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Errors in Numerical Calculations - Solutions of Equations in One
U N |T Variable: The Bisection Method - The lIteration Method - The Method of
False Position- Newton’s Method - Muller’s Method - Solution of Systems of
I Nonlinear Equations.
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1.1 ErRrRORS IN NUMERICAL CALCUALTIONS I

Q1. Define the types of errors.
Sol :

(i) Inherent Errors : Inherent errors are those that are present in the given data or the-errors arise
due to the limitations of the computing aids, mathematical tables, calculators or the digital computer.

(if) Rounding Errors : Rounding errors arise from the process of rounding off the numbers during the
calculations.

Rounding errors can be reduced by retaining atleast one or more significant figure at each step
than that given in the data and rounding off at the last step.

(iii) Truncation Errors : These are the errors caused by using approximate formulae in calculations.
Such as the one that arises when-a function f(x) is calculated from an infinite seires for x after
truncating it at a certain stage.

(iv) Absolute, Relative and Percentage Errors :

(a) Absolute error is the numerical difference between the true value of a quantity and its
approximate value.

If X'is the true value of a quantity X_ is the its apprxomate value, then the absolute error
is given by

E,=X-X =8X
(b) The relative errors E_ is defined by
E, X=X, &

E=X T x TX

(c) The percentage error E, is defined by

— i 1
E, =100 E,= —— x 100

Q2. Derive general error formulae.

Sol :

We derive a general formula for the error commited in using a functional relation

' 1 |
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Let u=f(x, X, ... x ) be a function of several variables
S S X @

If AX,, AX,, ..... AX_ be te the corresponding errors in X, X,, ..... X _respectively ten the error Au in
u is given by

U+ Au = f(x, + Ax,, X, + AX,, ..... X +Ax) L 2
Expanding the right side by Taylor’s series we get

of . . :
u+ Au=f(x, X,, ... X )+ Z v AX. + terms involving higher process of

i-1 OX

Assuming that the errors in x. are so small that their squares and higher powers can be neglected.

Then equation (3) gives,

u i=1 aXi :
= a—f AX + — AX. + + i AX
ox, C A o
The relative error in u is,
Au ou  Ax ou  AX, ou  Ax,
E=—=—. = —= 4+ + S . —
R u o ox, U X, U X, "

2
Q3. Fine the relative error if 3 is approximate the 0.667.

Sol :

2
True value X = 3

Approximate value X, = 0.667

2
Hence, absolute error E, = X - X = 3 —0.667
%—0.667
Relative error, E, = X = —E = 0.0005
3

Q4. Find the percentage error if 625.483 is approximated to three significant figures.

Sol :
True value X = 625.483
Approximate value X = 625

g

Rahul Publications



UNIT - | NUMERICAL ANALYSIS

X —X,
Hence, absolute error= X < 100
625.483 - 625
= [ 625.483 ‘ > 100
= 0.007
Q5. Round off the following numbers to four significant figures.
(i) 38.46235
(i) 0.70029
(iii) 0.0022218
(iv) 2.36425
Sol :
Rounding off the number to four significant figures is,
(i) 38.406
(i) 0.7003
(i) 0.002222
(iv) 2.364
Q6. An approximate value of w is given by x, = 3.1428571 and its true value is x = 3.1415926.
Find the absolute and relative errors.
Sol :
Given
x, = 3.1428571 and x = 3.1415926
Absolute errors. E, = |x, —X]|
= |3.1428571 - 3.1415926]
= 0.0012645
Relative error E, = Ea = 0.0012645
R X 3.1415926
= 0.0004025
Q7. When the numbers x =4.488 and y = 1.321 are rounded to two decimal places, find the
X
value of g = ; and E_ (q)
Sol :

Given,
X =4.488 and y = 1.321
X 4.488

A= = 35 = 3:397426 = X (true value)

' 3 |
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If x and y are rounded to two decimals, then
X =449, y=1.32

_i_ﬂ_340—x i t |
4=y = 15 —340= , (approximate value)

Absolute error E,(q) = |X - X | = |3.397426 - 3.4]

= 0.002574
, E, 0.002574
Relative error E_(q) = X = 3397426 — 0.000758

Sol :

0.31x+2.73
Ify=|"3%035

whenx=0.5 + 0.1

} where the co-efficient are rounded off, find the relative error in y

Given

_ 0.31x+2.73
Y= TX7035

and x=0.5 + 0.1
= X=06 or x=04
Ley Y be the true value of y and 'Y, be the approximate value of y.

(0.31)(0.6)+2.73 _ 2.916
0.6+0.35 095

If x=0.6, Y= = 3.0694736

If the co-efficient are rounded off, then

_ (03)(0.6)+2.7  2.88
17 06404 1

= 2.88

Absolute error E, = |Y =Y | = |3.0694736 - 2.88] = 0.1894736 = 0.19

Relative Error E.= 7 = m = 0.0618 = 0.06

_ (0.31)(0.4)+2.93
o 0.4+0.35

If x=04,

Y = 3.8053333
If the co-efficients are round off their

_ (0.3)(0.4)+2.7

' T T 04+04 o2
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Absolute error E, = |Y - Y, | = |3.8053333 - 3.52]
= 0.2853333 = 0.29

_ = 0.29
Hence relative error E, = Y = 38053333 0.0762 = 0.08

Q9. If u=3v’-6vfind the percentage error in u at v= 1 of the error in v is 0.05.
Sol :
Given u = 3v’ - 6v

Error in v is 8v = -0.05

N6
v VT
—  ou=(2Lv° - 6) dv ()

A0 v=1, u=3(1)-6(1)=3-6=-3.
ou = (21(1)° - 6) (0.05) = 0.75

ou
Percentage error inu = E, = ‘T‘ > 100

0.75
= 3] >*100=25

Q10. Find the relative and percentage error in u = 6v®*-3v*atv =1.5 + 0.0025.
Sol :
Given
u=6v°> - 3v*

Error inv, 6v = 0.0025

o 30v4 - 12v8

Vi v4 — 12v

ou =@Bov-12v¥) v L @
Given

v=15 + 0.0025
— v =15025 1.4975
(i) At v = 15025
Now u = 6v5 — 3v* = 6(1.5025)° -3 (1.5025)" = 30.6545
and au = [30.(1.5025)* — 12(1.5025)%] (0.0025)
= (152.8900 - 40.7028) (0.0025)
ou = 0.2805

' 5 |
J Rahul Publications



B.Sc.

Il YEAR VI SEMESTER

. _|oul  |0.2805|
Relative error E, = u| = 1306545 = 0.0092
and percentage error inu, E, = ol x 100 = 0.92

(i) At v =1.4975
Now u = 6v5 — 3v* = 6(1.4975)° — 3(1.4975)* = 30.0976
and ou = {30(1.4975)* — 12 (1.4975)*] (0.0025)

ou = 0.2764
Relati E —a—u—ﬂ—OOOQZ
elative error E, =171 = 5 5006 =0

ou
and percentage error in u, E, = ‘T‘ x< 100 = 0.92

2

. . . 5x .
11. Find the relative error in u = ZZ with ox = gy = 0z =0.00land x =y =z = 1.

Sol :

Given

5xy?
u= 2+ e \J SO @

Differentiating partially w.r.t' X, y, z

ou __By? du  10xy = du _ —15xy?

Ox 2oy 2 a7
_ou
ou = ox oX oy oy pe 0z
5y? 10xy 15xy?

5 Ox+ T oy + - 01

5y? 10xy 15xy?
23 6X‘+‘23 5}"+‘ 24 0z

ou =

If we take ox = oy = 9z =0.00landx=y=z=1
Then,
ou = 5(0.001) + 10(0.001) + 15(0.001)
ou=0.03 and u=5

Rahul Publications
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1.2 SoLuTioNs oF EQuATioNs IN ONE VARIABLE I

1.2.1 The Bisection Method
Q12. Write the procedure of Bisection Method.
Ans :
Step 1:
Choose two real numbers a and b
Such that f(a) . f(b) < 0

Step 2:
a+b
Setx, = S

Step 3:

(@) If f(a). f(x,) < 0, the root lies between(a, x,)
Then, set b = x,set b = x, and go to step 2 above.
(b) If f(a). f(x,) = 0, then root lies between(x,, b)

Then, set a = x, and go to step 2.

(c) Iff(a) f(x,) = O it means thet x, is a root of the equations f(x) = 0 and the computation may

be terminated.

Q13. Find a real root of the equation f(x) =x3-x -1 = 0 by using bisection method.

Ans :

Given equation is f{(x) =x3-x-1=0
f1)=(13-1-1=-1<0
f2)=(23-2-1=5=>0.

f(1) < 0 and f(2) = 0 then the root lies between 1 and 2
Let a=1, b=2.

a+b 1+2
2 2

N | w

Xo = =15

= f(x) = f(1.5) = (1.5)3-1.5-1 = 0.8750 > 0.
Since f(1.5) > 0 and f(1) < 0

Then the root lies between 1 and 1.5

= f(x;) = f(1.25) = (1.25)3- 1.25 -1 = -0.2969 < 0
Since f(1.25) < 0 and f(1.5) = 0

- J
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Then the root lies between 1.5 and 1.25

—  f(x,) = f(1.375) = (1.375)2 - 1.375 — 1 = 0.2246 > 0.

Since f(1.375) > 0 and f(1.25) < 0.
Then the root lies between 1.25 and 1.375.

1.25+1.375
Xg= ————— = 1.3125
2
= f(x3) = f(1.3125) = -0.0515 < 0.
Since f(1.3125) <0 and f(1.375) =0.
Then the root lies between 1.375 and 1.3125

1.375+1.3125
X, = ———————— = 1.3438.
2
= f(x,) = f(1.3438) = 0.0828 > 0.
Since f(1.3438) = 0 and f(1.3125) < 0O

Then the root lies between 1.3438 & 1.3125

_1.3438+1.3125
Xg = >
— f(xg) = f(1.3238) = 0.0149 > 0.
Since f(1.3282) > 0 and f(1.3125) < 0
Then the root lies between 1.3125 and 1.3282

= 1.3282.

1.3282+1.3125

= f(xg) = f(1.3204) = -0.0183 < 0
Since f(1.3204) < 0 and f(1.3282) > 0
then the root lies between 1.3204 and 1.3282

= 1.3204.

_1.3204 +1.3282
X7 = >
= f(x;) = f(1.3243) = -0.0018 < 0
Since f(1.3243) < 0 and f(1.3282) > 0
Then the root lies between 1.3243 and 1.3282

= 1.3243.

_1.3243+1.3282

Xg ; = 1.3263

Rahul Publications
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= f(xg) = f(1.3263) = 0.0068 > 0
Since f(1.3263) = 0 and f(1.3243) < 0 then the root lies
Between 1.3263 and 1.3243.

1.3263+1.3243

= 1.3253

= f(xg) = f(1.3253) = 0.0025 > 0.
Since f(1.3253) = 0 and (1.3243) < 0 then the root lies
Between 1.3253 and 1.3243

1.3253+1.3243

X10 = 5 = 1.3248.

= f(X4p) = f(1.3248) = 0.0003 > 0.
Since f(1.3248) = 0 and f(1.3243) < 0 then the root lies between 1.3248 and.1.3243

1.3248 +1.3243
Xy = 5 = 1.3246

= f(xqy) = f(1.3246) = -0.0005 < O.
Since f(1.3246) < 0 and f(1.3248) = 0 then the root lies between 1.3246 and 1.3248

1.3246 +1.3248
Xy = 5 = 1.3247

= f(x;9) = f(1.3247) = -0.0001 < O.
Since f(1.3247) < 0 and f(1.3248) = 0 then the root lies between 1.3247 and 1.3248.

1.3247+1.3248
X1g = 5 = 1.3248

We find
X3 — X1 = 1.3248 - 1.3247 = 0.0001

X153 =Xpp

= —— X
¥ 100= 73008 <1

and 00 = 0.01%

13

Hence a root, correct to three decinal placess is 1.324

Q14.
Sol :

Find a real root of the equation x3 - 2x -5 = 0 by using bisection method

Given eqution f(x) =x3-2x-5
f1) = (1)P-21)-5=-6<0
f2)=(2)P-22-5=-1<0
f(3) = (3)*-2(3)-5=16> 0.

' 9 |
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Since f(2) < 0 and f(3) = 0, then the root lies between 2 & 3
Let a=2, b=3.

= f(x;) = f(2.5) = (2.5)3 - 2(2.5) -5 = 5.6250 > 0.
Since f(2.5) = 0 and f(2) < 0 then the root lies between 2 and 2.5

= f(x,) = f(2.25) = (2.25)3 - 2(2.25) - 5 = 1.89063 > 0.
Since f(2.25) > 0 and f(2) < 0 then the root lies between 2 and 2.25

24225 425
Xg= ", = —, =212

— f(xg) = f(2.125) = (2.125)3 - 2(2.125) — 5= 0.3457 > 0.
Since f(2.125) = 0 and f(2) < 0 then the root lies between 2 and 2.125

Xy = &2125 = 2.0625

= f(x,) = f(2.0625) = -0.35132
Since f(2.0625) < 0 and f(2.125) >0 then the root lies between 2.125 & 2.0625

2.0625+2.125
X =~ < =2.00375

= f(xg) =T (2.09375) = (2.09375)3 - 2(2.09375) - 5 = — 000894 < 0
Since f(2.09375) < 0 and f(2.125) = 0 then the root lies between 2.125 & 2.09375

2.125 +2.09375
Xg = > = 2.10938

= f(xg) = f(2.10938) = 0.16689 > 0
f(2.10938) = 0 and f(2.09375) < 0 then the root lies between 2.09375 and 2.10938.

2.09375 + 2.10938
X; = > = 2.10157

= f(x;) = f(2.10157) = 0.07865 > 0.
Since f(2.10157) = 0 and f(2.09375) < 0 then the root lies between 2.10157 and 2.09375.

2.10157 + 2.09375
Xg = > = 2.09766

= f(xg) = f(2.09766) = 0.03476 > 0.

{ 10 )
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Since f(2.09766) = 0 and (2.09375) < 0 then the root lies between 2.09766 and 2.09375

2.09766 + 2.09375
Xg = 5 = 2.09571

— f(xg) = f(2.09571) = 0.01294 > 0.
Since f(2.09571) = 0 and f(2.09375) < 0 then the root lies between 2.09571 and 2.09375.

2.09571+2.09375

X10 = 5 = 2.09473

= f(X3p) = f(2.09473) = 0.00199 > 0.
Since f(2.09473) = 0 and f(2.09375) < 0 then the root lies between 2.09473 and 2.09375.

2.09473 + 2.09375

Xy = > = 2.09424 ~2.094

f(x,,) = f(2.09424) = -0.00348 < 0.
Since f(2.09424) < 0 and f(2.09473) = 0 then the root lies between 2.09424 and 2.09473.

2.09424 +2.09473

Xyp = 5 = 2.09449 = 2.094

Hence, a root correct to three decimal places 2.094.

Q15.
Sol :

Find a real root of f(x) = x3+ x2 + x +7 =0 correct to three decimal places.

The given equation is a cubic and the last term is positive.
Hence f(x).= 0 will have a negatine real root.
f-1)=(1)P + (-1)*+(-1)+7=6=>0
f(-2) = (-2 + (-2)*+ (-2) +7=1=>0.
f(-3) = (-3)* + (-3)?+ (-3) + 7=-14 < 0.
Since f(-2) = 0 and f(-3) < 0 then the root lies between -2 and -3.

-2-3

X, = T =-25
f(x) =1-25)=(2.5°+(-2.5°+ (2.5 +7
=-4.8750<0

Since f(-2.5) < 0 and f(-2) > 0 then the root lies between -2 and -2.5
-2+(-2.5)
="
f(x,) = f(~2.25) = (-2.25)* + (-2.25)* + (-2.25) + 7
=-15781 < 0.

=-2.25

' 11 | .
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Since f(-2.25) < 0 and f(-2) > 0 then the root lies between -2 and -2.25.

_ 2-225
X,= ——, — =-2125

f(x,) = f(-2.125) = -0.2051 < 0
Since f(-2.125) < 0 and f(-2) > 0 then the root lies between -2 and -2.125.

—2-2.125
X,= ———— =-2.0625

f(x,) = f(~2.0625) = 0.4177 > 0.
Since f(-2.0625) > 0. and f(-2.125) < 0 then the root lies between —2.0625 and -2.125

_ —2.0625-2.125
X, = 2

= -2.0938

f(x,) = (-2.0938) = 0.1116 > 0.
Since f(-2.0938) > 0 and f(-2.125) < 0 then the root lies between —2.0938 and -2.125
. _ —20938-2125
6 2
f(x,) = f(-2.1094) = -11.9076 < 0
Since f(-2.1094) < 0 and f(-2.0938) = 0 then the root lies between —2.1094 and —-2.0938.

= -2.1094

_ —2.1094 - 2.0938

X, = > = -2.1016

f(x,) = 1(-2.1016) = 0.0329 > 0
Since f(-2.1016) > 0 and f(-2.1094) < 0 then the root lies between -2.1016 and -2.1094.

_ —2.1016-2.1094

X, = > = -2.1055

f(x,) = f(-2.1055) = -0.0063 < 0
Since f(-2.1055) < 0 and f(-2.1016) > 0 then the root lies between —-2.1055 and -2.1016.

_ —2.1055-2.1016

Xy = > = -2.1036

f(x,) = f(-2.1036) = 0.0135 > 0.
Since f(-2.1036) > 0.and f(-2.1055) < 0. then the root lies between —2.1036 and —2.1055.

_ —2.1036-2.1055

X = 5 =-2.1046 = -2.105

f(x,,) = f(-2.1046) = 0.0027 > 0.
Since f(-2.1046) > 0 and f(-2.1055) < 0 then the root lies between —-2.1046 and —2.1055.
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—2.1046 - 2.1055
X, = 5 = -2.105 | = -2.105

X, & X, are same upto three decimal places

Hence the root of given equation | x =-2.105

Q16.

Sol :

Find a root, correct to three decimal places and lying between 0 and 0.5 of the equation

4e>*sinx-1=0

Let f(x) = 4e*sinx -1
We have f(0) = -1 and f(0.5) = 0.163145
Sincef0)=-1<0

f(0.5) = 0.163145 > 0
Then the root lies between 0 and 0.5

. = 0+0.5

1 2

f(x,) = f(0.25) = 4e°2* sin (0.25) - 1 = - 0.2293 < 0
Since f(0.25) < 0. and f(0.5) > 0
then the root lies between 0.25 and 0.5

=0.25

_0.25+0.5
2 2
f(x,) = f(0.375) = 4e°¥* sin (0.375) -1 =1.1317 > 0
Since f(0.375) = 0 and f(0.25) < 0 then the root lies between
0.375 and 0.25

X = 0.375

_0.375+0.25
s 2
f(x,) = f(0.3125) = 0.6809 > 0.
Since f(0.3125) = 0.and f(0.25) < 0 then the root lies between
0.3125 and 0.25

X = 0.3125

_0.3125+0.25
4 2
f(x,) = f(0.2813) = 0.4711 > 0
Since f(0.2813) = 0 and f(0.25) < 0 then the root lies between
0.2813 and 0.25

X = 0.2813

_0.2813+0.25

X, = > = 0.2657

g
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f(x,) = f(0.2657) = 0.3700 > 0.

Since f(0.2657) = 0 and f(0.25) < 0 then the root lies between
0.2657 and 0.25
« = 0.2657+0.25

6 2

f(x,) = f(0.2579) = 0.3204 > 0

Since f(0.2579) = 0 and f(0.25) < 0 then the root lies between
0.2579 and 0.25

= 0.2579

_0.2579+0.25
T 2
f(x,) = 1(0.2540) = 0.2958 > 0.
Since f(0.2540) = 0 and f(0.25) < 0 then the root lies between
0.2540 and 0.25

X = 0.2540

_0.2540+0.25
8 2
f(x,) = f(0.2520) = 0.2832 > 0
Since f(0.2520) = 0 and f(0.25) < 0 then the root lies between
0.2520 and 0.25

X = 0.2520

_0.2520+0.25

. 5 = 0.2510

X

f(x,) =(0.2510) = 0.2769 > 0
Since f(0.2510) = 0 and f(0.25) < 0 then the root lies between
0.2510 and 0.25

_0.2510+0.25

o > = 0.2505 = 0.251

X

Hence, x, and x,, are repeating same upto three decinal place.
The required root is 0.251

Q17.

Sol :

Obtain a root of equation x® — 4x — 9 = 0O correct to three decimal places by using

bisection method.

Let the given function f(x) = x3>-4x-9
f1) =1°-4(1)-9=-12<0
f2)=2°-4(2)-9=-9<0
f3)=3*-4(3)-9=6>0
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Since f(2) < 0 and f(3) = 0 then the root lies between 2 and 3

f(x) = f(2.5) = (2.5)° -4(2.5) -9 =-3.3750 < 0
Since f(2.5) < 0 and f(3) > 0 then the root lies between
2.5 and 3.

. = 25+3
2 2
f(x,) = f(2.75) = 0.7969 > 0
Since f(2.75) = 0 and f(2.5) < 0 then the root lies between

=275

2.75 and 2.5
_275+25
X, = 5 = 2.625

f(x,) = f(2.625) = -1.4121 < 0
Since f(2.625) < 0 and f(2.75) = 0 then the root lies between
2.625 and 2.75

2.625+2.75
X= = 26875

f(x,) = f(2.6875) = -0.3391 <0
Since f(2.6875) < 0 and f(2.75) = 0 then the root lies between
2.6875 and 2.75

2.6875+2.75

X5: f = 2.7188

f(x,) =1(2.7188) = 0.2207 > 0
Since f(2.7188) = 0 and f(2.6875) < 0 then the root lies between
2.7188 and 2.6875

2.7188 + 2.6875
X, = 5 = 2.7032

f(x,) = f(2.7032) = -0.0608 < 0
Since f(2.7032) < 0 and f(2.7188) = 0 then the root lies between
2.7032 and 2.7188

2.7032+2.7188
X,= 5 = 2.7110

f(x,) = f(2.7110) = 0.0806 > 0
Since f(2.7110) > 0 and f(2.7032) < 0 then the root lies between
2.7110 and 2.7032

' 15 | —
——J Rahul Publications



B.Sc. Il YEAR VI SEMESTER

2.7110 + 2.7032
X,= > = 2.7071

f(x,) = f(2.7071) = 0.0130 > 0
Since f(2.7071) = 0 and f(2.7032) < 0 then the root lies between
2.7071 and 2.7032

2.7071+2.7032
X, = 5 = 2.7052

f(x,) = f(2. 7052) = -0. 0250 < 0
Since f(2.7052) < 0 and f(2.7071) > 0 then the root lies between
2.7052 and 2.7071

_ 2.7052+2.7071
10 2
f(x,,) = f(2.7062) = - 0.0070 < 0
Since f(2.7062) < 0 and f(2.7071) = 0 then the root lies between
2.7062 and 2.7071

X = 2.7062

_ 2.7062+2.7071

X, = > = 2.7067

X,, & X, are repeating same upto three decinal places
Hence root of the equation x = 2.706

Q18. Obtain a root of the equation x> + x — cosx = 0 correct upto three decinal places by
bisection method.

Sol :
Let the given function f(x) = x* + X — cosx
f0)=0°+0-coso=-1<0
f1) =1+ 1 -cosl = 1.4597 = 0
f(0) < 0 and f(1) > 0O then the root lies between 0 and 1

0+1
=05

X1: 2

f(x,) = f(0.5) = - 0.1276 < 0
Since f(0.5) < 0 and f(1) = 0 then the root lies between

0.5 and 1.
0.5+1
X, = 5 = 0.75

f(x,) = (0.75) = 0.5808 > 0

g
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Since f(0.75) = 0 and f(0.5) < 0 then the root lies between
0.5 and 0.75
_ 05+0.75
s 2
f(x,) = f(0.625) = 0.2047 > 0
Since  f(0.625) = 0 and f(0.5) < 0 then the root lies between

X = 0.625

0.625 and 0.5
0.625+0.5
X, =~ =0.5625

f(x,) = f(0.5625) = 0.0330 > 0

Since f(0.5625) = 0 and f(0.5) < 0 then the root lies between
0.5625 and 0.5
. = 0.5625+0.5

5 2

f(x,) = f(0.5313) = - 0.0486 < 0

Since f(0.5313) < 0 and f(0.5625) = 0 then the.root lies between
0.5313 and 0.5625

= 0.5313

. = 0.5313 +0.5625
6 2
f(x,) = f(0.5469) = - 0.0081 < 0
Since f(0.5469) < 0 and f(0.5625) = 0 then the root lies between
0.5469 and 0.5625

='0.5469

- 0.5469 + 0.5625

X,= 5 = 0.5547

f(x,) = f(0.5547) = 0.0123 > 0
Since f(0.5547) = 0 and f(0.5469) < 0 then the root lies between
0.5547 and 0.5469

. = 0.5547 +0.5469
8 2
f(x,) =f(0.5508) = +0.0021 > 0
Since f(0.5508) = 0 and f(0.5469) < 0 then the root lies between
0.5508 and 0.5469

= 0.5508

_ 0.5508+0.5469
o 2

f(x,) = f(0.5489) = - 0.0030 < 0

X = 0.5489

' 17 | .
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Since f(0.5489) < 0 and f(0.5508) = 0 then the root lies between
0.5489 and 0.5508

0.5489 +0.5508
X,o= > = 0.5499

f(x,,) = f(0.5499) = -0.0003 < 0
Since f(0.5499) < 0 and f(0.5508) = 0 then the root lies between
0.5499 and 0.5508

. = 0.5499 + 0.5508
1 2
f(x,,) = (0.5504) = -0.0222 < 0
Since f(0.5504) < 0 and f(0.5508) = 0 then the root lies between
0.5504 and 0.5508

= 0.5504

0.5504 +0.5508
X,,= > = 0.5506

x,,and x_, are repeating same upto three decimal places.
Hence, the root of the equation 0.550.

1.2.2 The Iteration Method
Q19. Write the steps Involved in Iteration Method.
Ans :
To decribe this method for finding a root of the equation f(x) = 0
Step 1:
Find the Intial Interval for the given equation f(x) = 0
Let x, be the midpoinl of the Initial Interval.
Step 2:
Convergent Condition :

> Convert the given equations in the form x = ¢(x) and find first derivative of ¢(x) with respect to ‘x’.
We get ¢'(x).

> Substitute x; in ¢* (x)
If 1¢,(x,)] < 1then convergent condition is satisfies and this method is applicable.

Step 3 :
Let
o(x) = x
Substitute x in above equation ¢(x)
i.e, ¢(xo) =X,
Step 4 :

Successive substitution give the approximation ¢(x,) = X, , ¢(X,) = X, ..... ox) =X,

{ 18 |
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Q20. Find a real root, correct to three decimal places of the equation 2x — 3 = cos x in the

3=
Interval [EE} by whing Interation Method.

Sol :

Given equation 2x — 3 = c0s X
Rewrile the given equation as,

X = % [cosx+3] . 1)

Equation (1) is in the form x = ¢(x)
Where

o(x) = %[cosx +3]

Diff w.r to ‘x’

1
¢x) = 5 (=sinx)

' 1. |3 =
o) = > |sinx| < 1in 55

Convergent condition is satisfied

3 =n
7+7
Choose x, = % = 15354 ~ 1.5

Sub x, in ¢(x), we get

X, = 0(x,) = % (cos(1.5) + 3) = 1.5354

X, = ¢(x) = % (cos(1.5354) + 3) = 1.5177
X, = 0(x,)= % (cos(1.5177) + 3) = 1.5265
X, = 0(x,) = % (cos(1.5265) + 3) = 1.5221
X, = o(x,) = % (cos(1.5221) + 3) = 1.5243
X, = o(x) = % (cos(1.5243) + 3) = 1.5232

1
X, = ¢(x)) = 5 (cos(1.5232) + 3) = 1.5238

' 19 |
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X, and x, repeating same upto three decimal places
Hence, the root of equation x = 1.524.

Q21. Use the method of iteration to find a positive root of the equation xex = 1 given that a
root lies between 0 and |.

Sol :
Given equation is xe*=1
We rewrite the equation as

1
X=—5 = eX
e
XxX=e>* . @

Equation (1) is in the four x = ¢ (x)
Where ¢ (x) = e
Given a root lies between 0 and I.

0+1 _

Choose X, = 5 = 0.5

Since ¢(x) = e
Diff w. r to ‘X’

1
P(x) = -~ =—gfor x=1

o) <1
Convergent condition is satisfied

Now substitute x, = 0.5 in ¢ (x)

We get,

X, = §(X,)

= ¢(0.5) = 5 = 0.60653
X, = §(X,)

= ¢(0.60653) = %6955 = 0.54524
X, = §(X,)

= §(0.54524) = e°5%% = 0.57970
X, = §(X,)

= ¢(0.57970) = e®579° = 0.56007
X5 = §(X,)

= ¢(0.56007) = e°5%%7 = 057117
X5 = §(X5)

= §(0.57117) = €%V = 0.56486

g
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X, = §(X,)

= $(0.56486) = %548 = 0.56844
X; = §(X,)

= ¢(0.56844) = €054 = 0.56641
Xy = §(X;)

= ¢(0.56641) = e°5%4 = 0.56756
X1o = O(Xo)

= ¢(0.56756) = e°57% = 0.56691
Xll = ¢(X10)

= ¢(0.56691) = €051 = 0.56728
XlZ = ¢(Xll)

= ¢(0.56728) = e°5728 = 0.56706
Xl3 = ¢(X12)

= ¢(0.56706) = e°57% = 0.56719
Xl4 = ¢(Xl3)

= ¢(0.56719) = e%%"1°* = 0.56712
X,, and x,, are repeating same upto 4 decimal places.
Hence, the root of the equation 0.5671.

Q22. Use the iteratine method to find a real root of the equation sinx = 10(x -1). Give your
answer correct to three decimal places.

Sol :
Let f(x) =sinx—10x + 10.
We find from graph that a root lies between 1 and .
Rewrite the-given equation as,

_q sinx
X= 10
We have
— 14 sinx

6] = % cosx < 1in[1, «]

Convergent condition is satisfied

Taking x, = 1, we obtaion succeessine iterates as,

—1+5ii1—10841
X, = 10 — L

' 21 | —
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sin1.0841

X, = 1+ T = 1.0884
sin1.0884

X, = 1+ T: 1.0886
sin1.0886

X, = 1+ T: 1.0886

Hence, the required root is 1.089

Q23.

Sol :

1
Find a real root of x = W by iteration method

The given equation is of the form x = ¢(x)
where

_1
o) = (xr 12

Given f(x) = x(x+1)? -1
f0) =00+ 1y-1=-1<0
f1) =11+ 12-1=3>0
Hence, the root lies in between 0 and 1.
1
Since, ¢§(X) = W

Diff w. r to ‘X’

4G = <1V xe (01

(x+1)°

Convergent condition is satisfied

Substitute X in ¢ (),
We set successively,
1
X, = d(x) = §(0.5) = g5z = 0.4444

1
X, = 0(x,) = #0.4444) = (aaa gy = 04793

1
X, = 0(x,) = #0.4793) = (5479377 = 04570

{ 22 }
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X, = ®(x;) = ¢(0.4570) =

X, = ¢(x,) = ¢(0.4711) =

X, = o(x)) = §(0.4621) =

X, = ¢(x,) = ¢(0.4678) =

X, = 0(x,) = $(0.4642) =

X, = §(%,) = ¢(0.4664) =

X, = 9(x,) = ¢(0.4650) =

Xn = ¢(Xlo) = ¢(0.4659) =

Xp = ¢(X11) = ¢(0.4654) =

X3 = ¢(X12) = ¢(0.4657) =

X, = &(x,,) = ¢(0.4655) =

X, = 9(x,,) = ¢(0.4656) =

Since x,, and x,, are equal.

1
0.4570+17 — 04711
1
0.4711+17 — 04621
1
(0.4621+17 — 04678
1
(0.4678+1)2 — 0-4642
1
(0.4642+1 — 04664
o
(0.4664 + 17 — 0-4650
T
(0.4650+17 — 0-4659
I T
(0.4659 117~ 0-4654
~J¥¢ N\
(0.4654 1) — 04657
1
— 0.4655

(0.4657 + 1)
I S
(0.4655+17 — 0-4656

1
(0.4656+17 — 0-4656

Hence, the root of the equation 0.4656.

Q24. Use the method of iteration correct to 4 decimal places, find a root of the equation

eX=

Sol :

3X.

Given equation f(x) = e*— 3x

. . e
We rewrite the equation x = 3

X

It is in the form x = ¢(x).

g
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Where

X

e
o(x) = 3
f0)=e°-30)=1=>0
f(1) = e -3(1) = -0.2817 < 0.

Hence, the root lies between 0 and 1.

Since ¢(x) = %

X

6] = 3| < 1lin (0,1)

Convergent condition is satisfied

0+1 — 05
2
Taking  x, = 0.5, we obtoin successine iteates as,
X, = ¢(x,) = ¢(0.5) = 0.5496.
X, = d(x,) = $(0.5496) = 0.5775.
X, = ¢(x,) = $(0.5775) = 0.5939.
X, = ¢(x,) = $(0.5939) = 0.6037.
X, = ¢(x,) = $(0.6037) = 0.6096.
X, = d(x,) = $(0.6096) = 0.6132.
X, = ¢(x;) = ¢(0.6132) = 0.6154.

Now Xy =

X, = (%) = ¢(0.6154) = 0.6168.

X, = (x;) = ¢(0.6168) = 0.6177.

X, = 6(x) = ¢(0.6177) = 0.6182.
X, = 6 (x,) = ¢(0.6182) = 0.6185.
x, = ¢(x,) = ¢(0.6185) = 0.6187.
X, = 6 (x,) = ¢(0.6187) = 0.6188.
X, = 6(x,) = ¢(0.6188) = 0.6189.
X, = 6 (x,) = ¢(0.6189) = 0.6190.
X, = 6 (x,) = ¢(0.6190) = 0.6190.

X,; and x  are repeating same.
The required root is x= 0.6190.
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Q25. Use the method of iteration. Find correct to four decimal places for the equation x —

Sol :

ing = =
SInX—2

1
Let the given equation f(x) = x — sinx — =

2
. . ) 1
We rewrite the equation X = sinx + By
It is in the four X = ¢ (X)
Where
. 1
d(x) = sinx + >
. 1
f(0) = 0 —sin (0) - 5 =-05<0
. 1
f1) =1-sin (1) - 5= 0.3415<0
. 1
f(2) =2 -1sin (2) - 5=+ 0.5907 =0

Hence the root lies between 1 and 2
. . 1
Since, ¢ (X) = sinx + >

[¢(x)|=|cosx| < 1
Convergent condition is satisfied.
Now, taking x, = 1.5, we obtain successine iterates as,

X, = ¢(x;)) = ¢(1.5) = sin(1.5) + % = 1.4975

1
X, = §(x,) = §(1.4975) = sin(1.4975) + - = 1.4973

1
X, = §(x,) = §(1.4973) = sin(1.4973) + - = 1.4973

X, and x, are repeating same,
Hence, the root of the equation is 1.4973.

1.2.3 The Method of False Position

Q26. Write the method of false position (or) Regular False Method.

AnS :

We choose two points a and b such that f(a) and f(b) are of opposite signs. Hence a root must lie in
between these points.

|l 25 ',
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Now, the equationof the chord joining the two points [a,f(a)]and [b,f(b)] is given by,

y—f(@ _ f(b)-f(a)
W T b a (1)

The method consists in replacing the part of the curve between the points [a,f(a)]and [b,f(b)] by

means of the chord joining these points, and taking the point of intersection of the chord with the x - axis
as an approximation to the root.

The point of intersection in the present case is obtained by puttingy = 0 in (1),
Thus, we obtain

f(a)
X, = a- jpy_fm -2

af(b) - bf(a)
= ) -f@) T )
Which is the first approximation to the root of f(x) = 0

If now f(x ) and f(a) are of opposite signs, then the root lies between a and x,, and we replace b
by x, in (2) and we obtoin the next approximation.

Otherwise we replace a by x, and generate the next approximation
The procedure is repeated till the root is obtained to the desired accuracy.
Q27. Find a real root of the equation f(x) = x*-2x-5 = 0.
Sol :
The given function f(x) = x*>- 2x -5
f1) = (1)*-21)-5=-6<0
f2) =(2)P-22)-5=-1<0
f3) =(B8)P-23)-5=+16 >0
Since f(2) < 0 and f(3) > 0 then the root lies between 2 and 3 By Method of false position,

af(b) - bf(a)
1= f(b)-f(a)

_ 216)-3(=1) 32+3 35 » 05882
< 1e-(-) T 17 17 “©

Now f(x,) = f(2.05882) = (2.05882) - 2(2.05882) -5 = -0.39079 < 0
= f(2.05882) < 0 and f(3) = 0 then the root lies between
2.05882 and 3.

2.05882(16) - 3(-0.39079)

X = 16 —(~0.39079)

g

Rahul Publications



UNIT - | NUMERICAL ANALYSIS

32.94112+1.17237
- 16.39079
Now f(x,) = f(2.08126) = -0.14724 < 0.
Since f(2.08126) < and f(3) = 0 then the root lies between
2.08126 and 3.

= 2.08126

2.08126(16) - 3(~0.14724)
X = 16 —(~0.14724)

33.30016 +0.44172
- 16.14724
X, = 2.08964
Now f(x,) = f(2.08964) = -0.05470 < 0
Since f(2.08964) < 0 and f(3) = 0 then the root lies between
2.08964 and 3.

2.08964(16) - 3(~0.05470)
X = 16 —(-0.05470)
= 2.09274
f(x,) = f(2.09274) = —0.02018 < 0
Since f(2.09274) < 0 and f(3) > 0-then the root lies between
2.09274 and 3.

2.09274(16) - 3(-0.02018)
Xs = 16— (~0.02018)
X, = 2.09388
f(x,) =1(2.09388) = -0.00745 < 0
Since f(2.09388) < 0 and f(3) = 0 then the root lies between

2.09388 and 3.

2.09388(16) — 3(—0.00745)
6= 16 —(~0.00745)
X, = 2.09430
f(x,) = f(2.09430) = -0.00278 < 0
Since f(2.09430) < 0 and f(3) = 0 then the root lies between
2.09430 and 3.

2.09430(16) — 3(-0.00278))
X = 16 —(-0.00278)

X, = 2.09446
f(x.) = f(2.09446) = -0.00106 < 0
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Since f(2.09446) < 0 and f(3) = 0 then the root lies between
2.09446 and 3.

2.0094(16) — 3(—0.00106)
Xg = 16 —(~0.00106)
X, = 2.09452
f(x,) = f(2.09452) = -0.00035 < 0
Since f(2.09452) < 0 and f(3) = 0 then the root lies between
2.09452 and 3.

2.09542(16)-(0.00035)3
%= 16-(-0.00035)
X, = 2.09454
X, and X, are repeating same upto 4 decinal places.
Hence, the root of the equation 2.0945.

Q28. Given that the equation x>? = 69 has a root between 5 and 8. Use the method of regula
- falsi to determine it.

Sol :

Let f(x) = x*2- 69
f(5) = - 34.50678 and f(8) = 28.00586

Since f(5) < 0 and f(8) = 0 then the root lies between 5 and 8

5(28.00586) — 8(-34.50678)

X1 = 28.00586 —(-34.50678)
x, = 6.65599
f(x,) =1(6.65599) = - 4.27562 < 0

Since f(6.65599) < 0 and f(8) > 0 then the root lies between
6.65599 and 8.

6.65599(28.00586) — 8(—4.27562)

X, = 28.00586 — (—4.27562)
22061168
X, = m = 6.83400

f(x,) = f(6.83400) = -0.40619 < 0
Since f(6.83400) < 0 and f(8) = 0 then the root lies between
6.83400 and 8.

6.83400(28.00586) — 8(~0.40619)

Xy = 28.00586 — (~0.40619)
_194.64157 6.85067
T 28.41205 @

f(x,) = f(6.85067) = —0.03755 < 0

{ 28 }
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Since f(6.85067) < 0 and f(8) = 0 then the root lies between
6.85067 and 8.

6.85067(28.00586) — 8(~0.03755)

X, = 28.00586 —(-0.03753)
_192.15930 6.85221
T 28.04341

f(x,) = f(6.85221) = -0.00344 < 0
Since f(6.85221) < 0 and f(8) = 0 then the root lies between 6.85221 and 8.

6.85221(28.00586) — 8(~0.00344)

Xs = 28.00586 — (-0.00344)
_191.92955
Xs= g 00930 = 085235

X, and x, are repeating some upto three decimal places.
Hence, the root ot the equation 6.852.

Q29. The equation 2x = log, X + 7 has a root between 3 and 4. Find this root correct to three
decinal placess by Regula falso method.

Sol :
Let f(x) = 2x - log} -7

a=3,and b =4,
f(3) =2(3) - log3,,~ 7 = -1.4771 < 0.
f(4) = 2(4) - log 4 - 7 = 0.3979 > 0
Hence
af(b) — bf(a)
X7 i(b)-f(a)

_ 3(0.3979)-4(-1.4771)  1.1937 +5.9084

0.3979-(-1.4771) 1.875
A 072 R,
T 18750

f(x,) = (3.7888) = -0.0009 < 0
Since f(3.7888) < 0 and f(4) > 0 then the root lies between 3.7888 and4.

3.7888(0.3979) — 4(-0.0028)

X, = T 03979—(-0.0028) °:7893

f(x,) = f(3.7893) = 0.00004 > 0
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Since f(3.7893) = 0 and f(3.7878) < 0 then the root lies between 3.7878 and 3.7893

3.7878(0.00004) — 3.7893(~0.0009)
s = 0.0004 — (-0.0009)

X = 3.7893

X, and x, are repeating same
Hence, the required root is 3.789

Q30.

Sol :

Find a root of the equation 4e*sin x-1 = 0 by regula - falsi method given that the root
lies between 0 and 0.5

Let f(x) = 4e*sin x -1
a=0andb =05
We have f(0) = 4e°sin (0)-1=-1<0
f(0.5) = 4e °%sin (-0.5) -1 = 0.1631 >0

_ 0(0.1631)-0.5(-1)

X = 0.1631-(-1)

x, = 0.4299
f(x,) = f(0.4299) = 0.0846 > 0
Since f(0) < 0 and (0.4299) = 0 then the root-lies between

0 and 0.4299
0(0.0846) — 0.4299(-1)

X, = 0.0846 —(-1)
0.4299

X, = T ogag = 0-3964

Now f(x,). = 1(0.3964) = 0.0390 > 0
Since f(0) < 0 and (0.3964) = 0 then the root lies between

0 and 0.3964

0(0.0390) — 0.3964(-1)
Xy = 0.0390 (-1
x, = 0.3815

f(x,) = f(0.3815) = 0.0169 > 0
Since f(0.3815) = 0 and f(0) < 0 then the root lies between 0 and 0.3815
_0(0.0169)-0.3815(-1)
4 0.0169 -(-1)
f(x,) = f(0.3752) = 0.0073 > 0
Since f(0.3752) = 0 and f(0) < 0 then the root lies between 0 and 0.3752
f(x,) = f(0.3752) = 0.0073 > 0

X = 0.3752

Rahul Publications
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Since f(0.3752) = 0 and f(0) < O then the root lies between 0 and 0.3752

0(0.0073) - 0.3752(~1)
Xs = 0.0093 - (~1)

x, = 0.3725
f(x,) = f(0.3725) = 0.0030 > 0
Since f(0.3725) = 0 and f(0) < 0 then the root lies between 0 and 0.3725

0(0.0030) - 0.3725(-1)
Xe = 0.0030 — (~1)

x, = 0.3714
f(x,) = f(0.3714) = 0.0013 > 0
Since f(0.3714) > 0 and f(0) < 0 then the lies between 0 and 0.3714

0(0.0013)-0.3714(-1)
X, = 0.0013 - (-1)

= 0.3709 = 0.371
f(x,) = f(0.3709) = 0.0005 > 0
Since f(0.3709) = 0 and f(0) < 0 then the root lies between 0 and 0.3709

0(0.0005) - 0.3709(-1)
Xg = 0.0005 — (~1)

= 0.3709 = 0.371

X, and x, are repeating same upto three decimal places

The root of the equation x = 0.371

Q31.

Sol :

Use the method of false position to find a real root correct to three decimal places for

the equation x> + x>+ x+ 7 = 0.

Let the function f(x) = x® + x2 + x + 7
f-1) = (1) + (-1*+ (1) +7=6 >0
f(-2) = (-2)*+ (-2 + (-2) +7=1=>0
f(-3) = (-3)*+ (-3)*+ (-3) + 7=-14 <0

Since f(-2) = 0 and f(-3) < 0 then the root lies between -2 and -3
a=-2,b=-3

af(b) - bf(a)

5T (b)-f(a)

-2(-14)-(-3) 1)) 28+3 31

X, = 14-1 = 15 15 = -2.0667
f(xl) = f(-2.0667) = (-2.0667)* + (-2.0667)> + (-2.0667) + 7
=0.3772>=0
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Since f(-2.0667) > 0 and f(-3) < 0 then the root lies between —2.0667 and -3.
_ —2.0667(-14)-(-3)(0.3772)

X

2™ -14-0.3772
_30.0654 0 0912
T 143772 T ¢

f(x,) = (-2.0912) = 0.1369 > 0
Since f(-2.0912) = 0 and f(-3) < 0 then the root lies between —2.0912 and -3.
_ —2.0912(-14)-(-3)(0.1369) _ 29.6875
8 -14 -0.1369 -14.1369
f(x,) = f(-2.1) = 0.049 > 0
Since f(-2.1) > 0 and f(-3) < 0 then the root lies between -2.1 and -3

X 2.1

_ —2.1(-14)-(-3)(0.049)
%= 1a-o04e 210
f(x,) =f(-2.1031) = 0.0179 > 0
Since f(-2.1031) = 0 and f(-3) < 0 then the root lies between —-2,1031 and -3

_ —2.1031(-14)-(-9)(0.0179)
%= ~14-0.0179 = NS
f(x,) = f(-2.1042) = 0.0068 > 0
f(-2.1042) = 0 and f(-3) < O'then the root lies between —2.1042 and -3.

_ —2.1042(-14)~(-8)(0.0068) > 1046
X = ~14-0,0068 -
f(x,) = f(-2.1046) = 0.0027 > 0
Since f(-2.1046) = 0 and f(-3) < O then the root lies between —2.1046 and -3

_ —2.1046(-14)— (-3)(0.0027) _
X7 = —14-0.0027 = -2.1048

X, and x, are repeating same upto three decimal places.

Hence, the real root of the equation —2.105.

Q32. Use the method of false postion to find a real root correct to three decimal places for
the equation x®*-x-4 = 0.

Sol :
Given function is,
fx) =x*-x-4
fO)=(0P-0)-4=-4<0
fA)=1rP-1)-4=-4<0
f)=@2°-2)-4=2=>0

g
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Since f(1) < 0 and f(2) > 0 then the root lies between 1 & 2
Let a=1&b=2

1(2)-2(-4)
“T2-(-4)

= 1.666
f(x,) = (1.666) = (1.666) — (1.666) — 4 = -1.042 < 0
Since f(1.666) < 0 and f(2) = 0.

Now, the root lies between 1.666 and 2.

_ 1.666(2)—2(-1.042)

X, =5 (104 = L780

f(x,) = f(1.780) = (1.780)* - 1.780 -4 = -0.1402 < 0.
Since f(1.780) < 0 and f(2) = 0.
Now, the root lies between 1.780 and 2.

1.780(2) - 2(~0.1402)
s~ 2_(-0.1042 - L7o4

X

f(x,) = f(1.794) = -0.0201 < 0
Since f(1.794) < 0 and f(2) > 0

Now, the root lies between 1.794 and 2.

_ 1.794(2)-2(-0.0201)

X, = T 2_(00201 179

f(x,) = 1(1.796) = -0.0027 < 0
Since f(1.796) < 0 and f(2) = 0
Now, the root lies between 1.796 and 2

1.796(2) - 2(~0.0027)
s~ 2-(-0.0027) 1796

X

X, and x, are repeating some upto three decimal places.

Hence, the root of the equation 1.796.

Q33. Use the method of false position find a real root of the equation x = 3e™ correct to three
decimal places.

Sol :
Let f(x) = x — 3e>
f(1) = 1 - 3e* =-0. 1036 < 0
f(2) = 2 - 3e2 = 1.5940 > 0.
Since f(1) < 0 and f(2) = 0

g
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Now the root lies between 1 and 2
Let a=1,b=2

1(1.5940) — 2(~0.1036)
X1 = 15040 -(-0.1036)

x, = 1.0610

f(x,) = f(1.0610) = 0.0227 > 0
Since f(1.0610) > 0 and f(1) < O
Now the root lies between 1 and 1.0610

1(0.0227)—1.0610(0.1036)
X, = T 00227-(-0.1036)  — 0500

f(x,) = 1(1.05) =0.0002 > 0
Since f(1.05) > 0 and f(1) <O
Now the root lies between 1 and 1.05

1(0.0002)-1.05(-0.1036)  0.1090
X = 0.0002-(-0.1036) _ 0.1038

= 1.0501

X, and x, are repiating same upto three decimal places,

Hence, the root of the equation x = 1.05

1.2.4 Newton-Raphson Method (Newton’s Method)

Q34. Derive Newton - Raphson formula.

AnS :

Let the given equation be f(x) = 0
Let x, be an approximate root of f(x) = 0 and let
X, = X, + h be the correct root so that f(x,) = f(x,+ h) =0
Expanding f(x, + h) by Taylor’s Series,
We obtain

f(x,) + hf'(x)) + h?Z!f"(xo) + ... =0
Neglecting the second and higher order derivatives,
We have

f(x,) + hf'(x,) =0

hf'(x,) = - f(x,)

_f(xy)
(%)
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Substituting this in x, we get

X, is a better approximation than x.

Successive approximations are given by x,, X, ..... X
Where
f(x
R )

Q35. Find a real root of the equation x* - 2x -5 = 0 by Newton — Raphson’s method.
Sol:

Letf(x) =x®-2x -5

Then f'(x) = 3x? -2

By Newton — Raphson’s method

We have
f1)=(1P*-21)-5=-6<0
f2)=(2;r-22)-5=-1<0
f3) = (3°~2(3)-5=+16 =0

f(x) = 0 has a root lies between 2 and 3

1 0 f'(Xo)

« = x _ (X,)* —2(x,)-5
oo 3(x,)—2

(2.5 - 22.5)-5
X\ =25- 3050 )

= 2.1642
Now,

=y - 100
T )

g
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« =y _ X?—2x,-5
2t 3x?-2
> 1640 (2.1642)° - 2(2.1642)- 5 ) 0671
X, = 21642 - 31642 —2 209
Next approximation,
f
W =y _ 1)
P f(x,)
X; —2X, =5 (2.0971)° — 2(2.0971) -5
=X, - "avz2. 5 =20971- .
23X, -2 3(2.0971)? - 2
= 2.0946

Next approximation,

1)
T )

B Xss —2X, -5
=T 3,2 -2

2.0946° — 2(2.0946)- 5
3(2.0946) — 2

= 2.0946 -

X, = 2.0946
X, and X, are repeating same.
Hence, the real-root of the equation is 2.0946
Q36. Find a root of the equation xsinx + cosx = 0 by Newton’s method with x, = m.

Sol :

Given equation xsinx + cosx = 0.

Let f(x) = x sinx + cos X
f(x) = xcosx.

Since x,=n

By Newon’s method

fx,) _ f
1T k) T

nsin(m)+ cosn
- T nCOST

X, = 2.8233

g
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—y o fx)
=TT )

f(2.8233)
= 2.8233 - 15 8233)
(~0.0662)
X, = 2.8233 - gg15) = 2.7984
Xg =X, =~ f'(Xz)
f'(x,)
_ 57054 [27989)
£(2.7984)
X, = 2.7984

X, and x, are repeating same.
Thus, the required root is 2.7984
Q37. Find a real root of the equation x = e™using the Newton - Raphson method.

Sol :
Given equationisx —e*=10
Let f(x) =x-e>
ffx)=1-(-e) =1+ e~
f0)=0-e©® =-1<0
fl) =1-e*=0.63212 = 0
The root'lies between 0 and 1.

Next approximation is

f(x,)

{(0.5)—e(°'5)} [—0.1065}
X =05-|""7 @5 | =05-| 7 A

1 1+e©9 1.6065
X, = 0.5663
f
XZ = Xl - !(Xl)
f'(x,)
f(0.5663)
{ 37 ]
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0.5663 —e 2%
1+ g 05663

= 0.5663 - [

= 0.5663 + 0.0008
x, = 0.5671

L9
=TT,

= 0.5671 - —'}05671)
f1(0.5671)
0.5671—e %"
=05671- |~ 1, gosn

= 0.5671 + 0.0001
X, = 0.5672

1)
T )

— 05672 f(0.5672)
e ~ 1(0.5672)

0.5672 — e 2%
= 05672 |~ e

= 0.5672 - 0.00005
X, = 0.5671
Hence, the required root is 0.5671.
Q38. Using Newton - Raphson method find a real root correct to 3 decimal places of the

. . X . . e
equation sinx = - given that the root lies between - and =.

2
Sol :

X
Let f(x) = sinx -5

1
Then f'(X) = cosx -5

T

Choosing x, = o we obtain

X, =X — 10xo)
PTG

g
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_r _ T 1
T2 T () 2 |cos®-o2t
| = 2 2
= 2.
f(x,)
% TN (x,)
f(2) sin2—-—
=1.901
_ f(x,)
=TT,
f(1.9010)
sin1.9010-0.9505
= 1.9010 - | :01.9010-0.5
x, = 1.8955

fx5)
7T )

f(1.8955)
= 1.8955 - %1 go5p5)
sin1.8955 — 1.8955
X, = 1.8955 - — 1.8954

c0s1.8955 —%

X, and x, are repeating same upto three decimal places
Hence, the requried root is x = 1.895

Q39. Given the equation 4e* sinx — 1 = 0. Find the root between 0 and 0.5 correct to three
decimal places.

Sol :
Let the equation f(x) = 4e™sinx — 1
f(x) = 4e>(cosx — sinx)

+0.5
2

Let Xy = = 0.25

g
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f(x,)
GT T (x)

f(0.25)

4e%%°5in0.25-1
= 0.25 = | 469% ¢050.25—5in 0.25)

~ 02293 _
=025~ | 5947 | = 03520
k)
(0.3520)
= 0.3520 - %/ 3500)
4e7%%%%4in0.3520-1
= 0.3520 — | 460320 ¢550.3520 sin 0.3520)
~0.0301
X, = 0.3520 - W
x, = 0.3720
)
X3 - X2 - f!(Xz)
£(0.3700)
=0.3700 = %0.3700)
4% sin0.3700-1
= 0.3700 — | 46037 5503700 —sin 0.3700)
—0.0009
X, = 0.3700 - m = 0.3706.

X, and x, are repeating same upto three decimal places.

Hence, the required root is 0.370.

Q40. Use the Newton - Raphson method to obtain a root correct to three decimal places of the

equation ex =4x.

Sol :
Let the given equation
f(x) = ex - 4x.
f'(x) = e -4

f(0) =e°-4(0)=1>0
f(1) = e* - 4(1) = -1.2817 < 0

{ 40 }
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Hence, the root lies between 0 and 1

_0+1 1
Xy = T E =05
)
f(0.5)

fx)
% TN (x,)

f(0.3506) 0.0175 )
= 0.3506 - —f1(0.3506) = 0.3506 - 55801, — 0.3574
o fxy)
BT K,
f(0.3574) (0.0000)
= 0.3574 0.3574

- 1(0.3574) ~ 0-3574 = (55704) T
X, and x, are repeating same.

Hence, the required root is 0.3574.

Q41. Find a root of the equation x® - 5x + 3 = 0 by Newton - Raphson method.
Sol :
Let the given equation
f(x) =x®*-5x + 3
f(x) =3x2-5
f0)=0°-50)+3=3=>0
f1)=(1)°-51)+3=-1<0
Then, the root lies between 0 and 1.

(0.5) (0.5 —5(0.5)+ 3
1= 05- %05 =05- (" 30575

T
2 1 f'(Xl)

J = 0.6471
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— ocary . 10647 _ [(0.6471)3 —5(0.6471)+ 3} — 0.6565
- f(0.6471) 3(0.6471)° -5 -
Y« = x - f(x,)
o fi(x,)
f(0.6566) (0.6566)* — 5(0.6566) + 3
= 0.6566 - 1/ 5566) — 0-6566 - 3(0.6566) _5 = 0.6566

X, and x, are repeating same.

Hence the required root is 0.657.

1.2.4.1 Generalized Newton’s Method
Q42. Describe the Generalized Newton's Method

Sol :

If € is a root of f(x) = 0 with multiplicity p, then the iteration formula will be,

1
Which means that E f(x ) is the slope of the straight line passing through (x , y ) and intersecting

the x - axis at the point (x_, , 0)

+1’

Since § is a root of f(x) = 0 with multiplicity p, it implies that is & also a root of f1(x) = 0 with
multiplicity (p — 1), and it is a root of f'(x) = 0 with multiplicity (p — 2), and so on.

Therefore,

f(x,) f'(X,) f"(X,)
X, = F(x,)’ X,—(p-1) F(x,) " X, = (p-2) F(x,)

Must have the same value if there is a roof with multiplicity p, the initial approsimation x is choosen
sufficiently close to the root.

Q43. Find a double root of the equation f(x) = x* - x* —x + 1 =0 choosing x = 0.8.
Sol :

The given equation
fX)=x*-x2-x+1=0
f(x) =3x*-2x-1
f'(x) = 6x -2

Choosing x, = 0.8 we obtain

f(x,) 0.072
X, - 2 ) = 08-2 (0.68) = 1.012

' 42 }
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J Fixo) (-0.68)
an XO_ fﬂ(XO) _ . - 28

= 1.043

The closeness of these values indicates that there is a double root neal to unity (1).
For the next approximation, we choose x, = 1.01 and obtain

fx) ~
X, =2 fi(x,) — 1.01 - 0.0099 = 1.0001

Fx,)

and x, - Txl) = 1.01 - 0.0099 = 1.0001

We conclude, therefore, that there is a double root at x = 1.0001 which is suffiueutly close the
actual root unity.

Itis clear that the generalized Newton’s Method converges more rapidly than the Newton - Raphson
procedure.

1.2.5 Muller’s Method

Q44. Derive Muller’s Method.
Ans :

Muller’s Method: The roots of the Quadratic are then assumed to be the approximations to the
roots of the equation
f(x) = 0.

Let x

i+27

Let y_, y_, andy, be the corresponding values of y = f(x).

X._,, X. be three distinct approcimations to a root of f(x) = 0.

Assuming that
PX) = AX=x)*+B (Xx-x)+y, ... (1)
Is the parabola passing through the points (x_, v, ,), (X_, ¥,_,) and (X, y)

we have,

y,=AX_ ,-Xx+Bx_ —-x)+y .. 2
andy, =AX_,-x)+BXx,-x)+y .. (3)
From equations (2) & (3), we obtain.

Yo,-Y, =AX,-x)? +BXx_, -x) .. ()]
andy -y =A(X_,—x)? +B((x_,-x) ... (5)

Solutions of equations (4) and (5) gives,

X=XV, =Y~ X =XV ,—Y)
A= X~ X )X = X)X ,—x) (6)

(Xi—z_ Xi)z(yi—l_ Yi) — (Xi—l_ Xi)z(yi—z_ yi)
B= """ e ove o @)

(Xi—z_ Xi—l)(xi—l_ Xi)(Xi—Z_ Xi)
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With the values of A and B given in (6) & (7) ,

The Quadratic equation P(x) = A(X — x)*> + B(x - x) +y = 0.

Now gives the next approximation x _ , :
_ —BiyB*-4Ay,

X, =X == T (8)

A direct solution from (8) leads to inaccurate results and therefore it is usually written the form

-2y,
X  —X=— —
"t B+, B2-4Ay,

In equation (9), the sign in the denominator should be choosen so that the denominator will be
largest in magnitude. with this choice, equation (9) then gives the next approximate to the root.

Q45. Find the root of the equation y(x) = x® — 2x — 5 = 0 which lies between 2 and 3 by
Muller’s method

Sol :
Let x_,=1,x, =2andx =3.
Theny ,=(1)P*-2(1)-5=-6
y_ ,=@2°-22-5=-1
and y = (3)*-2(3)-5=16
Now we find A and B

(Xi—Z_ Xi)(yi—l_ yi) N (Xi—l_ Xi)(yi—z_ yi)
(Xi_1_ Xi—z)(xi—l_ Xi)(Xi—Z_ Xi)

_(@-3(-1-16)-(2-3)(-6-16)  (-(-17)-(-1)(-22)
(2-1)(2-3)A-3) B DEDE2)

y,=-6,y, =-1,andy = - 0.0861
Now we find A and B :

(Xi—Z_ Xi)(yi—l_ yi)_ (Xi—l_ Xi)(yi—z_ yi)
(Xi—l_ Xi—z)(xi—l_ Xi)(Xi—Z_ Xi)

(1-2.0868)(~1 - (~0.0861))— (2 — 2.0868)(~6 — (-0.0861))
A= (2—1)(2— 2.0868)(1— 2.0868)

(-8.0868)(—0.9139) — (—0.0868)(-5.9139)
- (1)(~0.0868)(~1.0868)

_0.9932-0.5133 _ 0.4799
- 0.0943 ~0.0943

= 5.0891

— ' 44 }
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(Xi—z_ Xi)z(yi—l_ yi) — (Xi—l_ Xi)z(yi—z_ yi)
(Xi—z_ Xi—l)(xi—l_ Xi)(Xi—Z_ Xi)

_ (1-2.0868)*(~1—(~0.0861)) (2 (2.0868))*(-6 — (-0.0861))
= (2—1)(2 - 2.0868)(1 - 2.0868)

_ (-1.0868)*(-0.9139)) ~ (~0.0868)?(-5.9139)
= 1(~0.0868)(~1.0868)

_ —1.0794 +0.0446
- 0.0943

34-(22) 12

= -10.9735.

(Xi—z_ Xi)z(yi—l_ yi) — (Xi—l_ Xi)z(yi—z_ yi)
(X=X )X = %) (X, = X;)

_ (1-37(-1-16)-(2-3)*(-1-16)
- (1-2)(2-3)(1-3)

(PN -(D(22)  -68+22 46
B DEDE2) =2 \WON\2
The Quadratic equation is ,

A(X=Xi)>+B(x—xi)+yi =0
C(x-3)2+23(x-3)+16 = 0
The next approximation to the desired root is,

2y,

w1 AT B+B? —4AY

2(16)

X =3- 23+4/23% — 4(6)(16) Since B is positive

32
=3- 23 ++/145

= 2.0868

The proceduce can now be repeated with the three approximations as 1,2 and 2.0868 respechrely

Now, let x_, =1, x_, = 2, x. = 2.0868.
The quadratic equation is
AX-x)y+B(x-x)+y =0
5.0891(x — 2.0868)? — 10.9735 (x — 2.0868) — 0.0861 = 0

The next approximation to the desired roof is,

|l 45 l
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2yi

X1 T X7 B 4B —4AYi

2(~0.0861)
= 2.0868 — (_10.9735)+/(~10.9735) — 4(5.0891)(~0.0861)
= 2.0868 — 0.1722 = 2.0868 + 01722
10.9735—11.0531 22.0266
= 2.0868 - 0. 0078
. = 20790
=21

i+1

Q46. Use Mulles’s method to find a root of the equation x® — x? - x — 1=0.
Sol :

Let the three initial approximations be

X,=0,x,=1and x =2
Theny ,=-1,y  =-2andy =1
Now we find A and B

(Xifz_ Xi)(yi—l_ yi)_ (Xi_1_ Xi)(yi—z_ yi)
(Xi—Z_ Xi—l)(Xi—l_ Xi)(xi—z_ Xi)

_0-2(2-D)-@-2(1-1)  -2(-3-(-1(2)
= T@-0u90-2 T M)

6-2
2

N | A
Il
N

(Xi—z_ Xi)z(yi—l_ Yi) — (Xi—l_ Xi)z(yi—z_ yi)
(Xi—z_ Xi—l)(xi—l_ Xi)(Xifz_ Xi)

_ (0- 2*(-2-1)-(1-27(-1-1)
o 0-1)2-2(0-2)

_ 4(=-3)-(-1*(-2) _l2v2 10
-DEDE2) -2 -2
The Quadratic equation is
AX-x)+B(x-x)+y =0
2x=22+5(x-2)+1=0

The next approximation is,

g
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2y,
X1 =X B+, /B2 -4AY,
2(1)

X =2- 5. 52 _a2)1)

=2- —5+\/§5—_8 =2- ﬁ = 2-0.2192. = 1.7808
The procedrer can now be repeated with the three approximatuems as 1, 2, 1.7808 respecticely
Now letx , =1, x_, = 2, and x, = 1.7808.
y,=-2,y,=1y = 0.30407

(Xi—z_ Xi)(yi—l_ yi)_ (Xi—l_ Xi)(yi—z_ yi)
(Xi—z_ Xi—l)(Xi—l_ Xi)(Xi—Z_ Xi)

(1-1.7808)(1 - (-0.30407)) — (2 — 1.7808)(—2 + 0.30407)
= (1-2)(2-1.7808)(1—1.7808)

(~0.7808)(1.3041)) - (0.2192)(-1.6959)
= (1-2)(2—1.7808)(1—1.7808)

-1.0182+0.3717

- 0.1712 = -ONP03

(Xifz_ Xi)z(yi,l— y|) 2 (Xifl_ Xi)z(yifz_ y.)
(Xi—z_ Xi—l)(Xi—l_ Xi)(Xi—Z_ Xi)

_ (1-1.7808)*(1 - (~0.30407)) - (2 - 1.7808)(~2 + 0.30407)
= (1-2)(2-1.7808)(1—1.7808)

_(0.6096)(1.3041) - (0.2192)(-1.6959) _ 0.7950+0.3717
o 0.1712 o 0.1712

= 6.8148

2y,

X1 T X7 B+B? —4AY,

2(~0.30407)
Xy = 17808 - 5 8148 1 \[6.81482 — 4(-3.7763)(~0.30407)
— 17808 + — 20081
o 6.8148 +6.4690
x ., = 1.8266.

4
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The procedure can now be repeated with the three approximations as 2,1.7808 and 1.8266.
Now let x_, = 2, x , = 1.7808 and x, = 1.8266.
y_, =1y, =-0.30407 and y, = -0.0687.

(Xi—z_ Xi)(yi—l_ yi)_ (Xi—l_ Xi)(yi—z_ yi)

A= (Xi—z_Xi—l)(Xi—l_Xi)(Xi—Z_Xi)
(2-1.7808)(-0.30407 + 0.0687) - (1.7808 — 1.8266)(1 + 0.0687)
- (2-1.7808)(1.7808 — 1.8266)(2 —1.8266)
—0.0516 —(—0.0489) -0.0027
=(0.2192)(-0.0458)(0.1734) — _ooo17 _ L9882
B = (Xi—z_Xi)z(yi—l_yi)_(xi—l_xi)z(yi—z_yi)
N (Xi—Z_Xi—l)(Xi—l_Xi)(xi—z_xi)
_ (2-1.7808)(—0.30407 +0.0687) — (1.7808 — 1.8266)"(1 + 0.0687)
- (2-1.7808)(1.7808 — 1.8266)(2 — 1.8266)
_ -0.0113-0.0022
o -0.0017
B = 7.9412
2y,

X —
" B+,B?-4AY,

2(~0.0687)
= 1.8266 = 7 9412, [(7.9412) — 4(1.5882)(~0.0687)
0.1374
X, = 1.8266 + = 1.8352

7.9412 +7.9685
The required root is 1.83.

1.2.6 Solution of Systems of Non - Linear Equations

Q47. Write the methods of solutions of system of non-linear equations.
Ans :
We consider two methods for the solution of simultaneous non linear equations :
1. The Method of Iteration
2. Newton - Raphson Method
We consider a system of two equations :

f(x,y)=0
and g(x,y)=0
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Method of Interation :
As in the case of a single equation,

We assume that eq" (1) may be written in the form

X=FXy),y=06Kxy .. )
Where the functions F and G sastisfy the following conditions in a closed neighbourhood R of the
root (o,B)

i) Fand G are their first partial derivatives are contanuous in R

i | |oc
+ay<1and 6x+ay <1l .. 3)

oF
oX

ii)
For all (x,y) in R.

If (X, ¥,) is an Inital approximation to the root (a., )

Then equation (2) give the sequence

X, = F(Xo:yo)a Y. = G(Xo:yo)
X, = F(X11y1)! Y, = G(Xl’yl)

Xn+1 = F(Xn’yn)’ yn+1 = G(Xn’yn)

For faster convergence, recently computed values x. may be used in the evalution of y_in (4),
conditions in equation (3) are sufficent for convergence and in the limit, we obtain

o =F(a,B)and = G(a,B) ... (5)
Hence, o and B are the roots of the equation. (2)
and therefore , also of the equation (1)
The method can obviously be generalized to any number equations.

Newton - Raphson Method
We consider a system of two equations :
f(x,y)=0

andg(x,y)=0
Let (X, Y,) be an intial approximation to the root of equation (1)
If (x,+h,y,+K) is the root of the system, then we must have,

f(x0 + h, Yy, + k) =0,

gx, + h,y,+k) =0 .. (2

Assuming that f and g are sufficiently differentiable, we expand both the functions in equation (2)
by Taylor’s series to obtain

49 J
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fy + hi + kﬂ+ ..... =0
OX, Y,
go+ha—g+ ka—g+ =0 s
0X, oy,
Where
o (A
0X, = ox xox, f0 = f(Xo’ yo) etc.

Neglecting the second and higher - order derivative terms, we obtain the following system of linear
equations:

ha—f+ ki:—f0
0X, oy,
and ha—ngka—g:—g0 - (4)
0X, oy,

Equation (4) possesses a unique solution If

o o
B 0X, Y,
D= oy aogl|” 0
O0X, 0Y,
By cramer’s rule, the solution of equation (4) is given by,
of
—fa X o 1,
1 aYO 1 6X0
h= =< ag| and k= — . (5
D —go —g D a_g _go ( )
o 0X,

The new approximations are,
X, =X, +handy =y, +K

The process is to be repeated till we obtain the roots to the desired accuracy

Q48. Find a root of the equations y>-5y+4=0 and 3yx3-10x+7=0 using the iteration method.
Sol :

Given system of equations,

y>-5y+4=0 }

3yx*-10x+7=0 - (1)
clearly,a real root is x=1 and y=1
To apply the iteration method,
we rewrite the equation (1) as,
{ 50 }
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X = % (Byx*+7)....(2)

1
and y = g(y2+4) w.(3)

Here,
F(X,Y)= = (3yx+7
( ’ )_10( yX )

oOF 6xy oF  3x?

X 10 'Y _ 10

Gxy)= ¢ (+4)

oG_ 6 _2y

x- 0y =5

Let (0.5 ,0.5) be an approximate root . Then ,

3x?
10

6xy

(0.5,0.5) + (0.5,0.5)

=015+ 0075 <1

=02<1

(0.5)

and ‘ _y

Hence the conditions for convergence are satisfied and the approximations are given by ,

X = % [Bynxzn +7} andy :% [yzn +4}

we obtain successfully with x, =0.5 and y,=0.5

X,=19 |g* " [=0.7375
1
X,= 15 [3(0.85)(0.7375) +7 |

3

1 2
X, =15 [3(0.8387)(0.9445) + 7 |
X, = —0 [3(0.8993)°(0.9784) +7
9

1
= 0.9374

1
yl - g
1
y2 - g
1
Y, 5

<
sy
Il
ol

1

+4J: 0.9445
+4J = 0.9784

+ 4} = 0.9914
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X, = % [3(0.9374)(0.9914)+ 7] y, = % [(0.9914)2 +4J
= 0.9613 = 0.9966

X, = 0.9763 y, = 0.9986

X, = 0.9855 y, = 0.9994

Converges to the root (1, 1) is obvious.

49. Solve the system of equations
y? -5y + 4 =0 and 3yx? - 10x + 7 = 0 by Newton - Raphson Method.
Sol :
We have
f(x) = 3yx*-10x + 7 =0
gx)=y?-5y+4=0

of of
Then, — =6yx-10; — = 3Xx

OX oy
aq .99 _
ox =0 ; oy =2y-5.
Taking x,=y,=0.5
We obtain
i— 8.5 d =0.75,f = 2.375
6x0__" ayo_ e T
a9 09
%, =0, go = -4, 9,= 1.75
Hence,
-8.5 0.75
=1 4 4| =
Therefore,

1 ‘—2.375 0.75
h

= 27| 175 _4‘ = 0.3180

and k=21 g _175

If follows that,
x, = 0.5 + 0.3180 = 0.8180
y, = 0.5 + 0.4375 = 0. 9375

1 -85 -2.375
= 0.4375

g
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For the second approximation, we have

f = 0.70109, ; g, = 0.1914
of of
6_x1 = -5.3988 ; a = 2.0074
a9 a9
8_X1 =0 ; a = -3.125
Therefore,

‘—5.3988 2.0074‘
D=

0 _3195 = 168712
Hence
1 |-0.7019 2.0074
h= 68712 |-0.1914 —3.125/ = 01528
(L [53018 07009 _
~ 16.8712 0 01014 =0
Then

X, = 0.8180 + 0.1528 = 0.9708
y, = 0.94375 + 0.0612 = 0.9987

Q50. Solve the system x? + y?2 =1 and y = x2 by Newton - Raphson method.

Sol :
Let
f=x*+y?’-land g=y-x?

From the graphs of the curves, we find that there are two points of intersection, one each in the first
and second Quadrants. we shall approximate to the solution to the first Quadrant.

We have
a_f_2 ﬂ—2
ox Loy T
a9 _ 2 a—g—l
x - Ty T

We start with x, =y, = 0.7071 obtained from the approximation y = x.

o o
Xy 1.4142, oy, = 1.4142

o9 o9
ox, =-l4142, 5 =1

0

g
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Therefore,

1.4142 1.4142

D= ‘_1_4142 1 ‘ =3.4142,f =0

Hence,

1 ‘ 0 1.4142

h= 32142 |02071 1 ‘ = 0.0858

and

1 ‘ 1.4142 0
k

= 34142 |-1.4142 -0.2071

x, = 0.7071 + 0.0858 = 0.7858
and y, = 0.7071 - 0.0858 = 0.6213
For the second approximation,
f, =0.0035, g, = 0.0038

of of

8_)(1 = 15716 , a = 1.2426

‘ = -0.0858

o9 o9
ox, =-15716, 5 =1

Now,

15716 1.2426

D= ‘—1.5716 1 ‘ = 3.5245,

Hence,

1 ‘—0.0035 1.2426
h

T 35245 |-0.0038 1 ‘ = 0.0003

1 ‘ 1.5716 —0.0035
k

= 3.5245 |-1.5716 -0.0038
X, = 0.7858 + 0.0003 = 0.7861
y, = 0.6213 - 0.0033 = 0.6180

‘ = -0.0033

Q51. Solve the system
sinx -y =-0.9793
cosy -x =-0.6703 withx, =0.5andy, = 1.5 as
The initial approximation by Newton - Raphson method
Sol :
We have
f(x,y) = sinx -y + 0.9793
g(x,y) = cosy — x + 0.6703

g
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1st interation :

f0 =-0.0413 ; g, = 0.2410
o _ A
ox = COSX ; 6y = -
o_ ., . A
polal : ay = ~siny.

We start with x, = 0.5andy, = 1.5

o o
ox, = 0.8776 ; oy, =-1

9 9
x, = -1 oy, T 0.9975
0.8776 -1
D= 1 _0.9975 = -1.8754
Hence,
1 0.0413 -1
h= -1.8754 [-0.2410 -0.9975 =0.1505
1 0.8776 0.0413
k = 18754 1 _0.2410 = 0.0908

x = 0.5 + 0.1505 = 0.6505
y = 1.5 + 0.0908 = 1.5908
For the second iteration,

X, = 0.6505 ; 'y, = 1.5908
f,=-0.0059 ; g, =-0.0002
L o
ox, = 07958 ; G- =-1
e )
x, =1 gy, =-0.999%

07958 -1
D=1 _1 _0.0998 = 17956

1 00059 -1

h= 7956 [0.0002 —0.990g| = 0-0032

1 [0.7958 0.0059
K= 17956 | -1  0.0007 = 00034

|l 55 ',
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Now

x = 0.6505 + 0.0032 = 0.6537
y = 1.5908 - 0.0034 = 1.5874

For the third iteration,

X, = 0.6537

f, =0

of

0

99
0X, -1
0.7938
D=|
h 1
T -1.7937
_ 1
T -1.7937

Now

.y, = 1.5874
; 9,=0
of

ox, =07938 ; G- =-1

o9
L Gy, = ~0.9999

0o -1
0 -0.9999| =0

=0

0.7938 O
-1 0

x = 0.6537 + 0 = 0.6537
y = 1.5874 + 0 = 1.5874

In second and third iteration the values of x and y are same.

Hence, the required values of x, y are

X = 0.6537
y = 1.5874
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‘ Choose the Correct Answers I

1.  The number 1.6583 round off to four significant figure is [c]
(a) 1.65 (b) 1.6
(c) 1.658 (d) None
2.  The difference \/g.37 — /6.35 to three significant figures is [b]
(a) 0.0198 (b) 0.00198
(c) 0.198 (d) 198
3. The Absolute errorE, is [a]
(@) X=X, (b) X=X
(c) Both (d) None
4.  The Method of false position is also calledas [ c]
(a) Bisection Method (b) Newton’s Method
(c) Regular Falsi Method (d) None
5. In Iteration Method we express the equation f(x) = 0 in the form x = ¢ (X). must be such that[ b ]
(a) |o'x)| =1 (b) [¢"09< 1
© |o'e #1 (d) None
6. Aitken’s A2method can be used to [c]
(a) Accelerate the convergence of sequence that is convergent
(b) Not convergent
(c) Accelerate the convergence of a sequence that is linearly convergent
(d) None
7.  Thefixed points for the function f(x) = x? is [a]
@ 0,1 (b) 2,0
() 1,1 (d) None of these
8.  The first approximation in Muller’s Method is determined as [d]
2c 2c
@ x,=x,+ (b) x.=x, +
P b+sgn(b)\/b2—4ac % p-sg(b)yb*—4ac
2c 2c
(©) x,=Xx,- (d) x. =x, -
% p-sgn(by/b?-4ac 2o b+sgn(b)\/b2—4ac
9.  The solution of simultaneous non-linear equations solved by [c]
(a) lteration method (b) Newton - Raphson Method
(c) Both (d) None
10. f(x)=ce*+ce*=0isa_______ equation [a]
() Transcendental (b) Algebraic
(c) Both (d) None
[ 57 ]
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‘ Fill in the Blanks I

Round - off the number 52.275 to two decimal places is

The value & In 3 correct to find decimal places is
The percentage error (Ep) by
A number o is called a root of an equation f(x) = O if

The method of generating better and better approximation from an initial guess is called

2

The newton Raphson formula is

7. Approximate value of /3 =
8. If f(x) = & - x -1 and x, = 1 then by Newton’s Raphson method x, ~
9.  The number x is a find point for a function ‘g’ if

10. The sequence is said to be linearly convergent if

ANSWERS

1. 52.28
2. 1.09861
3. 100 E,
4. f(a) =0
5. Iteration method

f(x,)
8 XS Py,
7. 1.732051
8. 0.58198
9. ¢(x) =x
10. a =1
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Interpolation and Polynomial Approximation: Interpolation - Finite
U N I T Differences - Differences of Polynomials - Nelw‘.[on’s formula for Interpolation-

Gauss’s central differences formulae - Stirling’s and Bessel’s formula -
| | Lagrange’s Interpolation Polynomial - Divided Differences - Newton's General
Interpolation formula - Inverse Interpolation.

I B
T T
T P T P T T

0 T A A
T
| EEEEEEENEEEEENEEEEEEEEEE}

I 2.1 INTERPOLATION FINITE DIFFERENCES - DIFFERENCES OF POLYNOMIALS

Q1. Define interpolation.

AnS :

We consider the statementy = f(x), X, < X <x_that means we can fine the value of y, corresponding

to every value of x in the range X, < x < x_. If the function f(x) is single valued and continuous that is know
explicity then the value corresponding of f(x) for certain values of x like x, X, ..... X can be calculated and
tabulated. The setof tabulor values (X, Y,), (X, ¥,)s ... (x., y,) satisfying the relation y = f(x) where the
explicit defination of f(x) is not known, it is required to.find a simpler function, say ¢(x), such that f(x) and
d(x) agree at the set of tabulated points. Such process is called interpolation. If ¢(x) is a polynomial, then
the process is called polynomial interpotation and ¢(x) is called interpolating polynomial.

Finite Differences
Consider a function
y = (%)
Letyy, Y, Yy e y, be the values of y corresponding to the values of x , X, X, ... X_ of x respectinely.
Then the differencesy, =y, y, =Y, -...... are called the first forward differences of y.
We denote them by Ay, Ay, ... 1.6, Ay, =Y, =Y, AY, =Y, =Y, AY, = Y, = Y, oen.

In general,

Where A is called the forward difference operator. and Ay, Ay,, ...... are called first forward
defferences.

The differences of the first forward differences are called second forward differences and are denoted
by A%y, A%, ......

Similarly we can define third forward differences, fourte forward differences, etc.
Thus
Ay, =AYy, —AY, =Y, -y, - (Y,—Y,)
=y,-2y, ty,

' 59 |
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Ny, =Ny -Ny =Y,-2y,+Yy - (Y,-2y, +Y,)
=y,-3y,+3y,-Y,
Ay, =Ny -Ny =Yy, -3y,+3y,-Y, - (Y,-3Y,+ 3y,-Y,)
=y,—4y,+6y,-4y +y,.
Forward Difference Table

X y First Second Third Fourth Fifth
Differences| Differences | Differences | Differences | Differences
X | Y,
AY, =YY,
X, Y, A’y =AY, -AY,
AY, =Y, Y, ANy =A%y -y,
X | Y A%y, =Ay,~Ay, Ay =AYy A%y,
AY, =YY, Ay =A%y -y, A%y =A%y ~AYy,
X | Ys A%y, =AY ~Ay, Ay =Ny Ny,
A=Y, Y, A%y, =A%y =A%y,
X | Vs APy =AY =AY,
AY, =YY,
X | Vs

Backward Differences

The differencesy, =y, ¥, =Y, - y. -V, , are called first backward differences. If they are denoted
by VY.V, .. V'Y, respectively,

So that
VY. =Y.~ Y,
VY, =Y,-Y,
Vyn:yn_yn—l

Where v is called the backward difference opercitor.

In a similar way, one can define backward difference of higher orders.

Thus, we obtain,

: 60 ',
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VY, =VY,=- VY,

=Y, =Y, -, =Y, ) =Y, -2y, +y,
VY, = VY, -V,

=y,—3y,+ 3y, -y,etc

Backward Difference Table

X y v v? v v v

% Yo

X1 y1 Vyl
X, Y, vY, v,
X, A VY, VY, v,

X, Y, vY, vy, vy, vy,

X, Ys vYs VY, v, VY, VY,

Central Differences

Yo Yy eereee y, as the values of a function y = f(x) corresponding to the values x, X,, ...... x_of x

We define the first Central Differences 5)’%, 5)’%, 5)’5/2 ...... as follows.

5)/% = yl — yo,
5)/% — y2 A yl,
6y5/2 =YY,
6yn_% = yn —_ yn—l ..... (l)

The symbol § is called the central difference operator. This operator is a linear operator.

Comparing expressions (1) above with expansions earlier used on forward and backward differences,
we get

Sy% = Ayoz Vyl
Sy% = Ayl: Vyz
6)’5/2 =AY, = VY, e

In general, Mnay = Ay, = vy, n=012 ..
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Central Differences Table

x |y 3 52 83 84 85 86
XO yO
Sy%
Xl yl 82 1
6y% 83y%
X2 y2 82 2 84 2
6 3 5
Vs, s, %Ys,
X3 y3 82 3 84 3 86y3
3 5
R Yy, Yy,
X4 y4 82 4 84 4
6y% 83y%
X5 y5 82 5
5)’1%
XG yﬁ

2.1.1 Symbolic Relations and Separation of Symbols

2Q. Define averageing, shift, inverse operators.

AnS :

Averaging operator

The averaging operator p is defined by the equation

1
Myr = E (yr+% +yr—%) .

Shift Operator

The shifted operatar E is defined by the equation Ey =y

This shows that the effect of E is to shift the functional value y, to the next higher valuey ,

A second operation with E gives,

E%y = E(Ey) =E(.,) =Y.,

In general,

Enyr = yr+n

Inverse Operator

E*isdefinedasE™'y =y |

Ingeneral E"y =y
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Q3. Provethat A=E-1

Sol :
We have
AYy =YY,
= Eyo —Yo
Ay, =(E-1)y,

=A=E-1o E=1+A

Q4. Provethatv=1-E?1

Sol :
v (yr) = yr - yl’—l
=1.y,-E%y)
viy) =Q-EYy,
v=1-E1!
i1
Q5. Provethat 8 = E2_E 2
Sol :
dy, =y -y
) =)
1 1
— E?%y, -E 2y,
EO
8yr = {EZ _E ZJ yl’
E
8='E>-E?
1 i1
Q6. Provethat p= 5 {Ez +E ZJ
Sol :

g
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Q7. Prove that pu? sl+4£62

Sol

1

1
Q8. Provethat s = E[ ZJA: VE?2

Sol :
11
8 = E2-E 2
1
= E ?(E-1)
1
8 = E?2A

1 1 1 1
Also5= E?2-E 2 = Ez(l—E’l):VE2

1 1
Hence 6 = E 2A = yg2
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Q9. Using the method of separation of symbols, show that

n(n-1)
A'u__=u -nu_ + T Ut + (-1)"u_,
Sol :
Consider
n(n-1)
U-nu, +———"Uu,*... + (-1)"u,_
n(n-1)
=u-nE'u_ + > E?u + ... + (-1)"E"u
n(n-1)
= [1-nE*+ > E2+ .. + (-1)"E" u,
= (1—E71)n UX
Y E-1Y

= l__ = D

e[

An
=y

E X
= A"E""u,
= An ux—n

n(u—1)
AU, S U =NUG U + (-1)"u_,
X2 2
Q10. Show thate*(u, + XA U, + — AU, +.....) = U + U X+ uza &

21
Sol :

Now

2

X
X - 2 —_
e {u0+xAu0+2!Auo+ ..... } =

which is required result.

X2
e {1+ XA + EAZ_'_

exex u,

X+XA

etu,

X(1+A)

e u,

XE

e u0
X2 2

1+ XE + +ons u
21 0
X2
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Q11. Find the missing term in the following data

o[1]2]3] 4
yl1|3]9]-]81

Sol
Consider A%y, =0 (We are given only four values)
Since A%y, =0
= y,-4y,+6y,-4y +y =0
Substitute given values we get
8l-4y,+54-12+1=0
= y,=31

2.1.2 Differences of a Polynomial
Q12. Theorem :
If y(x) is a polynomial of degree n and the values of x are equally spaced then A" f(x) is a constant.
Proof :
Let y(x) =ax +ax"+ax"?+ . +a.
Where
8, 8, 8,y ceenene a, are constants and a, = O.

We know the formula for the first forward difference

Ay(X) = y(x + h) - y(x)

=[a,(x +h*+a (X +h)""+ ... +a (x+h)+a]
- [ax" +axmt +....... +a_x+a]
n(n—-1)
=a, [\ X"+ nx""h+ X2 h2+ . - X"
2!
(n-1H(n2)
+a, [ X"H+(n-1x"?h+ T X"2h? ... =X+ +a _h
= a,nhx™ +a' x"? + a' X" +...... +a x+a
Where
a,al,, ... a'_, are constants

Here this is polynomial is of degree (n — 1)
Thus, the first difference of a polynomial of n™ degree is a polynomial of degree (n — 1).
Now,  A%y(x)= A [Ay(X)]

— n-1 1 yn-2 1 yn-3 1
= Ala,nh . x™ +al x™? +at X" — ... +a' ]

[ 66 }
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Q13.

=a,nh [(x + h)™ —x™] +a! [(X + h)"™? - x"?] + ... +a _[(x+h)-X]
=a,n (n-1)h*x"2+at x"° + ... +at  x+a' |

Where

n n

aj, ay, ... — a,_, are constants.
This is a polynomial of degree (n - 2)
Thus, the second difference of a polynomial of degree n is a polynomial of degree (n — 2).
Continuing like this, we get
Ayx)=ann-1)n-2).... 2.1.h" =a h" (n!)
Which is a constant

Hence the result.

2.2 NEwWTON’S FORMULA FOR INTERPOLATION I

Derive Newton’s forward difference interpolation formula.

AnS :

Let y = f(x) be a polynomial of degree n.
ie,y=f(Xx) =a,+a(x-x)+a X-x)X=x)+a x=x) X-X)X-X)+ ...
+a (X=X) (X=X) .. xX=x.) .. 1)
This polynomial passes through all the points (x, y) fori =0, 1, 2 ...... n
Therefore, we can obtain the y’s by substituting the corresponding x’s as :
atx =x,, Y, =a;
atx=x,Yy,=a,+a/(x —X)
atx=x, y,=a,+ a,(x,—X) + a,(x,-x)(X,-x)andsoon. ... 2
Let h be the length of the internal such that x’s represents.
xi=x0+ih, i=012... n.
= xl—x0=h, X, -Xx.=2h, x —-x =3h...... X =X, =nh ... 3
From (2) and (3), we get
Yo = &
y,=a,+ah
y,=a,+a 2h +a, (2h)h
y, = a, + a, 3h + a, (3h) (2h)h + a, (3h) (2h)h

y, =a, + a, (nh) +a, (nh)(n-1)hn + ..... +a (nh) [(n-1)h] [(n-2)h] ..... 4)

Solving these equations for a, a,, a, ..... a, we get
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a, =Y,

_ yl_aO — yl_yO _ AYO

1 h h h
Yi—Y
— yz_ao_alzh _ yz—yo—[lhOJZh
a2 o 2h2 o 2h2
_ Y2_YO_ZY1_ZYO — Y2_ZY1+YO
o 2h? 2h?
_ A%y,
2h?
_ A%y,
%= ome

Similarly, we can obtain

_ Ay _ Ay, _ A",
8 T Qe &7 gt & T e
Ay A?y A%y
y=1x)=y, + ho(x—x0)+ 2!h20 (X—x,) (X=x) + 3!h'°? (X=x,) (X =X%) (x=x)) +
A"y
..... + n!h”o (X=X) (X =X) oo (X=X_,) N )

Setting. ~ x= X, + ph = x-x,=ph where p=0,1,2 ... n.
Then X=X =X=-(X,+h)=x-x,-h=ph-h=(p-1)h.
X=X, =Xx-=(X +h)=Xx-x)-h=(p-1)h-h=(p-2)h

X=X _,=[p-(n-1)]h.

Equation (5) becomes,

p(p-1) p(P-1)(pP-2)
y = f(x) = f (x, +ph) =y, + pAy, +TAZy0 + TA’°‘yO+ .......

N p(p—l)(p—Z)r-{! ----- [P-(n-1)] A,
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Which is Newton’s forward difference interpolation formula.

This is useful for interpolation near the beginnig of a set of tabular values.

Q14. Derive Newton’'s Backward Interpolation
Ans :

If we consider
yX)=a,+a xX-x)+a,X-x)X=-X_)+a X=X)X=X _JX=X )+ ...
+a (X=X)X=X JX=X_) ... (x=x

And then impose the condition that y and y (x) should agree at the tabulated points

Xoo X1y eees X0 Xy X
We obtain,
p(p+1) p(p+1).....(P+n-1)
Y=Y, ¥ PVy, + T VY, ol VY
Where
X=X,
P=

This is Newton’s backward differnece interpolation formula.
If uses tabular values to the left of y,.
Thus, this formula useful for interpolation near the and of the tabular values.

Q15. Find the cubic polynomial which takes the following values y(1) = 24, y(3) =120, y(5) =
336 and y(7) = 720.

Hence obtain the value of y(8).

Sol :
The difference table is :
X y A A2 A3
1 24
96
3 120 120
216 48
5 336 168
324
7 720

X=X,  x-1
P="h T 2

Now, the newton’s forward interpolation formula is,
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p(P-1) p(P-1)(p-2)
YO) =Y+ pAY, + T Al T A

e g (RN (5505,
6

y(xX) = x® + 6x2 + 11x + 6.
Hence, y(8) = 8% + 6(8)? + 11(8) + 6 = 990

Q16. Values of x (in degrees) and sinx are given in the following table.

X (In degrees) 15 20 25 30 35 40
Sinx 0.2588190 | 0.3420201 | 0.4226183 | 0.5 | 0.5735764 | 0.6427876

Determine the value of sin 38°.

Sol :
The difference table is
X sinx A A? A3 A4 A3
15 | 0.25883190
0.0832011
20 0.3420201 -0.0026029
0.0805982 -0.0006136
25 0.4226183 -0.0032165 0.0000248
0.0773817 -0.0005888 0.0000041
30 0.5 -0.0038053 0.0000289
0.0735764 —-0.0005599
35 0.5735764 —-0.0043652
0.0692112
40 0.6427876

To find sin 38°.

We use Newton’s backward difference formula, with x =40 and x = 38.

X=X, 38-40

n

P=" 5

=2 = 04
= =-0

P(p+1) PP+)(P+2) PP+ (P+2)(p+3)
YO =Y, +PVY, + o VY, o VY F a0 VY,

p(P+1)(P+2)(p+3)(p+4)
5 VY.,

~0.4(-0.4+1)

y(38) = 0.6427876 — 0.4 (0.0692112) + 5

(~0.0043652)
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(-0.4)(-0.4+1)(-0.4+2)
+ 6

(~0. 0005599)

. (0.4)(-0.4+1)(-0.4+2)(-0.4+3)
24

(0.0000289)

(-0.4)(-0.4+1)(-0.4+2)(-0.4 + 3)(0.4 + 4)
+ 120

= 0.6427876 — 0.02768448 + 0.00052382 + 0.00003583 — 0.00000120
y(38) = 0.6156614

Q17. The table below gives the values of tanx for

(0.0000041)

0.10 £ x £ 0.30

X y = tanx

0.10 0.1003
0.15 0.1511
0.20 0.2027
0.25 0.2553
0.30 0.3093

Find (a) tan 0.12 (b) tan 0.26

Sol :
The table of difference is
X y A A? A3 A*

0.10 0.1003
0.0508

0.15 0.1511 0.0008
0.0516 0.0002

0.20 0.2027 0.0010 0.0002
0.0526 0.0004

0.25 0.2553 0.0014
0.0540

0.30 0.3093

(a) Tofind tan (0.12)
Here x = 0.12, x, = 0.10 and h = 0.05

_ X% _ 012-010 _
P="" = 005 7

By Newton’s forward interpolation formula,
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p(p—1) p(P-D(P-2) p(P-D(P-2)(p-3)
y(x) =y, + pAy, + ol Ay, + TA’WO + 2 Ay, + .
0.4(0.4-1)
tan(0.12) = 0.1003 + 0.4 (0.0508) + —— _—— (0.0008) +
0.4(0.4-1)(0.4-2)
(0.0002) +
6
0.4(0.4-1)(0.4-2)(0.4-3
( )( )( )(0_0002)
24
tan (0.12) = 0.1205
(b) To find tan (0.26)
Here x =0.26,x = 0.30 and h = 0.05
_ X=x, 026-030 0.8
P="hn = 005 T
By Newton’'s Backward interpolation formula,
p(p+1) pP+1(p+2) p(P+1)(P+2)(P+3)
YO =y, +pvy,+ o vy, + 3l vy, + a7 VY, F
-0.8(-0.8+1)
tan (0.26) = 0.3093 - 0.8 (0.0540) + f(0.00M) +
-0.8)(-0.8 +1)(-0.8 + 2 —0.8)(-0.8 +1)(-0.8+2)(-0.8 + 3
(=0.8)( )( )(0_0004) L 0.8 )( )( )(0_0002)
6 24
tan (0.26) = 0.2662
Q18. Find f(0.23) and f(0.29) from the following table :
X 0.20 0.22 0.24 0.26 0.28 0.30
f(x)11.6596 | 1.6698 | 1.6804 |1.6912 |1.7024 |1.7139
Sol :
The difference table is,
X y Ay A%y Ay Aty A°y
0.20 1.6596
0.0102
0.22 1.6698 0.0004
0.0106 -0.0002
0.24 1.6804 0.0002 0.0004
0.0108 0.0002 -0.0007
0.26 1.6912 0.0004 -0.0003
0.0112 -0.0001
0.28 1.7024 0.0003
0.0115
0.30 1.7139
— [ 72}
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(@) To find f(0.23)
Here x=0.23,x,=0.20 and h = 0.02

x-X, 0.23-020 003 _

P= "= o020 o002 t°
By Newton'’s forward interpolation is,
p(p—1) ~1)(p— p(P-D(P-2)(p-3)
y(x) =y, + pAy, + o A%y, + Pl 13)|(_p 2) A%y, + a1 A%y,
pP(P-D(P-2)(P-3)(P—-4)
+ 51 Ay, +
1.51.5-1) 1.51.5-1)1.5-2)
y(0.23) = 1.6596 + 1.5 (0.0102) A (0.0004) + 5 (-0.0002)
1.50.5-1)(1.5-2)(1.5-3
+ ( ) ) ) (0.0004) +
24
1.51.5-1)(1.5-2)(1.5-3)(1.5-4
( )( )( )( ) (-0.0007)

120
= 1.6596 + 0.0153 + 0.00015 +0.000125 + 0.000009375 + 0.000008203
y(0.23) = 1.6752.
(b) To find f(0.29)
Here x =0.29, x = 0.30 and h = 0.02
x-x,  0.29-0.30

P = T o002 ~9°

By Newton’s ' Backward interpolation is,

P(P+1) P(P+D(P+2) PP+D(P+2)(P+3)
YOO =y, +pvy,+ o VY, o VYt a1 VY,

1 2 3 4
OO

(-0.5)(-0.5+1)

= 0.7139 + (-0.5) (0.0115) + 5

(0.0003)

. (—0.5)(—0.5;1)(—0.5+2)

(~0.0001)

| (05)(-0.5+1)(-0.5+2)(-0.5+3)
24

(~0. 0003)

. (05)(-05+1)(-05+2)(-0.5+3)(-0.5+4)

20 (~0.0007)
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= 0.7139 -0.00575 —0. 0000375 + 0.00000625 + 0.000011719 + 0.000019141
= 0.70815
y(0.29) = 0.7082.

Q19. Find the Newton’s forward difference interpolating polynomial for the data :

X |0]1]2] 3
fx)|1(3]7 |13

Sol :
The difference table is :
X f(x) A A? A3
0 1
2
1 3 2
4 0
2 7 2
6
3 13

By Newton’s forward interpolation formula,

p(p-1) p(P-1(p-2)
y =y, + pAy, + o1 Ay, + 30 TAN N S

Here

) _ x=0 _
P="H — 1 TF%

y =100 =1+ x@) + 25D g+ XD

=1+2Xx+x2-x

y =f(x) =x2+x+1

Q20. From the following table of values of f(x) computer f(0.63)

X 0.30 0.40 0.50 0.60 0.70
f(x) | 0.6179 | 0.6554 | 0.6915 | 0.7257 | 0.7580

Sol :

The difference table is,

g
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X y=f(x) vy vy vy vy
0.30 0.6179
0.0375
0.40 0.6554 -0.0014
0.0361 -0.0005
0.50 0.6915 -0.0019 0.0005
0.0342 0
0.60 0.7257 -0.0019
0.0323

0.70 0.7580

Here
x =0.70,x =0.63 and h = 0.10

_ X=X, 0.63-0.70
P=" T o010 ~
From, Newton’s backward interpolation formula

p(p+1) p(p+D(p+2) P(P+D(P+2)(P+3)
Y=Y, FPVY, T VY, F T VYt (4! Vi + ...

21
(-0.7)(~0.7+1)

-0.7

= 0.7580 + (-0.7) (0.0323) + > (-0.0014) +
(-0.7)(-0.7;1)(—0.7+2) 0 + (~0.7)(-0.7 +1)(2—2.7+2)(—o.7+3) 0.0005)

y = 0.7356

Q21. Find the polynomial which approximates the following values :

Xx|3 |4 |5 |6 |7 |8 |9
y|113|21|31|43|57 73|91

If the number 31 is fifth term of the series, find the first and the tenth terms of the
series.

Sol :

The difference table is

X y Ay A%y A3y A%y A%y A°y
3 13
8
4 21 2
10 0
5 31 2 0
12 0 0
6 43 2 0 0
14 0 0
7 57 2 0
16 0
8 73 2
18
9 91

g
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From the difference table, it will be seen that second differences are constant and hence tabulated
function represents a polynomial of second degree. we conclude that both interpolation and extra polation

would yield entract results.
To obtain tenth term,

We use the formula with

x0=3,x=10,h=1

7(7-1)
Y(10) = 13 + 7(8) + ——(2) = 13 + 56 + 42

=111
To obtain first term,

We use the formula with

xn=9,x=1,and h=1

X=X, 1-9 8
1 _— .

(=8)(=8+1)
2

y(1) = 91 + (-8)(18) + 2

=91 -144 + 56

y(1) = 3.

I 2.3 Gauss’s CENTRAL DIFFERENCES FORMULAE - STIRLING’S AND BESSEL’S FORMULA

Q22. Derine Gauss forward formula.

Ans :
We consider the following difference table in which central ordinate is takes for convenience as y,
corresponding to X=X,
Where
G,G, ... have to be determined.
The y,on the left side can be expressed in terms of y , Ay, and higher order differences of y  as
follows :

/6 J
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UNIT -1
X y Ay A%y A3y A%y ASy Aby
X3 y—3
Ay_3
X | Yo Ay,
Ay, Ay,
X, | Ya Ay, Ay,
Mo A2 e A* s Ay
X Y Y. \A
’ ’ AN Ay, yd l\ A%y, yd 2\ A%, yd ’
X, Y; A A? 0 A3 AAy-l
y
X Y ' A? ’
2 2 Ay 1
2
X3 y3

From the table, we note the following:

Ay, = Ay, + Azy-l, Azyo = Azy-l + Agy-l, A3yo = Agy-l + A4y-1

Ay, =AYy +Ny (1) and so on
and Ay = Ay ,+ A%y,

Ny =Ny, + Ay,

Ny, =Ny, + Ay,

Ay =AYy, + Ay, andsoon.... 2
By using the expressions (1) and (2)
We now obtain two versions of the following
Newton’s forward interpolation formula:

Y, =Y, + pAy, + %Azy(ﬁ W Ay, +
Herey, is the value of y at x =x, + ph
Substituting for Ay, A%, ...... (1) in (3) we get,

_ P(p-1)
Yo = Yo FPAY, o (A Ay )+ 30

L Pe-DE-2)p-3)

p(p —1)(pP-2)

P -De-20-3)

4!

(N%y + A%y )

2 (A% + A%y )+ ... ]
p(p -1 p(Pp -D(P+1) (P+)p(P-1)(p-2)
Yo =YoHPAY, + T o My o Ay, a1 Ay H
Substituting for A%y_ from (2), this becomes
p(p -1 (P+Dp(p-1) _ _
Y, = Yo HPAY, F o Aty T Ay + P +DP-DpP=2) A%y .. (a)

This is knows as the Gauss’ Forwared interpolation formula.

|l 77 ||
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Q23. Derive Gauss’ Backward interpolation formula.

Sol :
Newton’s forward interpolation formula :
p(p -1 p(p -D(P-2) p(P —D(P-2)(P-3)
Y, =Y, + PAy, + ol Ay, + T Ay, + 4 Ay, .....(1)

From the difference table (above table) we have

AY, = Ay, +AY 3 Ny, = Ny YNy =AY A

Ay, =AY FAY (2) and so on.
and Ay, = Ay, + A%y Ay =AYy, +Ay Ny =Ny +AY
Ay =AY, FNY Ny =Ny FAY (3) and so on.
Substiute the equation (2) values in (1)
We obtain
Yo = Yo+ Py, + A%y ) + % Ay, + Ay )+ W Ay, + Ay)

L Pe-D(E-2)p-3)

41 (AAY_l + A5y_1) + o

p(p +1) (P+1p(p-1) (P+1)pP-D(p-2)
Yo =Yo HPAY,+ T Ayt 30 Ay + a1 Ay ...
Substituting
A%  and A’y  from (3) this become,
(P+Dp (P+Dp(p-1)
Vo= Yo PAY, + T Ay 31 Ay, + A%y,)
(P+)p(P-1)(p-2)
+ 4 A%y, + A%y )+ ...
(P+Dp (P+Dp(p-1) (P+)p(p-1)(p-2)
Yo = Yo PAY,+ T Ay L+ 30 Ay, + a1 Ay ...
This is know as Gauss’ backward interpolation formula.
Q24. Derive stirling’s formula.
Sol :
The Gauss’ forward interpolation formula is
p(p -1 (P+Dp(p-1) (P+Dp(P-1)(p-2)
Yo = Yo FPAY T Ay, 30 Ay + a1 Ay, Ho,

The Gauss’ Backward interpolation formula is

'8 )
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Y, =Y, + pAYy, +

(P+Dp

o Ayt

(P +Dp(p-1)

3!

Ny +

41

Taking the mean of Gauss’ forward and backward formula, we get

yp=yo+p{

1
+ =

2

2 2!

Ay, +Ay }+1[p(p—l)+ (P+D)p

(P+DpP-1(P-2) (P-2)(P-1)p(p+1)

(P+1)pP-D(p-2) oy

2! }Azy“

Sl

Ay, +AYy p?
yp = yo + p 2

+ — A% +

2! !

This formula is known as stirling’s formula.

41

p(p®-1)

3!{

} A%y

A%y +A%Y }
— 5 |+

+ ...
2

(p+Dp-1)| A%y, +4A%, |,
3! 2

Q25. From the following table, find the value of e**” using Gauss forward formula.

X 1.00 1.05 1.10 1.15 1.20 1.25 1.30
e* [ 2.7183 | 2.8577 | 3.0042 | 3.1582 | 3.3201 | 3.4903 | 3.6693
Sol :
Here
x =117, x,= 115 and h = 0.05
_ X=X, _117-115 002 1
P="R = 005 ~ 005 4
The difference table is :
X ex A A? A3 A4
x,=1.00 | y,=2.7183
Ay ,=0.1394
x,=1.05 | y,=2.8577 A?y ,=0.0071
Ay ,=0.1465 A%y ,=0.0004
x,=1.10 | y,=3.0042 A?y ,=0.0075 A'y =0
Ay,=0.1540 A’y ,=0.0004
x,=1.15 | y,=3.1582 A’y =0.0079 A%y =0
Ay,=0.1619 A’y =0.0004
x,=1.20 y,=3.3201 A?y,=0.0083 Ay ,=0.0001
Ay,=0.1702 A%y, =0.0005
x,=1.25 | y,=3.4903 A?y,=0.0086
Ay,=0.1790
x,=1.30 y,=3.6693
The Gaues’ forward formula is,
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p(p-1) (P+D)p(p-1) (P+1)p(P-1)(P-2)
Y, = VYo ¥ PAY, + T Ay, + 3 Ny + 2 A+
2
2 . (37
1 4\ 4 4 4)\ 4
e = 3.1582 + 7 (0.1619) + —— —= (0.0079) + 5 (0.0004)

e’ = 3.1582 + 0.0405 - 0.0002 — 0.0003.
e!!’ = 3.1983

Q26. Using Gauss’ Backward formula, find the value of f(32) given that f(25) = 0.2707; f(30)
= 0.3027; f(35) = 0.3386 and f(40) = 0.3794.

Sol :

Let us take x, = 35 and construct the difference table
X y=f(x) Ay A%y A3y
x,=25 | y,=0.2707

Ay ,=0.032
x,=30 | y,=0.3027 A% =0.0039

Ay ,=0.0359 A%y =0.0010
x,=35 | y,=0.3386 A%y =0.0049

Ay,=0.0408

X,=40 y,=0.3794
Let
x =32, X, = 35and h =5

X=X,  32-35
P= h 5 A o
The Gauss’ backward formula is

-0.6

(P+Dp (P+Hp(p-1)
y =10 =y, +pay, + Ay, + 30 Ay,
. (P+)p(p-1)(p-2)

4!

+AY +

(0.6 +1)(~0.6)

y = f(32) = 0.3386 + (~0.6) (0.0359) + >

(0.0049)

(~0.6+1)(~0.6)(~0.6—1)
+

> (0.0010)

f(32) = 0.3165

Q27. State Gauss’ backward formula and use it to find the value of /12525. given that
J12500 =111.8034,+12510 =111.8481 12520 =111.8928, 12530 =111.9375
and /12540 =111.9822.

Sol :

The Gauss’ backward formula is,

{ 80 }
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(P+D)p (P+1)p(p-1) (P+Dp(P-1)(P-2) Al

y=y,+ pAy_ , + —2! AZy_l+ 30 A3y_2+ 2 y,+ ...
The difference table is,
X y =x Ay A?y
x ,=12500 | y ,=111.8034
Ay ,=0.0447
x ,=12510 | y ,=111.8481 A%y ,=0
Ay ,=0.0447
x,=12520 | y,=111.8928 Ny =
Ay,=0.0447
x,=12530 | y,=111.9375 A%y, =0
Ay,=0.0447
x,=12540 | y,=111.9822
x = 12525, x, = 12520 and h = 10
_ X=X, _ 12625-12520 _ 5 _ .

10
By Gauss Backward formula is
y, = f(x) = 111.8928 + 0.5(0.0447)
= 111.8928 + 0.0224
y, = f(x) = 111.9152

i.e, v/12525 = 111.9152.

Q28. From the following table values of x and y = e* interpolate values of y when x = 1.91.

X 1.7 1.8 1.9 2.0 2.1 2.2
e* | 5.4739 | 6.0496 | 6.6859 | 7.3891 | 8.1662 | 9.0250
Sol :
The difference table is
X y = e Ay A%y A3y Ay ASy
X,=1.71y_,=5.4739
Ay_,=0.5757
x,=1.8 |y ,=6.0496 A%y ,=0.0606
Ay_=0.6363 A’y ,=0.0063
X,=1.9 | y,=6.6859 A?y_=0.0669 Ay ,=0.0007
Ay,=0.7032 A’y =0.0070 A%y ,=0.0001
x,=2.0 | y,=7.3891 A?y,=0.0739 Ay =0.0008
Ay,=0.7771 A’y,=0.0078
x,=2.1 | y,=8.1662 A%y, =0.0817
Ay,=0.8588
X,=2.2 | y,=9.0250
' 81 |
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x =191, x,=190 and h=0.1

xX, _ 1.90-1.90 001 _

P= 0.1 01 01
By striling ‘s formula,
AYo+AY, | p p(p*-1) | AV +A%Y, | pP(p?-1)

yp:y0+p{ 3 1}“? AL T N ar GYH

0.7032+0.6363 (0.1)?

= 6.6859 + 0.1 5 + *—7(0.0669)
(0.1)(0.12 -1) {0.0070+0.0063} (0.1(0.12-1)
+ = + —~——=—= (0.0007
6 2 24 ( )

= 6.6859 + 0.0670 + 0.0003 — 0.0001 - O .

el = 6.7531

Q29. Using stirling’s formula find cos (0.17) given that cosO = 1, cos (0.05) = 0.9988, cos(0.10)
= 0.9950, cos (0.15) = 0.9888, cos(0.20) = 0.9801, cos(0.25) = 0.9689 and cos(0.30)
= 0.9553.

Sol :-

Here
x=0.17,x, = 0.15 and h=0.05

X=X, - 0.17-0.15

P= Th 005 04
p=04
The difference table is,
X COSX =Y Ay A%y A3y A%y ASy
0 y,=1
Ay ,=-0.0012
0.05 y ,=0.9988 A% ,=-0.0026
Ay _,=-0.0038 A%y ,=+0.0002
0.10 y_,=0.9950 A%y ,=-0.0024 A%y ,=-0.0003
Ay ,=-0.0062 A%y ,=-0.0001 A%y ,=0.0004
x,=0.15 | y,=0.9888 A?y ,=-0.0025 A%y ,=+0.0001
Ay,=-0.0087 Ay =0 A%y =0
0.20 y,=0.9801 A?%,=-0.0025 A%y ,=+0.0001
Ay,=-0.0112 A%, =+0.0001
0.25 y,=0.9689 A%y, =-0.0024
Ay,=-0.0136
0.30 y,=0.9553
e 82 J
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By stirling’s formula

AYo+AY, | p? p(p*-1) | AL +A%Y, | p*(pP-1)
yp=y0+p{ 02 1}_,_?&)/_1_,_ = 12 2 T A
—-0.0087-0.0062 (0.4)?
0.9888 + (0.4) 5 + T(—O.OOZS)
2_ -0. 1
- 0904y [o0001]
6 2
= 0.9888 - 0.0030 -0.0002
co0s(0.17) = 0.9856.
Q30. From the following table find y when x = 38,
30 35 40 45 50
y 1159|149 (14.1|13.3 125
Sol :
The diffenence table is,
X y Ay A%y Ay Aty
30 15.9
-1.0
35 14.9 0.2
-0.8 -0.2
40 14.1 0 0.2
\ -0.8 / \ 0 /
45 13.3 0
-0.8
50 12.5
Here

x:38,x0=40andh=5

X—X, 38-40
h — 5

p= 0.4

According to Gauss Backward formula,

(-0.4)(-0.4+1) N

Y = Y = f(38) =14.1 + (-0.4) (-0.8)+ >

L (04-1)(-0.4)(-0.4+1)(-0.4+2)

. (—0.4—1)(—2.I4)(—o.4 +)

(-0) 0)

= 14.4245.

2 x (0.2)
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Q31. Use Gauss’ forward interpolation formula to find f(30) given that f(21) =18.4708, f(25)
=17.8144, f(29) = 17.1070, f(33) = 16.3432, f(37) = 15.5154.

Sol :
Let Xy = 29

The difference table :

X y Ay A%y Ay Aty
x,=21 | y,=18.4708
Ay ,=-0.6564
x,=25 | y,=17.8144 A?y ,=-0.0510
Ay ,=-0.7074 A%y ,=-0.0064
x,=29 | y,=17.1070 A’y =-0.0574 A%y ;=+0.0018
Ay,=-0.7648 A%y ,=-0.0046
x,=33 | y,=16.3422 A?y,=-0.0620
Ay,=-0.8268
x,=37 | y,=15.5154

Here

x= 30, X, =29 and h = 4.

_X-x, _ 30-29
P=T4-7 4

=0.25

By Gauss Forward Fornula,

(0.25)(0.25-1)

f(30) = 17.1070 + (0.25)( -0.7648) + > (-0.0574)
. (0.25+1)(o.§5)(o.25—1) 0.0048) + (0.25+1)(o.25)(;)‘.125—1)(0.25—2) (0.0018)

f(30) = 16.921.

Q32. Using Gauss Backward difference formula, find y(8) from the following table.

Xx|0|5 |10 15|20 |25
7111114 |18 |24 |32

Sol :

The difference table is

g
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X y Ay A%y A3y Ay ASy
X_,=0 y,=7
Ay =
X, =5 y,=11 Ay =-1
Ay = A%y ;=2
X,=10 y =14 Ay =1 Aty ,=-1
Ay, =4 Ay =1 A%y ;=0
X,=15 y,=18 Ay, =2 Aty =-1
Ay,=6 A%y, =0
x,=20 y, =24 Ay =2
Ay,=8
X,=25 y,=32
By Gauss Backward formula,
+1 +1 -D(p-2
y =f(x) =y, + pAy  + _p(pZI ) Ay + (P+D)p(p-1) Ay + (p )p(il )® )A4y_2 + ...
Here
x=8,x,=10and h=5
8-10 -2
_ X=X, — - £ __
p= - 0 = 5 5 0.4.
-0.4)(-0.4+1 -0.4+1)(-0.4)(-0.4 -1
y =f(8) = 14 + (-0.4) (3) + ( )(2 )(1) + ( ) 5 X ) 2

L (0441)(-0.4)(-0.4-1)(-04-2)

24
f(8) = 14— 1.2 + 0.1112 + 0.0836 — 0.12

f(8) = 12.7024

(-1)

Q33. Derive Bessel’s Formula.

Sol :

The Bessel’s formula is very useful formula for practical interpolation, and it uses the difference in

the following table, where the brackets mean that the average of the values has to be taken.

X y Ay A%y A3y A%y ASy APy

X-1 y—l

Xo Yo Az)/41 . A4y72 . Aey,g

X, Y1 Ayo AzyO A y-A A4y71 A y_z Aeyfz
{ 85 | —
—J Rahul Publications



B.Sc.

Il YEAR VI SEMESTER

The Bersel’s formula can be assumed in the form

yO +y1

Y, 2

+ BlAyO + BZ

A’y +A%Y,
2

2

A%y +A%Y,

B+1
=Yyt | ™t 2 Ay, + B, 2

Using Gauss forward formula, we obtain

B+£—
2 =P

1

_ p(p-Y
B, = 21

B

3

3!

Hence, Bessel’s interpolation formula

May be written as,

2

+BA%  +B,

1
_ MD—DW—E)B

j+ B,A%  + B,

A'y ,+A%Yy N

2

A'y ,+A%Yy .

2

_ (p+Dp(-1(p-2)

4

1
—1) A%y  +A?2 p(p-D(p-7)
Yp = yo + pAyo + p(pZ! ) h Yo + —2 A Y

3!

2 "

+(p+me—1xD—azﬁy4+A4yi+

41

2

Q34. The following table gives the values of e* for certain equidistant values of x. Find the

value of e*when x = 0.644.

X 0.61 0.62 0.63 0.64 0.65 0.66 0.67
e* 11.840431 (1.858928 |1.877610 |1.896481|1.915541|1.934792 |1.954237
Sol :
The difference table is:
X y =e* A A? A3 A*
0.61 1.840431
0.018497
0.62 1.858928 0.000185
0.018682 0.000004
0.63 1.877610 0.000189 -0.000004
0.018871 0
0.64 1.896481 0.000189 0.000002
0.019060 0.000002
0.65 1.915541 0.000191 0.000001
0.01975 0.00003
0.66 1.934792 0.000194
0.019445
0.67 1.954237
' 86 }
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Here

x = 0.644, x, = 0.64 and h=0.01

0.644-0.64
P= (o1

By Bessel’s formula,

oo1 04
p(p-1)
Y, =Y, ¥ pAYy, + o1

{Azy_1 +A%y, } .
2

L (P+Dp(P-1)(p-2) Ay ,+A%y .
41

y(0.644) = 1.896481 + 0.4(0.019060) +

1
P(P-1)(p->) R
3!

3y-1

2

0.4(0.4 —1) (0.000189 +0.000111)

2

= 1.896481 + 0.0076240 — 0.0000228
y(0.644) = 1.904082.

2

Q35. The values of x and e™ are given in the following table. Find the value of e* when
X =1.7475.

X

1.72

1.73

1.74

1.75

1.76

1.77

1.78

e~

0.1790661479

0.1772844100

0.1755204006

0.1737739435

0.1720448638

0.1703329888

0.1686381473

Sol :

Here

X = 1.7475, x, = 1.74 and h =0.01

_(1.7475-1.74 3
— o014
X y =e* A A? A3 A*
1.72 0.1790661479
-17817379
1.73 0.1772844100 177285
-17640094 -1762
1.74 0.1755204006 175523 13
-17464571 -1749
1.75 0.1737739435 173774 22
-17290797 -1727
1.76 0.1720448638 172047 15
-17118750 -1712
1.77 0.1703329888 170335
-16948415
1.78 0.168638143

L8
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By Bessel’s formula,

3
y(1.7475) = 0.17552044006 - 2(0.0017464571)

3)(3
2|21
+ (4}(4 ) (0.0000175523 +0.0000173774)
2 2

= 0.1755204006 — 0.00130984284 — 0.00000163734 + 0.000000007
= 0.1742089218.

Q36. Using Bessel’s formula, find y(5) given that y(0) = 14.27, y(4) = 15.81, y(8) = 17.72,
y(12) =19.96

Sol :
Here
X=05 x,=4 and h=4

_ X=X _5-4 1
P="n T4 T34
The difference table is,
X y Ay A%y A%y
0 14.27
1.54
4 15.81 0.37
1.91 -0.04
8 17.72 0.33
2.24
12 19.96

Besse’s Formlais,

Y, =Y, + pAy, + %y

2 2 _ _1
p(p-1) {A y,+A yo} L PP
21! 2 —3!

1
y(5) = 15.81 + 5 (1.91) +

1 1_1
a\a [0.37+0.33}
2

= 15.81 + 0.4775 - 0.1313

y(5) = 16.1563

g
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Q37. Evaluate sin (0.20) By using Bessel’s formula, given that sin(0.15) = 0.1494, sin(0.17)
=0.1692, sin (0.19) = 0.1889, sin (0.21) = 0.2085, sin (0.23) = 0.2280.

Sol :
Here
x =0.20, x,=0.19 and h=0.02.

X-X, _ 020-0.19

P="1" = o002 0°
The difference table is:
X y =sin x Ay A%y A3y
0.15 0.1494
0.0198
0.17 0.1692 -0.0001
0.0197 0
0.19 0.1889 —-0.0001
0.0196 0
0.21 0.2085 —-0.0001
0.0195
0.23 0.2280
Bessel’s formla is,
pp-1) [A%y,+a%y
yp:y0+pAy0+T % + ..

. 0.5(0.5-1) [ -0.0001-0.0001
sin(0.20) = 0.1889 + 0.5(0.0196) + —————

2 2
=0.1889 + 0.0098

sin(0.20) = 0.1987.

2.4 LAGRANGE’S INTERPOLATION POLYNOMIAL I

Q38. Derive Lagrange’s formula.
Ans :

Let Xp, X, Xy evvenn X be the (n + 1) values of x which are not necessarihy equally spaced.

Let y, Y, Y, ...y, bethe corresponding values of y = f(x).

Let the polynomial of degree n for the function y = f(x)

y=1fx) =a,x-Xx) X=X) ....... (X=x) +a (X=X)X=X,) ... (x=x)
+a, (X = X)X = X)X =X]) ...... (X=x)+ ...
+a (X=X)X=X) e x=-x, .. 1)
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Where
Ay A e, a_are constants.
Since the polynomial passes through (x,, y,), (X;, ;) «-... (x_, y.) the constants can be determined
by substituting
One of the values of x, X, X, ..... x_for x in the a bove equation

Putting x = x, in (1) we get,

Y, = f(x)) = a,(X, = X)) (X; = X,) wovee (X, = X))

f(x,)
= AT (X=X (Xg =Xy (X —X,)

Putting x = x_ in (1) we get,

f(x) =a, (X, = X)) (X, = X)) ...... (x,=x)

f(x,)
= AT (X=X (X, —X,)e (X = X,)

Continuing in this manner and putting x = x_in (1) we get

_ f(x,)
&= (X, = X)X, =X ) (X, =X )
Substituting
Ay ) e a_equation (1) we get
(X=X XX KX)o (XX, ) (X=X ) (X=X, )eee (X —X,,)
= f(x.) + ...
100 = 0l 00%) D T )y )ik, O

(X=X )(X=X;)en (X=X, )
(X, =Xg) Xy =X, ) (X=X, 1) O

+

(or)

(X=X )(X=X,).er(X—X,) N (X=Xg)(X=X,)..0.(X=X,)
(Xo=X)(Xo =X5)e e (Xg=X,) 70 (X=X )Xy =X,) (X =X) 71

(X=X )(X=X,)er (X=X, ;)
(X=X )X, =X, ) (X=X, ) 7"

This is known as Lagranges’s interpolation formula
Q39. Find y(2) from the following data using Lagrange’s formula.

0|1| 3| 4 5
y|0|1]|81|256 625

Sol :

Here

g
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X,=0, x, =1, x,=3, X,=4, x,=5 and y, =0, y =1, y,=81,y, =256, y, = 625.
The lagrage’s formula is,

(X=X,)(X=X) (X =Xg).ooro(X =X, ) (X=Xg)(X=X,).....(X~X,)
(Xo=X)(Xg =X, )(Xg —=X5).een(Xg—X,) Yot (X, =Xo) (X, =X,) (X, — X,,) y, + ...

y=1() =

(X=Xo) (X=X )eerrn (X=X, ;)
X)X X)X, ) o

Now

X-D)(x-3)(x—4)(x-5) (x-0)(x-3)(x—4)(x-5) (x-0)(x-1)(x—4)(x-5)
Y= 10-10-23)0-20-5 O * 1-na-3za-aa-5 D * @-0)E-1@E-4)3-5) &V

(x-0)(x-1)(x-3)(x-5) (X=0)(x-1)(x-3)(x-4)
* 4-0)4-1)@-3)4—5) ?®0) * (5 0)5-1)(5-3)(5-4) 62

Here
X=2
_ (2-1)(2-3)(2—-4)(2-5) (2-0)(2-3)(2—4)(2-5)
YO = T Cycaaes OF T 039

(2-0)(2-1)(2-4)(2-5) (2-0)(2=1)(2-3)(2-5)
OO - 8F Taeecnn 5%
(2—0)(2—1)(2— 3)(2—4)
e@HE  ©%9)

a2 12 6 4
=0+ (24) + 12 (81) + =T (256) + 20 (625)

+

=0+ 05+81-128 + 62.5
y(2) =16

Q40. Using Lagrange’s interpolation formula, find the value of y(10) from the following table:

XxX|5]16|9 |11
y |12 13|14 |16

Find y(10), Given that y(5) = 12, y(6) = 13, y(9) = 14, y(11) = 16 using Lagrange’s
formula.

Sol :
Lagrange’s interpolation formula is given by
(X—Xl)(X—XZ)(X—X3) + (X—XO)(X—XZ)(X—XS)
(XO_Xl)(Xo _XZ)(XO —X3) ° (Xl_Xo)(X1 _Xz)(Xl _Xa) !

f(x) =

(X—=Xg) (X=X, )(X—X5) (X=Xg)(X—X3)(X—X,)
(Xz_xo)(xz _Xl)(Xz _Xa) 2 (X3—X0)(X3 _Xl)(X3 _Xz) Ys
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Here

X0=5, X, =6, Xx,=09, x3=11
and y, =12, y =13,

y,=14, y,=16
Here

X = 10.

= 110) = (10 -6)(10—9)(10-11)

_ (10-5)(10-9)(10-11)
(5-6)(5-9)(5-11) =

(6-5)(6-9)(6-11) (13)

(10-5)(10-6)(10-11) (10-5)(10-6)(10-9) L
* T9-5)0-6)9-11) * @-si-eai-9) 19
13 35 16
=2-—-+ - + =
3 3 3

y(10) = f(10) = 14.6666

Q41. Represent the function f(x) approximately by a polynomial of degree 2 from the following
data

X |1]2]-4
fx)| 3 |-5] 4

Sol :
Lagrange’s interpolation formula,

(X—X,)(X=X,) (X=%,)(X—X,) (X—X)(X-X,)
Y =100= 6006 2x) Yo =20 (6 ) V1T (G—x0)06—x,) V2
Here

x0=1, X, =2, X, = -4

and Yo= 3, Y. = -5, Y, = 4

_ (x=2)(x+4) (x-D(x+4) (x-D(x-2)
="t 2aa @ " e-ue+a D apca-2@W

-3 5 4
?(x2+2x—8)—g (x2+3x—4)+%(x2—3x+2)

-1
f(x) = 0 (13x* + 41x - 84).

Q42. Using Lagrange’s interpolation formula, find the form of the function y(x) from the
following table :

x| O 1 3 4
y|-12| 0 | 12 | 24

Sol :

From the table we observe

x=1y=0
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Thus

x —1 is a factor,

Let y(x) = (x-1) R(X) = R(X) = ﬁ

Tabulating the values of x and R(x) and R(x) we get

X 0 3 4
R(x)| 12 6 8

Using the Lagrange’s interpolation formula,

(X=X )(X=X,) (X=Xp)(X=X,) (X=Xp)(X=x,)

R = (X —X,)(X, —X,) f(x,) + (X, =X ) (X, —X,) fx) + (X, =X, ) (X, —X,) fx,)

(x-3)(x—4) (x-0)(x—4) x-0)(x-3)
= (—3)-4) B+ (3g@E-4 O 1_gu-3 O

=(X-3)(x-4)-2x (x -4) + 2x (x = 3)
= x?-5x + 12.

Hence, the required poly approximate to y(x) is given by y(x) =(x — 1) (x? — 5x +12)

Q43. Find the parabola passing through points (0, 1) (1, 3) and (3, 55) using lagrange’s
interpolation formula.

Sol :
Given points are,
X,=0, x,=1, x,=3 and Yy, =1, vy, =3 and y, =55
Lagrange’s interpolation formula is,

(X—Xl)(X—XZ) (X_Xo)(x_xz) (X_Xo)(X_X1)
f(X) - (Xo _Xl)(Xo _Xz) yO * (Xl_XO)(Xl_XZ) yl * (Xz _Xo)(Xz _Xl) y2

(x-1)(x-3) (x-0)(x-3) (x-0)(x-1)
= 0-n0-3 D+ a-ga-3 @+ 3-g@E-1 9
X% —X
6

x2—4x+3 x% —3x
- 3 T OF

(55)

2x% —8X +6—9x? + 27X + 55x2 - 55x%
6

1
= 5 (48" - 36x + 6)

fx)=8x2-6x + 1

g
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Q44. Given u, = 580, u, =556, u, =520 and u, =385 find u,,.
Sol :

Given data can be tabulated as,

x |0 ] 1] 2] 4
u(x) | 580 | 556 | 520 | 385

Here
X,=0, x, =1, x,=2, x,=4 and y, =580, y, =556, y, =520, y, = 385.
By Lagrange’s formula,

(X—X,)(X=X,)(X=X5) (X—Xg)(X—X,)(X—Xs)
109 = (=X —%,)00 —X5) Yo (X)X, —X,) (%, —X;)

(X—Xo)(X—X,) (X~ X,) (X—Xg) (X=X, )(X~X,)
T (X —Xe) (X = X)X, = X5) Y2 T (X=X ) (X —X)(Xs =X,) Y3
Here x =3
(3-1)(3-2)(3-4) (3-0)(3-2)(3—4)

i®) = (0-10-20-4) %+ 1-ga-2w-4 ©5
(3-0)3-1)(3-4) (3-0)3-1)(3-2)
* 2-o@E_DEe-4) 22F 4 o)@4-1@_2 ©8)
= 145 - 556 + 780 + 96.25
f(3) = 465.25.

I 2.5 Divipep DirFrereNces NEWTON’s GENERAL INTERPOLATION FORMULA I
Q45. Explain divided differences.
Ans :

Let (X, Yo)s (X, Y,) oo (x_, y.) be the given (n +1) points (not equally spaced x’s) Then the divided
differences of order 1, 2, ..... n are defined by follows.

The first order divided differences of y for the arguments x, X, is written as

fx,)-f(x,)
v x, (7 0=)

f(x,) —f(x,)
f(x,, X)) = [X,, X1 = X, X

Similarly

_ f(Xz) - f(X1)

[x,x]= X, —X, and so on.

g
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The second order divided differences of y for the arguments x, x,, X, is written as

f(x,,x,) —f(X,,%,)
X, —X

2 0

f(x,,%x,) —f(X,,X,)
X, _Xo

f(xo, X, X,) = [xo, X, X,] =

[Xl’XZ]_[XO’Xl]
[x,, x,, x.] = X, X,

0’ "1 T2

In this way we define the higher order divided differenced.
Note :

fix)—f(xo) %) —f(x,)
[X, X, ] = X, X = X, X, = [x,, %]

[X,: X,] = [x,, X,] and so on.

Divided differences table.

X y = f(x) 1st order | 2" order 3 order 4™ order
XO yO
[X, %]
X, Y, [Xy X, X,
[X,. %,] [Xgr X, X5 Xg
X, Y, [X,, X, X, [Xgr X, X, X5 X,
[X,, x3] [ X, X, X5 X,
% Y [Xz’ Xgr X,
[X; X,]

X, Y

Newton’s General Interpolation Formula

Q46. Derive Newton’s general interpolation formula.
Sol :
Let
Yor Yir Yy voen y, be the values of y corresponding to x, X, X,, ..... x_of x (let 'y = f(x)).

By defination of divided differences, we have

f09-fxe) Y=Y,
X=X, X=X,

f(x, x ) =[x, x]=

|l 95 ',
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y_YO
X=X,

= X x]=

= Y= X=x) X x]+y,
= Y=y, Fx=-x)xx! . 1)

[X,%o ] [X0,X]

Again [x, x, x,] = XX
= [X X] =X, x] + X=x) [X, X, x]

Substituting this value of [x, X ] in (1), we obtain

Y=Y, + (X =X) X X ]+ (X=X)) (Xx=x) X, X X ] )
But
[X, X0, X, | =[X0, X)X, ]
[X, X, X, X,] = X=X,
and so
[X, X5 X ] = [Xg X, X,] + (X = X,) [X, X, X, X,]

Equation (2) Now gives,
Y=Yy (= %) [y %]+ (x = X) (6= %) Ty X, ] +
(X=X (X=x) (X=x) X, x, x %] 0 3)
Proceeding in this way, ¢ we obtain
Yy =Y, + (X = Xg) X X ]+ (X =X)) (x=X) [X; X, X,]
+ (X = X) (X=X)) (X =X,) [X, X}, Xp0 X, ] + .o,
+ (X —X) (X =X) X=X) ... (X =X) [ Xy Xps Xy e X ] i 4)

This formula is called Newton’s general interpolation formula with divided differences, the last term
being the remainder term after (n + 1) terms.

Q47. Certain corresponding values of x and log, x are (300, 2.4771), (304, 2.4829), (305,
2.4843) and (307,2.4871) Find log,, 301. By using the Newton's divided difference

formula.
Sol :
The divided difference table is.
X y = log* , 1st order 2" order
300 24771
0.00145
304 2.4829 -0.00001
0.00140
305 2.4843 0
0.00140
307 2.4871
' 96 }
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The Newton’s divided difference formula B,

Y =Y, + (= %0) I X, ]+ (X = x)) (x= %)) [X; X, X,]

+ (X=X) X=x] X=X%) [X; X; X, X] +.ee.

Here
x = 301
y = 2.4771 + (301 - 300) (0.00145) + (301 - 300) (301 - 304) (-0.00001)
y = 2.4786.
Q48. Using the following table find f(x) as a polynomial in x.
X -1 0 3 6 7
fx)| 3 -6 | 39 822 | 1611
Sol :
The divided difference table is,
X y = f(x) 1st order | 2" order 3 order 4™ order
-1 3
-9
0 -6 6
15 5
3 39 41 1
261 13
6 822 132
789
7 1611

The Newton’s divided difference formula is,
y=y,+ (x- xo) [xo, X1+ (x- xo) (x=x) [xo, X,y X,] + (X - xo) [x-x]
(X =X,) [Xg Xps Xp0 X, ] + (X = X)) (X = X)) (X=X,) (X=X,) [X X5 X5 Xgp X, ] + 1o
y=3+Kx+1) (-9 +x+1)(x-0)(6) + (x+1)(x-0)(x-3) (5
+ X+ 1)Xx-0) (x-3)(x-16) (1)
y=x*-3x*+5x2-6

Q49. Using Newton’s divided difference formula find the values of f(2); f(8) and f(15) given

the following table.

x |45 7 [10] 11 | 13
f(x) | 48 | 100 | 294 | 900 | 1210 | 2028

Sol :

We form the divided difference table since intervals are unequal.

o7
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y = f(x) 1st order 2" order 3 order | 4™ order
48
100-48
5.4 92
97-52
5 100 -, =15
294 - 100 21-15
———— =97 =
7-5 10-4
202-97
7 294 o5 =2 0
900 - 294 27-21
10-7 —202 11-5 =
10 900 310-202 _ o7 0
-7 -
1210-900 3327
11-10 310 B-7
11 1210 40973107 o5
13-10
20281210
13-11 409
13 2028

By Newton’s divided difference formula is,
Y =Y, + (X = X0) XX, ] + (X = X)) (X = Xx,) [X5, X, X,]
+ (X=X) (X=X) (X=X) [X; X X, X] +.eee.
y=48+ (x-4)52)+ (x-4) x-5 15+ xXx-4) (x-5 (x-7) (1)
f2) =48-104+90-30=4
f(8) = 48 + (4)(52) + (4)(3)(15) + (4)(3)(1)(1) = 448
f(15) = 48 + 11(52) + (11)(10)(15) + 11 (10)(8) = 3150
Q50. Find log,, 323.5 given

X 321.0 322.8 324.2 325
log,,x | 2.50651 | 2.50893 | 2.51081 | 2.51188

Sol :
The divided difference table.

g
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X y = log* , 1st order 2™ order | 3™ order

321 2.50651
2.50893-2.50651

3228-321  — 0-00134
322.8 | 2.50893 0
0.00134 0
324.2 | 2.51081 0
0.00134

325.0 | 2.51188

Here
x = 3235
By Newton’s divided difference formula,
Y=Y, + X=x) X, X, ]+ (X=X) X=X) [X; X}, X,] + ...
y = 2.50651 + (323.5 — 321) (0.00134) + 0
y = 2.50651 +0.00334
y = 2.50985.

Q51. The values of y and x are given as below.

x| 5]6|9]|11
y 12|13 |14 |16

Find the value of y when x =10

Sol :
The divided difference table is.
X y 1st order | 2" order 3" order
5 12
1
6 13 -0.167
0.333 0.050
9 14 0.133
1
11 16
Here x = 10

By Newton’s divided difference formula,
Y =100 =y, + (= %) [y ]+ (= %) (= %) X, X, %]

+ (X=X) (X=X) (X=X) [X; X; X, X] +.eee.

=12 + (10 - 5)(1) + (10 - 5)(10 - 6) (0. 167) + (10 - 5)(10 - 6)(10 — 9)(0.05)

=12+5-3340+1
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y = f(10) = 14.66
The value of y when x = 10 is 14.66

Q52. Find a polynomial by using Newton’s divided difference formula for the data

X -4 -1 0] 2 5
f(x) [1245| 33 | 5 | 9 | 1335
Sol :
The divided difference table is,
X y = f(x) 1st order 2 order 3™ order | 4™ order
-4 1245
38-1245 _
-1+4
L a3 —28+404
- 0+4
5—33_ 28 10—94_ 19
0+1 — 2+4
0 5 2428 13+14
2+1 5+4
9-5_, 88-10 _ .
2-0 5+1
2 9 42-2_ o
5-0
1825-9 .
5-2
5 1335

From the table we observe that

[xo, x ] =-404 ; [xo, X, X,] =94, [xo, X, X, x3] =-14;

%,

Xy Xy X, x,]=3.

By Newton’s divided difference formula,

y = f(x) = f(x,)) + (x = %) [x, x,] + (X = X)) (X =x)) [X;, X, X,]

+ (X=X) X=x] (X=X)) [X; X\ X, X;] +

= 1245 + (X + 4)(-404) + (x + 4)(x +1)(94) + (X + 4)(x + 1)(x — 0)(-14)

+(X + 4)(x + 1)(x — 0) (x =2)(3)

f(x) = 3x* - 5x® + 6x2 - 14x - 5

Q53. Afunctiony = f(x) is given at the sample points X = X, X,, and x,. Show that the newton’s

divided difference interpolation formula and corresponding lagrange’s interpolation
formula are identical.

Sol :

For the function y =f(x)

g
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We have x, X, X, are the sample points. Newton’s divided difference formula is,
y =1(X) =y, + X=x) [X, X, ] ¥ (X=%X) X=x) [X,, X, X,] ... @

Using the defination of divided differences,

We can rewrite the equation (1) the from

y =f(x) = f(xo) + (X - xo) (ii:i?,j + (x - xo)(x - X))

) M) ) }

_(Xo_xl)(xo _Xz) (Xl _XO)(Xl _Xz) (Xz_ Xo)(xz _Xl)

_1_ (X, —X) . (X—X,)(X—X,) } fix, {(X—Xo) N (X=Xo)(X=X,) } fx)

(XO_Xl) (Xo_xl)(xo_xz) (Xl_XO) (Xl_XO)(Xl_XZ)

(X=Xo)(x~X,)
Pl A

Simplifying equation (2), It reduces to

(X_Xl)(X_XZ) (X_Xo)(x_xz) (X_XO)(X_Xl)
y =1 = (Xg =X,)(Xy —X,) fx,) + (X, =X )(X; —X,) fx) + (X, =X )(X, —X,) f(x,)
..... 3

Which is the Lagrange’s form of interpolation polynomial

Hence equation(1) and (3) are identical.

I 2.6 INVERSE INTERPOLATION

Q54. Define Inverse Interpolation.
Ans :

Given a set of values of x and y, the process of finding the value of x for a certain value of y is called
inverse interpolation.

2.6.1 Method of Successive Approximations

Q55. Derive the method of successive approximation.

Sol :
From the Newton’s forward difference formula written as,
u(u-1) uu-(u-2)
y, = U, + uAy, + 5 Ay, + 6 Ny, + L @

From this, we obtain

1 Cooou(u =) L uu-Du-2) .,
Ayo{yu oA, s A

u=

—J Rahul Publications
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Neglecting the second and higher differences, we obtain the first approximation to u and this, we
write.

1
u, = A_)’o v,-yyo) 3)

Next we obtain the second approximation to u by including the term containing the second
differences.

Thus,

1 ul(ul _1) 2
u,= AY, |:yu Yo _TA Yol L. ()]

Where we have used the value of u, for u in the coefficient of A%y,

Simillarly, we obtain

1 u,(u,-1) , u,(u,—(u,-2) ,
U= Ry [yu—yo— A A | (5)
and so on.

This process should be continued till two successive approximations tov agree with each other to
the required accuracy.

Q56. Tabulate y = x3for x = 2, 3, 4 and 5 and calculate the cube root of 10 correct to three
decimal places.

Sol :
X y=x3 A A? A3
2 8
19
3 27 18
37 6
4 64 24
61
5 125
Here

yu =10, yo =8, AyO =19, Azyo =18 and A3y0 = 0.

The successive approximation to u are,

1 1
ule—yo (yu—yo)=E (10-8)=0.1

1 ul(ul_l) 2
= —Y, A
U2 = Ayo |:yu Yo 2 Yo

' 102 }
Rahul Publications —J



UNIT -1l NUMERICAL ANALYSIS

1 (0.1-1)0.1
= —|10-8————""""-(18)| =
u,= g { , )} 0.15
1 uz(uz_l) 2 uz(uz —l)(u2—2) 3
= -V, — A - A
u, = Ay, {y“ Yo 2 Yo 6 Yo
_ 1 10_8_0.15(0.15—1)(18)_0.15(0.15—1)(0.15—2)(6)}
19 2 6
u, = 0.1532.
1 us(u,-1) ., us(uy,=1)(u; - 2) 5
= -V, — A — A
U4— Ayo |:yu 0 2 Yo 6 Yo
_ i 10-8— 0.1532(0.1532-1) (18)_0.1532(0.1532—1)(0.1532—2) (6)}
19 2 6
u, = 0.1541

Lol {2_0.1541(02.1541—1) 150154101541 -1)(0.1541-2) (6)}

5= 19 6
u, = 0.1542.
Take u = 0.154 correct to three decimal places.
Hence the value of x (which is corresponds to y = 10)
i.e, the cube root of 10 is x, + uh = 2.154.

Q57. From the table of values of x and e* are (1.4, 4.0552), (1.5, 4.4817), (1.6, 4.9530),
(1.7,5.4739) find x when e*x = 4.7115 using the method of successive approximations.

Sol :
X y = e Ay A%y A3y
1.4 4.0552
0.4265
1.5 4.4817 0.0448
0.4713 0.0048
1.6 4.9530 0.0496
0.5209
1.7 5.4739

Here y = 4.7115, y, = 4.0552, Ay, = 0.4265,
A%y, = 0.0448, A%, = 0.0048

The successive approximation to u are,

' 103 |
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u (4.7115 - 4.0552) = 1.5388

1
1 Ay, V.= Yd) = 52265

u,(u, -1
|:yu _yo _MA2y0:|

u

2= Ay, 2
__1 {4.7115—4.0552—1'5388(1'5388_1)0.0448}
0.4265 2
= 1 06563 -0.0186] = 1.4952
0.4265
1 u,(u, -1 u,(u, -1)(u, -2
b i [ Dy, DD
0
_ 1 [0_ ssea 14952(14952-1) | 1.4952(1.4952-1) (14952:2) 4 48}
0.4265 2 6
= 1 06563 - 0.0186 — 0.0003
_0.4265[' e e ]
u, = 1.4945,
Lo 1 [oasen_ LA94SWANE 1) o 1494514945 1)(L.4945-2) ¢ oo 0e
“0.4265 2 6

= _1 106563 -0.0166 - 0.0003]

0.4265
u, = 1.4992.
A 0.6563 14992014992 -1) ) o 1.4992(1.4992-1)(1.4992-2) ) (0o
®  0.4265 2 6

=_1 [0.6563-0.0168 - 0.0003]
0.4265

u, = 1.4987 = 1.499.

Take u = 1.499

i.e, The value of e*is x, + uh = 1.4 + 1.499 (0.1) = 1.5499
= 1.55.

g
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‘ Choose the Correct Answers I

1.  Therelation between A& Eis — [c]
(@ A=E-1 (b) E=A+1
(c) Both (d) None
2. Let (X,, ¥ ):(X,, ¥,) be the given two points the divided difference of order iis — [b]
Yo = Ya Y1 =Y,
@) [t X1 = % —x. (b) [ty ] = % —x
yo -Y:
© [X,x] = X, — X, (d) None
1
3. E?= [b]
L3 o L8
(8) n+3 (b) n-
il
© %+ (d) 5 3
4.  The forward difference operationis . [a]
(@ A (b) v
(c) E (d) o
5.  The n forward differences are defined by the formula . [b]
(a) Aﬂ yr = Aﬂ - yr - An_1yr+1 (b) A” yr = Aﬂ -+ yr+1 - An_1yr
() Ay =Aty —Avy (d) None
6. The backward difference operatoris . [b]
@ A (b) v
() E (d) &
7. Ev=vE=__ [a]
(@) A (b) v
(c) E (d) None
8. If x, = 0.75825, x = 0.759 and h = 0.00005 then n = [b]
(@ 1.5 (b) 15
(c) 2.5 (d) 25
9. Newton’s forward interpolation formula can be used . [a]
(&) Only for equally spaced intervals (b) Only for unequally spaced intervals
(c) a&hb (d) None
10. Using Newton's forward formula, find sin (0.1604) from the following table : [b]

X 0.160 | 0.161 | 0.162
f(x) | 0.15932 | 0.1603 | 0.1613

(@) 0.1697 (b) 0.1597
() 0.1587 (d) 0.1687
' 105 |
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‘ Fill in the Blanks I

1.  The central difference operator is

2. In Newton'’s forward interpolation, p =

p(p+1)

3. Newton’s Backward interpolation formula is o1

D2yn + .....

I+v)Ad-v)=

The first order divided differences [x,, x,] =

If X, =06, n=26 and h=0.2thenx =

If f(1.0) = 0.7651977 and f(1.3) = 0.6200860 then the f[x,, x,] =

The co-efficents of Newton’s forward difference form of two interpolating poly are tabulated along
the . inthe table.

© N o 0 &

9. The backward difference, for the sequence {pn}:;0 is defined by v p =

10. If f(x) = e* then the value of f(0.43) =

ANSWERS

1. §

X=X,
2. h
3.y X =y, +pvy, +
4, 1

f(x,)—f(x,)
5. —X1 "%
6. 1.12
7. -0.4837057
8. Diagonal
9 pn - pn—l
10. 2.36316
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Curve Fitting: Least Square Curve Fitting: Fitting a Straight Line-Nonlinear

U N IT Curve Fitting.

I I I Numerical Differentiation and Integration: Numerical Differentiation -
Numerical Integration: Trapezoidal Rule-Simpson’s 1/3rd-Rule and Simpson’s
3/8th-Rule - Boole’s and Weddle’s Rule - Newton’s Cotes Integration Formulae.

I B
T T
T P T P T T
0 T A A
I A I I A
T T

3.1 Curve FItTING

3.1.1 Least Square Curve Fitting a Straight Line
Q1. Explain least square curve fitting.

Sol :

Let the set of data points be (x,y), i =1, 2, ...... m and let the curve given by y = f(x) be fitted to
this data. At x = x, the given ordinate is y, and the corresponding value on the fitting curve is f(x).

If e, is the error of approximation at x = x, then
we have, e, =y, - f(x) (D)
If we write
S=1y, - f(x)P + [y, - fO)P + ...... + [y —f(x )
S=¢e +e2 + ... + ¢? .. (2

then the method of least squares consists in minimizing S. i.e, the sum of the squares of the errors.

Q2. Write the procedure for fitting a straight line by the method of least square.
Sol :
Lety = a, + a x be the straight libe to the fitted to the given data.
Then, we have
S=1y,-(@,+ax)F+1[y,- (@, +ax) + ... +[y —-(@,+ax) . Q)

For S to be minimum, we have

0S
2, = 0=-2[y, - (a, +ax)]-2[y,-(a,+ax,)] +..-2[ym-(a, + ax)] . (2
0S
and e, =0=- 2x,[y, - (@, + a,x )] - 2x [y, - (@, + a )] ... - 2x [y - (@, + ax )] ... (3)

{ 107 '
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The above equations simplify to

ma, +a,(X, +X, + ...+ X, )=y, +y, + ... +y, "
anday(X, + X, + ... +X,) +a,(XHXC+ L+ X)) =XY, F XY, F ol FXY - (4)
or, more compactly to
m m
ma, +a, Elxi = Elyi
.. (5)

m m 2 m
anda, + Z X, + X; = Z XY,
i=1 i=1 i=1

Since the x, and y, are known quantities, equations (4) and (5), called the normal equation, can be
solved for the unknown a, and a,.

We can obtain easily,

a1= m m 2 (6)
mfo—[inj

andthena, = y-a X - (7)

s oS \ .
Since oa2 and oa2 are both positive at the points a  and a, .

X and y are the means of x and y respectively.
From equation (7) we have
y = a, + alY
Which shows that the fitted straight line passes through the centroid of the data points.

The correlation coefficient (cc) is defined as,

s,-S

S

y

(@]

o

I
—~~
(o)
~—

o

T
iR

where S = 2 (%~ .. (9)

and S is defined in equation (1)

If cc is close to 1, then the fit is considered to be good, although this is not always true.

{ 108 }
Rahul Publications )



UNIT - 1 NUMERICAL ANALYSIS

Q3. The Table gives the temperature T(in °c) and lengths I(in mm) of a heated rod. If 1 = a,
+ a,T. Find the best values for a and a,.

T 20° 30° 40° 50° 60° 70°
| 800.3 800.4 800.6 800.7 800.9 801.0
Sol :
We require T, ZI, 2T?and =TI
T | T? Tl
20 800.3 400 16006
30 800.4 900 24012
40 800.6 1600 32024
50 800.7 2500 40035
60 800.9 3600 48054
70 801.0 4900 56070
>T=270| I = 4803.9 | T2 = 139000| =Tl = 16201

I . (1)

m m
The normal equations are, ma, +a, >, T, =
i=1 =1

a, 2 T +a 2T =Tl . (2
i=1 i=1 i=1
Substituting the corresponding values in equations (1) & (2)
— 6a, + 270a, = 4803.9 .. (3)
270a, + 13900a, = 216201 .. (4)

Solving equations (3) and (4)
we geta, = 800 and a, = 0.0146
Q4. Certain experimental values of x and y are given below : (0, - 1), (2, 5), (5, 12), (7, 20).

If the straight line Y = a_  + a x is fitted to the above data, find the approximate values of
a,and a,.

Sol :
Let the straight line be Y = a, + a x

The table of values is given below :

X y X2 Xy
0 -1 0 0
2 5 4 10
5 12 25 60
7 20 49 140
14 36 78 210
@ Rahul Publications
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The normal equations are ma, + alzxi = Zyi . (@)
i=1 i=1
aozxi + alzxi2 = zxiyi (2)
i=1 i=1 i=1
Substituting corresponding values in (1) & (2)
= 4a,+ 14a =36 .. (3)
and 14a, + 78a, = 210 .. (4)

Now solving equation (3) and (4)
B)>x14-4) <4

564, +196a, =504

_,  56a; +312a, = 840

- 116a, = - 336
a, = 2.8966
Sub a, in (3), we get
a, =-1.1381

Hence, the best straight line fit is given by
Y = - 1.1381 + x(2.8966)

Q5. Explain the method of least squares to fit a straight line of the Y = a  + a x to the data

(¥ :
X 1 2 3 4 6 8
y 2.4 3.1 3.5 4.2 5.0 6.0
Sol :
Let the equation of the straight line be Y = a  + a,x
X y X2 Xy
1 2.4 1 2.4
2 3.1 4 6.2
3 3.5 9 10.5
4 4.2 16 16.8
6 5.0 36 30
8 6.0 64 48
Ix= 24 Yy =242 Zx? =130 ¥xy = 113.9
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Now, the normal equations are,

ma, + ali;Xi = ;yi - (1)
aoiixi +a iml X; = izrt,xiyi . (2
Substituting the corresponding values in equation (1) & (2),
= 6a, + 24a, = 24.2
24a, + 130a, = 113.9
Solving the above equations we get
a, = 2.016, a, = 0.503
Q6. Find the values of a, and a, so that Y = a, + a,x fits the data given in the table.
X 0 1 2 3 4
y 1.0 2.9 4.8 6.7 8.6
Sol :
X y X2 Xy
0 1.0 0 0
1 2.9 2.9
2 4.8 4 9.6
3 6.7 20.1
4 8.6 16 34.4
>x=10 Yy =24 »x*> =30 ¥xy = 67
The normal equations are,
ma, + ali;Xi = ;yi - (1)
ao;Xi + alig,xiz = ;xiyi - (2
Substituting the corresponding values in equation (1) & (2),
= 5a,+ 10a, = 24 .. (3)
10a, + 30a, = 67 - (4)

Solving equation (3) & (4)
(3) < 2-(4)

g
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=  10&; + 20a, = 48
10&; + 30a, = 67

~10a, = - 19

a, = E =19

Sub a_ in (3) we get
a, =1

a,=l1landa, =19

Q7. Fita straight line to the following data :

X 0] 1 2 3 4
y 1 1.8 3.3 4.5 6.3
by the method of least squares.
Sol :
Let the required straight line be y = a, + a,x
We calculate Xx, 2y, Zx?, xy from the following table.
X y X2 Xy
0 1 0 0
1 1.8 1 1.8
2 3.3 4 6.6
3 4.5 9 13.5
4 6.3 16 25.2
¥x =10 Yy = 16.9 x> =30 ¥xy = 47.1

The normal equations are

ma, +a Xx, = Xy,

aXX +a, inz = XXy,

Substituting the above values in equations (1) & (2) we get

5a0 + 10a, = 16.9
10a, + 30a, = 47.1

. (1)
. (2

. 3)
. (4)
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Solving (3) & (4), we get
a, = 0.72 and
a, =133
The required straight line is Y = 0.72 + 1.33x

Q8. Fitastraight line to the form Y = a_ + a x for the following data :

X 0 5 10 15 20 25
y 12 15 17 22 24 30
Sol :

X y x? Xy

0 12 0 0

5 15 25 75

10 17 100 170

15 22 225 330

20 24 400 480

25 30 625 750
X =175 Yy = 120 x> = 1375 | Xxy = 1805

To fit a straight line of the form Y = a, + a x.
We have the normal equations are
ma, + a, XX =Xy, . (1)
a,Ix +a x> = IXy, .. (2)
Substituting the above values in equations (1) & (2)
We get,
6a, + 75a, = 120 .. (3)
75a, + 1375a, = 1805 .. (4)
Solving (3) & (4), we get
a, = 11.2862 and a, = 0.6971
The fitted straight line is Y = 11.2862 + 0.6971x.

Q9. Find the values of a  and a, so that Y = a  + a,x fits the data given in the table.

X 0 2 5 7
y -1 5 12 20
{ 113 I
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Sol :

We prepare the following table.

X y Xz Xy

0 -1 0 0

2 5 4 10

5 12 25 60

7 20 49 140
>x =14 Yy = 36 x> =178 ¥xy = 210

The normal equations are
ma, + a Xx, = Xy,

aXX +a, inz = XXV,

Substituting the above values in equations (1) & (2) we get
4a,+ l4a = 36
1l4a, + 78a, = 210

Now,

(1) >< 14 — (2) > 4 gives

16a, = 366 = a, =2.8966

Sub a_ in (3) we get
a, =-1.1381

a, =—-1.1381 and a, = 2.8966.

. (1)
. (2)

. (4)

Q10. By the method of least squares, find the straight line by the following data.

Sol :

X 1 2 3 4 5
y 14 27 40 55 68
Let the required line of the form Y = a_  + a x.
X y x? Xy
1 14 1 14
2 27 4 54
3 40 9 120
4 55 16 220
5 68 25 340
¥x =15 Yy = 204 ¥x*> =55 ¥Xxy = 748
(112)
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The normal equations are

ma, + a XX =y, .. (1)

a,Ix +a x> = IXy, .. (2)
Substituting the above values in equations (1) & (2) we get

5a, + 15a, = 204 .. (3)

15a, + 55a, = 748 o (4)
Solving this equations we geta, = 0, a, = 13.6

Hence, the required line is Y = 13.6x.

3.1.2 Non -Linear Curve Fitting
Q11. Write the types of Non - Linear curve fitting
Sol :

A polynomial of n™ degree and an exponential function to fit the given data points (x, y), i =1, 2,
..m.

1) Power Function :
Let y = ax® is the function to be fitted using the given data.
Taking logarithms on both sides, we get
logy =log a + c log x . (@)
Which is of the form Y =a  + a x
Where a, =log &, a, = cand Y = log y and X = log x.
Using the procedure of fitting a straight line we can find a, and a, and Hence ¢ and a.
2)  Polynomial of n*" Degree :
Consider that the n™ degree polynomial
Y=a +ax+ax +..+ax .. (2)
be fitted to the data points (x, y), i =1, 2, ... m.

Then we have
S=ly,-@+ax +..+axP+I[y,-(@,+ax,+..+axjP"+ ... +
ly,- (@, +ax, +...+ax; ]

We equate the first partial derivaties of S to zero and after simplication, we get the following normal
equations.

{ 115 I T .
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m m m
n _
ma, +a, Elxi +....4a, Elxi = Elyi

m m 2 m 1 m
X +a ZX +....+a TXT =T XY,
N 157 nia i-1 Y

a'O ; i
——————————————————————— .. (3)
a, _glxi” +a, ;lx,”” to.ta IX" = _glxi”yi
These are (m + 1) equations in (m + 1) unknowns.
Hence these can be solved for a, a,, .... a,.
Substituting these values in (2), we get the required polynomial of n" degree.
3) Exponential Function :
Let the curve y = a e™” .. (4)
be fitted to the given data. Then, taking log on both sides of equation (4),
logy = log a,e™*
logy =log a, + a,x ... (5)

Which can be written in the form,
Z=A+ Bx
where Z =logy, A=log a,and B = a,

The problem therefore reduces to finding a least squares straight line through the given data.

Q12. Fit a polynomial of the second degree to the data points given in the following table.

X 0 1.0 2.0
y 1.0 6.0 17.0
Sol :
Let the required second degree polynomial is,
Y=a,+ax+ax
The normal equations are,
ma, +a,%X; +a,=x’ =2y,
a,ZX, +a,=x? +a,2x> = XY, )
a,ZX2 +a, x> +a,2x! = Ix%y,
X y X2 x3 x4 Xy X2y
0 1 0 0 0 0 0
1.0 6 1 1 1 6 6
2.0 17 4 8 16 34 68
XX =3 Yy = 24 x2=5 =9 x4 =17 | Zxy =40 Xy =74
(11s)
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Substitute these values in equation (1),

3a,+ 3a, + 5a, =24 .. (2)
3a,+ 5a, + 9a, = 40 .. (3)
S5a,+ 9a, + 17a, =74 .. (4)

From (2) & (3),

a, +2a,= ... (5)
Now,
() x5-(4) <3

154, +25a, +45a, = 200

% +27a,+51a, = 222

—-2a, —-6a, =-22

a,+3a,=11 ... (6)
From (5) and (6)

[ +2a,=38
(+3a, =11
-a, =-3
a,=
Suba,in(6), a +3(3) =11
a, =11-9
a, =2

Suba, a,in (1), 3a, + 3(2) + 5(3) = 24
3a,+ 6 + 15 = 24
3a,+21 =24
3a,=3
a,=1

Hence, the required second degree polynomial is

Y =1+ 2x + 3x2
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Q13. Find the values a, a, and a, so that Y = a, + a,x + a,x* is the best fit to the data.

X 0 1 2 3 4
y 1 0 3 10 21
Sol :
The normal equations are,
ma, +a,%xX; +a,=x’ =2y,
A,ZX; +a,IX7 +a,IX] = IX Y,
a,ZX? +a,2X’ +a,2x" =X’y - @)
X y x? x3 x4 Xy X2y
0 1 0 0 0 0
1 0 1 1 0 0
2 3 4 8 16 6 12
3 10 9 27 81 30 90
4 21 16 64 256 84 336
>Xx=10| Zy=35| Zx2=30 »x® =100 ¥x* = 354 ¥xy = 120 ¥x%y = 438
Substitute the above values in equation (1),
5a,+ 10a, + 30a, = 35 . (2
10a, + 30a, + 100a, = 120 . (3)
30a, + 100a, + 354a, = 438 . (4
Now solving equation (2), (3) and (4)
(2) x2-(3)
104, +20a, +60a, =70
% +30a,+100a, =120
— g B _
—-10a, —40a, =-50
= 10a, + 40a, = 50 .. (5)
(3) x3-(4)
304, +90a, +300a, = 360
304, +100a, + 354a, = 438
- .
-10a, —54a, =-78
10a, + 54a, =78 .. (6)
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From (5), (6)

104a; +40a, =50
104, +54a, =78

-14a, =—28
—-14a,=-28
_ 28
%= 14
a,=2
Sub a, in (5),
10a, + 40(2) = 50
10a, + 80 = 50

= 10a, = 50-80
a,=-3
Suba, a,in (2),
5a, + 10(-3) + 30(2) = 35
5a,-30 + 60 = 35
5a,+ 30 =35
S5a, =5
a,=1
a,=1a =-3anda,=2

Q14. Determine the constants a and b by the method of least squares such that y = ae®* fits
the following data.

X 2 4 6 8 10
y 4.077 11.084 30.128 81.897 222.62

Sol :
The given relation isy = ae™
Taking log on both sides, we obtain
log y = log ae®™
log y = log a + bx . (@)
Letlogy =Y, x=X,loga=a,and b =a,
The relation (1) takes the form

y=a,+ aXx
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which is a straight line.

X=X Y =logy X2 XY
2 1.405 4 2.810
4 2.405 16 9.620
6 3.405 36 20.430
8 4.405 64 35.240
10 5.405 100 54.050
X =30 XY = 17.05 X2 =220 XY = 122.150

Normal equations are,

ma, + a,.xx, =y, }
a,Zx; + a,=x’ = IXy,

Substitute the corresponding values in (2)
Sa, + 30a, = 17.025
30a, + 220a, = 122.150

Now solving (3) & (4)

(3) < 6-(4)

304, +180a, =102.150
304, +220a, =122.150
<) - :

—40a, =20
_ 20 _1_.¢
&= 0" 277
a =05

Substitute a, in (3),
5a, + 30(0.5) = 17.025
5a, + 15 = 17.025
5a, = 17.025 - 15
5a, = 2.025

a, = 0.405

. (2)

. (3)
. (4

g
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Since loga=a,
a= gt = e%0%=1,499
b=a =05

Hence, the required curve is,
y = 1.499e%%.

Q15. Find the parabola of the form y = a + bx + cx? passing through the points (-1, 2), (0, 1)
and (1, 4).

Sol :

y x? x3 x4 Xy X3y
-1 2 1 -1 1 -2 2
1

4 1 1 1 4 4
*x =0 Xy=7 x2=2 =0 xt=2 Xy =2 Xy =6

The normal equations are,

ma + bEx; +cZx? = Ty,
azx, + bEX? +cEx’ = Ix.y,
axx? +bEx’ +cT = X%y,

. (1)

Substitute the values, we get
3a+2c=7 .. (2
2b =2 .. (3)
2a+2c=6 .. (4
Solving (2), (3) and (4)
From (3),b=1
From (2) and (4),a =1
From (4) = c=2

Hence the required parabolaisy = 1 + x + 2x2.

Q16. Find the curve of best fit of the type y = ae® to the following data by the method of least

squares.
X 1 5 7 9 12
y 10 15 12 15 21

Sol :

The curve of the form y = ae™

Apply log on both sides

g
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log y = log (ae™)

log y = log a + bx . (@)
letlogy=Y,x=X,loga=a ,andb=a,.
Then equation (1), becomes Y = a, + a x.

which is a straight line.

X=X y Y =logy X2 XY
1 10 2.3026 1 2.3026
5 15 2.7080 25 13.54
7 12 2.4849 49 17.3943
9 15 2.7080 81 24.372
12 21 3.0445 144 36.534
IX =34 XY = 13.248 X2 =300 XY = 94.1429

Substitute these values in Normal equation, we get
5a, + 34a, = 13.248
34a, + 300a, = 94.1429
Solving the above two equations, we get
a, = 2.2484 and a, = 0.059
a= g = e*** =09.4725and b =a, = 0.059

Hence, the required curve is y = 9.4725 005

3.2 NUMERICAL DIFFERENTIATION AND INTEGRATION

3.2.1 Numerical Differentiation
Q17. Derive the derivatives using Newton’s Forward Difference formula.
Sol :

Suppose that given a set values (x,y)i=0, 1, 2, ... n.

We want to find the derivative of y = f(x) passing through the (n + 1) points, at a point nearer to
the starting value x = X,.

Consider Newton’s forward difference formula :

u(u-1) u(u-1)(u-2) ,
y =y, + uAy, + o1 A%y, + TAyO+ ..... . (1)
X —X,
Where u = h .. (2
{122 )
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Differentiating equation (1) with respect to u, we have

dy _ A +2u—1 A2 +3u2—6u+2A
du Yo 2 Yo

Differentiating equation (2) w.r.to x, we have

du _ 1
dx ~ h
oy & _ Oy du
OWax T du " dx
dy 1 2u-1,, 3u°-6u+2 ,, 4u® -18u® +22u-6 .,
o = n Ay, + A%y, + 5 Ay, + 22 A"Yo +. ..(3)

d
Equation (3) gives the value of d_i at any point x.

Which may be anywhere in the interval.
At x = X, we obtain u = 0 From equation (2).
Hence equation (3) gives
ay L) ay —Lazy Slazy 2dpe
dx - =h YO_E yo"'g Yo o Yo+ o (4)

Differentiating equation (3) once again, we obtain

42 1 6u—6 12u* —36u+22
Y Z 5 {A"‘yO s A%y, + 4 Ao+ ... (5)

d’y 1 3
Iy {ﬁ} =i {N‘y0 JrEA“y0 +}

=70

These Formulae for computing higher derivatives may be obtained by successive differentiation.

Q18. Derive the derivatives using Newton’s Backward Difference formula.
Sol :

Newton’s Backward difference formula is,

1 2
y(x):yn+ uvy + u(uztl) v2y + %

Viy + . . (1)

{123}
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X=X

Where u = - k - (2

Differentiating equation (1) w.r.to u, we get

dy 2u+l 3u®+6u+2 X 4u° +18u° +22u+6

Diff equation (2) w.r.to x,

du _1
dx  h
A
OV dx du * dx
2 3 2
d_y :i vy +2u+lV2y +3u +6u+2Vay +4u +18u +22u+6V4y iy @)
dX h2 n 2| n 3| n 4| n
atx =x,
From equation (2), we getu =10
Hence, equation (3) gives
(ﬂj _1ly +1V2y Lo +£V4y +
dX - — F yn 2 n 3 yn 4 n (4)
Diff equation (3), we obtain
2
dy 1 VY, +(u+1)Vy, erv“yn +on
dx? h 12

putu = 0, we get

d2
(dx)zlj — hiz {szn +V3y +%V4yn +=VoY 4. }

d’y 1 3
”y (dng JX_X e h_3 |:V3yn +EV4yn +:|

Q19. Derive the derivatives using stirling’s formula.
Sol:
Stirling’s formula gives,
u u? ud-u u* —u?
Y=Yo+ S+ AY I+ S Ay A+ Y, H A o A (1)

124
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X=X,
- . (2)

diff equation (1) w.r.to u, we get

where u =

dy 1 2 3U2 -1 3 3 1 3 4
u = E(Ayo + Ay ) + u Ay + T (A%y_, + Ay ) + E(Zu - u) Ay, +
5u* -15u” + 4
T (A5y_2 + A5y_3) + ...
Diff equation (2) w.r.to X, we get
du _ 1
x h
oy &Y _ Oy du
ow dx du ~ dx
3u®-1
= & |5 (AV r Ay ) runty + SN A% ) (20 —u)aty

Atx:x0:>u=0

dy | 1[1
{d_x , S [E(Ayo +AY ) - (A%, + A%y, )+ (MY, + A%y )+ }
Ay ] 1 [y Ly 1
IIy _dXZ_X_XO = h_2 |:A y_1 —EA y_2 +%A Yy 3 + ... :|
d’y 1[0y o ac
and (dT = h—g[E(A Yo+ A%, )+ }
: . dy d?y dy
Q20. From the following table of values of x and y, obtain ™ and Ve for x = 1.2 and ax
d? d
—Z for x = 2.2 and also & atx = 2.0.
dx dx
X 1.0 1.2 1.4 1.6 1.8 2.0 2.2
y 2.7183 3.3201 4.0552 4.9530 | 6.0496 | 7.3891 | 9.0250
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Sol :
The difference table is,
X y Ay A%y A3y A%y ASy Aby
1.0 2.7183
0.6018
1.2 3.3201 0.1333
0.7351 0.0294
1.4 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 4.9530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
1.8 6.0496 0.2429 0.0094
1.3395 0.0535
2.0 7.3891 0.2964
1.6359
2.2 9.0250

a) Here x, = 1.0, y, = 2.7183 amd h = 0.2

X-X, 12-1.0

Ifx=12,u= h = 02

By Newton’s forward difference formula is,

dy 1 2u-1 , 3u”-6u+2 ., 4u® -18u® +22u—-6 ,
=2 =AYy, + A + A + A"y, + ...
dx. h[ Yo Yo 6 Yo 24 Yo
d
subu =1, in &
dx
dy 1 1., 1., 1 . 1 .5
-2 — Z|AYy,+—A —-—A +—A —-—A +....
dx h[ Yot 58 Yo =g Yot 58 Yom 5558 Yo

(d—yJ =L [0.6018 +1(0.1333)—1(0.0294)+i(0.0069)—i(0.0013)}
a2 0.2 2 6 12 20

1
=02 [0.6018 +0.0667 —0.0049 + 0.0006 —- 0.0001]

(d_xll_z = 3.3205
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d’y 1,2 . 6u’-18u+11 ,
{dxz} = A%y, +(u-1)A yO+TA Yo+

- d?y
=1
Sub u in e

vy 1o, 1, 15
= = | Ay - =AY, +—A
{dxz}_ e[S Yo Tt Yot Yo

d’y 2 To1sss- L (0.0067) + -2 (0.0013)
dx* |, = (0.2 |7 12 124
= 3.31854

d’y

b) Herex =22,y =9.0250,h=0.2

By Newton’s backward difference formula,

dy} 1 1., 1 1 1
—= — = | Vy +=V?y + =V + VY VY 4
|:dX ‘ox, —_ h|: yn 2 yn 3 yn 4 yn 5 yn :|

_ L 116359+ 1(0.2064)+ 2(0.0535)+ 2 (0.0094) + 1 (0.0014)
_dy}
= =9.02%s.
—dX x=2.2
_d2y_ 1 2 3 1, 5 .
_dXZ_X:Xn = h_2 |:V Ya +V Y. +EV Y. +EV Yn +:|
&y 1 10.2064+0.0535 + 12(0.0094) + 2 (0.0014)
LA ], T (0.2 L ' 12\ 50 = 8.992

. dy
c) Tofind - atx=2.0
dx

dy} 1 1., 1 1 1
— — = | Vy +=V?y + =V + VY + =V 4
|:dX ‘ox, —_ h|: yn 2 yn 3 yn 4 yn 5 yn :|

|-

[1.3395+%(0.2429)+%(o.o441)+%(0.0080)} = 7.3896.

o

2
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d d?
Q21. From the following table of values of x and y, obtain d_i and de forx = 1.6.
X 1.0 1.2 1.4 1.6 1.8 2.0 2.2
y 2.7183 | 3.3201 | 4.0552 4.9530 | 6.0496 7.3891 9.0250

Sol :

The difference table is

see in the above problem.

h=02x,=16

By stiriling formula,

dx h

_L[
T 0.2

2

30

( ﬂj 1 {Ayl tAY, LAY, +AYy, LAY +ATY,
X:XO 2 6 )

2

0.8978+1.0966 1 0.0361+0.0441 1 0.0013+0.0014

2

= 4.9530.

1

(0.2)°

d’y 1 [, 1,
(dj =W [A Yzt

= 4.9525

6

2

A% .. }

+
30

{0.1988 - i(0.0080) + i(0.0001)}
12 90

>

Q22. The following table gives angular displacement 0 (in radius) at different times t (seconds):

(0,0.052), (0.02, 0.105), (0.04, 0.168), (0.06, 0.242), (0.08, 0.327), (0.10, 0.408), (0.12,

0.489)

Calculate the angular velocity at t = 0.06.

Sol :

do
We know that the angular velocity is ——.

dt

Rahul Publications
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The differnce table is

t 0 A0 A%0 A0 A*0 A0 A0
0 0.052
Y3
0.053
AY 5
0.105 0.01
0.02 1 0,0-
0.063 +0.001
Ay, A"y 3
0.168 0.011 -0.00
0.04 e o .00
0.074 0.000 -0.014
AY 4 Ay, A%y 4
0.242 0.011 -0.015
0.06 o o oo 0.048
0.085 —0.01 0.034
0.08 [0.327 _0-A9y(34 oApyig
0.081 0.004
Ay, A3yo
0.10 |0.408 0.000
0.081
Ay,
0.12| 0.489

Here x, = 0.06, h =0.02

. do
Now we find E att = 0.06

By using striling formula

( ﬂj 1Ay, +Ay, 1A%y, +A%, L1 A%y, +A%Y .
dx )., ~ h 2 6 2 30 2

de 1 ]0.074+0.085 10.000-0.015 N 1 -0.014 +0.034
dt ), o  0.02 2 6 2 30 2

1
=002 [0.0795 + 0.0013 + 0.0003] = 4.055
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d
Q23. From the following values of x and y. find d_i atx=0.6

(0.4, 1.5836), (0.5, 1.7974), (0.6, 2.0442), (0.7, 2.3275), (0.8, 2.6511)

Sol :
The difference table is
X y Ay A%y A3y Ay
0.4 | 1.5836
Yo
0.2138
(Ay_,)
1.7974 0.033
0.5 Y (A%y_5)
0.2468 0.0035
(ay41) (A%_,)
0.6 | 2.0442 0.0365 0.0003
: Yo (A%y_y) (a'y)
0.2833 0.0038
(Ayo) (Aayfl)
0.0403
0.7 | 2.3275 32y0)
0.3236
0.8 | 2.6511

Here x, = 0.6, h=0.1

By using striling formula

( ﬂj 1Ay, +Ay, 1A%y, +A%, L1 A%y, +A%Y .
dx )., ~ h 2 6 2 30 2

d_y _ 1 | 0.2468 +0.2833 _30.0035 +0.0038
dx ),_os 0.1 2 6 2

1
= 51 [0-26505 - 0.00061]

= 2.6444

g
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Q24. The distances (x cm) traversed by a particle at different times (t seconds) are given

below.
t 0.0 0.1 0.2 0.3 0.4 0.5 0.6
X 3.01 3.16 3.29 3.36 3.40 3.38 3.32
Find the velocity of the particle at t = 0.3 seconds.
Sol :
The difference table is
t X AX A?x A3Xx A*X A®X A®X
0.0 3.01
0.15
0.1 3.16 - 0.02
0.13 -0.04
0.2 3.29 - 0.06 0.07
0.07 0.03 - 0.07
0.3 3.36 -0.03 0 0.12
0.04 -0.03 0.05
0.4 3.40 =0.06 0.05
- 0.02 0.02
0.5 3.38 - 0.04
- 0.06
0.6 3.32

Heret=0.3, h=10.1

By striling formula,

( ﬂj 1Ay, +Ay, 1A%y, +A%, L1 A%y, +A%Y .
dx J,_,, h 2 6 2 30 2

5 =
dX x=0.3 N

1
= 5[0.055 - 0.0003]

1 /0.07+0.04 10.03-0.03 +i—0.07 +0.05
0.1 2 6 2 30 2

= 0.5467

g
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d
Q25. From the following values of x and y, find & when

dx
d?y
(ayx=1, (b) x=3 (c) x=6 and (d) A atx = 3.
X 0 1 2 3 4 5 6

y | 6.9897 7.4036 | 7.7815 8.1291 8.4510 8.7506 9.0309

Sol :
The difference table is,
X y Ay A%y A3y A%y ASy A®y
0 6.9897
0.4139
1 7.4036 - 0.036
0.3779 0.0057
2 7.7815 - 0.0303 - 0.0011
0.3476 0.0046 - 0.0001
3 8.1291 - 0.0257 - 0.0012 0.0009
0.3219 0.0034 0.0008
4 8.4510 - 0.0223 - 0.0004
0.2996 0.003
5 8.7506 - 0.0193
0.2803
6 9.0309

a) Here x, =0, h =1

fx=1u= 20 =20 oy
X=lLu=——="—=
B 2
dy _ 1 Ayo+2u_lA2 o 3u _6u+2A3y0+ ......
dx h 2 6
1_ 2 3 4
= Ay, + =AY, — =AYy, +—A y0+...}
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[d—yJ 1 [0.4139 +1(-0.036)- 1(0.0057) +
dx ), ~ 1 2 6

dy
[ dXJ“ = 0.3948

b)  Since x = 3, we will use striling formula,
Hence h =1, x, = 3.

By stirling’s formula,

2 12

1
= (-0.0011

|

dy 1Ay, +AY, 1,5 . 1, . ]
(dxjx_xo ~h {1—__(A Yo +A y71)+@(A Yy, +A y,3)+....

dy 1[0.3219+0.3476 1
dx ), 1 2 12

= 0.33475 - 0.00066 — 0.000012
= 0.334075

d’y 1 1 1
and |:W:|X3 — h_2 |:A2y_1 _EA“y_z +%A6y_3 + :|

1
12

{—0.0257 - i(0.0012) + i(—0.0007)}
12 90

|: y} =
X x=3

c) Since x = 6, we will use backward difference formula.
Hereh=1,x =6,

By Newton’s backward difference formula,

dy} 1 1., 1 1
- = = |Vy +=V? +=V3 +=V'y +..
{dx v, h [ Yo 2 Yo 3 Yo 4 Yo

dx

dy
[Xmo = 0.2713

|

(0.0034 + 0.0046) + %(0.0008 - 0.0001)}

{d—y} 1 {0.2803+l(—0.0193)+1(0.003)+1(—0.0004)+£(—O.0008)+£(—0.0007)}
o 1 2 3 4 5 6

'| 133 I|
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3.2.1.1 Errors in Numerical Differentiation
Q26. Write the types of errors in Numerical Differentiation.

Sol :

The numerical computation of derivatives involves two types of errors. There are namely,
truncation error and rounding error.
Truncation Error

The truncation error is caused by replacing the tabulated function by means of an interpolating
polynomial.

However, the truncation error in any numerical differentiation formula can be easily estimated in
the following way.

Suppose,that the tabulated function is such that its differences of a certain order are small and that
the tabulated function is well approximated by the polynomial.

In stirling formula, we can write

dy AY . +A
{—} = AV T8, +T, where T, is Truncation error.

dx 2h
T, is given by,
1Ay, +A%,
T=%n| 2
Iy

d’y 1
dX2 w — h_2 Ay-1+-r2

1
where T, = 1212 1A% |

Rounding Error

The rounding error is inversely proportional to h in case of first derivative, inversely proportional to
h? in the case of second derivatives and so on.

Thus, the rounding error increases as h decreases.

In stirling formula,

[ﬂ} _ Ay, +Ay, ANy, +A%

dx 2h - 12h

— Y., — 8y71 + 8y1 -Y,
12h

g
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has the maximum rounding error

18E 3E

12h ~ 2h

Finally, the formula,

d’y 2 _2
O] L, ncmen

4E

has the maximum rounding error e

Q27. Assuming that the function values given in the table are correct to the accuracy given,

: : dy d’y
estimate the errors in the values of —=— and —5 atx = 1.6.
dx dx
X 1.0 1.2 1.4 1.6 1.8 2.0 2.2
y 2.7183 3.3201 | 4.0552 | 4.9530 6.0496 | 7.3891 | 9.0250

Sol :
The difference table is
Refer question No (4),
Since the values are correct to 4Dy it follows that E < 0.00005 = 0.5 < 10,

dy
Value of — atx = 1.6
dx

, 1 | A%y, +A%,
Truncation error = a 2

1 [0.0361+0.0441
~ 6(0.2) 2

= 0.03342

and

Rounding error = on

3(0.5)10™
0.4

= 0.00038

g
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Hence,

Total error = 0.03342 + 0.00038 = 0.0338
Using stirling’s formula, with the first differences,
We obtain

[d_y} _ Ay, +Ay _ 0.8978+1.0966
x=1.6

dx on = 04 = 4.9860

The exact value is 4.9530
So that the error in the above solution is 0.0330 (4.9860 — 4.9530)

d2
Value of —)2/ atx=1.6
dx

d’y A’ , 0.1988
= = = 4.9700
x=1.6

dx? h? — 004
So that the error = 4.9700 — 4.9530 = 0.0170
Also,

: 1 1
Truncation error = e A%y | = 12(0_04)(0-0080) = 0.01667

and

4(0.5)x10™*
Rounding error = 5 = 40.5)x10 "

= = 0.0050
h? 0.04

Hence,

d?y
Total error in {W} = 0.0167 + 0.0050 = 0.0217.
x=1.6

3.2.1.2 Cubic Spline Method
Q28. Solve y(x) = sinx in [0, ©t] by cubic spline method.

Sol :

We consider the function
y(X) = sin x in [0, n]

Here M0 =M,=0

let N = 2,

i.e, h=

N
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Theny,=y,=0,y,=1land M, =M,=0

We have

6
M0+4M1+ M2: h_Z(yo_2y1+yz)

-12
or M, = =
. b1
Thus, in0 < X < 5
We obtain
2 | —2x3 +%
Which gives
2 _2 2 3
S0 = = [—2(3X )7} . (1)

ny_2|_6(n) 3 9
Hence, S 2 =; 2|16 2 _4_7:_0'71619725'

T
Exact value of S' (—J =co0Ss = 0.70710681.

4

T
The percentage error in the completed value of S' (—J = 1.28%.

4
_ 24

From (i), S'(x) = —?X
T 24 & 6

and hence, S'\ 7| =-— .- =-— =-0.60792710.
4 T 4 T

- - _l - -
Since the exact value is E the percentage error in the result is 14.03%.

3.2.1.3 Differentiation Formulae with Function Values

Q29. Write the differentiation formulae with function values.
Sol :

The numerical differentiation formulae in terms of function values. The differentiation formulae for
use in numerical computations.
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|l Rahul Publications



B.Sc. Il YEAR VI SEMESTER

)] Forward Differences :

' _ Yiie =Y o _ —VYio t 4Yi+1 - 3Yi >
y(Xi) - h ’ y(Xi) - 2h + O(h )

" Y — ZYi+ +VYi. " Vst 4Yi+ B SYi+ + ZYi
y'(x) = S5 1 y'(x) = —* o

h h
ii) Backward Differences :

' _ Yi—Yia o _ BYi B 4Yi71 +Yio
y(Xi) - h ’ y(Xi) - 2h

" Yi— ZYF +Yi " ZYi B 5yi— + 4Yi7 —Yi
Y= S5y ) = R

iili) Central Differences :

' _ Vi —Yia o _ —VYio t 8Yi+1 B 8)'i71 +Yio
y(Xi) - 2h ’ y(Xi) - 12h

" _ Yia— ZYi +VYia o _ —VYio t 1GYi+1 - 3OYi + 16)'i71 —VYio
y (Xi) - h2 VY (Xi) - 12h2

These formulae can be derived by using Taylor series expansion of the functions.
3.2.2 Numerical Integration

3.2.2.1 Trapezodial Rule

Q30. Write the steps involved in Trapezodial Rule.
Sol :

1.  Let the given integral be denoted by | = Iydx_

Xo

b-a
2. Determine the integral width h by using the expression, h = _
Xfydx _h
3. Then ; = 2[y0+2(y1+y2+ ey )F+Y]
3.2.2.2 Simpson’s 1/3" - Rule
. . . 1

Q31. Write the steps involved in Simpson’s 3 Rule.
Sol :
1.  Let the given integral be denoted by | = Iydx_

' b-a
2. Determine the integral width h by using the expression, h = o

{ 138 }
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3.2.2.3 Simpson’s 3/8" - Rule

3
Q32. Write the steps involved in Simpson’s = - Rule.

8
Sol :

1.  Let the given integral be denoted by | = Iydx_

b-a

2. Determine the integral width h by using the expression, h = .

't 3h
3. Then Iydx =3 [y, +3y,+3y,+2y,+3y,+3y, +2y,+..+2y +3y +3y +yl

3.2.2.4 Boole’s and Weddle’s Rule

Q33. Write the formulae for Boole’s and Weddle’s rule.
Sol :

If we wish to retain differences upto those of the fourth order, we should integrate between x_ and
X, and obtain Boole’s formula

fydx _2h [7y. + 32y + 12y + 32y. + 7y ]
45 0 1 2 3 4

Xo

If, on the other hand, we integrate between x, and x retaining differences upto those of the sixth
order,

We obtain Weddles’s rule,

't 3h
Jydx = Zq 45y wy + 6y, +y, + 5y, +y,)
: 10

1

1
Q34. Evaluate | = J—dx . correct to three decimal places.

1+X
Sol ;

0
We solve the given integral is both the trapezodial and simpson’s rule with h = 0.5, 0.25 and 0.125
respectively.

i) Leth=0.5
X 0 0.5 1
y(x) 1.0000 0.6667 0.5000

g
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a) Trapezodial rule

h
=S+ 20, +y, + e +y )+l

0.5
= = [1 + 2(0.6667) + 0.5] = 0.70835

b) Simpson’s rule

0.5
= = [1 + 4(0.6667) + 0.5] = 0.6945

Leth = 0.25
x 0 025 0.5 075 1
y 1 0.8000 0.6667 0.5714 0.5000
v =+ =+ _1_,
=YO = =0T 1T
Y, =¥(0.25) = 77555 = 15 — 08000
y, =Yy(0.5) = 1:05 — 15 = 0.6667
— y(0.75) = ——— = == — 05714
Y: =YO07) = 375075 T 175 ~ ©
—y1) = — =1 — 05000
hEYD =10 =5 =0

a) By Trapezodial rule,

h
S+ 20, Yy, + e +y )yl

0.25
= =5~ [1 + 2(0.8 + 0.6667 + 0.5714) + 0.5]

= 0.6970
b) By Simpson’s rule

0.25
= = [L + 4(0.8 + 0.5714) + 2(0.6667) + 0.5]

| = 0.6932
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i) leth =0.125

X o | 0125 | 0.250 | 0.375 0.5 0.625 0.750 | 0.875 | 1.0
y 1 | 0.8889 | 0.8000 | 0.7273 | 0.6667 | 0.6154 | 0.5714 | 05333 | 0.5
—vo = —4— =1,
%o =YO0 =170 =1
—y(0125) = ——~— = 1 _ g8g9
y, =¥(0.125) = 15 os = 1105 = O
= (0.250) = ——~— =~ _ 0.8000
Y, =¥(0.250) = 175550 = 1250 = &
= (0375) = ——— = 1 _ (7273
Y, =¥0375) = 179375 T 1375 = &
= y(05) = ——— = = = 06667
Y, =Y¥05) =105 =15 =
= (0.625) = ——~— = —X_ _ (6154
Ys =¥(0625) = 1568 T 165 = O
= (0750)= — = > — 05714
Yo =¥(0.750) = 15750 = 1750 = ©
— (0.875) = — = = = 0.5333
Y, =yO875) = 1 5g7e = 1875 = O
AN M
=YW= =2 T

a)  Trapezodial rule,

h
=S *+20,+y, + o +y)+yl

0.125

=5 [1 + 2(0.8889 + 0.8 + 0.7273 + 0.6667 + 0.6154 + 0.5714 + 0.5333 + 0.5]

I = 0.6941
b)  Simpson’s rule,

0.125
= T[l+ 4(0.8889 + 0.7273 + 0.6154 + 0.5333 + 2(0.8 + 0.6667 + 0.5714) + 0.5]

I = 0.6932
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7

1

Q35. Using Simpson’'s 3 rule with h = i, evaluate the integral | = JXZlOQXdX :
3

Sol :
7
| = szlogxdx
3

h=l,x0=3andxn=7.
Y, = Y(X,) = ¥(3) = 3?log3 = 9.8875
y, = y(X) = y(x, + h) = y(4) = 4% log 4 = 22.1807
y, = y(x,) = y(x, + h) = y(5) = 5% log 5 = 40.2359
Y, = Y(X,) = y(x, + h) = y(6) = 6° log 6 = 64.5033
y, = y(x,) = y(x3 + h) =y(7) = 7?log 7 = 95.3496

By Simpson’s rule,

1
| = 5 [9.8875 + 4(22.1807 + 64.5033) + 2(40.2359) + 95:3496]

1
= 5[0.8875 + 346.7360 + 80.4718 + 95.3496]

| = 177.4816
T dx _ 1 _
Q36. Evaluate 0—x3+x+1 by simpson’s 3 rule with h = 0.25.
Sol :
j‘ dx
=1

0

h=0.25,x0=0,xn=2

1
Yo =YX) =Y0) = 4977 =1

1
Yy = Y(x) = Y%, + 1) = Y(0.28) = (g 55y 0.25 41 = 0.7901

1
Y, = Y0) =yl + 0 =y(05) = g5y g5,1 = 0.6154

1
Y, = Y() = y(x, + ) =y(0.75) = G—m5 57e 7 = 04604
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1
Y, = Y,) =y, +h) =y(l) = 5 = 03333

Y, = Y(X;) = y(x, + h) = y(1.25) =
=YX = h) = (L) =+ = 01702
Yo =Yg =¥l + ) =y(1.5) = 755 = 0170

Y, = y(X,) = y(x, + h) = y(1.75) =

1.25° +1.25+1

1

1.75° +1.75+1

1
Ye = Y(X;) =YX, +h) =y(2) = 55— = 0.0909

By Simpson’s rule,

= 0.2379

= 0.1233

0.25
| = =5~ [1+ 4(0.7901+0.4604 + 0.2379 + 0.1233)+ 2(0.6154 + 0.3333 + 0.1702) + 0.0909]

= 0.0833 [1 + 6.4468 + 2.2378 + 0.0909]
| = 0.8143

Q37.

Sol :

3
Estimate the value of the integral I
1

respectively.

£
X

dx by Simpson’s rule with 4 strips and 8 strips

3
= _[ldx
1 X
i) Letn =4
h_31_2_1
T4 4
3 2 > 3
X 2 2
y 0.6667 0.5 0.4 0.3333
1) = 1_ 1
1
3 R
y[a} = 3 = = =0.6667
2
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| =

y(2) =2=05
5) s
Yo _E
=g=04
5

1
y@) = 3 =0.3333

By Simpson’s rule,

[1 + 4(0.6667 + 0.4) + 2(0.5).+ 0.3333]

Il
WM~

1
=% [1 + 4.2668 + 1 + 0.3333]

| = 1.1000
ii) letn =8
hLd12_1
.8 8 4
. 6 7 8 | 9 | 1| 1 5
4 4 4 4 4 4 4
1 0.8 0.6667 0.5714 0.5 0.4444 0.4 0.3636 | 0.3333

By Simpson’s rule,

(AT

1
E[l + 8.7176 + 3.1334 + 0.3333]

1.0987

[1 + 4(0.8 + 0.5714 + 0.4444 + 0.3636) + 2(0.6667 + 0.5 + 0.4) + 0.3333]
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/2

- 1
Q38. Evaluate | = I Vsinxdx ysing simpson’s = - rule with h = -z

5 3 12°
Sol :
/2
| = J‘\/sinxdx
0
T T
h= E,XO—Oandxn— 5

Yo = Y(X)) = ¥(0) = sino =0

Y, = Y(x) = y(x, + h) = y[@ = 0.5087

Yy, = yX,) =y, +h)= y(gj = 0.7071

Y, = Y(X)) = y(x, + h) = y(ﬂ = 0.8409

Y, = Y(X) =y, + h) = y[%} = 0.9306

V= yi) = vix, + 1 = [ 33| = 0928
[

T
Yo = Y(X) =YX, + h) =y EJ = 1.0000
By simpson’s rule,

T
| = 12 [0 + 4(0.5087 + 0.8409 + 0.9828) + 2(0.7071 + 0.9306) + 1]
3

= %[o + 9.3296 + 3.2754 + 1]

= 1.1873
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X

n 2
xsinxdx dx
Q39. Evaluate a) .([ and _-£5+2x

Using the trapezodial rule with five ordinates.

Sol :
a) | = stinxdx
0
h_Xn_X_n_O_E _4
T on 4 T 4 (on=4)
0 ™ x 3n
X 2 5 n -
y 0 0.5554 1.5708 1.6661 0
Y, = Y(X,) = y(0) = 0.sin0 = 0
— _ | El T[T
Y, =Y0) =Y\ ) = 4sin( 3 ) = 05554
S (L I L S I
Y, =Y,) =y ) = 5sin| 5 ) =1.5708
3n 3r _ (3mn
Yo = Y0) = Y| 5 )= sin| 4 ) = 1.6661
Y, = Y(x,) = y(6) = 6sin6 = 0
By Trapezodial rule,
h
=S +20,+y, + oy )yl
n
= 4[0 + 2(0.5554 + 1.5708 + 1.6661] + 0]
2
| = 2.9785
2
X
= dx
b) 1= ;[25+2x
X —X 2—(-2 4
h= L 0 = ( ) = — =1
n 4 4
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X -2 -1 0 1 2
y -2 - 0.3333 0 0.1429 0.2222
) )
Yo =Y =Y(2) = 5ip(0) T T2
-1 1
Y, =yX) =Yyl = 5p(0g) = 3 =-0.3333
0
y, =yx,) =y(0) = 5+2(0) 0
1 1
Y, =Y(X) =y(@d)= g 2(1) 7= 0.1429
2 2
y,=Yy(X,)=y@2) = 5+2(2) = 9 = 0.2222

By Trapezodial rule,

h
=S 20, vy, *y,+ . +y ) +y]

1
= E[—Z + 2(-0.3333 + 0 + 0.1429) + 0.2222]

1
= S[-17778 - 0.

= - 1.0793.

3808]

Q40. By using Weddle’s rule to obtain an approximate value of = from the formula

1

J%dx withh= =
o 1+x

(RN

NP

1
Evaluate the above integral by using simpson’s = - rule with nine ordinates and compare

the results.
Sol :
1
T 1
i g dx
Given formula i .([1+X2
J]; l [ 1
Letl = 01+X2 with h = E

3

g
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. 1 1 1 2 5 .
X 6 3 2 3 6
y 1 0.9730 0.9 0.8 0.6923 0.5902 0.5
1
Yo =YX) =y0) = 7752 =1
1 1
Y, =Y) =y(g) = — ¢ = 09730
1+(j
6
1 1
Y, =Y =Y(3) = — [z = 0.9000
1+[J
3
1 1
Y, =Y() =Yy|3 | =~ 3z = 0.8000
1+[2J
2 1
Yo=y)=y(3) = — 7 = 06923
1+(
3
5 1
Ys =YX) F¥5) T T gy T 05902
1+[6j
— — — 1 —
Y, = Y(x) = y(1) = 1+12 = 0.5000

By Weddle’s rule,

Xe

3h
| = Y= TRy, By, by, by, +y, By, Y

1
10

1
= 2—0(1 + 4.8650 + 0.9 + 4.8 + 0.6923 + 2.9510 + 0.5)

I = 0.7854

(ﬁ/zj (1 + 5(0.9730) + 0.9 + 6(0.8) + 0.6923 + 5(0.5902) + 0.5)

Rahul Publications
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NUMERICAL ANALYSIS

X — 07854
;=0

n = 3.1417

By simpson’s rule withn =9

h=10_1
-9 9
0 1 2 1 4 5 2 7 8 1
X 9 9 3 9 9 3 9 9
y 1 | 09878 | 09529 | 0.9 |0.8351 | 0.7642 |0.6923| 0.6231| 0.5586 | 0.5

1
Yo=YX) =y0) = 75 =1

1 1
Y, =YX)=Y(g) T T = 09878
1+£j

9
2 1
Y, =¥YX)=Y|g | = N = 0.9529
1+(
9
Y, = y(x) = y[g} = — 7 = 09000
1+[J
3
4 1
y,= y(x4) =y 5 = % = 0.8351
1+(
9
5 1
y5 = y(xs) =y 5 = ? = 0.7642
1+(j
9
kﬁ) Rahul Publications
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2 1
Yo = Y(Xo) = y(gj = i 0.6923
1+(
3
7 1
y, =yKx)= y(gj = i = 0.6231
1+[J
9
8 1
Yo = Y(Xg) = y[g} g\ = 0.5586
1+[9j

1
Y, = Y(X) = y(1) = 1,1z = 05000

By simpson’s rule,

1
= 91 + 4(0.9878 + 0.9 + 0.7642 + 0.6231) + 2(0.9529 + 0.8351 + 0.6923
3

+ 0.5586) + 0.5)

1
= - [1 + 131004 + 6.0778 + 0.5]

| = 0.7659
T
Now, — = 0.7659
4
n = 3.0634

By Weddle’s rule the value of n = 3.1417
By Simpson’s rule with the value of = = 3.0634.

| jidx ithh = = by si 's rule = - rul
Q41. Evaluate 1+ wit =% yS|mpsonsrue3—rue.

Sol :

dx

1
I = -([l+x

ho L
T 6

g
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UNIT - 1 NUMERICAL ANALYSIS

0 1 1 1 2 5 1
X 6 3 2 3 6
y 1 | 08571 0.75 | 0.6667 0.6 0.5455 0.5

1 1
Y, =Y) =Yg )= —g =08571
1+=
1
y,=Yy(X,)=y 3= 1 = 0.7500
1+=
3
1
y3ZY(X3):y E =7 = 0.6667
1+=
2
y,=Yy(X,)=Yy 3= 2 = 0.6000
1+—-
5
yszy(xs):y g & —5 = 0.5455
1+—
6
1
Yo = ¥(x) = y(1) = 7,7 = 05000

1
= 6 [1 + 4(0.8571 + 0.6667 + 0.5455) + 2(0.75 + 0.6) + 0.5]
3

1
= gl + 82772+ 2.7 + 05]

I = 0.6932

g
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3.2.3 Newton - Cotes Integration Formulae

Q42. Derive newton - cotes Integration Formulae.
Sol :
Let the integration points, x,, be equally spaced.

e, x = X, + ih,i=0,1,2,...n

b-a

Let the end points of the interval of integration be placed such that x, = a, x, = b, h = .

Then the definite integral

b
| = [ydx ()
is evaluated by an integration formula of the type

| = %Ociyi .. (2

where the co-eff ¢ are determined completely by the abscissae x,, Integration formulae of the type
(2) are called Newton - cotes closed Integration Formulae.

Q43. Write the five simplest Newton - cotes open.Integration Formulae.
Sol :

The Newton - cotes open Integration Formulae.

X, h3
a) Iydx = 2hy, + ?y"(i), (X, < X <X,)

Xo

3

't 3h 3h
b) IYdX = ?(y1+y2)+ Ty"(y),(xo< X <x3)

Xo

Xy

c) fydx = 4—h(Zy -y, +2y,)+ Ehs)/'“(7) (X, < X <Xx)
3 1 2 3 45 ! 0 4.

Xo

't 5h 95
ydx — =
d) X_[ o4 11y, +y, + y, + 11y ) + 144

Wy (), (x, < X <x)

6h
e) Ide = 2_0 (llyl - l4y2 + 26y3 - l4y4 + llyS) +

Xo

l f— _—
120 MY (R), (6 < X <)),

'l 152 ',
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Q43. Write the errors of trapezodial rule, simpson’s

Sol :

The error of trapezodial rule is,

o (b-a)
E= 3, Pny'(R) =-—1 hy'()

Sincenh=b-a

. 1 .
The error of simpson’s 3" rule is,

? b-a
ydx —_ 2% payvw
i 180 "Y' ®

3

rule and simpson’s

Where y"(X) is the largest value of the fourth derivatives.

. 3 .
The error of simpson’s e rule is,

3
E=- [%J hoy"(X) .

3
— rule.

8

g
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‘ Choose the Correct Answer I

1. In the least square method we use _________ to find the value of unknowns. [b]
(a) Regression eq"s (b) Normal eg"s
(c) General eq"s (d) Auxiliary eqs

2. Fit the curve y = ae®™ if their normal equations are 13.1991 = 4a + 10b and 30.7134 = 10a +
30Db [c]
(a) y = - 0.4569¢*441ex (b) y =-404419e04%
(c) y = 4.4419¢ — 0456 (dy=1

3. Fit a straight line for the given pairs of (x,y) which are (0, 3), (1, 6), (2, 8),(3, 11), (4, 13), (5, 14)

[b]

(@) y = 2.26x (b) y = 3.52 + 2.26x
(c) y = 3.52x (d) y=4 + 3x

4. If the normal equations for a straight line y = ax+ b are 26 = 4a+6b and 34= 6a +4b then fit the
above straight line [b]
(@ y=5x-b (b) y=5x+Db
(c) y = x+ 56 (d) y=x-5b

¢l

5. Considering four subintervals, the value of lmdx by trapezoideal rule is [a]
(a) 0.6950 (b) 0.6870
(c) 0.6677 (d) 0.3597

x:0 1 2
6. For the data, fx):8 5 6 [b]

2
the value of J‘[f(x)]2 dx by Trapezoidial rule will be
0

(@) 92 (b) 75
(c) 123 (d) 42
1 t1
7. By simpson’s 3 rule, the value of J;;dx is [a]
(a) 1.958 (b) 1.458
(c) 1.658 (d) 1.358

154
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UNIT - 1 NUMERICAL ANALYSIS

10.

14 rd

The evaluation of the definite integrated J x| x| dx by using simpson’s 3 rule with step size h =
-1

0.6 yields [d]
(a) 0.914 (b) 1.248
(c) 0.581 (d) 0.592
th X3
Using simpson’s Y rule, the integral Iy ax = [a]
3h h
@) 5 O+ 3y, + 3y, +y,) (0) 5 (v, +4y,+ 2y, +y,)
3h h
€ 5 O+ 3y, +2y,+vy,) (d) 5 o+ 3y, + 3y, +vV,)
x4
Boole’s formula is Jydx = [a]
x0
2h 2h
@ 4—5 (7y0 + 32y, + 12y, + 32y, + 7y,) (b) 4—5 (7y0 - 32y, - 12y, - 32y, - 7y,)
2h 2h
(c) 5 (8y,— 42y, - 12y, =32y, =7y, (d) 5 9y, - 18y, — 24y, - 32y, - 7y,)

B
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‘ Fill in the blanks I

1.

2.

10.

BRI o

10.

Fit a straight line for the given pairs of (x,y) which are (0, 3), (1, 6), (2, 8), (3, 11), (4, 13), (5, 14)
is — .
Trapezoidial rule gives exact value of the integral when the integrand is a

b
Trapezoidial rule for the evaluation of Jf(X) dx required the interval [a, b] to be divided into

1 3 9
Simpson’s 3 rule is used to integrate the function f(x) = EXZ +§ between x = 0 and x = 1 using

the least number of equal sub - intervals. The value of the integral is
5.2

1
Value of J|”X dx using Simpson’s 3 rule with interval size 0.3 is
4

1
Simpson’s 3 rd rule and direct integration have given the same result if

3
The formula for simpson’s s rule is

The term Numerical Integration first appears in
The weddle’s rule is

3

The error for simpson’s 3 rule is
ANSWER

y = 3.52 +2.26x
Linar function
Any number of subintervals of equal width
2
1.83
The entire curve is itself a parabola

o 3h
JY = T, )+ B0, Y, Y, Y et Y, ) F 2, Y, oy, )]

Xo

1915

¢ 3h
jydx =E(yo +5Y, +Y, +6Y; +Y, +5Y5 +Y)

-3 5 2,7
[%Jh y* (%)
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U N I T Numerical Solutions of Ordinary Differential Equations: Taylor’s Series
IV Method - Picard’s Method - Euler’s Methods - Runge Kutta Methods.

I B
T T
T P T P T T
0 T A A
I A I I A
T T

4.1 TAYLOR’S SERIES METHOD I

Q1. Write the procedure of solution By Taylor’s series.

Ams :
We consider the differential equation
y' = f(xy) o (1)
with the initial condition
y(X) =Y, .. (2)

If y(x) is the exact solution of equation (1) then the Taylor’s series for y(x) around x = X is given by,

(X=%o)" oX0) Y+ ()

y(X) = yo + (X - Xo)ylo + 2| yO 3| 0

If the values of y;, yg .... are known, then equation (3) gives a power series for y. Using the
formula for total derivatives.
We can write

y'=t'=f+yf =1+,
Where the suffixes denote the partial derivatives with respect to the variable concerned.
Similarly, we obtain
y"="f=f +ff+ 1 +1f+{E +1f)

=f + 2ff +ff +ff +ff?
XX Xy yy Xy y

and other higher derivatives of y. The method can easily be extended to simultaneous and higher
- order differential equations.

Q2. From the Taylor series for y(x). Find y(0.1) correct to four decimal places if y(x) satisfies
y'=x-y?and y(0) = 1.

Sol :
The Taylor series for y(x) is given by

2 3 4 5

_1+X!+X_ n+X_ m+X_!V+X_ V+ (l)
y(x) = Yo > Yo 5 Yo YRL 120 Vo ¥
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The derivatives y;, y; .... etc are obtained thus :
y() =x-y* =y, =-1
y'®) =1-2yy'= y; =3

y'(X) =-2yy" - 2y" = - 2(1)(3) - 2(-1)°
=-6-2=-8

y¥(x) =-2yy" -6y’ y" = —2(1)(-8) - 6(-1)(3)

=16 + 18
=34

y'(x) =-2yy" -8y'y" -6y = - 2(1)(34) - 8(-1)(-8) - 6(3)*
= - 68-64-54
=186

Sub these values in (1),
We get

2 3 4 5

y(x) = 1 + x(-1) + X?(S) + %(—8) + )2(—4(34) + lxz—o(—186) + ..

yx) =1-x+ Ex2— X+ Ex“— SR X+
2 3 12 20

To obtain the value of y(0.1) correct to four decimal places it is found that the terms upto x* should
be considered.
3 4 17
y(0.1) =1-01+ (017~ (017 + 501y
=1-0.1 + 0.015 - 0.001333 + 0.00014166
y(0.1) = 0.9138

Q3. Given the differential equation y”"—xy’ —y = 0 with the conditions y(0) and y'(0) = O.
Use Taylor’s series method to determine the value of y(0.1)

Sol :
We have y(x) = 1 and y’(x) = 0 when x =0
The given differential equation is,

y'-xy'-y=0
= y'(x) =xy'(x) +y(X) . (1)

Hence y"(0) =y(0) =1

g
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The successive differentiations of (1) gives

y"(x) = xy"(x) + y'(x) + y'(x) =xy"(x) +2y'(x) e (2)
YY) = Xy"(x) + Y'(x) + y'(x) + y'(x) =xy"(x) +3y"(x) e (3)
YO0 = XyY) + y"X) + 3y = xyU(x) + 4y"(x) e (4)
YI(X) = XyY(x) + yV(X) + 4y"(x) = xy'(x) + 5y"(x) .. (5)

and similarly for higher order derivatives.

Putting x = 0in (2) to (5), we obtain
y"(0) =2y'(0) =2(0) =0
y¥() = y"(0) +3y"(0) =0+ 3(1)=3
y'(0) =(0)@3) +4(0)=0+0=0
y”(0) = (0)(0) +5(3) =0+ 15 =15

Now By Taylor’s series is,

Y(X) = yo + (X "\ Xo) yé) i

2 3 4 X5 X6

X X X
YX) =Y, + (X)ye + 27 Y ST /ST i iyl A

2 3 X4 X5 X6
YO = YO +xy(©) + 5 ¥'(0) + " y"(0) + 7 ¥(0) * 155 ¥'(0) + 735 y7(O) *+ -
Hence,
_ (0.2 (0.2)° (0.2 (0.2° (0.1°
y(0.1) = 1 + (0.1)(0) + : 1) + 5 0) + Y (3) + 120 0) + =20 (15) + ....

=1+ 0.2y + (0.2 + (0.2 + ...
2 8 8

=1 + 0.005 + 0.0000125, neglecting the last term

= 1.0050125, correct to seven decimal places.
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Q4. Given j—i =1 + xy, y(0) = 1 obtain the taylor series for y(x) and compute y(0.1), correct
to four decimal places.

Sol :
Given differential equation y’ = 1 + xy and y(0) = 1

The Taylor series for y(x) is given by,

X2 X3 X4 5
YX)=1HXy, + 2oy F Vo Vo Fog Vo T
1 X2 X3 X4 5 1
=1+xy,+ —vyr+ —yl +_—y+ _——y o+
y&) o ™ g Yo ™ g Yo T g Yo T g0 Yo @
The derivatives y;, y;, yg , .... etc are obtained thus :

yx) =1+xy = y;(0 =1+0)1=1
') =xy'+y = y(0) =00 +1=1
ym(x) = Xyrr + yr + yr — Xyrr + 2yr - ym(o) — (0)(1) + 2(1) =2
y )= Xy" +y" + 2y =xy" +3y" = y¥(0) = 0@2) +3(1) =3
y') =xy" + y" +3y" =xy" +4y" = y'(0) =(0)(2) +4(2) =8
Sub these values in (1)
We get,
x? x3 x* x°
y(x) =1+ x(1) + ?(1) + E(Z) + 5(3) + E(B) + ...
To obtain the value of y(0.1) correct to four decimal places it is found that the terms upto x* should
be considered.
2 3 4
0.1 N 0.1 N (0.2
2 3 8

=1 + 0.1 + 0.005 + 0.00033 + 0.0000125
y(0.1) = 1.1053

y(0.1) =1+ (0.1) +

2

Q5. Show that the differential equation

dx)zl = —xy, y(0) = 1 and y'(0) = 0 has the series

. x®  1x4 1x4x7
solutiony =1 - 30 + X8 —

o o X H
Sol ;

2

dx?

Given differential equation =-xy,y0)=1&y'0)=0.
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We have y" = —xy @
Hence y"(0) = y'(0) = 0

The successive differentiations of equation (1) gives,

y'() =-xy+yl)=-xy-y = y"0)=-(0)(0)-1=-1

YUX) =-xy"+y(1) -y =-xy" -2y = y¥(0) = - (0)(0) - 2(0) = 0

Y(X) =-xy"+y'(-1) -2y" = -xy" - 3y" = y'(0) = - (0)(-1) - 3(0) = 0
YIX) = —xyY +yU(E1) - 3y" = - xy - 4y" = y'(0) = - (0)(0) - 4(-1) = 4
Y(X) =-xy' + y¥(-1) - 4y" = - xy' - 5y" = y"(0) = - (0)(0) - 5(0) = 0

y"(x) =-xy" +y(-1) - 5" = - xy" - 6y" = y™(0) = - (0)(4) - 6(0) =0
y*(x) =-xy" +y'(-1) - 6y = - xy" - 7y" = y*(0) = - (0)(0) - 7(4) = - 28
Now by Taylor’s series is,
S AR (o M ot NN e )
y(X) =y, + (X=X )y, + =y, + Y Y Y

o1 Yo 31 Yo T 51 Yot

2 3 4 5 6 7 8 9
m

X X
y(x) = Yot XyO+Ey0 + ay ot Zyvo |\ ayvo +ayvo +ﬁyvo +§yv ot ayXO_F

2 3 4 5 6 7 8 9

V) =1+ X(0) + 2 (0) + 5 (D) + %(0) + %(O) + %(4) + %(0)+%(0) + %(—28) +

x° 4 28

y(x) =1~ o Exﬁ— axg’ + ...
_ x3 1x4 . Ix4x7 0
YO =1- o7 + g X T X
dy . :
Q6. If dx — XC+y with y(4) = 4. Compute the values of y(4.1) and y(4.2) by Taylor’s series
method.
Sol :
Given differential equation is,
dy .
ax Xty with y(4) = 4.
y' =+ 1)* ~ @
{161 )
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—2x+Yy"
Y == (¢ Y @xHY) = ey )
L[y - @x+y)20¢ + )X +Y)
A (x* +y)’
L[y ey -20¢ +y)(2x +y')2}
A (¢ +y)°
V== o @) @@y e
and so on

Sub x = 4 from (1) to (3)
y,(4) = (4 + 4)* = (20)" = 0.05

.. ~(24)+005  ~(8+005  -8.05
Yo =T @y T oy T awo

=/-0.020125

y" (4) = ﬁ [(2 — 0.020125) — 2(2(4) + 0.005)?]

~ 1 [1.979875 - 2(8.05y]
(20)

-1
= 3000 [127.625125] = 0.015953

Now by Taylor’s series is,

X=X L (=X)L
yix) =y, X=Xy, + 2!0 y',+ 3!0 Yy

_ 2 _ 3
'+ (x-4) y' + (x—4) y" o+

o o1 Yo T

(x - 4)° (x - 4)°
5y (£0.020125) +

yix) =4+ (x-4)(0.05) + (0.015953) + ....

y(4.1) = 4 + (4.1 - 4)(0.05) + %(—0.020125) + @(0.015953) + .
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y(d.1) =4 + (0.1)(0.05) + (0'21)2 (-0.020125) + (0'61) (0.015953) + ....

y(4.1) = 4 + 0.005 — 0.000100625 + 0.0000026588
y(4.1) = 4.0049

y(4.2) =4 + (4.2 — 4)(0.05) + @(—0.020125) + M(0.015953)

= 4 + 0.01 - 0.0004025 + 0.0002127
y(4.2) = 4.0098

d
Q7. Using Taylor’s series find y(0.1), y(0.2) and y(0.3) given o xy + y2,y(0) = 1.

dx
Sol :
Given ay =xy+y2 .. (1)
dx
and y0) =1

The Successive differentiations of equation (1) gives,
since y'(X) = xy + y?
= y(@0)=01)+@1)?=1
y'()=xy +y(1)+ 2y =xy' + 3y
= y"(0) =0(1) + 3(1) =3
v'(x) = xy" + y'(1) + 3y = xy" + 4y’
= y"(0) =003) +4(1) =4
y¥(x) =xy" +y"(1) + 4y" = xy" + 5y"
= yY(0) =0(4) +53) =15
Now by Taylor’s series is,

(X=X,) . (X=%,)° g

y(X) =Y + (X - Xo)ylo + 21 0 31 0

2 3 4

_ CooXE XX
y(x)—y0+xy0+Eyo+ayo+Zy+ .....
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0.1 0.1° 0.1
y(0.1) =1+ (0.1)1 + ( 2!) (3) + ( 3!) 4) + ( 4!) (15)
=1+ 0.1 + 0.015 + 0.0007 + 0.00011
y(0.1) = 1.1158
0.2 0.2)° 0.2)*
y(0.2) =1 + (0.2)1 + ( 2!) (3) + ( 3!) 4) + %(15)
=1+ 0.2+ 0.06 + 0.0053 + 0.0010
v(0.2) = 1.2663
0.3)? 0.3)° 0.3)*
y(0.3) =1 + (0.3)1 + ( 2!) (3) + ( 3!) 4) + ( 4!) (15)

v(0.3) =1+ 0.3 + 0.1350 + 0.018 + 0.0051 = 1.4581

I 4.2 PicArRD’s METHOD I

Q8. Write the procedure of Picard’s Method.
Ans :
We consider the differential equation
y(x) = f(x, y) - ()
Integrating the above differential equation
we obtain,
y=y,+ Jf(x’)’)dx .. (2

Equation (2), in which the unknown function y appears under the integral sign, is called an integral
equation. Such an equations can be solved by the method of successive approximations in which the first
approximation to y is obtained by putting y, for y on right side of equation (2) and we write

yo =y + | Ty

The integral on the right can now be solved and the resulting y® is substituted for y in the integral
of equation (2) to obtain the second approximation y®@.

yo =y + j f(x, y®)dx
Proceeding in this way, we obtain y®, y@, ... yO-9 & y® where

yo =y + XJ‘ fOx,y")dX it yo = Y,
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Q9. Solve the equation y' = x + y?, subject to the condition y = 1 when x = 0 by Picard’s
method.

Sol :
We start with y© = 1 and obtain,

yo =y, + jf(x,yo)dx
1+ J(x+y§)dx
0
—14 [ (x+2)dx
0

NG g
- Z4x
ekl

X2
W =1+x+ =
y Xt

Then the second approximation is,

Yo =1 + Jf(X,y(l))dX
0
— 1+ (R () )l

0
2 2
x+[1+x+x?j }dx

4 2 2
X+1+x2 +XT+2x+Z.X—+Zx.X—de

I
—
+
O ey X

Z Z

I
—
+
O Sy X

X 4
=1+J l+3x+2x2+x3+xjjdx
0

2

y@ =1 Fx 43 gX3+ lx4+ ix5
2 3 4 20

It is obvious that the integrations might become more and more difficult as we proceed to higher
approximations.
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2

d
Q10. Given differential equation - with the initial conditiony =0 when x = 0. Use

dx ~ y*+1
Picard’s method to obtain y for x = 0.25, 0.5 and 1.0 correct to three decimal places.

Sol :
We have y© =0
X2
fixy) =2
X2 X2
— J— — 2
oY) = yoin = 501 =X
yo =y, + | fxyodx
yo =0 + IXZdX
x3 |
y(l) = |:_:|
3 0
y(l) = —x3
and
y(Z) = yO =+ If(X,y(l))dX
X X2
P 2 dx
y(z):0+.|‘% :'([XG 1
oy +1 §+

1
So, y® and y@ agree to the first term i.e, §x3.

{ 166 }
Rahul Publications )



UNIT - IV

NUMERICAL ANALYSIS

To find the range of values of x so that the series with the term [

correct to three placers.

1
W — x° .
e put 81 x° < 0.0005

= X < 0.7

Hence,

1
y(0.25) = 5 (0.25)° = 0.005

1
v(0.5) = 5(0.5)3 =0.042

3

JX3 along will give the result

d
Q11. Use Picard’s method to obtain y(0.1) and y(0.2) of the problem defined by Y _ X + yx4,

y(0) = 3.
Sol :
Since y(0) = 3
and ay = X + yx*
dx
where f(x, y) = x + yx*
We have

yo =y, + XJ‘f(x,yo)dx
yo =3 + J(x+yox4)dx
0
-3 j(x+3x4)dx
0

NG x5 [
= —+3.—

2 5
® =3+ — +3.—
y 2 5

dx

g
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yo =y, + [f(xy®)dx

Xo

So that y® = y@ agree to the first three terms

i.e 3+ﬁ+3X5
- 2 5

To find the values of x.

01 , (0.2

Hence, y(0.1) =3 + 2

y(0:1) = 3.005006

02°  30.2
2 5

y(0.2) =3 +

y(0.2) = 3.020192

d
Q12. Use Picard’s method to obtain y(0.1) of the problem defined by d—i =1+ xy,y(0) =1.

Sol :
Since y(0) =1

d
and the differential equation d—i =1+ xy

Where f(x,y) = 1 + xy
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We have

yo =y, + jf(x,yo)dx
zyO+J(l+xyo)dx
0
—14 [@+x)dx
0
x2 |
- X +—
]
XZ
D=1+ x+ —
y X 2
yo =y + [fxy?)dx
X X XZ
=y, + J(l+xy(1’)dx:y0+ j‘1+x[1+x+?de
0 0
X )\ X3 d
= 1+X+X"+— |dx
_1+£ 5

(XX 1t X
=TT e 2l )],

2 X3 X4
YO =1+x+ — + — + —
2 3 8

yo =y + jf(x,y(z’)dx

—y,+ | @ xy®)dx
0

X X2 X3 X4
=1+ 1+x(1+x+—+—+—Ddx
[CREIE R
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NG x3 x* x> x®
yO=1+x+ —+ —+ — + — + —
2 3 8 15 8
The series is,
2 X3 X4 X5
1+X+ —+ — 4+ — + — + ...
2 3 8 15

I 4.3 EULER’S METHOD

Q13. Write the Euler’s Method.
Sol :
We consider the differential equation
y' = f(x,y) with f(x ) =y,
Suppose we wish to solve equation (1) for values y at
x=xr=x0+rh(r:1,2, ..... )
Integrating equation (1), we obtain
y, =Y, + ff(x,y)dx
Assuming that f(x, y) = f(x,, y,) in X, < X < X,
This gives Euler’s formula,
Yy = Y, + hf(x;, ¥o)

Similarly for the range x, < X < X,,

we have y, =y, + [ fox,y)dx

Substituting f(x, y,) for f(x, y) in x, < x < x,, we obtain
y2 ~ yl + hf(Xl’ yl)
Proceeding in this way, we obtain the general formula

Yo=Y +hix,y), n=0,12...

. (1)

. (2

. @3)

. (4)
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Q14. Using the Euler’'s method, solve the differential equation y' = — y with the condition

y(0)=1
Sol ;

Given differential equation

= dy _
y=-y= g =Y

f(x, y) = -y withy(0) = 1
Let h=0.01

By Euler’'s methody ., =y + hf(x ,y),n=0,1,2,3, ...

ne1
Y, =Y, + hf(x,, ¥,)
y, = y(x) =y(0.01) =1+ 0.01(-y,)
=1+ 0.01(-1) = 0.99
y, = y(x,) =y(0.02) =y, + hf(x, y,)
= 0.99 + 0.01(~y,)
= 0.99 + 0.01(-0.99)
= 0.99 = 0.0099 = 0.9801
Yy, = Y(x;) = y(0.03) =y, + hf(x,, y,)
= 0.9801 + 0.01(-y,)
= 0.9801 + 0.01(-0.9801) = 0.9703
y, = y(x,) = y(0.04) =y, + hf(x,, y,)
= 0.9703 + 0.01(-y,)
= 0.9703 + 0.01(-0.9703) = 0.9606.

The exact solution is y = e* and from this the value at x = 0.04 is 0.9608.

d
Q15. Using Euler’s method to solve the differential equation & 1+ y? y(0) =0.

dx
Sol ;

Given differential equation,

ay _ . _
X =1+y*;y0)=0

f(x,y) =1+ y?*and x, =0

g
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Let h=0.01
By Euler’'s method,
y ., =y +hf(x,y)wheren=0,1,23, ..
Y = Yo+ hf (X, ¥,)
y, = y(x,) = y(0.01) = 0 + 0.01(1+0?)
= 0.01
y, = y(x,) = y(0.02) = 0.01 + 0.01(1 + 0.01?)
= 0.02
Yy, = y(x;) = y(0.03) = 0.02 + 0.01(1 + 0.02%)
= 0.03

The exact solution is y = tanx and for this the value at x = 0.03 is 0.03.

d 3
Q16. Using Euler’s method to solve the differential equation d_i = gx3y, y(0)=1

Sol :

Given differential equation is
dy _ 3% \one
dX r & 5Xy!y(0)_l

3
f(x,y) = §x3y andx, =0

leth=0.1

By Euler’s method,
yn+l = yn + hf(Xn’ yn)

yl = yo + hf(Xo’ yo)
3.3
y(x) =y(0.1) =y, =y, + h{ %Yo

=1+ 0.1@(0)3(1)J

§
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y,=y(0.1)=1
y2 = yl + hf(Xl’ yl)

= ¥,=y(02)=ykx)=1+ 0.1[%(0-1)3(1)J

= 1.0001
y3 = y2 + hf(Xz’ yz)

= Yy, =y(0.3) = y(x,) = 1.0001 + 0.1[%(0-2)3(1-0001)J

= 1.0006

3 4
The exact solution of the given differential equation isy = 63[7] is 1.0012 when x =0.3.
From this procedure the value of y is 1.0006 when x = 0.3
Error Estimate for the Euler’s Method :
Let the true solution of the differential equation at x = x_be y(x) v (D)
Let the approximate solution be y_ v (2)

Now, expanding y(x__.) by Taylor’s series, we get

n+1

2

V%, = ¥x) + NY(6) % Ty00) +

2

V(%,0) = ¥06) + MY+ y'(x,), where @

wherex < 1, <X .,

Usually, there are two types of errors in the solution of differential equations : They are :
(i) Local errors,

and (i)  Rounding errors.

The local error is the result of replacing the given differential by means of the equation

Y..=Y +hy,

This error is given by

1
Ly = -5 1P Y(3,) e (4)

n+1

The total error is then defined by
e =y —-Yy(X) .. 5

g
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Since y, is exact i.e, y, = y(X,)
e,=0
Neglecting the rounding error, we write the total solution error as :
€rs = Your ~Y(X,0y)
2

' h "
e = yn -+ hy:1 — y(Xn)+hy (Xn)+?y (Tn)

n+1

=y, +hy —[ykx)+hy(x)-L._.1] (from (4))
=e +yKx)+hy —[yx)+hy(x)-L_ 1 (.from (5))
=e,+hy, —hy(x)+L,

1

= en + h[y:l - yl(Xn)] + I_n+:L

= e, =e +h[f(x,y)-yx)]+L,,
(o Yy =1xy)
(=Y, =1, ¥)
= e, =e +hlf(x,y)-fx,yx) +L ... (6)

By Mean Value Theorem, we write

o X ya) —fOx,¥0X0))
oy %) =Ty Ty

y(x) <& <V,

of
= 10 yy) = 106, yOO)) = Iy, -y 5y (%, 80)

of
= 106, ¥) = 106, V) = (€) 5y (6,08, e ()
(- from (5))

Substitute (7) in (6)

of of
= e, =¢+ h{(en)@(xn,inﬁ Ln+1:| =e + hena (x,6)+L ..

of
= en+:L = en |:l+ hg(xn,an ):| + I_n+:L

e =e [L+hx.e)l+L., e (8)
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Since e, =0
= e=L,
e, =e,[1+hi(x,&)]+L,,
= e =L[1+ hfy(xl, EN+L (e =L)
lly e, = (L, +L)[1+hf(x,5)][1+h(x,E)]+L,

an so on.

Q17. We consider, the differential equation y' = — y with the condition y(0) = 1. By Euler’s
method solve the D.E and find the error.

Sol :

The solution of given D.E by Euler’s method is 0.9606
(Refer : Q.no. (2)) by choosing h = 0.01

We have

1+hf(x.&)=1+0.01(-1) = 0.99

1
and L, = -5 h2y"(z.)

_e Lo\
== 50017 y(z,)

= L =-(0.00005)y"(x,) = - (0.00005)y(t,)

In this problem, y(t,) < y(x), since y'is negative.
Hence we obtain successively
IL,
IL,I
ILI

and so on.

IA

0.00005(1) = 5 x 10

(0.00005)(0.99) < 5 x 10

IA

(0.00005)(0.9801) < 5 x 10

IA

For computing the total solution error, we need an estimate of the rounding error. If we neglect the

rounding error i.e, ifwesetR =0
n+1

Then using the above bound, we obtain from equation (8) the estimates.

e =0
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le,] < 5 % 10°
le,] < 0.99e, + 5 x 10° < 10~
le,] < 0.99e, + 5 x 10° < 10 + 5 x 10°
le,] < 0.99e, + 5 x 105 < 10 + 10
= 2 x 10 = 0.0002
etc.

It can be verified that the estimate for e, agrees with the actual error in the value of y(0.04) obtained
in problem (1).

Modified Euler’s Method :

Let the differential equation

dy . B
x f(x, y) with y(x)) =y, v (1)

Integrating equation (1),

g =y, + [T y)x @

Xo

Instead of approximating f(x, y) by f(x,, y,) in equation (2) and apply the trapezodial rule to obtain.
h
Yo =Yt 5 [0 yo) + 1(x,, y,)] .. 3

Thus, we obtain the iteration formula

(n+l) — E f f (n) —

Y=yt 5 [f(x, y,) + fx,yi")L,n=0,1,2.... e (4)
where y'" is the n™ approximation to y, .
lteration formula in (4) can be started by choosing y!” from Euler’s formula.

Y =Y, + Nk, v,)

The general formula for Euler’s modified method is,
(n+l) — E (n-1) H—
yrr =YLt g [f(x .,y ) +fx,y"™),i=1,223...
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Q18. Determine the value of y when x = 0.1, given thaty(0) =1 and y' = x> +.
Sol :

d
Givend—i =xX+yy0)=1=x,=0y=1

X,—X, 0.1-0
let h = 0.05. where h = - = >

= 0.05

(- n = no. of iterations)

By Euler’s formula,
yl = yo + hf(Xo’ yo)
Y, =Y, + h(xZ +y,)
y©® =1+ 0.050 + 1)

y® =1+ 0.05

y© =1.05
O — D (0)
Vi = Yo+ S [0 ¥o) + fxy: )]
— D 2 2 (0)
=Y, + S I0¢ +y) + (¢ +y?)]

0.05
= 1+ —=[(0 + 1) + (0.05 + 1.05)]

y®.=1.0513.
(2) = D f @)
1 yo + 2 [f(Xo’ yo) + (Xl’ y]_ )]
h 2 2 @
=Y+ S5 lxg +y) + (xp+y)]

0.05
=1+ Y [(0 + 1) + (0.05% + 1.0513)]

y® = 1.0513

yP = y®» =1.0513

Hence y, = 1.0513 correct to four decimal places.
Now, y, = 1.0513, h = 0.05, x, = x, + h =0 + 0.05 = 0.05
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y2 = yl + hf(Xl’ yl)
Y =Y+ h(x+y)
= 1.0513 + (0.05)(0.05% + 1.0513)

y© = 1.1040

1 = D (0)
2 y1 + 2 [f(Xl’ yl) + f(XZ’ Y> )]

® — E 2 2 (0)
2 y1 + 2 [(X1+ yl) + (X2+y2 )]

0.05
= 1.0513 + —— [((0.05 + 1.0513) + (L0? + 1.1040)]

= 1.0513 + 0.0250 [1.0538 + 2.1040]
= 1.1302

h
yo =Y+ Ik y) + g, vl
— D 2 2 @
- yl + 2 [(X1+ yl) + (X2+y2 )]

0.05
= 1.0513 + — = [((0.05)* + 1.0513) + (1* + 1.1302)]
= 1.0513 +0.025 [1.0538 + 2.1302]

= 1.1309

h
I (AR Al
— D 2 2 (2)
- yl + 2 [(X1+ yl) + (X2+y2 )]

0.05
= 1.0513 + —— [((0.05)* + 1.0513) + (1* + 1.1309)]

= 1.0513 + 0.025 [1.0538 + 2.1309]
= 1.1309

yo = y® = 1.1309

Hence, y, = y(x,) = y(0.1) = 1.1309 correct to four decimal places.
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d
Q19. Given differential equation d—i = x2 + y with y(0) = 1 compute y(0.02) using Euler’s

modified method.

Sol :
Given
dy )
ax =X +y,y0)=1=x,=0,y,=1

X, =X, 0.02-0
Let h = =
n 2

= 0.01
By Euler’s formula,
yl = yo + hf(Xo’ yo)
=y, +h(x2 +y)=1+0.01(0* + 1)
=1+001=101

-y =101

h
D=y, + ST Vo) + f0x,907)

h
=Y, + S I0¢ + v + (¢ +y)]
(x, =%, +h=0+0.01=0.01)
0.01
=1+ T[(O2 + 1) + (0.012 + 1.01)]

=1 + 0.0050 [1 + 1.0101]
y® = 1.0101

h
Y2 =Y+ S0 yo) + f0yy)

h
=Y, + 5106 +y,) + (x+yP)]

=1 + 0.005[1 + ((0.01)> + 1.0101)]
=1 + 0.005 [1 + 1.0102]

y® = 1.0101

g
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yP = y?® =1.0101
y, = 1.0101 correct to 4 decimal places.
Now, y, = 1.0101, h=0.01,x, = X, + h=0+0.01=0.01
By Euler’s method
y, =Yy, +hf(x,y,)
yy =y, +h(xi+y,)
= 1.0101 + 0.01(0.01? + 1.0101)

y® = 1.0202
1 = E f f (0)
Y2 - y1 + 2 [ (Xl’ yl) + (Xz’ Y> )]

h
=y, * S0+ y) + (G+yP)
(x, = x, + h'=0.01 + 0.01 = 0.02)
0.01
= 1.0101 + - [((0.01) +1.0101) + (0.02* + 1.0202)]

= 1.0101 + 0.005 [1.0102 + 1.0206]
= 1.0203

h
yy =y, + S0 ) + 0 vl
— D 2 2 @
- yl + 2 [(X1+ yl) + (X2+y2 )]

0.01
= 1.0101 + ——[((0.01% + 1.0101) + (0.02 + 1.0203)]

= 1.0101 + 0.005 [1.0102 + 1.0207]
= 1.0203

y9 = y® =1.0203

Hence, y, = y(x,) = y(0.02) = 1.0203 correct to four decimal places.
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Q20. Solve, by Euler’s modified method, the problem

Sol :

Choose h = 0.2 and compute y(0.2) and y(0.4)

d
Givend—i:x+y,y(0)=0:>X0=0,y0=0

here f(x,y) = x +y
Leth=10.2
By Euler’s formula,
Yi =Y, + hi(x, y)
=y, + h(x0 + yo)
=0+ 020+0)

o =0
o — E (0)
Y =Y+ 5 [y vo) +0x viT)l
h (0)
= yo + E [(X0+ yo) + (X1+ yl )]
0.2
=0+ 7[(0+0)+ (0.2 + 0)]
y® =0.1[0+ 0.2] =002
(2 = E @
[ yo + 2 [f(Xo’ yo) + f(Xl’ y]_ )]
h @
=y, + 5[0, + Y + ¢+ )]

0.2
=0+ —-[(0 + 0) + (0.2 + 0.02)]

=0.1[0 + 0.22]
= 0.022

y® = 0.002

dx

=x+y,y(0)=0.

X, =x,+h=0+02=0.2)

g
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h
G =y + > [f(x, y,) + f(x,, y?)l
h @
= Yo+ 510 + Yo + (x+y7)]

0.2
=0+ —- [0+ 0) + (02 + 0.022)]

= 0.1 [0 + 0.222]

yo = 0.0222
(4) = h (3)
yl - yo + E [f(Xo’ yo) + f(Xl’ y]_ )]
h (3)
=Yy + 506+ ¥ + 0+ )]

0.2
=0+ —[(0 + 0) + (0.2 + 0.0222)]

= 0.1[0 + 0.2222]

Y = 0.0222

© = & =0.0222

1

Hence y, = y(x,) = y(0.2) = 0.0222 correct to four decimal places.

Now y =0.0222, h =0.2, and x, = 0.2
By Euler’s/method
y, =y, +hf(x,y))
yO =y, +hx+y)
= 0.0222 + 0.2(0.2 + 0.0222)
y© = 0.0666

h
vy =y, o+ Ik, ) + Ty
= —+ D + + +yY
A 2 [(Xl yl) (X2 Y2 )]
(x,=x, +h=02+02=0.4)

0.2
= 00222 + —-[(0.2 + 0.0222) + (0.4 + 0.0666)]

= 0.0222 + 0.1 [0.2222 + 0.4666]
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y® = 0.0911
(2 = h @
2 yl + E [f(Xl’ yl) + f(Xz’ y2 )]
h @
=y, + S [0+ Y,) + (k)]

0.2
= 00222 + —~[(0.2 + 0.0222) + (0.4 + 0.0911)]

= 0.0222 + 0.1 [0.2222 + 0.4911]

y® = 0.0935
(3) — h (2)
2 yl + E [f(Xl’ yl) + f(Xz’ y2 )]
h (2)
=y, + 5[+ y) + (x,+y?)]

0.2
= 0.0222 + Ty [(0.2 + 0.0222) + (0.4 + 0.0935)]

= 0.0222 + 0.1 [0.2222 + 0.4935]

y® = 0.0938
(4)  — h (3)
Y> - y1 + E [f(Xl’ yl) + f(XZ’ Y2 )]
h (3)
=y, + S 10+ y,) + (6, +y2)]

0.2
= 0.0222 + —~[(0.2 + 0.0222) + (0.4 + 0.0938)]

= 0.0222 + 0.1 [0.2222 + 0.4938]

y¥ = 0.0938

® = y{» = 0.0938 correct to four decimal places.

y, = 0.0938
y, = y(x,) = y(0.4) = 0.0938
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4.4 RuNGE - Kutta METHOD

Q21. Define Runge - Kutta Formulas.
Sol :

The Runge - Kutta methods are designed to give greater accuracy and they possess the advantages
of requiring only the function values at some selected points on the subinterval.

We consider the differential equation
y' = f(x,, y) with the initial condition y(x)) =, v (D)

Integrating equation (1), we obtain

g =y, + ] Ty @

Xo

Instead of approximating f(x, y) by f(x,, y,) in equation (2)

we now approximate the integral given in equation (2) by means of trapezodial rule to obtain.

h
Y =Y, + 5 [f(xg yo) + 1%, y)] - (3)

If we substitute y, =y, + hf(x,, y,) on right side of equation (3)

we obtain,
h
yl = yo + E [fo + f(X0+ h’ y0+ hfo)]
then the above equation becomes

1
Y, =Y+ 5k, + k)

where k, = hf and k, = hf(x, + h, y, + k)

The fourth - order runge kutta formula is,
1
y1 = yo + g(kl + 2k2 + 2k3 + k4)
where k, = hf(x,, y,)

1 1
k2 = hf[xo +Eha Yo +EK1J

1 1
k3 = hf[xo +Eha Yo +EK2J

k, = hf(x, + h, y, + k)

g
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d
Q22. Given d_i =y -Xxwhere y(0) = 2.

find y(0.1) and y(0.2) correct to four decimal places by Runge - kutta method.
Sol

i) Runge Kutta second order formula :

d
Given d—i =y-xY0)=2= x,=0,y,=2
let h = 0.1,

here f(x, y) =y - X v (1)

By second order formula,

1
Yo+ Yo+ 5k +k)

where k, = hf and k, = hf(x, + h, y, + k)

fy = (X0 Yo) = Yo =%, (By (1))
k, = hf(x,, y,) = h(y,-x,) = 0.1 (2-0)
=01@)
k, =0.2

k, = hf(x, + h, y, + k)
= h((y0 +K)- (x0 +h))
=0.1((2 + 0.2)- (0 + 0.1))
=0.1(2.2-0.1)
=01(2.1)

k, =021

1
Y, =Y+ 5k + k)

1
y, =2+ 5(0.2+0.21) = 2.2050
y, = y(x,) = y(0.1) = 2.2050

1
Y=Y, + 5k +k)

k, = hf(x,, y,) (X, =%x,+h=0+01=0.1)
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= h[y, - x,] = 0.1[2.2050 - 0.1]
= 0.2105
k, = hf(x, + h, y, + k)
= hl(y, + k) - (x, + h)]
= 0.1[(2.2050 + 0.2105) — (0.1 + 0.1)]
k, = 0.1[2.4155 - 0.2]

k, = 0.22155

1
Now y, = 2.2050 + 3 (0.2105 + 0.22155)

= Yy, = 22050 + 0.2160
y, = 2.4210
y, = y(x,) = y(0.2) = 2.4210
i) Runge - kutta fourth order formula :
To determine y(0.1),

we have, x,=0,y,=2,h=0.1
1
Yi=Yo* g(kl \ \ 2k2 + 2k3 + k4)

where k, = hf(x,, y,)
= hly, - x,] = 0.1[2 - 0] = 0.2

1 1
k = hf[xo +5h,yo+§k1}

SRR
)

= 0.1[(2 + 0.1) - (0 + 0.05)]

= 2.205
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1 1
k = hf[xo"'zh:yo"'Esz

e )

—01 Kz +%(2.205)j - [0 T %(0.1)}}

= 0.1[(2 + 0.1025) - (0.05)]
k, = 0.2053
k, =hf(x,+h,y,+k)
= hi(y, + k) - (¢, + h)]
= 0.1[(2 + 0.2053) - (0 + 0.1)]
= 0.1[2.2053 - 0.1]

k = 0.2105

4

1
Now,y, = y(x,) =y(0.1) =2 + g(k1 + 2k2 + 2k3 +k,)
1
=2+ E(O'Z + 2(0.205) + 2(0.2053) + 0.2105)

1
=2+ E(O'Z + 0.41 + 0.4106 + 0.2105)

= 2.2052
y, = y(x) = y(0.1) = 2.2052

1
Y, =Y + E(kl + 2k2 + 2k3 +k4)

k1 = hf(xl, yl)

= h[y, - x,]= 0.1(2.2052 - 0.1)
= 0.2105

1 1
k, = hf Kxﬁih’yﬁEklﬂ

g
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st oo

=01 {(2.2052 +%(0.2105)j - (0.1+%(0.1)ﬂ

= 0.1[(2.2052 + 0.1053) — (0.1 + 0.05)]
= 0.1[2.3105 - 0.15]
k, = 0.2161

2

1 1
k, = hf[xl+5h,yl+5sz

b o)

=01 Kz.zosz + %(0.2161)} —(0.1%0.1}}

= 0.1[(2.2052 + 0.1080) — (0.15)]
k, = 0.2163
k, =hf(x, +h,y, + k)
= hily, + k,) - (x, + h)]
= 0.1[(2.2052 + 0.2163) — (0.1 + 0.1)]
= 0.1[2.4215 - 0.2]

k, = 0.2222

1
y, =yx,)=y(0.2)=y, + E(kl + 2k, + 2k3 +k,)
1
= 2.2052 + 3(0.2105 + 2(0.2161) + 2(0.2163) + 0.2222)

1
= 2.2052 + 8(0.2105 + 0.4322 + 0.4326 + 0.2222)

y(0.2) = 2.4215
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d
Q23. Given d_i =1+ y>wherey =0whenx =0

find y(0.2), y(0.4) and y(0.6) by using Runge - kutta fourth order formula.
Sol :

. dy
leend—X:1+y2,x =0andy,=0

leth =0.2
1
Nowy =y, + g(k1 + 2k, + 2k, +k,)
k, = hf(x,y,)

=h[l+ y2]=02[1+09]=02

1 1
k2 = hf[xo"'ah:yo"'ali
1 2
— h{lJ{yo +Eli }
1 2

k, = 0.2020

2

1 1

k3 Ihf(xo"'ah:yo"'Esz
1 2
— h{1+(y0+5k2J ]

— 02 {1+ (o + %(o.zoz)ﬂ

= 0.20204
k, =hf(x,+h,y,+k)

4
= h[L + (y, + k,)?] = 0.2[1+(0 + 0.20204)7]
k, = 0.20816

4
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1
Yi =Yt g(kl + 2k2 + 2k3 +k4)
1
=0+ 5 [0.2 + 2(0.2020) + 2(0.20204) + 0.20816]

1
= 5 [1.21624]

y, = 0.20271
y, =Yy(x,)=y(0.2) = 0.2027 correct to foue decimal places.
To compute y, = y(x,) = y(0.4)
letx, =x,+h=20.2,y, =0.2027and h =0.2
k, =hf(x,,y,)
= h[1+ y?] = 0.2[1 + 0.20272] = 0.2082

1 1 1 2 1 2
k, = hf[xl +>hy, +Ek1J —k, = h{lJ{yl +Eklj } —4 0_2{1+[0.2oz7+5(0.2082)J }

= 0.2[1+(0.3068)" | = 0.2188

1 1
k. = hf(xl+5h,y1+5kzj

3
1 2 1 2
_ h|:l+(yl+5k2J } _ 0_2{1{0.2027 +E(O.2188)j }

= 0.2[1 + (0.3121)7] = 0.2195

k, = hf(x, +h,y, + k)
= h[1+ (y,+ k)7 = 0.2[1+(0.2027 + 0.2195)7]
= 0.2[1 + (0.4222)?] = 0.2356

1
Now y(0.4) =y, + g(kl + 2k, + 2k, +k))

1
= 02027 + (0.2082 + 2(0.2188) + 2(0.2195) + 0.2356)

y(0.4) = 0.4228 correct to four decimal places.
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To compute y, = y(x,) = y(0.6)
Let x,=x, +h=02+02=04,y,=04228
k, = hf(x,, y,)

= h[1+ y2] = 0.2[1 + (0.4228)?] = 0.2358

1 1
k, = hf[xz+5h,y2+5li

_ h(l"‘(yz +%klﬂ _ 0_2(1+(0.4228+%(0.2358)J2J

= 0.2[1 + 0.5407?] =0.2585

1 1
k, = hf(XerEh,ngrEsz

_ h(“(yz %kzﬂ _ 0_2{1{0.4228 +%(0.2585)j2}

= 0.26095
k, = hf(x, + h,y, + k)
= h[L + (y, + k)2 = 0.2[1 + (0.4228 + 0.26095)"]
= 0.2935

1
Now, y, = y(0.6) = y, + g(kl + 2k2 + 2k3 +k4)

1
= 04228 + [0.2358 + 2(0.2585) + 2(0.26095) + 0.2935]

= 0.68417

y. = Yy(0.6) = 0.6842 correct to four decimal places.

3X+y

- . dy .
Q24. Solve the initial value problem defined by dx — x+2y° y(1) = 1 and find y(1.2) by

Runge - kutta fourth order formula.

Sol :

dy 3X+y
ax ~ xr2y YD =1

X,=landy =1

g
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Let take h=0.1

By Runge - kutta fourth order formula,

1
Y, =Y, + gk + 2k, + 2k +k,) e (1)

where k, = hf(x,, y,)

h{—sxﬁy(’} 0.1 3(1)”} 01{3”}—01{&}—01333
T Xe 2y, | T | 1+2(1) | T L 03 | T T3 T

1 1
k2 = hf(xo +Ehayo +EK1J

S[Xo +;hj+(yo +;klj 3(1+;(0.1))+(1+;(0.13330
=h (xo +;hj+2(yo +;klj =01 (1+;(0.1)j+2(1+;(0.1333)J

3(1+0.05)+(1+0.0667) 4.2167}
=0.1 =0.1 = 0.1325
(1+0.05)+2(1+0.0667) [3.1834

1 1
kK = hf[xo+§h,yo+§sz

3(x0+;hj+(yo+;k2j 3(1+;(0.1))+(1+;(0.1325)j

=h (Xo +;hj+ Z[yo +;k2j =0.1 [1+;(0_1)j+ 2(1+;(0.1325)J

3.15+1.0663 4.2163
= TAE 5120~ | =01

~ V*1.05+2.1326 3.1826
k, =0.1325
k, =hflx,+h,y,+k]
3(X, +h)+(y, +kj) 3(1+0.1)+(1+0.1325)
=M (% +h)+2(y, +kg) | T 7| (1+0.1)+2(1+0.1325)

3.3+1.1325 4.4325
=015 72265 | =91 3365

k = 0.1317

§
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subk,, k,, k., k, in (1)

12 3

1
Y, =1+ 5[0.1333 + 2(0.1325) + 2(0.1325) + 0.1317]

1
=1+ & [0.7950]

y, = 1.1325
Y, =y(x) =y(1.1) = 11325
To determine y(1.2)

1
y,=Yy, + g(kl+2k2+2k3 +k,) . (2)

lety, =1.1325,x, = 1.1
k, =hf(x,y,)

_ [3x+y, ] [3(11)+1.1325

= h{xl +2yj = 0-1{1.“ 2(1.1325)}

4.4325
=01 33650 | = 0.1317

1 1
k, = hf[xl+5h,y1+5klj

3,(x1 +;hj+(yl +;k1j 3(1.1+;(0.1)j+(1.1325+;(0.1317)j

=h (xl+;hj+2(yl+;k2j =01 (1.1+;(0.1)j+2(1.1325+;(0.13170

3.45+1.1984 4.6484
=011795 23068 | = 91| 3.5468
Kk =01311

2

1 1
k, = hf[xl+5h,yl+5sz

3(xl +;hj+ (yl +;k2j 3(1.1+;(0.1)j+(1.1325+;(o.lsll)j

=h (xl+;hj+2(yl+lklj =01 (1.1+;(0.1)j+2(1.1325+;(0.13110

N
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3.45+1.981 4.6481
=011715 23061 | = %1| 35461
k,= 0.1311

k, = hf(x, + h,y, + k)

3(x, +h)+(y, +ks) 3(1.1+0.1)+(1.1325 +0.1311)
=N )+ 2(y, +k) | = O (11+0.1)+2(1.1325+0.1311)

 [36+1.2636]  [4.8636
=015 55072 | = 01137572

k, = 0.1305

4

sub k,, k., k, k, in (2)

1’ 2!
1
y,= 11325 + [0.1317 + 2(0.1311) + 2(0.1311) + 0.1305]

y,= 1.2636

g
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‘ Choose the Correct Answer I

1. Use Euler’s method to calculate the approximation of y(0.2) where y(x) is the solution of the initial

- value problem that is as follows. y** + xy* +y =0,y (0) = 2, y*(0) = 3 [a]
(@) y(0.2) ~ 2.58 (b) y(0.2) ~ 2.458
(c) y(0.2) ~ 2.5 (d) y(0.2) ~ 2.542
2. Use the implicit Euler method to approximate y(3) for y* = 5y, given that y(0) = 4, using a time
stepofh=1 [c]
1
(a) ~16 (b) 55
- d) 16
©) 16 (d)
3. Use two steps of Euler’s method with h = 0.1 on y* = x\/y, yl1)=14 [c]
(a) 4.420 (b) 4.408
(c) 4.425 (d) 4.413
4. Modified Euler’'s method has a transation error of the order of [b]
(@ h (b) h?
(c) h® (d) h*
5.  Solve by using Euler’'s method the following differential equation for x = 1 by taking h = 0.2,
Yy, y=1 when x = 0 b
ax = Y y=1whenx = [b]
(a) 1.5896 (b) 1.4593
(c) 1.3495 (d) 0.4593
6.  Which of the following methods agrees with Taylor’s series solution up to term in h*? [b]
(a) Modified Euler’s Method (b) Fourth order Runge - Kutta method
(c) Picard’s Method (d) None
d
7. If d—i = x+y, y(0) = 1 using Runge Kutta method the value of y at x = 0.2 when h =0.2is [ a]
(@ 1.2 (b) 1.4
()1 (d) 1.48
8. Non - linear differential equations solved by [b]
(a) Trapezoidial rule (b) Range - kutta method
(c) Forward Newton’s Interpolation (d) None
1
9. Runge - kutta fourth order formula isy, =y, + s (K,+ 2K, + 2K, + K ) where K = [a]
1
(@) hf (x5 ¥,) (b) hf (¢, + 5 y,)
1
(c) kf(x,, y, + E) (d) None
10.  Which method do you expect to give the more accuate sol [c]
(a) Euler’s method (b) Modified Euler’'s method
(c) Both (d) None
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‘ Fill in the blanks I

1. The Runge - kutta second order formula is y, =

. : sinx N
2. The taylor series expansion of —, hearorigin is

d
3. Consider the initial value problem d_i =y?-t=0;y (0) = 1 using Euler’s method with h = 1, the

approximate value for y(2) is
The taylor series expansion of 3sinx +2cos X is
method agrees with Taylor’s series solution up to term in h*
Range - kutta method is used to sovle a
The general formula for Euler’s method is
The Range - kutta fourth order formula is
Picard’s iteration formulaisy =

© o No Gk

10. In Range - kutta fourth order formula, K, =

ANSWERS
1
Loy + 5 (K +K)
2 1-X
— e
6
3. 7
3
4 243X —XP— —+....
5. Fourth - order
6. Simultaneous non - linear equation
7. yn+1 = yn + hf (Xn’ yn)
1
8. y1:y0+g (k1+2k2+2k3+k4)
9. y=y,+ If(X,yn_l)dX
1 1
10.  k, =hf(x,+ Eh’ Yo+ 5 k)
{ 196 }
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FACULTY OF SCIENCE
B.Sc. lll Year VI Semester (CBCS) Examination

MODEL PAPER - |

NUMERICAL ANALYSIS
(MATHEMATICS)

Time : 3 Hours] [Max. Marks : 80
PART - A (8 x 4 = 32 Marks)
Note : Answer any EIGHT of the following questions.
ANSWERS
1. Define absolute, relative and percentage error. (Unit-1, Q.No. 1)
2. Derive the formula of part’s false position method. (Unit-l, Q.No. 86)
2

3. Fine the relative error if 3 is approximate the 0.667. (Unit-l, Q.No. 3)
4, Define interpolation. (Unit-Il, Q.No. 1)

Using the method of separation of symbols, show that (Unit-1l, Q.No. 9)

) n(n-1) )

A =u-nu_+ T Ut + (-1)"u,_
6. Derine Gauss forward formula. (Unit-IIl, Q.No. 22)
7. Write some types of non-liner curve fitting. (Unit-lll, Q.No. 11)
8. Write the formula for Boole’s and weddle’s rule. (Unit-lll, Q.No. 33)

| [ ithh = = by si srule = - rul i
9. Evaluate J14x with h = 6 by simpson’s rule 3" rule. (Unit-lll, Q.No. 41)
10. Write the Euler’'s method. (Unit-1IV, Q.No. 13)
11. Using Taylor’s series find. (Unit-IV, Q.No. 7)
dy .

12. If X = Xy with y(4) = 4. Compute the values of y(4.1) and (Unit-1V, Q.No. 6)

y(4.2) by Taylor’s series method.

PART - B (4 x 12 = 48 Marks)

Note : Answer all the questions.
13. (a) Find the real root of eqution f(x) = x® — x — 1 = 0 using bisection method.  (Unit-l, Q.No. 13)

OR
(b) Find the root of the equation y(x) = x® — 2x — 5 = 0 which lies between
2 and 3 by muller’s method.

(Unit-1, Q.No. 45)
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14. (a)

(b)

15. (a)

(b)

16. (a)

(b)

Using stirling’s formula and cos (0.17) given that cos 0 = 1; cos (0.05)
= 0.9988, cos (0.10) = 0.9950, cos (0.15) = 0.9888, cos(0.20)
= 0.9801, cos(0.25) = 0.9689 and cos(0.30) = 0.9553.

OR

Find the missing term in the following data.

x|10]l1]2 |3] 4

yl[13]9 - |81
Fit a straight line to the formy = a, + a, x for the following data:
X 0 5 10 15 20 25
y 12 15 17 22 24 30
OR

1
1
Evaluate | = f—1+ " dx correct to three decimal place by trapezoidals rule
0

rule with h = 0.125.

. . . . d .
Given differential equatio d—z = x? + y with y(0) = 1 compute y(0. 02)

using Euler’s modified method.
OR

Given j—z =y —x where y(0) = 2 find y(0.1) and y(0.2) by

Runge - kutta fourth order formula.

Rahul Publications

(Unit-Il, Q.No. 29)

(Unit-II, Q.No. 11)

(Unit-1ll, Q.No. 8)

(Unit-lll, Q.No. 34)

(Unit-1v, Q.No. 19)

(Unit-1v, Q.No. 22)
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SOLVED MODEL PAPERS NUMERICAL ANALYSIS

FACULTY OF SCIENCE
B.Sc. lll Year VI Semester (CBCS) Examination
MODEL PAPER - 1I
NUMERICAL ANALYSIS
(MATHEMATICS)

Time : 3 Hours]

[Max. Marks : 80

PART - A (8 %< 4 = 32 Marks)

Note : Answer any EIGHT of the following questions.

1. If u=3v’-6v find the percentage error in u at v =1 of the error in v is 0.05.
2. Find a real root of f(x) = x® + x? + x +7 =0 correct to three decimal places.
3. Find the relative and percentage error inu = 6v® - 3v*atv = 1.5 + 0.0025.
4. Prove that v = 1 -E*
5. Derive Bessel’s Formula.

x? x?
6. Show that e*(u, + X A U, + EAZU0+ ..... ) :u0+u1x+u25 + .

7. Explain least square curve fitting.

d
8. From the following values of x and y, find d—i when
2

@x=1, ) x=3 () x=6 and (d)

d? atx = 3.

ANSWERS
(Unit-1, Q.No. 9)
(Unit-I, Q.No. 15)
(Unit-I, Q.No. 10)
(Unit-ll, Q.No. 4)
(Unit-II, Q.No. 33)
(Unit-1l, Q.No. 10)

(Unit-1Il, Q.No. 1)

(Unit-ll, Q.No. 25)

X 0 1 2 3 4 5 6

y | 6.9897 | 7.4036 | 7.7815 8.1291 | 8.4510 8.7506 | 9.0309

dx

) 1 . _
NENRV by simpson’s 3 rule with h = 0.25.

2
9. Evaluate I
0

10.  Write the procedure of Picard’s Method.
11. Define Runge - Kutta Formulas.
12. Use Picard’s method to obtain y(0.1) and y(0.2) of the problem

d
defined by d_i =x + yx* y(0) = 3.

PART - B (4 x 12 = 48 Marks)
Note : Answer all the questions.

1 . .
—— Dby iteration method

(x+1)

13. (@) Find areal root of x =

OR

(Unit-1ll, Q.No. 36)

(Unit-IV, Q.No. 8)
(Unit-1v, Q.No. 21)

(Unit-1IV, Q.No. 11)

(Unit-I, Q.No. 23)
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(b) Solve the system of equations (Unit-1, Q.No. 49)
y? -5y + 4 = 0 and 3yx* - 10x + 7 = 0 by Newton - Raphson Method.
14. (a) Derive Newton's forward difference interpolation formula. (Unit-Il, Q.No. 13)
OR
(b) Find y(2) from the following data using Lagrange’s formula. (Unit-Il, Q.No. 39)
01 3 4 5
0 1 81 256 625
i1
15. (a) Estimate the value of the integral J;dx by Simpson’s rule with 4 strips (Unit-ll, Q.No. 37)
1
and 8 strips respectively.
OR
(b) By using Weddle’s rule to obtain an approximate value of = from the (Unit-1ll, Q.No. 40)
f |E—jid>< ith h = = Evaluate the above integral b
ormula - = 1% with h = 5 Eva uate the above integral by
N 1 o .
using simpson’s 3" rule with nine ordinates and compare the results.
16. (a) Given the differential equation y"—xy’ —y = 0 with the conditions

(b)

y(0) and y'(0) = 0. Use Taylor’s series method to determine the

value of y(0.1)
OR

d
Solve, by Euler’s modified method, the problem L _ X +y,y(0)=0.

dx
Choose h = 0.2 and compute y(0.2) and y(0.4).

(Unit-IV, Q.No. 3)

(Unit-1IV, Q.No. 20)
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SOLVED MODEL PAPERS NUMERICAL ANALYSIS

FACULTY OF SCIENCE
B.Sc. lll Year VI Semester (CBCS) Examination
MODEL PAPER - 1lI
NUMERICAL ANALYSIS
(MATHEMATICS)

Time : 3 Hours] [Max. Marks : 80

PART - A (8 %< 4 = 32 Marks)

Note : Answer any EIGHT of the following questions.

8.
9.

10.
11.

12.

ANSWERS

. 5xy?
Find the relative errorin u = ZZ with 9x = gy = 9z = 0.001 and (Unit-1, Q.No. 11)

x=y=z=1
Find the percentage error if 625.483 is approximated to three significant figures.  (Unit-l, Q.No. 4)
An approximate value of r is given by x, = 3.1428571 and its true value (Unit-1, Q.No. 6)

is x = 3.1415926. Find the absolute and relative errors.

Prove that p? 51+4£62 (Unit-Il, Q.No. 7)
Provethat v = 1 -E* (Unit-Il, Q.No. 4)
Tabulate y = x3for x = 2, 3, 4 and 5 and calculate the cube root (Unit-Il, Q.No. 56)
of 10 correct to three decimal places.
By the method of least squares, find the straight line by the following data. (Unit-1ll, Q.No. 10)
X 1 2 3 4 5
y 14 27 40 55 68
Write the types of errors in Numerical Differentiation. (Unit-lll, Q.No. 26)
Solve y(x) = sinx in [0, =] by cubic spline method. (Unit-lil, Q.No. 28)
Using Euler’s method to solve the differential equation d_i =1+ y%y(0)=0. (Unit-lV, Q.No. 15)
Solve the equation y' = x + y?, subject to the condition y = 1 when (Unit-1V, Q.No. 9)

x = 0 by Picard’s method.
Define Runge - Kutta Formulas. (Unit-1V, Q.No. 21)
PART - B (4 x 12 = 48 Marks)

Note : Answer all the questions.

13. (a) Using Newton - Raphson method find a real root correct to 3 decimal places
X T
of the equation sinx = 5 given that the root lies between 5 and m. (Unit-1, Q.No. 38)
OR
{ 201 }
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(b)

14. (a)

(b)

15. (a)

(b)

16. (a)

(b)

Use the method of iteration correct to 4 decimal places, find a root

of the equation e* = 3x.

Using Gauss’ Backward formula, find the value of f(32) given that

f(25) = 0.2707; f(30) = 0.3027; f(35) = 0.3386 and f(40) = 0.3794.

OR

From the table of values of x and e* are (1.4, 4.0552), (1.5, 4.4817),
(1.7, 5.4739) find (1.6, 4.9530), X when e* = 4.7115 using the method

of successive approximations.

Find the parabola of the form y = a + bx + cx? passing through the

points (-1, 2), (0, 1) and (1, 4).
OR

1

1 1 1

Evaluate | ——dx with h = — by simpson’s rule = - rule.
-([1+x 6 3

d
Using Taylor’s series find y(0.1), y(0.2) and y(0.3) given d_i

=xy+y%y(0)=1.
OR
. dy ,
Given - 1+ y? where y = 0 when x = 0, find y(0.2), y(0.4)
and y(0.6) by using Runge - kutta fourth order formula.

Rahul Publications

(Unit-I, Q.No. 24)

(Unit-1l, Q.No. 26)

(Unit-1l, Q.No. 57)

(Unit-lll, Q.No. 15)

(Unit-lll, Q.No. 41)

(Unit-IV, Q.No. 7)

(Unit-1IV, Q.No. 23)
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