b—=a+A=b+A

= f(a) = f(b)
f is well defined
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(i)

(iii)

fis homomorphism
v a,beR
f@+b)=(a+ b) + A
=@+A)+(b+A
= f(a) + f(b)
fla + b) = f(a) + f(b)
Consider
f(ab) = ab +A
=@+A)b+A
= f(a) f(b)
f(ab) = f(a) f(b)
f is ring homomorphism.
fis an onto mapping

R
of x+ A e Kthenxa R

xe A = fX)=x+A

R
v X+A € — 3 x e Rforwhichf(x) =x + A

A

f is an onto

R
f:R > A is an onto homomorphim

f is well defined and homomorphism and onto mapping

A

R
Hence, the Quotient ring A is an homomorphic image

— is homomorphic image of R.

Q21.

Prove that every homomorphic image of a ring R is isomorphic to some Quotient Ring

of R.

AnS :

Let R be the homomorphic image of ring R.

f:R — R such that f is homomorphism and f is onto
Let S be the Kernel of f

S={xeR/f(x)=0}
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()

(i)

(iii)

S is one ideal of R
R
S ={S+x/xeR}
R
s =R
. . R
Define a mapping ¢ : S Ras ¢ (s + x) = f(x)

¢ is well defined,

R
Let S+x, S+vye S

Such that S + x, S + y required show, ¢S + X) = ¢(X + V)

Consider
S+X=Xx+Yy

X-yeS
f(x-y)=0
f)-f(y)= 0

f() - f(y) + f(y)= 0 + f(y)
f(x) = f(y)
OS +x) = ¢S +y)
¢ is well defined mapping.
¢ is homomorphism.
Required to show
O[S +X) + (S +Y)] = ¢S +x) + ¢S +)
Consider
O[S +x) + (S+y) = ¢S+ (x +y)]
=fx +vy)
= f(x) + f(y)
=dS+x)+9(S+Yy)
LHS =RHS

¢ is one - one

R
Let(S+Xx).(S+y) e S

Rahul Publications

g



UNIT - IV ALGEBRA

= dS+Xx) =S +Yy)
f(x) = ()

f(x) - f(y) = 0

f(x—y) =0
X-yeS
S+Xx.S+y

(iv) ¢isonto

fis onto, we have v y € R
IxeR >y=f(x)
= #S +x)
y =S +X)
¢ is onto

R-R
R

Q22. Let R be a commutative Ring of characteristics 2,
Then prove that the mapping a — a?is a ring homomorphism from R to R.

Ans . (Nov.-20)
Given that

R is commutative ring and char is 2

0:R > Rand¢(@ =a> v aeR . (@)
Let a,be R = 2a=0 and 2b=0 .. (2
a+b = 2ab=0 .. (3

flb)=b> v beR
da + b) = (a + by
=a?+ b*+ 2ab
=a?+b*+0 by (2)
=a’+b?
da + b) = ¢(a) + ¢(b) by (1)
Also, ¢o(ab) = (ab)?
=a’b?
= ¢(a) ¢(b)

Hence ¢ is a ring homomorphism.

g
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Q23.

Is the ring 2z is isomorphic to ring 3z.

AnS :

Given,
2z and 3z are rings
Let z={n/n e z} then
2z={2n/n e z}
3z={3n/n e z}
¢ is @ mapping from 2z to 3z
i.e., ¢:22 > 32> ¢(2h)=3h v hez
Vv 2a,2b e 2z
Then the ring 2z is isomorphic to ring 3z, if ¢ is isomorphism, ¢ is one one
¢ is well defined and ¢ is onto
o(2a + 2b) = ¢(2(a + b))
=3(@-+Dhb)
=3a+3b
= §(2a) + ¢(2b)
o(2a + 2b) = ¢(2a) + ¢(2b)
o(2a . 2b) = ¢(2 (2ab))
= 3(2ab)
# ¢(2a) ¢(2b)

The ring 2z is not isomorphic to the ring 3z.

Q24.

a o
Prove that the subset S of all matrices of the form [O b} with a and b integers forms a

subring of the M, of all 2 < 2 matrices with integers as entries. Is it and ideal.

AnS :

Let, A= ,

B=1|g | areanytwo elements of S

Where,
a,b,c,deZ

ao=[s o) [s o

g
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[a 0][c O
AB=10 b|lo d
[axc+0x0 a><0+0><d}

~ |0xc+bx0 0x0+bxd

[ac+0 0+0
~|0+0 0+hd

[ac 0O S
= €

S is a subring of M,

1o
Let, € S, {3 4} € R,

1 0][3 4 [1x3+0x2 1x4+0x1
_0><3+1><2 Ox4+1x1

_[3+0 4+0
10+2 0+1

(3 4
= £S
2 1

S is not an ideal of M,

Q25.I1famap ¢ : R » R'is a homomorphism with Ker ¢. Then prove that Ker ¢ is an ideal

of R.

AnS :

Given that ¢ : R — R' is a homomorphism with Ker ¢.
S is a nonempty subset of R

Then if is satisfies the following conditions.

(i) Subset S is a subgroup of R with respect to addition
(i) rseSandsreS vreSandseS
Required to show that S is an ideal of R

Let O, O' € R and R’ respectively.
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Let S be a Kernel of f.
S={xeR:f(x)=0%

OeS
f(O) = O
S is non empty
If a,beS
Then
fla) = O' = f(b) . (@)
fa - b) = f(a + [-b])
= f(a) + f(-b)
= f(a) - f(b)
=0-0
a-besS

If risany element of R
Then flar) = f(a) . f(r)

= 0'f(r)
far) =0 .. (2
and, f(ra) = f(r) f(a)
=fr).0
f(ra) =0 .. (3

From (2)and (3)ar € S, ra e S
Hence a,be S, reS = (a-b)e S,are S, rae S

Sis a ideal of R.

Q26. Let ¢ be aring homomorphism from Ring R to ring S. If R is commutative ring prove that
®(R) is commutative.

Ans : (Jan.-21)
Let Rand S be a two rings
6:R—> S
and R is a commutative ring
Let the homomorphic image of R be ¢(R)
Let X,y € ¢R)
= XYedR)= FabeR
o@) = x, ¢b) =y
= xy = ¢(a) ¢(b)

g
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= ¢(ab)
= ¢(ba) -+ Ris commutative ring
= 4¢(b) ¢(a)
= yx
Xy = yX
Let ¢:R — Sisaring homomorphism
Let ‘1’ be the unity element of R
= 01) €S
Let a, be an element of R.
aeR
aeR

= a =¢() forsomea e R

Consider
o(1) &' = (1) #(a)
= ¢(1a)
= ¢(@)
=a'
o(1)a =a' . Q)
Consider
a o(1) = ¢(a) ¢(1)
= ¢(al)
= ¢(a)
=a'
a¢l) =a' .. (2

From (1) and (2)
o) a=ad¢l=a

¢(1) is a unity element of S

Q27. Prove that ring with unity contains z_or z.

(OR)

If R is aring with unity and the characteristics of R is n > 0O then prove that R contains a
subring is isomorphic to Z . If the characteristics of R is O then R contains a subring

isomorphic to Z.

AnS :

Given that, R is a ring with unity

g
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S be a subring of R

S={K1/K ez}
From the definition of Ring homomorphism

¢:z — Sgiven by ¢§(K) = K.1 is a homomorphism
By the first isomorphism of ring

z
Ker ¢

S But Ker ¢ = <n>

where n — additive order of 1 from the property of characteristic of a ring with unity.
Let R be aring with unity 1.

Let 1 has order n under addition

Then R has characteristic n

If R has characteristic ‘n’

R contains, a subring isomorphic to z_
When the characteristic of R is n.
If R has characteristic

z z
Ker¢  <0>

Then S

Q

= Z

Z_contains a ring with unity.

Q28. Let ¢ be a ring homomorphism from aring Rtoaring S. Then Keré = {r € R/ §(r) = 0}
is an ideal of R.

Ans . (May/June-19)

Given that

¢ is a ring homomorphism
ie, 6:R > S
Required to show that Ker ¢ is an ideal of R
Let 0e R and 0'e S
Let ¢ be a Kernel of f

¢={reR:¢r =0}
0 € ¢, Since f(0) =0’

¢ is non empty

g
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If a,b € ¢ then
fla) = 0' = f(b)
fa - b) = f(a + (-b))
= f(a) + f(-b)
= f(a) - f(b)
=0-0 -~ f(a) = 0" = f(b)
a-bed
If risany element of R.
f(ra) = f(r) f(a)
=1f(r) 0
=0
f(ra) =0
f(ar) = f(a) f(b)
= 0 f(r)
=0
fra) =0 and flar) =0 = are ¢ and ra € ¢
Hence a,be ¢, re¢d reR
= (a-b)e ¢ are ¢ rae ¢
¢ is ideal of R

i.e., Ker ¢isan ideal of R.

Q29. If F is a field of characteristic zero then prove that F contains a subfield isomorphic to
the rational numbers.

Ans : (Jan.-21)
Given that, Fis a field of characteristic zero
S is isomorphic to Z

Let g be the ring isomorphic to S to Z

lﬁtT:{Z/a,bes,bio}bemewmmw

: a) _ 9@
f: T > Q be defined by = f b) = gb) - (A)

By the definition of ring homomorphism
¢ is a ring homomorphism, it should satisfied the given two conditions.
1. ¢@+b) = ¢@) + ¢b)
2. ¢@b) = ¢a) + ¢b)
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Let S, teT 3 a,b,c,deS where b=d =0

Suchthat S= = andt= —
uc al —ban —d

a C
f(S) + () = f[BJ + f[aJ

9@ 90
= a(0) + a(d) from (A)
g(@) g(d) + g(c) g(b)
g(b) g(d)

g(ad + bc)
g(bd)

_ [ad+bc}
= "hbd

~(5+3)

f(S) + f(t) = f(S + t)

Consider
a c
f(S) f(t) = f[g} f[a}
OREC)
~ g(b) " g(d)
_ g(ac)
~ g(bd)

~ (5

g
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f(S) f(t) = (St)

f is ring homomorphism
Now to prove f is Ring Isomorphism, it is enough to prove f is one - one and f is onto
1. ‘f’isone-one

Let f(S) = f(t)

CRG

9@ _ )
= g(b)~ g(d

= g(a) g(d) = g(c) g(b)
= g(ad) = g(cb)

= ad = bc
a_¢
=~ b d
f is one - one
2. ‘fis onto

m

Let p € Q. Thenthere exist m,n € z, n = Osuchthatp = o

Since g is a ring homomorphism from S to z

JabeS bx0 > g@@=m gb)=n

{3}_@_5
= b)) T o Tt

‘f” is onto
‘f” is ring homomorphism

Then ‘f’ contains a subfield isomorphic to the rational number.

Q30. Find all the maximal ideals in Z ..
Sol :

Given that, Z  isaring

Let |be the ideal of Z ,

The divisors of 12 are 1, 2, 3, 4, 6 and 12

The ideals in Z,are

|l 151 ||
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<1>=4{1,2,3,4,56,7,8,9,10,11,0} = Z,
<2=>=4{0, 2, 4, 6, 8, 10}

<3=>=14{0, 3, 6, 9}

<4=> = {0, 4, 8}

<6=> = {0, 6}

<12> = {0}

<1> and <12> are not maximals.

Maximal ideals = <2>, <3>

Q31. Let R, Sbeanytworingsand ¢: R — Sisahomomorphism. If R is commutative. Then
show that ¢(R) is commutative.

AnS :

Given that, R, S are two rings
¢: R — Sis a homomorphism
Suppose that, R is commutative ring
Required to prove ¢(R) is commutative ring
Let ¢(r), ¢(r,) € ®(R), where r,r, € R
Consider
o(r) o) = o, T,
=0, 1)
= ¢(r,) o(r)
or) o(r,) = ofr,) o(r,)

o(R) is commutative ring

Q32. Show that the set M,(z) of 2 < 2 matrices with integer entries is a non commutative ring
with unity.

Ans : (Jan.-21)

Given that

M,(z) is a set of 2 %< 2 matrices with integer

al bl a2 b2
Let A=|; 4| B=|c q|YVABEME

a, +a, b1+b2}

= A+B= |:C1+C2 d, +d,

g
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and

a,a,+bec, ab,+bd,
A.B= c,a,+d,c, c,b,+d.d,

From the above we can conclude that closed binary operations M.(z) is a ring.

00
Let0=00

} be the additive identity

10
= {0 J be the multiplicative identity

1 1

Let A= 0
10
B=110
Consider AB =
Consider BA =

e M(2)

e M(2)

(1 1][1 0 1+1 040
0 1/|1 0|~ |0+1 0+0

1 o)lo o

[1+0 1+0
_l+0 1+0

11
11

AB = BA

So, multiplication is not commutative

M,(z) is a non commutative ring with unity {

0
01

|

|l 153 ',
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Q33. Define ring homomorphism show that ¢ : C— M, [R] given by

a b
¢ (a+ib) = Lb a} v a, beR, is an isomorphism of C into M, [R].

(OR)

a b
LetS=1_, | /® b € R} then show that

a b
¢ :C— Sgivenby, ¢ : (a+ib)= Lb a} is a ring isomorphism.

Sol : (May/June-19)
Given that

a b
¢ : C— Sgiven by, ¢:(a+ib)={_b a} v a,beR.

Leth,,h e C

172

h,=a, +ib, h =a, +ib,

where a, a,, b, b, € R
Consider
h, +h,=(a, +ib) + (a, + ib)
h+h,=(@ +a)+i(, +b)
Consider
h,h,=(a +ib) (a, + ib)
=a,a,+iaa,+ib a -b b,
h,h,=(, a,-b, b)+i(a b,+b a)

¢ (h)=¢ (a +ib)
a, b
- Lbl aj
a2 b2
¢ (h)= ¢ (a,+ib,) = Lbz aj
a

, b, a, b, a,+a, b, +Db,
oh)+o )=\ 4|+ |-, a|=|-b—-b, a-+a, (1)

. (2)

a, +a, b, +b,
—(b, +b,) a, +a,

¢ (h,+h)=4¢[(@ +a)+i(b +Db)]= {

= 154 =
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From (1) + (2)

¢(h) +o(h)=¢ (h,+h)
Similarly

¢ (h, h) =4¢(h) ¢(,)

. ¢ is ring homomorphism from C to S

~oo(h) =6(h)

al bl _ aZ b2
=~ |-b, a, |~ |-b, a,

Compare the matrices
= a,=a, b, =bh,
= a,+ib, =a,+ib,
~h,=h,

¢ is one - one and homomorphism.
. ¢ is not an onto homomorphism

. ¢ is an into isomorphism

Q34. Prove that Z_, the ring of integers modulo 7 is a field.

Ans : (Jan.-21)
Given, 2. ={0, 1, 2,3, 4,5, 6}
with integer modulo 7. Under addition and multiplication.

Z, Under addition modulo, By composition table

~

POl WININ
NfFP|O|lO|O| Bl WlW
WP OlO|O A~ D
Alw|N|PRP O[O0 O

QA WIN|FPIO|lO|O

ol wWIN PP

o|lu|lbhlw|NPFPIO|lO

OO~ WINFPIO|+

Z, Under multiplication modulo By composition table.

' 155 | —
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OoO|O|lO0O|O0|O0|O|O| O
glwlFkrlo|h~INDO|IN
AP O|W OlW
wlooINvNO|FP| MO
NP lOIRPIW OO,
PiINW OO O|O

oW NFPIO|PF

OO~ WINFP|lO|

1. here Associative property is satisfied Under @ _and ®
2. Distributive property also holds good.
3. Commutative property also holds good.
i.e., 0 € Z be the additive identity element
1 e Z be the multiplicative identity element.
4.  The additive inverse of 0,1, 2, 3, 4, 5,6 are 0, 6, 5, 4, 3, 2, 1 respectively.
5.  The multiplicative inverse of 1, 2, 3, 4, 5, 6 are 1, 4, 5, 2, 3, 6 respectively.
Z is commutative

Z_ is the ring of integer modulo 7 is a field.

g
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‘ Short Question and Answers I

1. Prove that Z, the ring of integers modulo 7 is a field.
Ans :
Given, 2. ={0, 1, 2,3,4,5, 6}

with integer modulo 7. Under addition and multiplication.

Z, Under addition modulo, By composition table

~

OO~ WINFPIO|+
o|lu|lbhlw|NPFPIO|lO
o|lolulh~h|lwWIN PP
POl WININ
NfFP|O|lO|O| bWl W
[OSHI SR ol R e N o) @)l I SN AN
ARlw|N|PRPO|O|OI O
QW ND|FPIO|lO|O

Z, Under multiplication modulo By composition table.

OO~ WINFP|lO|
O|O|lO0O|O0|O0|O|O| O
oW NFPIO|PF
glwlFkrlo|h~INO|IN
AP O|W OlW
wlooINvNO|FP| MO
NPl OIRPIWl OOl O,
PiINW OO O|O

1. here Associative property is satisfied Under @ _and ®
2. Distributive property also holds good.
3. Commutative property also holds good.
i.e., 0 € Z be the additive identity element
1 e Z be the multiplicative identity element.
4.  The additive inverse of 0,1, 2, 3, 4, 5,6 are 0, 6, 5, 4, 3, 2, 1 respectively.
5.  The multiplicative inverse of 1, 2, 3, 4,5, 6 are 1, 4, 5, 2, 3, 6 respectively.
Z is commutative

Z_ is the ring of integer modulo 7 is a field.

' 157 | .
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2. Let ¢ be a ring homomorphism from aring Rtoaring S. Then Ker ¢ = {r € R/ §(r) = 0}

is an ideal of R.

Ans :
Given that
¢ is a ring homomorphism
ie, 6:R > S
Required to show that Ker ¢ is an ideal of R
Let Oe R and 0 €S
Let ¢ be a Kernel of f
¢={reR:¢r =0}
0 € ¢, Since f(0) =0’
¢ is non empty
If a,b € ¢ then
f(@) = 0' = f(b)
fa - b) = f(a + (-b))
= f(a) + f(-b)
= f(a) - f(b)
=0-0 - f@) = 0" = f(b)
a-bed
If risany element of R.
f(ra) = f(r) f(a)
=1(r) 0
=0
fra) =0
flar) = f(a) f(b)
= 0 f(r)
=0
fra) =0 and f(ar)=0 = are ¢ and ra € ¢
Hence a,be ¢, re¢d reR
= (@-b)e ¢ are ¢ rae ¢
¢ is ideal of R

i.e., Ker ¢isan ideal of R.

g
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Let ¢ be aring homomorphism from Ring R to ring S. If R is commutative ring prove that

®(R) is commutative.

AnS :

Let R and S be a two rings
6:R—> S
and R is a commutative ring
Let the homomorphic image of R be ¢(R)
Let X,y € ¢(R)
= XyedR)= FabeR
0@ = x, ¢b) =y
= Xy = ¢(@) ¢(b)
= ¢(ab)
= ¢(ba) -+ R is commutative ring
= (b) ¢(a)
= yx
Xy =yx
Let ¢: R — Sisaring homomorphism
Let ‘1’ be the unity element of R
= 01) €S
Let a, be an element of R.
aeR
aeR

= a =¢() forsomea € R

Consider
o(1) &' = (1) #(a)
= ¢(1a)
= @)
=a'
o(1)a =a' . Q)
Consider
a o(1) = ¢(a) ¢(1)
= ¢(al)
= ¢(a)
=a'

g

Rahul Publications



B.Sc. Il YEAR IV SEMESTER

a¢l)=a .. (2
From (1) and (2)
o) a=a¢l)=a

¢(1) is a unity element of S

4. Define Ring homomorphism.
Ans :

A ring homomorphism from a ring R to ring S is a mapping from R to S that preserves the two ring
operations.

ie, v abeR
@ + b) = ¢(@) + ¢(b)
o@ b) = ¢(@) . ¢(b)

Let R & S be two rings w.r. to the binary operations ‘+’ & ‘.’ defined on them, then ¢ is said to be
an isomorphism if ¢ is homomorphism, ¢ is one one & ¢ is onto.

5. Let R be a ring with Unity 1. The mapping ¢ : Z - R given by n — n.1 is a ring
homomorphism.

Ans :
Let R be a ring with Unity 1
Then mapping ¢ : Z — R be defined by
on)=n.1 vnez
vmnez = ¢émM=m.1 & ¢n)=n.1
Now, m+nez = ¢m+n=m+n).1
= m.1+n.1
= ¢(m) + ¢(n)
andm,n ez = ¢(m.n)
=(m.n).1
=(m.1l)(m.1)
¢ (m . n) = ¢(m) + ¢(n)

¢:Z — R is a homomorphim

6. Is the ring 2z is isomorphic to ring 3z.

Ans :
Given,
2z and 3z are rings

Let z={n/n e z} then

g
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2z={2n/n e z}
3z={3n/n e z}
¢ is @ mapping from 2z to 3z

i.e., $:22 > 323 $(2h)=3h v hez
Vv 2a,2b e 2z
Then the ring 2z is isomorphic to ring 3z, if ¢ is isomorphism, ¢ is one one
¢ is well defined and ¢ is onto
#(2a + 2b) = ¢(2(a + b))
=3(@a+bh)
=3a+3b
= §(2a) + ¢(2b)
¢(2a + 2b) = ¢(2a) + ¢(2b)
d(2a . 2b) = §(2 (2ab))
= 3(2ab)
# ¢(2a) ¢(2b)

The ring 2z is not isomorphic to the ring 3z.

7. Find all the maximal ideals in Z ..
Ans :
Given that, Z , isaring
Let |be the ideal of Z ,
The divisors of 12 are 1, 2, 3, 4, 6 and 12
The idealsin Z , are
<1>=4{1,2,3,4,56,7,8,9,10,11,0} = Z,
<2=>=4{0, 2, 4, 6, 8, 10}
<3=> = {0, 3, 6, 9}
<4> = {0, 4, 8}
<6> = {0, 6}
<12> = {0}
<1> and <12> are not maximals.

Maximal ideals = <2>, <3>
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8. If R is a Unity and ‘U’ is an idel of R. Where 1 € U. Then prove that U = R.
Ans :
Given that
‘R’ is a ring with Unity
Uis anideal of R
leU
Uis anideal of R
By definition U< R ... @
Required to prove R < U
Uis anideal of R
We have by definition
VreR 1eU=r1r.1&1.reyU
= reu
- RcU .. )
From equation (1) and (2)

We can conclude that U = R

9. Let ¢ be aring homomorphism from aring R to aring S. Let A be a subring of R and let
B be an ideal of S. Then for any r e R and any position integer n, ¢(nr) = ng(r) and ¢(r")

= (¢(n)".
Ans :
Let Rand S are two rings
¢: R — S be aring homomorphism for any r € R
and any positive integer n = n.r € z
Consider
on.r = or+r... + 1) n times
= 4N + o) + .o + 4
o(nr) = n. o)
orm = ¢ .r ... r) (n times)
=0 o) ... ¢
o) = [o(0]"

§
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10. Let R,Sbeanytworingsand ¢: R — Sisahomomorphism. If R is commutative. Then
show that ¢(R) is commutative.

AnS :

Given that, R, S are two rings
¢: R — Sis a homomorphism
Suppose that, R is commutative ring
Required to prove ¢(R) is commutative ring
Let &(r), &(r,) € ®R), where r,r, € R
Consider
o(r) or,) = olr, 1)
=, 1)
= ¢(r,) o(r)
or) o(r,) = o(r,) ofr)

o(R) is commutative ring

g
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‘ Choose the Correct Answers I

1. fla+b)= [b]

(@) f(a)-f (b) (b) f(a) + f(b)
f(@)

(c) @ (d) none

2. f(-a)= [b]
(@) f(-a) (b) —f(a)

1

(€ f(a) @ %a

3.  Kernel f= [c]
(@ fx)=0 (b) f(x) = x
(c) fx)=0 (d) f(x) = —x

4. Every homomorphic image of a commutative ring is [d]
() Closed (b) Open
(c) Bounded (d) Commutative

5. oA = [a]
(@) ¢(a) (b) o(-2a)
€ -¢(a) (d) 0

6. If Alis an ideal and ¢ is onto ‘S’. Then ¢(A) = [c]
(a) field (b) ring
(c) ideal (d) 0

7. T=ab? abes,is [c]
(@ b=0 (b) b=-1
(c) b=0 (d) b=1

8. If ¢ is homomorphism ¢(x) = x, where a? = . [c]
(@ O (b) 1
€ a (d) -a

' 164 }
Rahul Publications -




UNIT - IV ALGEBRA
9. 176, 825, is divisible by [a]
@ 9 (b) 2
(c) 11 (d) 5
10. Ring isomorphism z, to a subring z,_iff nis [b]

(@) prime (b) odd
(c) even (d) (a) and (b)
[ 165 )
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‘ Fill in the Blanks I

1. Degree f (x) < p degree f(x) =

2. fla+b)=
3. f(ab) =
4. If f is homomorphism it satisfies

5.  fisautomorphismif f is

6. f(m + n) =
7. f(-a) =
8. f(0) =

9. The homomorphic image of a ring R is

10. Every homomorphic image of a ring is

11. z,=
ANSWERS
1. f(x)=0
2. f(a) + f(b)
3. .. f@).f(b)
4. () fla+b)=f@) +f(b)
(i) f(ab) = f(a) . f(b)
5. One - one and onto
6. f(m) + f(n)
7. —f(a)
8. 0O
9. Subring of R
10. .. RingR
11. {0, 1,2, 3, 4,5, 6}
Rahul Publications @



FACULTY OF SCIENCE

B.Sc. IV-Semester(CBCS) Examination
January - 2021
Subject: Mathematics
Paper - IV: ALGEBRA

Time : 2 Hours] [Max. Marks : 80
SECTION - A (4 < 5 = 20 Marks)
[Short Answer Type]
Note : Answer any FOUR questions.
ANSWERS

1. Let G be a group and let “a” be an element of order n in G. If a“ = e then prove

that n divides K. (Unit-I, SQA-1)
2. Find all subgroups of Z_. (Unit-l, SQA-2)
3. Suppose ¢ : G — G is an isomorphism from a group G onto group G. If K'is

a subgroup of G then prove that ¢(K) = (¢(R) | R € K) is a subgroup of G. (Unit-l, SQA-2)
4. Prove that the set of all inner automorphisms of a group G is a group under

composition of functions. (Unit-Il, SQA-1)
5. Prove that Z_, the ring of integers modulo 7 is a field. (Unit-Iv, SQA-1)
6. Show that the characteristic of an integral domain is zero or a prime. (Unit-1ll, SQA-2)

Let ¢ be a ring homomorphism from a ring R to a ring S. If R is commutative

ring, prove that ¢(R) is commutative. (Unit-IV, SQA-3)
8. In the ring Z,, find the quotient and remainder upon dividing

f(x) = 3x* + x* + 2x* + 1 by g(x) = X* + 4x + 2 where f(x), g(x) € Z[x]. (Out of Syllabus)

SECTION - B (3 x 20 = 60 Marks)
[Essay Answer Type]

Note : Answer any THREE questions.
9. State and prove fundamental theorem of cyclic groups. (Unit-l, Q.N0.43)
10. Let G be a group and aeG such that |a] = n. If K is a positive integer then

prove that <a*> = <a®™ and |a*| = 9cd(nK)° (Unit-l, Q.N0.39)
11. State and prove Lagrange’s theorem for groups. (Unit-ll, Q.No.54)
12.  Prove that a group up of prime order is cyclic. (Unit-Il, Q.No.57)
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13.  Show that the set M_(Z) of 2 > 2 matrices with integer entries is a non-commutative

ring with unity. (Unit-IV, Q.No.32)
14. Show that the set of Gaussian integers Z[i]J={a+ib|a, be Z} is a sub ring of

the ring of complex numbers. (Unit-lll, Q.No.51)
15.  Prove that ring with unity contains Z_or Z. (Unit-1Iv, Q.No.27)
16. If Fisa field of characteristic zero then prove that F contains a subfield isomorphic

to the rational numbers. (Unit-Iv, Q.No.29)
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SOLVED PREVIOUS QUESTION PAPERS ALGEBRA

FACULTY OF SCIENCE

B.Sc. IV-Semester(CBCS) Examination
May / June - 2019
Subject: Mathematics

Paper - IV: ALGEBRA

Time : 3 Hours] [Max. Marks : 80

I O

9.

SECTION - A (5 x 4 = 20 Marks)

[Short Answer Type]
Note : Answer any FIVE of the following questions.
ANSWERS
Prove that the set
a b
GL(2,R) = {L d}/a’ b,c,d e R,ad —bc = 0} is a non abelian group with
respect to matrix multiplication. (Unit-l, SQA-4)
Let G be a group and H be a nonempty subset of G. Ifab € H v a,b € Hand
a' eHV ae H then prove that H is a subgroup of G. (Unit-l, SQA-3)
State and prove Lagrange’s theorem. (Unit-l, SQA-3)
Define Automorphism Homomorphism Image and Isomorphic Image. (Unit-ll, SQA-6)
Prove that the characteristic of an integral domain in either zero or prime. (Unit-1ll, SQA-1)
Let R[x] denotes the set of all polynomials with real coefficients and let A denotes
the subset of the all polynomials with constant term O then prove that A is an
ideal of R[x] and A = < x >. (Out of Syllabus)
Let ¢ be a ring homomorphism from a ring R to a ring S then Ker
o= {r € R]¢(r) = 0} is an ideal of R. (Unit-Iv, SQA-2)
If D is an integral domain then prove that D[x] is an integral domain. (Unit-ll, SQA-2)
SECTION - B (4 x< 15 = 60 Marks)
[Essay Answer Type]
Note : Answer ALL from the questions.

(@) Every subgroup of a cyclic group is cyclic more over if |<a =] = n then

the order of any subgroup of < a > is a divisor of n and for each positive

divisor k of n, the group < a = has exactly one subgroup of order k hamely

<a>. (Unit-l, Q.No.43)
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OR

n!
(b) Define Alternating group of degree n. Also prove that A_has order > if

n=>1. (Unit-Il, Q.No.13)
10. (a) Prove thatthe group of rotations of a cube is isomorphic to S,. (Unit-Ill, Q.No.67)
OR

(b) Let G be agroup and let Z(G) be the centre of G. If % is cyclic then G

is abelian. (Unit-lll, Q.No.49)
11. (a) ProvethatZJil={a+ib|ab e Z} is afield of order 9. (Unit-Ill, Q.No.50)
OR
L . . : R
(b) Let R be a commutative ring with unity and let A be an ideal of R A then
is an integral domain if and only if A is prime ideal. (Unit-lll, Q.No.52)
12. (a) IfRisa ring with unity and the characteristic of R is n = 0 then prove that
R contains a subring isomorphic to Z . If the characteristic of R is O then R
contains a subring isomorphic to Z. (Unit-IV, Q.N0.27)
OR

a b
(b) LetS= {—b a}/a’b € R} then show that ¢ : C — S given by

¢ (a + i(b)) = is a ring isomorphism. (Unit-IV, Q.N0.33)
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FACULTY OF SCIENCE
B.Sc. IV-Semester (CBCS) Examination
Model Paper - |
Paper - IV: ALGEBRA
Subject: Mathematics

Time : 3 Hours] [Max. Marks : 80
PART-A (8 x 4=232M)
[Short Answer Type]
Note : Answer any Eight of the following questions
1. Let G be a group and let a be an element of order n in G, if a* = e then (Unit-l, SQA-1)
n divides K.
2. Let G be a group and let H be a non empty subset of G. If ab is in H (Unit-l, SQA-3)
whenever a and b are in H and a™ is in H whenever a is in H then H is
a subgroup of G.
3 Define binary operation with examples. (Unit-l, SQA-5)
4 A group of order 75 can have at most one subgroup of order 25. (Unit-ll, SQA-9)
5 Compute Aut (Z,,). (Unit-l, SQA-7)
6. Write notation for cycle. (Unit-Il, SQA-5)
7 Define Cancellation Law (Unit-1ll, SQA-9)
8 State the examples of Rings. (Unit-ll, SQA-7)
9 List the applications of factor groups. (Unit-lll, SQA-5)
10. Prove that Z, the ring of integers modulo 7 is a field. (Unit-Iv, SQA-1)
11. Let ¢ be aring homomorphism from Ring R to ring S. If R is commu- (Unit-1V, SQA-3)

tative ring prove that ¢§(R) is commutative.
12. LetR be a ring with Unity 1. The mapping ¢:Z — Rgivenbyn — n.1 (Unit-IV, SQA-5)
is a ring homomorphism.

SECTION-B (4 x 12 =48 M)

[Essay Answer Type]
Note : Answer all the following questions
13. (a) Prove that the set of R* of non zero real numbers is an abelian group (Unit-1, Q.No. 7)
under ordinary multiplication.
(OR)
(b) State and prove fundamental theorem of cyclic group. (Unit-1, Q.No. 43)
n!
14. (a) Provethatforn=> 1, A has order 5 (Unit-II, Q.No. 13)
(OR)
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(b)

15. (a)

(b)
16. (a)

(b)

State and prove for every integer ‘a’ and every prime ‘p’, a® mod
p = amod p.

Prove that a subgroup N of a group G is a normal subgroup of
GiffgNg?*=N Vv g € G.
(OR)
Fundamental theorem of homomorpic in group.
Let R be a commutative ring with Unity and let A be an ideal

R
of R. Then A is an integral domain if and only if A is Prime

(OR)

Let R be a commutative Ring of characteristics 2, Then prove that
the mapping a — a2 is a ring homomorphism from R to R.

Rahul Publications
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(Unit-ll, Q.No. 5)
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ALGEBRA

FACULTY OF SCIENCE
B.Sc. IV-Semester (CBCS) Examination
Model Paper - I
Paper - IV: ALGEBRA
Subject: Mathematics

Time : 3 Hours] [Max. Marks : 80
PART-A (8 x 4 =32 M)
[Short Answer Type]
Note : Answer any Eight of the following questions
Define Cayley’s Table (Unit-1, SQA-10)
2. Find all subgroups of Z_, (Unit-l, SQA-2)
3. Write some examples of groups. (Unit-l, SQA-6)
4. The set of Automorphism of a group and the set of inner Automorphism (Unit-l, SQA-1)
of group are both group under the operation of function composition.
5. The order of a subgroup of a finite group divides the order of the group. (Unit-l, SQA-3)
6. Define Permutation group. (Unit-Il, SQA-4)
7. The characteristic of an integral domain is the O or prime. (Unit-lll, SQA-1)
8. Define Normal subgroup with example. (Unit-ll, SQA-3)
9. Define factor group. (Unit-lll, SQA-4)
10. Let R,Sbeanytworingsand ¢:R — Sisahomomorphism. If R is (Unit-IV, SQA-10)
commutative. Then show that ¢(R) is commutative.
11. Let ¢ be a ring homomorphism from a ring R to a ring S. Then Ker (Unit-IV, SQA-2)
o={r € R/ ¢(r) = 0} is an ideal of R.
12. Isthe ring 2z is isomorphic to ring 3z. (Unit-IV, SQA-6)
SECTION-B (4 x 12 =48 M)
[Essay Answer Type]
Note : Answer all the following questions
13. (a) If Gisacyclic group generated by an element ‘a’ of order ‘n’ and if (Unit-1, Q.No. 44)
| <a=| = n. Then prove that the order of the subgroup of group
generated by a is a divisor of ‘n’.
(OR)
(b) Show that {1, 2, 3} under multiplication modulo 4 is not a group (Unit-1, Q.No. 12)
but that {1, 2, 3, 4} under multiplication modulo 5 is a group.
14. (@) Let HbeasubgroupofG& a,b e G (Unit-1l, Q.No. 50)
Then laH| = |bH|
(OR)
@ Rahul Publications



B.Sc. I YEAR IV SEMESTER

(b) Suppose that ¢ is an isomorphism from a group G onto a group G . (Unit-l, Q.No. 31)
Then ¢ is an isomorphism from G onto G.
15. (@) IfGisagroupand N is a normal subgroup of G. Then prove (Unit-1ll, Q.No. 8)
G
that N {Nx/x e G} forms a group w.r.to coset multiplication

as the binary operation

(OR)
(b) A nonempty subset S of a ring R. is a subring if S is closed subtraction (Unit-1ll, Q.No. 30)
and multiplication
ie, () a-besS
(i) ab €S when a,b eS
16. (a) Let ¢ be aring homomarphism fromaring Rtoaring S. Let A (Unit-1IV, Q.No. 16)

be a subring of R and Let B be an ideal of S If ¢ is an isomurphism
If and only if ¢ is onto and Ker ¢={r € R /¢(r) = 0} ={0}
(OR)

(b) Let ¢ be aring homomorphism from Ring R to ring S. If R is (Unit-1IV, Q.No. 26)
commutative ring prove that ¢(R) is commutative.

g
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[Max. Marks : 80

PART-A (8 x4 =32M)
[Short Answer Type]

Note : Answer any Eight of the following questions

1.

a b
Prove that the set GL (2, R) = {L d}/a, b,c,d e R,ad-bc = 0}

is a non abelian group with respect to matrix multiplication.

What are the Elementary Properties of Groups?

Define multiplication modulo.

Let ¢ be an isomorphism from G to G . If K is a subgroup of G. Then
o) = {¢ (K) / k e K} is a subgroup of G .

Let H = {0, 3, 6} is Z, under addition. Then find the left cosets of H is Z,.
Define Isomorphism.

If D is an integral domain, Then prove that D[x] is an integral domain.
Define integral domain with example.

Define Automorphism Homomorphism Image and Isomorphic Image.
Define Ring homomorphism.

Find all the maximal ideals in Z ,,.

Let ¢ be a ring homomorphism from aring Rtoaring S. Let A be a
subring of R and let B be an ideal of S. Then for any r € R and any
position integer n, ¢(nr) = n¢(r) and (") = (dp(n))".
SECTION-B (4 x 12 =48 M)
[Essay Answer Type]

Note : Answer all the following questions

13.

(@) Let G be a group, and let a belong to G.
(i) if ahas infinite order, then a'=al if andonly if i =]
(i) If a has finite order, say n, then <a> = {e, a, a* ... a**} and
a'=a if and only if n divides i —
(OR)

(Unit-I, SQA-4)

(Unit-l, SQA-7)
(Unit-1, SQA-9)
(Unit-Il, SQA-2)

(Unit-Il, SQA-8)
(Unit-Il, SQA-6)
(Unit-lll, SQA-2)
(Unit-lll, SQA-8)
(Unit-lll, SQA-6)
(Unit-IV, SQA-4)
(Unit-IV, SQA-7)
(Unit-IV, SQA-9)

(Unit-1, Q.No. 37)
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(b)

14. (a)

(b)

15. (a)

(b)
16. (a)

(b)

Let G be the group of polynomial under addition with coefficients
from Z, .

Find the orders of
fx) = 7x*2+5x+ 4
gxX) =4x>*+ 8x + 6
and f(x) + g(x)

The set of Automorphism of a group and the set of inner
Automorphism of group are both group under the operation
of function composition.

(OR)
Prove that a group of prime order is cyclic.
The characteristic of an integral domain is the 0 or prime.
(OR)
Prove that Z, [i] = {a + ib/a,b €Z, } is a field of order 9?
Prove that ring with unity contains z_or z.
(OR)
Define ring homomorphism show that ¢ : C— M, [R] given by

a b
¢ (@a+ib)= {—b a} Vv a, beR, is an isomorphism of C into

M, [R].
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(Unit-1, Q.No.
(Unit-Il, Q.No.
(Unit-Il, Q.No.
(Unit-lll, Q.No.
(Unit-lll, Q.No.
(Unit-1v, Q.No.
(Unit-1v, Q.No.

48)

39)

57)
46)

50)
27)

33)
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